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O. 10. Yepryxa'?, A. €. Yyusapa'™

MATEMATUYHE MOOENIOBAHHA NOTOKIB AOMILLKN
Y ABO®A3HIN CMY3I 3 KYJIbOBUMU BKNIOYEHHAMUA
3A CYMIPHUX OB’EMHUX YACTOK ®A3

Jlocaidaxceno nomix 0omiusko80i perwosunu y 080ghHa3Homy miail 3 eunadkoso pPo3mi-
UWeHUMU KYABOBUMU BKANOUEHHAMU 30 YMOBU CYMIPHUX 00’ emHux wacmox gas. Ha
0CHO8T NOOAHHA PYHKYLL KOHYeHmpayil Yy euzasol iHmezpaavrozo pady Helumana
ma 3acmocysanHns mnepwozo 3axony Dixa ompumano 3azaavny Gopmyasy O0as
Jugpysitinoeo nomoxy y 0eogasHomy mini. IIpu Yybomy UKOPUCTNAHO KOPEAAYIUHY
Pynryito ma ycepedneny Pynryito cmpyxmypu miaa. O0eprcano Po3paryHKos:
popmyau 0aa ycepedHeH020 NOMOKY Ma CepedHbol KinbKOCMI 00MIULKOBOT Peuosu-
HU, Wo npoldwna ueped 3a0anull nepepid 080PhasHozo mina 3 8unadkoso pPo3miwie-
HUMU KYADOBUMU BKANOUEHHAMU. Po3pobaeno mpozpamni mo0yai ma mnposedeHo
YUCEALHUL AHAALI3 810N08IOHUL XAPAKMEPUCNUK NPOYECY MACOnepeHeceHHs.

Kawouoei caosa: ougysivinuill momik, eunadxosa HeoOHOPIOHA CMPYKMYpPa, Kyabose
8KAIOUECHHA, PIBHOMIPHUU Po3nodin, pad Helimana, ycepedOHeHHs 3a ancambaem
KoHpieypayil as.

Beryn. MopenroBaHHA IIpOLECiB IIepeHeCeHHA Macyu y TijaXx 3 HeoIHOpin-
HOI0 BHYTPIIIIHBOI0 OYJIOBOIO JO3BOJISE ONTMMi30BYBATM BJIACTMBOCTI MaTepiaJis,
TIOKPAIIyBaTM TEXHOJOTiI BUMPOOHMIITBA, IPOTHO3YBATHU ITOBEMIHKY MaTepiasiB B
eKCTpeMaJIbHMX yMOBaX ekcrryartailii Tomo [5, 8, 10]. IIpu mbomy, pasom i3
KOHI[EHTPAIi€0 JOMIIIIKY, ONHI€I0 3 OCHOBHMX XapaKTEPUCTUK IIPOIllecy IlepeHe-
CeHHA Macu y Tiji, 1o motpedye AOCIHiAKeHHdA, € QUdy3iiiHNiT IOTIK.

Jna BUBUEHHA OUQY3ilHOTO MOTOKY Yy BUIIAJAKOBO HEOJHOPIOHUX CTPYKTY-
pPax 3aCTOCOBYIOTH IPOIIEAYPY YCepeaHeHHA 3a aHcaMmbjeM KOHirypailiii gas.
OpmHak 117 IpoIeaypa MOYKe BUKJIMKATY 3HAYHI TPYIHOII, 0COOJIMBO KOJM ITOTIK
BM3HAYAETHLCA 32 MEPIIMM 3aKOHOM DiKa, OCKINBKM, AK IMpaBuUJo, PYHKIHI Kope-
JAii BUIAIKOBOTO IOJIA KOHIIEHTpallili Ta croxacTudHOro Koedimienra mudyaii
3aJMIIAI0TBCA HEBimoMMMM. 3 OMIAALY Ha Iie B poborax [6, 12, 15] gma mociifg-
’KEHHA CTOXACTMYHOTO IIOTOKY Macy BMKOPMCTAaHO OaJiaHCOBI cCHiBBifHOIIEHH:A
nnsa nopuetux Tin IIi coiBBigHOINIEHHA 3amyMcaHO JJs FOMOI'€HI30BaHUX cepelo-
Bulll 3 (PIBMYHMMM XapaKTEePUCTUKAMU, fAKi € ycepeAHeHMMU BeamunHamu. IIpu
LIbOMY BPaxOBYIOTb BifMiHHOCTI MiK (pazamMm, ajie HEXTYIOTb B3a€MOJMIEI0 MK
HuMu. Y poborax [3, 7] 3aIpONOHOBAHO aJbTEPHATMBHUI MiAXif, BiATOBimIHO 0O
SAKOTO BUIIAJIKOBUII IIOTIK Macu y 0aratodas3Hux BUIAJKOBO HEOMHOPIAHUX Tilmax
JIOCJTIPKY€ETbCA Ha OCHOBI piBHAHHA nudysii, copmysnboBaHOro 6e3nocepeiHbO
nnsa pyHKil notoxky. Leit minxin mno3BoJiAe€ OeTatibHIiIle BPaxXOBYBaTU BILINUB
HeOJHOpifHOCTEN 1 B3aemonito Misk pazamu, aje notpebye OiJbII CKJIATHOTO
MaTeMaTUYHOTO OOIPYHTYBAaHHA 1 JOAATKOBMX YMOB Ha (PYHKIIIO IIOTOKY, IIIO
YCKJaJHIOE JI0r0 3aCTOCYBaHHA y BUIAAKY TPMBMMIPHOI IOCTaHOBKM 3a/adi.

