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TIME-EFFICIENT SPARSE MATRIX COMPUTATION USING MESH
RESAMPLING IN FINITE DIFFERENCE ANALYSIS

A methodology is proposed to reduce the computational time required for finite
differences. It implies the gradual increment of the number of nodes at each side
of a rectangular representative volume and the interpolation of the guess values
from the previous nodal solution. This process continues until the final number of
nodes is reached. Three solution methods are used along with three different types
of boundary conditions, including a discontinuous one, to evaluate the efficiency
of the suggested methodology. A reduction of five orders of magnitude in compu-
tational time was registered for both Jacobi and Gauss—Seidel algorithms. Whereas,
its decrement was of one order of magnitude for the conjugate-gradient method.

Key words: finite difference method, mesh resampling, Jacobi algorithm, Gauss—Seidel
algorithm, conjugate gradient.

Introduction. Physical and biological phenomena, such as atmospheric
movements, electromagnetic fields, tides, earthquakes, protein interactions,
and absorption of molecules in the human body, are commonly described as
continuous systems containing an infinite number of degrees of freedom [16].
These continuous systems can be modelled through partial differential equati-
ons delimited by initial values and boundary conditions. While analytical solu-
tions for such systems are not possible in most cases, numerical and computa-
tional methods can be used for analysis. Among those methods, the Finite
Difference method is widely used to solve the aforementioned differential
equations [1, 2, 9, 21]. This method approximates the continuous partial
derivatives to finite ones [12, 14]. Consequently, systems of linear equations
are formed for those finite derivatives, and several methods are used to solve
the sparse matrix produced, e.g., Jacobi, Gauss—Seidel, and conjugate-
gradient methods [3, 4].

The Jacobi and Gauss—Seidel methods are two of the earliest iterative
processes to solve sparse matrices [5, 19, 20, 27, 29, 30, 31: Chap. 7]. The main
difference between them is that the Jacobi method only uses the current va-
lues to produce the next step, while the Gauss—Seidel method always applies
the latest updated values during each iteration [10: Chap. 20, 24: Chap. 10].
The conjugate-gradient method is an iterative algorithm aimed at numerically
solving linear systems of equations, whose matrices are both symmetric and
positive definite [6, 8, 15, 22: Chap. 22, 25, 26, 28, 13]. All three methods can
be applied to sparse systems that are too large to be solved by direct methods
such as Cholesky decomposition [15, 13].

It is widely known that the proper guess for the values at the first itera-
tion effects the efficiency of the computational time of iterative methods [6,
10: Chap. 20, 22: Chap. 22, 24: Chap. 10, 31: Chap. 7]. Therefore, the methodo-
logy proposed in this paper consists of “resampling” the initial guess through
the interpolation from a previous solution with a lower number of nodes.
Because it is a linear system associated with a smaller sparse matrix, its com-
puting time is drastically lower. If the process is repeated until the desired
system dimensions are reached, the cumulative computing time for all in-
stances using this mesh resampling methodology is expected to be lower than
the total time of a single instance conducted with the same number of nodes.
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Yet another alternative is adaptive re-meshing. However, it conveys an
additional computational burden similar to that of the sparse matrix solving
process [11, 17, 18]. Regular meshing requires a more straightforward routine
to get a distribution of nodes for optimal parallelization.

Finally, different resampling scaling factors are studied for each of the
considered methods, i.e., Jacobi, Gauss—Seidel, and conjugate gradient.

1. Materials and Methods. In this work, an iterative methodology, named
mesh resampling, is proposed to speed up finite differences’ calculations based
on the gradual increment on the number of nodes at a representative volume
element (RVE). A brief description of this methodology is illustrated in Fig. 1.
Herein, the first guess of a current solution method is obtained through a
linear interpolation from the previous solution. Therefore, the convergence
time is expected to be reduced compared to a similar computation. This re-
duction is due to the similarities between the current guess and the conver-
ged solution. The proposed methodology’s main goal consists of achieving a
total computing time lower than the computing time of a single calculation
when the number of nodes and other conditions are kept identical.
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Fig. 1. Flowchart of the proposed algorithm for the resampling methodology.

