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STOCHASTIC PARABOLIC SYSTEMS WITH VARIABLE EXPONENTS
OF NONLINEARITY

Some nonlinear parabolic systems of partial differential equations with the white
notse is considered. The initial-boundary value problem for a system is investiga-
ted and the existence and uniqueness of the weak solution for the problem are pro-
ved.
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Introduction. Let n,N € N and T > 0 be some fixed numbers, Q < R" be
a bounded domain with the smooth boundary 0Q, (S,¥,P) be a complete proba-
bility space, where S is a non-empty set, which is interpreted as a space of
states or elementary events, ¥ is a o -algebra of the subsets of S, and P: ¥>R

is a probability measure. Let QO,T=Q><(0,T), HO,T=Qx(0,T)xS,
®O,T =(0,T)YxS. We intend to find a vector-valued function

U= (Uup,...,uy) Iy p = RY that is dependent on the deterministic variables

xe€Q and t € (0,T) and the random variable ® € S such that

n
w, +ah’u, =Y (ag(x, t)|u,, |p(”’t)_2 Upez ), T
i=1

+(Nuw), (x,t,0) + 0, ((Ew), (x,t,0)) =

=F (x,t,0)+ bk)t(x,t, o),

(x,t, ) € I 7, k=12,..,N, (D)
u(x,t,m) = Au(x,t,®) =0, xe€0Q, (t,o)e ®0)T, (2)
u(x,0,0) = uy(x,0), xeQ, weS, 3)

where o >0 is a number, A=0%/dx’ +...+0%/dx> is the Laplacian,
AT = A(A®), seN,

(Nu)k(xvtv (D) = gk (x7t)|u(x5t7 (D)lq(x’t)_z u‘k (x7t7 (D) ’

(Eu)k (x5t7 (D) = J’Bk (x7t7 y)u‘k (y5t7 (D) dy; (xitﬂo‘)) € HO,T ’
Q
Qy.r 9rs P> s F., Uy, b, P, g are some functions, i=12,...,n,
k=12,...,N.
We will prove the unique solvability of problem (1)—(3). This work conti-
nues the research of [1], where some semilinear stochastic parabolic equations

with the wvariable exponent of nonlinearity are considered. The main
conclusion in [1] was based on the methodology shown in [4, 12], that used
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multivalued functions and their selectors. Similar results for parabolic
equations with the constant exponents of the nonlinearity were obtained in
[10, 13]. Stochastic problems with the variable exponent of the nonlinearity in
a formulation different from ours have been studied in [3, 14]. Nonlinear non-
stochastic partial differential equations with the variable exponent of the
nonlinearity have been studied, e.g., in [2, 5—9].

In contrast to [1], in this article we make significant use of the
uniqueness of the solution to problem (1)—(3) without the random parameter
® e S and the white noise component bk)t. Problem (1)—(3) is considered,

apparently, for the first time.
1. Statement of the problem. We incorporate notations from [9]. In
addition, we denote Lip(R) as the set of all Lipschitz functions on R; for

meN and O0cR™, we introduce the sets: L°(0):= {v:0 > R|visa

measurable function}, B, (0):={qe L”(0) | essinfq(y) > 0}. For all q e B, (0),
ye0
we define the following:

9y = essinfa(y), q’ = esssupq(y),
ye0 ye0

q(y)
q(y) -1’

q'(y) := yeO.

Also, let L' (0) be a standard Lebesgue space, where r>1 is a number,
L'Y0) be a generalized Lebesgue space, where g € B, (0) is a function,
PP2(0):={qge L"(0)|
q is a globally log-Holder continuous, q, >1}.

Let WzW(t,m):@OYT — R denotes the standard Wiener process [1,
p. 109] and by L.(S)=L,(S,¥,P) a random Lebesgue space, consisting of all
random variables &:S — R that have a finite 7 -th absolute momentum.
Similarly, let Lp (S;B) be the random Lebesgue — Bochner spaces of all B -
valued random variables &:S — B, where B is some Banach space.

Let q € B,(0) and q, > 1. Consider a generalized Lebesgue random space
Ly, (0 xS) 2={ZZOXS—)R|

1) z is a measurable function,

2) p,(20x8):= Iﬂz(y, m)|q(y)IP’(dm)dy < +oo }
0s
with the Luxembourg norm
"z; Ly, (0 % S)" =1inf {4 >0 | p,(2/%;0xS)<1}.