Y wiit pobori mocauigskyemMo audys3iiiHNA MOTIK y ABO(a3HOMY TiJi 3 KyJIbO-
BUMM BKJIIOUEHHAMM 32 YMOBU CyMipHMX 00’€MHMX 4acTOK (pa3 Ha OCHOBI IOmaH-
HA KOHI[EHTpAaIllil JOMIIIKOBOI PEeYOBUHM y BUIJIAJI iHTerpaJsbHOro pany Helima-
Ha. IIpn mpoMy BpaxoBaHO, II[0 3aCTOCYBaHHA IlepIIoro 3akoHy Pika Oesroce-
PENHLO MO0 OJEpPKAaHOI PO3PAXYHKOBOI (POpMyJsM JJIA KOHIIEHTpAllii 3 MEeTOIo
OTPUMaHHA (POPMYJIM IJIA IIOTOKY A€ MEHII TOYHMII Pel3yJsbTaT, HisK OudepeH-
IifoBaHHA BiAmOBigHOI (pyHKIII KOHIleHTpalii 10 eTamy ycepenHEHHd 3a aHCaM-
Osem koHQiryparriit gas.

1. MaremaTuyHa MOJAEJHh IOTOKY JOMIIIKOBOi PEYOBUHM Yy BUIAAKY
cymipanx o6’emEmx dacTok ¢has. Hexait y cmysi TOBIIMEM 2, IO CKJIAJa€THCA

3 OCHOBHOI (pasu (CKeJyeTy) Ta BUOAJKOBO PO3MIIIEHUX KYJIbOBUX BKJIIOYEHD,
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BinOyBaeTbca nudysia momimkoBoi pedoBuHu. IIpmiimMaemo, 1o o6’e€MHa YacTKa
SKOOHOI 3 a3 He € JOMIiHYIHOUOI0, TOOTO B CEPENOBUIII He MOYKHA BUIOLINTU Oa-
30B0i dasu. Kpim Toro, BBasKaeMoO, 110 KYyJIbOBl BKJIIOUEHHA PO3MillleHi 3a piBHO-
MIpHMM 3aKOHOM PO3IOIiIy, a Xapakrtepuctukm as (koedimientn mudysii d
Ta TYCTUHY P ) € CTAJMMM B MeXKaX KOMKHOI 3 pad. Y IIOYaTKOBUII MOMEHT dacy
JIOMIIIIKOBa pedYOBMHA B TiJl BiACYTHs, Ha BepxHil rpaHumi Tina z =0 miaTpu-
MYETBCSA CTaJle 3HAYEeHHA KOHIeHTpAallil JOMIIIKOBOI PEeYOBUHM C,, a Ha HUMKHIN
TpaHuIl z = 2, KOHIIeHTpalis AopiBHIOE HyJto. Ha rpamunax noximy das mpuii-
Ma€eMO yMOBM HeifjleaJJbHOTO KOHTAaKTY.

3a3Ha4yMMo, 1110 Yy BUOAJKY CYMipHMX 00’€MHMX HaCTOK pald JJid OfepsKaH-
HA PO3B’A3KY KOHTAKTHO-KpPaloBOi 3amadi 3MiliCHIOIOTH MOMEJIOBAHHA CKeJeTa

Tijla UIIJIBHOIO YIIaKOBKOIO 3 M KYJb Pi3HOrO pajiyca Rj, j=1,...,m, Ipu bo-
My BUAITAIOTE TaKo¥ N —m XapakTepHMX pafiyciB BrmodeHb R, j=