In order to properly assess the proposed mesh resampling methodology’s
performance on the finite differences, we consider a widely used differential
equation governing the steady-state heat flow [7, 23]. This equation can be
modelled through the Laplace equation in the form as follows:
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where T(x,y) is the temperature, and x and y are the independent

variables for 2D positions.
The second-order derivatives can be linearly approximated by the
second-order central finite differences [12, 14], defined as
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where O(h) is the truncation error, and h is the smallest grid step between

nodes. Within the context of formulas (2), the Laplace equation (1) can be
rewritten as

T(x+h,y)+ T(x-h,y)+ T(x,y + h)+ T(x,y — h) —4T(x,y) = 0.

By using this equation along with the boundary conditions, which will be
considered below, a sparse matrix can be constructed. In order to solve this
matrix, three of the most commonly used methods are considered, ie., the
Jacobi, Gauss—Seidel, and conjugate-gradient methods [5, 6, 10: Chap. 20, 19,
20, 22: Chap. 22, 24: Chap. 10, 27, 29, 30, 31: Chap. 7].

The calculations will be conducted following a stop criterion of a maxi-
mum error of e =10"° for square RVEs. The total number of nodes for the
whole RVE will be n xn, where n is the number of nodes on each side.

Concerning the proposed algorithm, previously presented in Fig. 1, the
increment on n for each resampling step will be obtained by a multiplicative
scaling factor, labeled as a.

Then, the number of nodes on each side of the RVE on every resampling
step will be the closest integer number to

n = noai,
where n, is the number of nodes before the first resampling step and will be
set 16 for all calculations, powers of two are selected because of their

straightforward logarithmic representation.
The numbers of nodes on each side at the final resampling step (nf)

must be equal for all chosen a for a proper comparison. If this criterion is not
achieved, the cumulative computation time for each case will not be compara-
ble. Therefore, only those values are selected that satisfy the following
equation

n; = noocif
Herein, i, stands for the integer number of the resampling step needed to

achieve a final number of nodes n equal to ny (set ng = 4096 ) with a scaling

factor of a. The proposed values are o = 21/4,21/3,21/2,21,28/7,24/3,28/5, and 22.

Consider three types of boundary conditions shown in Fig. 2 and labeled
as A, B, and C. For boundary condition A (Fig. 2a), temperature profile T is
defined along the edges of the RVE as

T(,y)=1, Ty =0,

1, 0<x<0.75, —4x, 0L x,
41-2x), 0.75<x<1, , 0.25< x< 1.

Boundary condition (3) is expected to be the one with the lower computing
time.

Boundary condition B (Fig. 2b) is similar to boundary condition A, except
for the sides x = 0,1, where the Dirichlet conditions are imposed as,

ory  _oT
0x|peg Ox

This boundary condition is expected to convey a higher computational burden
in comparison to boundary condition A.

Finally, boundary condition C implies the Dirichlet conditions imposed at
the sides x = 0,1, while the discontinuous temperature profiles are applied as

T(x,0) = { Ty = 3)

=0.

x=1
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0, 0< x< 045,
T(x,0) =T (x,1)=41, 0.45< x<0.55,
0, 0.55< x<1.

This boundary condition is considered in order to evaluate the mesh resam-
pling methodology performance when attempting functional discontinuities.
The temperature profile is also expected to be better described as the number
of nodes increases, especially around the discontinuities. Therefore, the effec-
tiveness of the resampling methodology can be assessed in such cases.

Ty 4

ox, \

Fig. 2. Boundary conditions a) A, b) B, and c) C for the considered case studies.

In order to ensure the results not to deviate from the converged solution
when the resampling methodology is used, all calculations for each value of
n, type of boundary condition, and the solution method will be repeated
without considering the resampling methodology with a maximum error of

e=10"% The calculations will be repeated a second time without the

resampling methodology but increasing the maximum error to e =10710.
These computations will only be conducted using the conjugate-gradient
method because its results are expected to be more accurate. The maximum

error on the RVE for all computations with e =107%, with both use and no
use of the resampling methodology, will be obtained by comparing the results

to those obtained when the maximum error is e =107'" and the conjugate-
gradient method is used. Therefore, the resampling methodology will be
validated if the maximum errors are not increased when it is employed.