We will substitute 0 with (0,7), Q, Q) 1, etc. below. Assume that the

following conditions for the problem coefficients are satisfied:
(P): p,g e P(Qyp);

(Z): >0, v, =min{2,p,,q,}, r’ = max{2,p°,¢"}, seN,
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’

0 _ 0 _
s> %max{z,l + np 2) nlg 2) }

2p0 ’ 2q0
(A): a, € L (QO)T ) 0<a; <ay(xt)< a’ < +00,

for almost every (x,t) € QO)T, where i=1,...,n, k=1,...,N;
(G): g, e L’ Q7). 0<gy<glx,t)<g’ <+,

for almost every (x,t) € QO)T , where k=1,...,,N;
(®): ¢, € Lip(R), |9, (&)< [¢],
for all £e R, where 0S(p0<+oo, k=1,....N;

(E): 3, e L@ 1 xQ), |3(x,t,y)| < 3° < +on,
for almost every (a,t,y) € QO,T xQ, where k=1,...,N,;

(F): F:=(F,...,Fy) e Ly(S; L*(0, T; H));

(U): u, € L,(S; H);

(W): W is the standard Wiener process [1, p. 109], b:=(by,...,by),
by (x,t,0) = bo)k(x)W(t, ), (x,t,0) e HO,T’ k=1,...,N,

and by := (by;,..., by y) € [Cy (QIV.

To determine a solution to the problem (1)—(3), let us introduce the
following notation:

W, = {v e H* Q)| v]yg = Avlyg = ... = AT0| =0},
Z:=W, X@) :=W "), Y@t)=L1"(Q),
H=[*1", v =z"Nxel®Niye™ NH,
X*(t) = [X@)], Y'@):=[Y®)], H ~H, V'@)=[V®],
U@ 1) = { w:(0,T) > V(1) | Due[L*(Q)]", |a|=2,
u”1 ,...,urn € [Lp(x,t)(QO)T)]N ,
u e [Lq(x't)(QoyT)]N N [L2 (Q()YT)]N } ’

W(Qyr) = {w e U@y 1) | w, € [U(QO,T)]*}
It is known that W(QO,T) c C([0,T]; H) and that for functions from space

W(Q, 1), the formula for integration by parts with respect to the time

variable holds (see, for example, Proposition 3.26 [11, p. 95]). Consider the
following operators independent of @ € S:

(N2), (x,1) = g, (2, t)|2(, 1) | "D 2, (x, 1),
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(B2), (x,0) = [ 3).(x,8,9)2,(y,0) dy ,
Q

z2=(z,...,2y), (x,t)e Q[)’T,
Nz = ((N2);,...,(N2)y), Ez:=((Ez),...,(Ez)y).
Let S:U(Q) 1) = [U(Q)]" and S(t): V(t) = V'(t) be as follows:

N
(S(t)z,w)v(t) = .[ Z [ocAzkAwk +
Q k=1

n
1)-2
+ zaik (x’t) |in |P(l‘ : Zk,xi wk,xi +
=1

+ (N2), w,, + ¢y (E2), )wk]dx ,

z,weV(t), te(0,T);

T
(Su,v)yq ) = [(S@ue), v(t)y, dt,  u,veU@y)
' 0

To introduce the definition of the solution to problem (1)—(3), we formally
substitute the unknown function u with « according to the rule

u(x, t, 0) = u(x,t, 0) + b(x, t, 0), 4)
where function b is taken from condition (W). Since
b |x‘e@Q: Ab |x‘e@Q: 07 b |t:0: 07

we obtain the following problem for the function @ = (%,...,%uy): My —> RV
Uy, + 0A* (U, +by,) -

X

n
- Z[aik (&, ), +b, (a6, P07 (@ + by (1, m))xi] +
=1

+(N(@ + b)), (x,t,0)+ ¢, (B + b)), (x,t,0)) = F, (x,t,0),

(x,t, @) € I 7, (3)
u(x,t,0) = Au(x,t,0) =0, xe€dQ, (t,o)e Oy r s (6)
u(x,0,0) = uy(r,0), xreQ, o0eS. (7)

This problem doesn’t contain the white noise component b, anymore.
Now we can determine the solution.
Definition 1. Function u : My > RY is called a weak solution to problem

(®)=(7) if
1) ueW(@y) almost surely;

2)  function u almost surely satisfies the equality

N
.[ > [— Uy vy, + aA(wy, + by )Av, +
k=1
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n
~ p(a,t)=2 ~
- Zaik(x,t)|uxi +b,, | (U g, + g Wi, +
i=1

+(N@+1), v, + 0, (E@+H), v, |dwde =

N
= j z F v, dxdt
QO,T k=1

for all test functions veU(Qyr), ie., in the sense of the spaces
[U(Qy )] and [D*(QO,T)]N the equality holds almost surely
u, +S(u+b)=F;

3) u almost surely satisfies condition (7) in the sense of the space
C(0,T;H).

Definition 2. Function wu:Ilj, — RY is called a weak solution to

problem (1)—(3) if u has form (4) and the function u is a weak solution to
problem (5)—(7) in the sense of Definition 1.

The main result of the article is the following statement.

Theorem 1. Let conditions (P)—(W) hold, the constant s is taken from

condition (Z), and 6Q c C**. Then problem (1)—(3) has a unique weak solution
u . Furthermore,

u € L, (S;C([0,T]; H) N L*(0, T; Z)),

u e Lq(m)(HO,T), u .,uxN € Lp(x,t)(HO,T)' (8)

Similar to (1)—(3), the problems without random parameter were conside-
red in [9]. White noise-perturbed integro-differential systems (1) are conside-
red, apparently, for the first time.