=m+1,...,N. JleranpHO mpoliec po3B’A3aHHA BiAIIOBIIHOI KOHTAKTHO-KpaloBoi
3amayi naa pyHkiii koHieHTtparliii c(r,t), copMysbOBaHOI y TPUBUMIpHIN IO-
CTAHOBIY, po3rJAHyTO y [4]. Bin nmossArae y 3BeneHHi BUXimHOI 3a7a4i 10 piBHAH-
HA MAacCOIIepeHEeCeHHA IJA Tija B LIJIOMY, OJIep’KaHHI €KBiBaJIEHTHOrO iHTErpo-
JIdpepeHIliaJIbHOIO PIBHAHHA Ta 3HAXOJYKEHHI JI0T0 PO3B’A3KY y BUIJIANL IHTer-
paJsbHOro pAny HeliMmaHa PO3BUHEHHSM B OKOJI PO3B’A3KY OJHOPiAHOI KpaltoBoi
3a7ladi 3 ycepeHEeHMM) XapaKTepUCTUKAMM, B pe3yJbTaTi 4oro MaeMo

c(r,t) = c,(z,t) + JEJ‘J.J‘ G, (r,r',t,t)L:(r,t ), (2',t")dr'dt’ +
0V
- jm G, (r,x', t, LA (r',t) x
0V
I mG (" ¢, )L (x", t")e, (2", t") dr"de"dr'dt’ +
+ j [[J G, r, e hrs (r’,t')tj [[] G0t L (" )
0V 0V

”HG (" e"¢" e L (x", ") x

xc, (2", t")dr"dt"dr"dt"dr'dt" + ... (1)
Tyt c, (r,t) — posB’A30K ofHOPiAHOI KpaltoBoi 3azadi nudysii B ogHOpiZHOMY

T 3 ycepenHEHMMM XapaKTEPUCTUKAMM P, :Zv].pj, d, :Zvjdj; v, —

0o0’eMHa "YacTKa KyJib pajiyca Rj, 110 BM3HAYAETHCA CIIIBBITHONIEHHAM [2]

d
Ga ygt

e, (zt)=c, 1———12 P siny,z |, )

1.
2 y

G,(r,r',t,t") — dynkuia I'pina, Aka € posB’A3KOM HeTepMiHOBaHOI KpaiioBoi 3a-
Jladi 3 TOYKOBMM JPKEPEeJsIoM i 3a/laeTbea BUpas3oMm [2]
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0 . Pa [ (x—x’>2+(y—y')2]
(t—-1t) 4da( t—t y

G (r,r',t,t) = —e
al ) zyd, (t 1)
_dayg(t_t’)
x z e P« sinygzsinygz, (3)
qn

ne y, = o Y, = Y, |q:s , 0(t) — omuunyHa cxiguacra gpyuriia ['esicaiima [9].
0

Bumnanxosuit ormepatop Li(r,t) y cniBBigHomensi (1) mpm npomy BuU3Ha-
yaeTbeA Tak [4]:

N T N 12
L8 = Y (P, —p) 2N,y (05 = D(d, —d)Y n (1) A+
j=1 i=1 j=1 i=1

3
<7

N
+= [d(r)]r V. dp, 8 —x )+
j=1i=1
1
+§Z (A, [, VO(r = )+
j=1i=1
1v < 2
+3 2 2 MA@, Lo, 8 =),
j=1i=1
. 1, re v , ;
nenﬁh)—Bmmﬂmma®ymmwunpwwymdﬂﬂ,nﬁh)={& reEV%%f(Vyn

— 1i-Ta 0fHO3B'A3Ha obnacTb hasu j, r. — pajiyc-BEeKTOP TOYOK MisicpasHOi
ij

rpasii Ty [odp o — ctpubork pyHkiii Ha rpanuii I[,., 0(r) — meabra-PyHK-
ij

]
nia Hdipaka.
Ocxinbkn dysrnia c,(z,t) (2), ax i ii noxigsa, He Mae PO3pUBIB, TO AJA

Li(r,t)c,(2,t) orpumaeMo

F (r,t) = Li(r,t)c,(2,t) =

Ny a Jt o%c (z,t
j=li=
N "o N "o
= > > Li(r,t)e, (z,t)n;;(r) = D D Fl (2t (r). (4)
j=1i=1 j=1i=1
Tyt
~ N
B0 = 2| 0u =P = o= da, | ©)

‘ N dc. (z,t) 2Ca(2,t)
F!(z,t):Z{(pa—pJ—a (d, —d; )—822 }
j=1

Y HOBMX TO3HaYeHHAX pan Helimana (1) momamo Ak
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c(r,t) = c,(z,t) + j‘m G,(r,r',t,tF, (x',t)dr' dt' +
(V4