2. Results and discussion.

2.1. Comparison of total computing time for all three chosen me-
thods and boundary condition A.

Figure 3 shows the total computing time evolution for the three methods
under the boundary condition A. It is important to highlight two features.
First, the proposed methodology yields an enormous reduction in computing
time by several orders of magnitude, especially when large numbers of nodes
are used. Second, while the conjugate-gradient method is already more time-
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efficient before implementing the proposed approach, its advantage over
Gauss—Seidel decreases as the number of elements increases. This trend conti-
nues until reaching a value of n around 256, for which the total computing
time starts to be lower for Gauss—Seidel, compared to the conjugate gradient
time.
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Fig. 3. Total computing time as a function of m for boundary condition A:
a) comparing results with the resampling methodology and without it,
b) comparing results for different values of o .

The total computing time analysis was also carried out as a function of
the value of o for all three considered solving methods. These results can be
seen in Fig. 4, being the Gauss—Seidel method, the one with the lower
computing time for all values of o. Herein, the higher values of computing
time as a function of o are present for the larger and smaller values among
all studied methods. While, for lowering the total computing time, an optimal
window of values of a is found from 1.5 to 2.5. This higher total computing
time for smaller a is a consequence of more resampling steps involved, con-
tributing to the total computing time, even though each step is less time con-
suming than a step with a higher value of o. Therefore, there is a balance
between the total number of steps and the computing time involved for each
one.
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Fig. 4. Total computing time as a function of o for
all three methods and boundary condition A.

2.2. Error at the first iteration of the solving method for each resa-
mpling step and boundary condition A. Figure 5 shows the calculated error
at the first iteration of the solving method, after the guess predicted by linear
interpolation from the previous resampling step's solution. Each plot line
corresponds to one of the chosen solution methods in conjunction with a
specific scaling factor a. As can be seen, such error at the first iteration
keeps decreasing for every consecutive resampling step. This trend is
identified by a decreasing error as a function of the number of nodes on each
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side of the RVE. This decrement continues until the error at the first iteration

is lower than the stopping condition of e =107°. Therefore, it can be conclu-
ded that after reaching a particular value of n through consecutive resamp-
ling steps, no additional improvement in the description of the nodal solution
is obtained. Then, the first iteration error can be employed as a mechanism to
conduct a convergence analysis.
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Fig. 5. Error at the first iteration for boundary Fig. 6. Maximum temperature error on
condition A. the RVE as a function of referred

to the results of the conjugate gradient

with a stopping condition of e = 10710
for boundary condition A.

2.3. Maximum error on the RVE for each solving method and boun-
dary condition A. In order to assess the influence of the proposed methodo-
logy on the precision of the results, the maximum error on the RVE for each
case is estimated by comparing its temperature distribution to a reference
profile. This reference profile is obtained without any resampling methodology

and a stopping condition of e = 10710, Figure 6 shows the maximum errors for
both Gauss—Seidel and conjugate gradient. Each solid line corresponds to the
maximum error for the proposed methodologies, while the dotted lines stand
for the error calculated without the resampling approach. Hereinafter, the
Jacobi method results will not be analyzed since its performance is similar to
that of Gauss—Seidel. Figure 6 shows an improvement of several orders of
magnitude in the maximum error for both Gauss—Seidel and conjugate
gradient using the proposed methodology.

Concerning the Gauss—Seidel method, the maximum error reduction is
almost four orders of magnitude when using the resampling methodology. The
larger improvements are mainly found at the center of the RVE. The main
reason for this error distribution is the Gauss—Seidel solving algorithm in
conjunction with the RVE dimensions. Herein, the solution is first reached
near the boundary conditions. Then, the solution is propagated from them
toward the whole RVE. Therefore, when the stopping condition for Gauss-
Seidel is achieved, the regions more distant from the boundary conditions
present larger errors. Thus, using the resampling methodology, the guess
values for each instance of the solving method are closer to the solution. Then,
the errors at the end of each resampling step are lower than those without
the resampling methodology. For coarse changes in successive resampling
steps, large o, the Gauss—Seidel’s guess is more distant to the solution, then,
an increasing trend of the maximum error is found. Therefore, it is highly
advised to use small values of o for both Gauss—Seidel and Jacobi methods
for increasing accuracy.