P r o o f. First, we introduce the random argument function

k:S— HxL*0,T;H) xU(Q, 1)

EORRN

according to the rule

k(o) := {uy(, 0),F(,- o),b(,,0)}, ®eS. (9)
Let

R Hx L*(0,T; H)x U(Q, 1) = C([0, T, H) N U(Q, 1)
be a function such that

R{u,, F,b} = i, (10)

where # is the solution of problem (5)—(7) with a fixed random parameter
® € S. Using the Faedo — Galerkin method, we prove the existence of the
solution to this problem. Since the nonlinear components corresponding to the
exponents p and g are monotonous, and the integral component belongs to

system (1) with the Lipschitz nonlinearity, we can use the standard methods
to prove that the solution of problem (5)—(7) with a fixed random parameter

o €S continuously depends on the input data u,, F, b. Therefore, the

function ‘R is correctly defined and continuous.
Using (9) and (10) we define the function P :S — C([O,T];H)ﬂU(QO,T)

according to the following rule:
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PB(o) = R o k(o) =Rk®), o0eS. (11)

Therefore, for each ® € S the value of P(w) is equal to u(,-,®), where u is
the solution to problem (5)—(7) without the random parameter ®. Since the
function k from (9) is measurable, and R is continuous, the function P from

(11) is measurable. Thus, u will be a C([O,T];H)ﬂU(QO)T)-valued random
variable. In addition, u satisfies the following estimates:
j|a(x, t,0)f dx < C,F(1,0), (12)

Q

n
.[ [|A11(x, t, 03)|2 + mel (x,t, )™ +

QO,‘: =1
+ |a(x,t,@)|qw>}dx dt < C,F(t, 0), (13)
where the constant C; > 0 does not depend on %, ®, u,, F, b,

F(1,0) = j|u0(x off dx+ [ [|F(x t,o)f +|Ab(z,t, o) +
QO T

n
+ b, @t @0+ b, o)1 +
1

i=1

+ [b(a, t, 0))|2]dx dt,
1e(0,T], weS. Let’s take the maximum for t in (12) and t=T in (13).
Since the function F(T,-) belongs to L,(S), we can obtain (by integrating the

obtained equalities with respect to the variable ® e S) the existence of

integrals, that guarantee that (8) holds.
We prove the uniqueness of the solution to the problem by contradiction.
1 ~9

Suppose that #! and #* are two solutions to problem (5)—(7), @ = @' — @?>.

Then we have

2J‘|u(3c T, )f doc + .[ Z[ o A +

Q[)’ k=1

n
~1 -2 ~1
+ Zaik (x, t)(|url + bx'i |P(x : (uk,l‘i + bk,:ri ) -
i=1

—|aii+b P02 (4 kx+bk,xi))x
X ((f‘zlc ) (“k x; by x; ) +
+ g (@, )|t + b1 (@) + b)) -

—[@* + BPEI7 (@2 + b)) x

x (G, +by,) — (@ +by)) + { 0, (E@" +b)),) -
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- ¢, (E@* + b)) }ﬁk}dxdt =0,

1€(0,T], ®weS.
Discarding the monotonous components, we obtain the following estimate
N
10+ 2 ~ 12 ~1
E'Hu(x, 17, 0) dx + .[ o |Aul® dxdt < j Z_: lo, (E@ +b)),) -
Q QO,‘c QO,T k=1
— 0, (E@* + b)), )|, | dac dt . (14)

From (14), conditions (d)—(E), and the Gronwall — Belman lemma, we
get, in particular, that

j|a(x,r,m)|2 dr<0, 1e(0,T), oeS.

Q
Integrating by te(0,T) and weS, we obtain that & =0, ie, @' =a?*, for
example, in the sense of the space Ly(Il; 7). Theorem 1 is proved. ¢
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CTOXACTUYHI NAPABOINIYHI CACTEMMU 31 3MIHHUMW MOKA3HUKAMU HENIHIAHOCTI

Pozeasnymo Oeaxi HeaiMilini napaboaiuni cucmemu OugPeperyiaasbHUX PIBHAHD 3
YACMUHHUMU NOXIOHUMU 3 Olaum wymom. JocaidxrceHo nouamxoso-kpatiosy 3adauy 0as
cucmemu ma 0ogedeno icHYy8aHHs ma e0uHicmd cAabK020 Po38'a3Ky 3a0aui.

Katouoei caosa: dugeperyianvii PIBHAHHA 3 UACMUHHUMU NOXIOHUMU, CTMOXACTNULHA
napadosiunHa cucmema, 3MIHHUU NOKAZHUK HeATHIUHOoCMmI, O6lAaul wWym, CcaAadKul
038’ A30K.
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