6wt
0V

x tjm G, (x',x", ¢, t")F, (x",¢t")dr"dt"dr'dt’ +
0V

G L) [ [[[ G )
0V 0V

x ] [[[G,a"x" " ,t"F, (x",¢") dr"dt"dx"dt"dx'dt' + ... (6)
0V

Ilorik mudyHayounx uvacTMHOK J(r,t), TOOTO KiNBKIiCTb YaCTUHOK, AKi 3a
OAVHUIIIO Yacy IIPOXONAThH depeld ONMHMUITIO ILJIONIi IIJIOCKOro Iepepisdy Tija, rep-
NeHIVKYJAPHOTO IO I'paJi€eHTa KOHIIEHTpallii, BM3HAYAETbCA 3a IEepIIMM 3aKO0-
Hom Dika

J(r,t) = =d(r) - Ve(r,t) . (7)
OCKiJIbKM PO3MIIeHHA KYJb BiTHOCHO Pi3HMX KOOPAMHATHUX ILJIOIIMH MOKE
OiAIOPAAKOBYBATHCh PI3HMM JMMOBIpHICHMM 3aKOHAM pPO3HOALTY, TO KiHEeTHYHI
roedinienTn nudysii BigHocHO oceit Ox, Oy, Oz MoxyTb OyTy pisanmun. IIpn-
JIMaro4y, 110 BKJIOYEHHSA PO3IOAiJIeH] 3a PIBHOMIpHMM 3aKOHOM B3JIOBXK YCiX KO-
OpPAMHATHUX OCell, olepKyeMo KoeiienTn nudpysii, AKi € OTHAKOBUMM B3IOBXK
Pi3HUX OCeii.

BpaxoByroun Bupa3s niaa amdysiiitHoro motoky (7), a TaK0K CIiBBiIHOIIIEHHA
(4)—(6), nmsa BUIAJKOBOrO AMPY3ifHOTO ITOTOKY OTPUMAEMO

I(r,t) = ~d(r)V, (Ca(zvt) + j”] G,(r,r',t,t"\F, (r',t")dr' dt' +
0oV

+ jm G, (r, v, t,t L (r't') x
0V

x tHH G,(x',x" ¢’ t")F,(x",t")dr"dt"dr'dt’ +
0V

TG L ][ G e L1
0V 0V

x tj [[[ Ga " x" 2" ¢ F, (" ¢") dr"de"dx"dt"dr'de" + ] .
0V

BuxopucroByroun nomaHHA KoedinieHTa nudysii depesd BUITAIKOBY (PYHK-
LIiI0 CTPYKTYpHU

{ My N ng N 7n
d(r) = Z zdonsk (r) + Z desk(r) = Z densk (r),

k=1s=1 k=0(+1s=1 k=1s=1
a TakOXK CIiBBifmHOIIEHHA (4), MaeMO
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G F C
I(r,t) = Zdensk( y Lol (Z i -3 A [ [[[ V. (Gytr.x' 1, 8) x
k s 0V

N nj
x Y LL(x',t)e, (2,8)) g (rmy; (r') dr'dt’ -
J

i=1 i=1

=

2.2.d G [[[74(Gute, 6,03 FL (1) ¢

\%4 j=1

]HjG(rr t't" g: ‘r t)c(z t") x
0 j=1

Mmoo

X Z Z nsk(r)ni].(r')np].(r") de’dt"dr' dt +.... (8)
i=1p=1
2. YcepeaHeHHs MOTOKY JOMIIIIKOBOI pedoBUHM 3a aHcamM0JeM KoHdiry-
pauniii pas y Bunagky cymipHux 00’eMHMX 9acTOK. [IpoBezeMo ycepenHeHHs
Bupasy (8) 3a ancambieM KoH(iryparuiii das, npuiManyy PiBHOMIPHMI PO3IIO-
JIJI KyJIbOBUX BKJIIOUEHb B obsiacti Tisna. IIpmuitMmemo, 1110 BUMATKOBOI BEJIMYUM-

HOIO € Pazllyc-BEeKTOp T;; LEHTPa KyJli, Bifl AKOrO 3aJIeXNTh TINbKY (PYHKIA

CTPYKTYpPH ni].(r). Toni omepsxkmuMo

0 t
<J(I‘,t) conf — zzd nSk(r) conf = (Z )

S [ [ (Gu e )3 B e, )
ks 0V j=1

3

J

x <nsk(r)n”(r > cont dr' dt' -

=1

.

wM

S mj (Gulr ¥ 1,9 %

s 0

Mzz

‘(r t)jmc vt t)ZU (r",t")c, (2", t") x

non

x D03 (Mg ey (), (") de”dt"dr'de’ +

i=1p=1

3a3HauuMo, 110 BUKOHYIOTHCA TaKi criBBinHOmeHHA [1, 14]:

(Mg oM (8)) = (Mg () (n; () + w, (x,1),

(Mage My (M, (") = (g, (00 (n; (@) (n,; (") + v, (.1, 1),

ne . (r,r') — xopesnsmiiina dynxmis, v, (r,r,r") — KymynaTHBHA MYHKIA,

Y mopaJsibIiioMy OOMEsKMMOCH HepINVMM ABOMa uileHamu pAxy Heiimana (8),
TOAL NIJIA yCEepeOHEHOr'o IIOTOKY JIOMIIIIKOBOiI PEYOBMHM OTPUMAEMO CIIiBBITHO-
IIIEeHHA:
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6
<J(r’t)>conf - sz sk( ) ¢ (Z t)

—zzdkjmv,ma(r,r:t,mi (e (2 1) x
k s 0 (V" =1

"

y [nsk(r) (n, @' )>+\|/n(r,r')} dr'dt’. )
i=1
Tyt \yn(r,r') = H xyw, (r,r')dydx, w,(r,r') — IBOBMMIpHWMII CHiNBHMI PO3NIO-
(v'?
IiJl BUIIAJKOBUX BeJVuuH r Ta r [14].
Jia BunaKy piBHOMIPHOTO JIMOBIpHICHOTO po3nofiny mMaemo [3]

0, (rr)e(V)4
BpaxoByroun, 110 BMUIIAJIKOBOIO BEJIMUMHOI0 € PaliyCc-BEeKTOp LieHTpa KyJIi
r;, 8 TAKOX MPMIMaiouM, 110 XapaKTePHMA paziyc KyJIbOBOrO BKJIIOYEHHA CTa-
HOBUTDb Rj, OZlEPIKVIMO
zo0—R; zg—R;
, 0 j <0 j ’ (ZO _ R)4
- _ j
v, (r,r) = j I XYWy (r,r)dyde = ————.
0 0 4V
Posrsianemo nepmii JOJAHOK y MIpaBiit wacTuHi piBHOCTI (9):

>3 d, () - z 3 [ nostrydr,, =

k s=1 s:lv

© 2
j _[ Nsk (lr R |) dzsk dysk dxsk = z dkvk ’
© 0 k

e r, — BHyTpiumHa Touka S -i omHOsB’azHOi obmacti (VM) dasu k.

Y Bunanky aBodasHoro rina orpumaemo ». ¥ d, (N (r) = dyv, + dyv;.
k s
IIpwuitaaBIM, 110 TyCTUHA (PYHKINI piBHOMipHOTO po3mnozmity mnopiBHoe 1/V
i Bci chepnyHi BKJIIOYEHHA IMOBHICTIO PO3MIillleHi B 00JIACTI Tija, IMiCJA Iepexony
0 cpepnyHOoi cucTeMM KOOPAMHAT OAEPIKMMO TaKe CIIBBiIHOIIIEHHA IJA yce-
penseHoi yHKIII cTpyKTypHU [4]:

3
2z

E—1 2R.
UJ(Rj ) , 2<2R, (10)

I(z) = (ny (™) =
v, 2 2R;.

Bpaxyemo pisaicTs (10) y dopmyai (9) na ycepegHEHOTO IMOTOKY:
6Ca(2,t) N t o o < Zl 3
(I, 1)) cone ~ ~(dgvy + d1v1)|:7 - ZUJ'.[ .[ .[ .[ (R_ B 1) x
j=1 0 —0-0 0 J
xV_(G,(r,x',t,t)L(r',t)c, (2, 1) dz' dy' dac’ dt’ +

S

j=1

2
j V.(G,(r, r',t,t')) x
2R,
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x I (r', t')e, (2, ') d2' dy' da’ dt'} _

Z

0
—(dyv, + dyv, )\vn(r,r') j V. (G, (r,1', 1)) x
0

o*—,a

I

8'—»8

N ~
x Y L (x',t)e, (2,t)dz dy' dx'dt'. (11)
j=1
Tyt
L (x',t)c, (2, 1) = i ( M_(d _d )02Ca(2',t') _
s\t a\®>» = = Py, — j 6t’ . ’ 62’2 —

da 2t

& [ 2" '
Z[ d— p]qu Pa smyqz]

®Oyuxiia I'pina (3) mpu gii Ha mei Ha6ﬂa-onepa'ropa TaminbroHa HabyBae
BUIJIALY

oG, (r,r',t,t) . oG, (r,r',t,t) . oG, (r,r',t,t)
i+ j+

o k, (12
V.G, (r,rt,t) o B e , (12)
e
. Py ((z-a)’+(y-y)"
0G, (r,x',t,t) _ i@ - 20t~ 1) e
Ox 2o, (t —t')?
w oyt
xZe P siny,zsiny,z’,
k=1
., Po ((xz-z)+(y-y)
0G, (r,r',t,t) Tt(y y)o(t —t )e 40(1)0 t—t' ) y
dy 2ydy (t — 1)
x> e 0 sinyzsinyz,
k=1