On the other hand, for the conjugate-gradient method, this improvement
was about one order of magnitude for the maximum errors when using the
resampling methodology. The maximum error using the proposed approach of
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the conjugate-gradient method was fluctuating around e =107 for all values
of o. Therefore, the resampling methodology is beneficial for increasing the
accuracy of the results and reducing the total computing time. However, the
value of o has a negligible influence on the precision. Then, the total com-
puting time reduction criteria are recommended for selecting the value of o.
2.4. Discussion of all three boundary conditions. The temperature so-
lutions on the RVE are mapped in Fig. 7 for all three boundary conditions and
three representative values of n (16, 32, and 64). Besides a better resolution,
the maps of temperature for boundary conditions A and B present minor
variations when the number of elements increases. On the other hand, for
boundary condition C, discontinuities are placed on the temperature profiles
through y = 0,1 (see Fig. 2¢). The area's description around these singularities

becomes more accurate as the number of nodes increases. Then, the effect of
these discontinuities is further propagated towards the whole RVE.
Consequently, an increase in the number of nodes improves the description of
the map of temperature. Therefore, the resampling methodology proposed
here is not recommended when abrupt discontinuities are present on the RVE.

n| Boundary A | Boundary B Boundary C

1.0
]

16
0.8
0.6
0.4
0.2
0

Fig. 7. Maps of temperature for all three boundary conditions considering n = 16,32, 64 .

In order to conduct a proper assessment of the influence of both n and
o on the total computing time, the calculations were also carried out varying
o with a set value of n =4096 for the B and C boundary conditions. Two of
the three solving methods are considered: Gauss—Seidel and conjugate
gradient. Jacobi is not considered, as previously mentioned; its total computing
time presents a similar behaviour to that of Gauss—Seidel, however, being
several orders of magnitude higher. These computing times can be seen in
Fig. 8a and Fig. 8b for Gauss—Seidel and conjugate gradient, respectively, and
their reference values without using the proposed resampling methodology
(dotted lines). In agreement with previous results, the Gauss—Seidel’s total
computing time was lower than that of the conjugate-gradient method.
However, both methods were always kept less than an order of magnitude
apart from each other. The exception was boundary condition C, whose total
computing time stayed in the same order of magnitude, regardless of the
resampling methodology and the solving method employed.
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Fig. 8. Total computing time as a function of o, for all three boundary conditions,
a) Gauss—Seidel, b) conjugate gradient.

Therefore, these results confirm that the resampling methodology is not
beneficial when the solution is highly sensitive to the number of nodes, such
as those with boundary conditions C.

107"

102

10

10°

Fig. 9. Normalized computer time as a function of both o and 7, considering A and B
boundary conditions, a) Gauss—Seidel, boundary condition A; b) Gauss—Seidel,
boundary condition B; ¢) conjugate gradient, boundary condition A; d) conjugate
gradient, boundary condition B.

Finally, additional analyses were conducted in order to assess suitable
values of o, for each boundary condition, solving method, and value of n.
These results are shown in Fig. 9, where the computing time using the
proposed methodology is normalized with respect to the calculations without
the resampling approach. This normalized value is plotted as a function of
both o and n. Figure 9a and Fig. 9¢ show the normalized computing time for
boundary condition A using Gauss—Seidel and conjugate gradient, respective-
ly. In comparison, the values for boundary condition B are presented in
Fig. 9b (Gauss—Seidel) and Fig. 9d (conjugate gradient). Herein, boundary
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condition C is not present due to its low improvement. Also, Jacobi’s results
are not shown because of their similar behaviour to Gauss—Seidel's.