. , po ((x—xP+(y-y)?
oG, (r,r,t,t)  7wO(t—1t) o 4d, \ t—t' )

0z C 22,d,(t -t

X

_dyyi (t-t)

xYe 0y cosy.zsiny,z

IlinrcraBUMO OonepsKaHi CHIBBIAHOINIEHHA y Bupas A IUQPY3iHOIO IOTOKY
(11) Ta mpoiHTerpyemo 3a BiANOBiZHMMM 3MiHHMMM. 3a3HAYMMO, ITI0, BiATIOBiIHO
o [13], maemo

© o Pa ((x—x’>2+<yy—y’)2)
I j (@ —x)e idal et da'dy =0,

—00 —00

© o _ Pa ((x—x’)%(yy—y’)zj
[ [w-yre = Jazay =o,
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2
j siny,z'siny, z'dz' =0.
0
Omtixe, KoedimienTn y piBHOcTi (12) 6ina opTiB 1 Ta j, a TAKOMK JOJAHOK i3

MHOKHIKOM \un(r,r') y dopmyai (11) nopiBuioloTb HyJieBi. OToke, Bupas Ijsd
Iudpysitiroro notoxky (11) He 3aJeKuUTh BiX PYHKIII KopesArii \un(r,r') ie ny-

JBOBUM y340B3K oceit Ox Ta Oy.

IIpoiuTerpyBasiu Bupas (11) 3a BciMa 3MiHHUMM, OZEPIKMMO PO3PAXYHKO-
BY (POpMYJIy IJIA yCepemaHeHOoro 3a aHcaMOisieM KoHdirypariit dpas andysirinoro
TIOTOKY Yy ABOPAa3HOMY TiJli 3 KYJIbOBMMM BKJIIOUEHHAMM, PO3MIOMIJIEHNMHI 3a PiB-

HOMIpHMM 3aKOHOM, y BUHNAJKY CYMipHUX 00’€MHMX YaCTOK pas:
dy 2 2177

(d,v, + d;v;)c © ——tygt N 4v.n°K
~ 070 ° 17177 Pa g _ ]—dp

(I, ) s ® 1+2) e cos Y,z k> X
q=1

2 o P
» Ayt gt day
Sy cosyz| Ale o+ 3 alle e ||, (3
s=1 q:1
q#s
e
j P £ ; sin (4y,R;)
Kép:dj_dag7 ysq:ysiyq’ Ag=20_2RJ‘+T’
j j j sin(2R;y,,) sin(2R,y;,)
Al =p—a{B](y)—B](y+)— iYsq + iYsq 7
sq 2 2 c\Isq c\JIsq _ T
da (yq - ys ) ysq ysq

: 13 (2 2 Riros 6.
Bl () =—3{—2(RA ——)(cos(2Rm)—1)+—(RA ——)sm(2Rw)}.
j 2 j j 2 j
R; o ® ® ®
Ilp upomy ycepenHeHUI IIOTIK JIOMIIIIKOBOI pPEYOBMHM dYepel3 BEPXHIO,

z =0, Ta HIKHIO, Z = Z,, IIOBEPXHI TiJla BU3HAYAETbCA 31 CIIBBIIHOIIEHD

dy 2 27-j
d,v, +d,v,)c o Gyt N 4v.n°K
(I ) eont |, o SR L ) DT ) s il 3
q=1

ZO j=1 paZO
—d y? —dq? ~dgy3t
0 ayst oo ayst a’q
i, P j P P
x>y, Ale Po + Y Al le Pu —e P :
s=1 q=1
q#s

da 2 2177
d,v, + d,v,)c. i ——Lygt N 4p.n1°K
I e D) NEUTEER S i
q=1

) o1 Pd?o
—d y’t —d >t ~dy2t
0 aYs o) aYs avq
x z (-1)7°y | Ale P+ z Al le Pa _e Pa . (13"
s=1 q=1
q

CepesHIO KiJIBKICTH JIOMIITIKOBOI PEYOBMHM, IO IIPOIIILJIA HYepes3 IMIOBEPXHIO
z =z, 3a 4ac t,, BUSHAYaeMO TaKUM UMHOM:
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<Q* >c0nf = <J(r’ t)>c0nf |Z:Z* dt : (14)

O —_—

IlincraBuBIIM Bupald OJid ycepegHeHOro audysiitHoro motory (13) y dop-
myay (14), oTpumaemo

dy 2
@) . - (dyvy + dyv;)e. ) 20, <& ) oo Yat
*/conf 2, * y2 = e Cos qu*
aJdq 9=
2177 i —d yzt*
N 4/1) T de 0 ] _Zads*
—Z —L > y,cosyz, | e P -1+
‘1 0 s=1 ys
o i -y *day?t* _dayét*
J s g Pa _ 26 Pa
+ Z 4 23 T Ys€ Yq €

ys yq

30KpeMa, cepelHaA KiJNbKICTb PEUOBMHM, W0 IPOIIILJIA Yepe3 HIUMKHIO IOBEPXHIO
Tijla, BUBHAYAETLCA AK

® _dg 2
@.) _ Gt tdwen Jy 2 pyafpoe m |-
*/conf lz=z, - 2, * d y2 ]
adq 9=
i‘l’u T dez j daygt*
- y,(-1)%| —|e Po —1|+
o1 Pd®o ’ y?
_y days _dayq
+ZA —2q+yse Po —y e e
q 1 ysyq

BigmiTiMmo, 1110 KiJBKICTB MOMIITKOBOI pedYoBMHM, IO MPOIIIIIa Yepel 3alia-
HYy IIOBEPXHIO TiJla, MICTUTH AOJAHOK, IIPAMO IIPOIIOPLIMHUI 10 Yacy, IJdA AKOTO
BIM3HAYAEMO yCEepPeHEeHY KiJIbKICTb PEeYOBUHI.

3. UncjaoBUii aHAN3 ycCEepeaHEHOro IMOTOKY Ta CepeaHboi KiJIbKOCTI m0-
MIIIIKOBOi PeYOBMHM y Tijli 3 KyJbOBUMM BRJIIOYeHHAMU. Ha ocHOBI omepska-
HIUX PO3PaXyHKOBUX (DOPMYJ BMKOHA€MO UMCJIOBMII aHAJI3 ycepegHEHOro II0TO-
Ky IOMIIIIKOBOI peYOBMHM y TiJi 3 KyJbOBUMMMU BKJIIOUEHHAMM y BUIAAKY CyMip-
Hux ob6’eMHMX dacTok (pas. OOumMcIIeHHA IpoBeneMo y 0e3po3MipHMX 3MiHHUX

¢ =2/z,, t=d,t/z}. TounicTs obumcienns panis 3a s craHoButs 107, a 32 q
- 107,

Ha pue. 1 naBezmeHo sasesxkHicTs Bim wacy t motory macu (J(E,1))/c, mo-
MIIIKOBMX YaCTMHOK Hepes3 MOBEepPXHI0 Zz = 2, (y 0e3posmipHux amimEMx ( =1).

ITpuitmaemo, mo N =5, m =3, ToOTO MaeMoO Tpu TUIM KyJb Pi3HOrO pajiyca
JUI MOJIEJIIOBAHHS YIIAKOBKM CKeJIeTy Ta [ABa TUIM KyJb Pi3HOTO pajiyca Ijis
OIMCy KyJbOBMX BKJIOYeHb. Beaskaemo, mo R, =0.001 (v, =0.2), R, =0.001

(v, =0.3), R; =0.0001 (v; =0.1), R, =0.001 (v, =0.3) Ta R; =0.0001 (v; =
=(0.1). Hexayt xoedimienT nudysii AoMIIIKOBOI pedoBMHU y CKeJeTi JOPiBHIOE
15 (dy =d, =d; =15), a y Brmouennax — 0.8 (d, =d; =0.8). Ilna rycrun
BimnoBigHMX a3 mpuiiMaemo p, =p, = pg = 1.8 Ta p, = p; =1.2. Toxi ycepen-

HeHi 10 00’eMy Tijla XapaKTePUCTUKM CTaHOBIATL d, = 1.22, p, = 1.56.
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a) 6)
Puc. 1

Ha pwuc. la xpuBy 1 nobymoBaHO nAJsA 3HadYeHb KoedinieHTIB audysii
d, =15 Ta d, =11, kpuBy 2 — d, =15 T1a d, =12, xpuBy 3 — d; =25 Ta
d, =05, xpuy 4 — d, =25 ta d, =08, xpuBy & — d, =25 ta d, =12.
SaJIeXKHICTh yCepeqHEHOro II0TOKY JOMIIIKOBOI pedYoBMHM, IO IIPOXOAUTH depes
HIDKHIO TPaHUIIO Tijla, OJA Pi3HMX KoedilieHTIB rycTuHuM ¢a3 HaBeJeHO Ha
puc. 16, 3oxpema, gaa p; =1.8 ta p, =12 (kpusa 1), p, =15 Ta p, =1.2
(kpuBa 2), p, =18 Ta p, =1.1 (xpusa 3), p, =12 ta p, =15 (xkpusa 4),
p, =11 Ta p, = 1.8 (xpusa 9).