According to Fig. 9a and Fig. 9b, the implementation of the proposed
methodology starts to be advantageous around n =34 for Gauss—Seidel, and
this behaviour is kept for higher values of n, whereas the influence of a is
marginal. On the other hand, the normalized computing time for conjugate
gradient is significantly influenced by both o and n (Fig. 9¢ and Fig. 9d),
and, for small values of them, a slight reduction in its performance can be
obtained. Finally, for conjugate gradient, the results showed that the proposed
resampling methodology starts to be beneficial at n = 256.

Conclusions. In this work, a mesh resampling methodology is proposed to
speed up the Finite Difference method’s solution, considering three widely
used algorithms: Jacobi, Gauss—Seidel, and conjugate gradient. This
methodology can be summarized as follows: an RVE with a low number of
nodes is solved as a starting point. Then, the number of nodes is increased to
create a new RVE, and the guessing values are interpolated from the previous
solution. A new solution is obtained. Finally, this process is repeated until the
desired criterion is fulfilled. The increment in the number of nodes between
resampling steps is determined by a scaling factor proportional to the
previous number of nodes.

Besides reducing the total computing time, the proposed resampling
methodology is also beneficial in decreasing the numerical errors associated
with the solving methods. Both improvements are found in most cases and are
only missing when the solution is highly dependent on the number of nodes,
e.g., when discontinuities are present.

The proposed resampling methodology decreases the computing time and
the solving errors for all considered methods. Nevertheless, both reductions
are more prominent for Jacobi and Gauss—Seidel, generally considered
simpler than conjugate gradient. Furthermore, the reduction in computing
time decreases around five orders of magnitude for both Jacobi and Gauss—
Seidel with the RVEs studied here. In contrast, this reduction is slightly lower
for conjugate gradient with the same RVEs, ie., over an order of magnitude.
Whereas the reduction on the solving error is found to be four orders of
magnitude for Jacobi and Gauss—Seidel, and one order of magnitude for
conjugate gradient.

As an additional advantage for the proposed methodology, a simultaneous
convergence analysis can be implemented, taking advantage of the gradual
increment of the number of variables that is common on those analyses.
Furthermore, the maximum error at the first iteration after each resampling
step is a possible criterion for assessing convergence analyses.

Herein, the mesh resampling methodology is applied to the Finite
Difference Method. However, its implementation on other numerical methods
is also possible, e.g., Finite Element Analysis or Finite Volumes Methods.
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CKOPOYEHHA YACY OBYUCIEHb PO3PIAXXEHUX MATPULb 13 BAKOPUCTAHHAM
NEPEAUCKPETU3ALII CITKA Y CKIHYEHHO-PISHULEEBOMY AHANI3I

3anpPonoHo8aHo Memodoa02is CKOPOUCHHSA YACY OOUUCAEHHA CKIHUEHHUX PIZHUYD, AKA
NOAS2AE 8 NOCMYNOBOMY 30IALULEHHT KINBKOCMI 8Y3418 HA KOMCHIU CMOPOHL NPAMO-
KYMHO20 Penpe3eHmamusrHozo 00’ emy ma IHMePnoAiayli MPUNYWeHUX 3HaueHd 13
nonepedrHb020 8Y3408020 pilueHHa. Lleti npoyec noemoproemsca 00 0ocAzHeHHA KIHYe8ol
Kiavkocmi 8y3aig. Po3eaanymo mpu memodu po3e’A3YysaHHs 04l MPbOX PISHUX Munise
KPAuosuxr Yymos, Yy momy 4ucai po3pusrux, 04 oyiHKu eexmusHocmi 3anponoHo8aHo:
memolduxu. Buseseno ckopouenns uacy odbuucaenHus Ha N'ambv nopsadkie 0as memoodis
Axo6i i TIaycca—3aiidens. Jas memody cnpascenux Ipadienmis maxe CKOPOUEHHS
cmaHrosumb 00UH NOPAOoK.

Kawouoei caosa: memod criHueHHUX PI3HUYD, nepeduckpemusdayis cimxu, memood
Ax06i, memod Iaycca—3eiides, cnpaxcenuti rpadienm.
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