3b6inbIleHHA KoedpilieHTiB nudysii AK y BKIIOYEHHAX, TaK i B ckeseTi Tina
IPU3BOAUTEL [0 3POCTAaHHA yCEpPeNHEHOro IOTOKY IOMIIIKOBOI peuoBMHU (KPUBIL
1, 2, puc. la). 3MeHIIeHHA TyCTUHU CKeJIeTy IIPUBOAUTHL OO0 3POCTAHHA yce-
penHeHoro moTtoky (kpmei 1, 2, puc. 16), aHAJOTIYHO AK i 3MEHINIEHHA T'YCTUHU
KYJBbOBUX BKJIIOUeHb (KpuBa 1 Ta KpmBa 3 Ha puc. 16). 3a3Ha4ymMMo, IO MOJIA
BMOpPaHMX BXIJHUX JAHUX YMCEJBLHOTO MOCJINYKEHHA ycepemHEeHi IIOTOKM JOMIIII-
KOBOI PeYOBMHM BUXOAAThH Ha ycTajleHUN peskum niaa T > 0.45 (pwue. 1). 3asHa-
4yMO, IO JJIA Pi3HMX 3HAaUeHb KoeilieHTiB amudysii ycTajeHuii pexum €
TaKoXK pidHuM (puc. la), Tomi AK OJA Pi3HMX KOeiIlieHTiB T'YCTUMHM yCTaJIeHUit
pexkuM € ogHakoBUM (puc. 16).

Ha pwuc. 2 HaBegeHO 3aJesKHOCTI Bifm 6e3po3MipHOro yacy T, PO3IOIiJIiB ce-

PenHBOI KITBKOCTI OMIIIIKOBOI pedoBMHU (Q*>/c*, 110 NPONMILIa 4Hepe3 IIap 3a
€ac 1,. Puc. 2a imocrpye sHauenHa Qymruii (@,)/c, AnA pisHux mepepisis:
£=0.3,06,1 (xkpmsi 1'/1"-3'/3"). Kpusi 1'=3’ (cyuinpHi Jinii) nodynosaHo nmnsa
criBBifHOIIIEHb KoedilieHTIB nudpysii Ta ryctmHM y ckeseti, Aki € Olaprmmuy,
Hi>K y BKIoueHHax: d; =d, =d; =15 Ta p; =p, = p; = 1.8 (y ckexeri), d, =
=d; =0.8 Ta p,=p;=12 (y BKIIOUEHHAX), a KpuBi 1"—3" (mTpuxosi minii) —
OJI IPOTUJIeKHUX cHiBBigHOmWeHb: d; =d, =d; =0.8 Ta p; =p, =p; =12 (y
ckegseri), d, =d; =15 Ta p, = p; = 1.8 (y BRIIOUEHHAX).

Ha puc. 26 HaBesieHO rpadiku cepesHboi KiibkocTi pedosunn (Q,)/c,, 1mo
IpoiIa depe3 HUMKHIO TpaHuIo Imapy (=1, AJa pi3HMX CHIBBiIHOIIEHBb
o6’emHnx yactox. Kpusa 1 Biamosimae smauennam v, = 0.2, v, =03, vy, =0.1,
v, =03, vy =01 (vy, =06, v, =04), kpusa 2 — v, =0.1, v, =03, v; =
=01, v, =03, vy =02 (vy, =05, v

v, =01, v, =05, vy =02 (vy, =03, v

incl

=0.5), kpusa 3 — v; = 0.1, v, = 0.1,

incl

=0.7), xpusa 4 — v, =05, v, =

=01, v, =01, v, =01, v: =02 (v =07, v._,=03), kpuBa 5 — v, = 0.3,
3 4 5 skel incl p 1
=0.2).

v, =03, v, =02, v, =0.1, v; =0.1 (vgy, =038, v, 4
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a) 6)

Puc. 2

Y Bunajgkry, xKosm Koedinientn mudysii Ta rycTuHmM y ckeJseTi € Oinbimmuy,
HI’K y BKJIIOYEHHAX, JJIA BUOPAHOTO CIIBBITHOINIEHHA 00’ €MHMX dYacToK a3

(Vgep = 0.6, v, = 0.4) 3i 36inbIIenHAM ranbuuM nepepisy ( = (, 30inbLIyeTh-

cA KIJIBbKICTb JOMIINIKOBOI pedoBMHM, II[0 IIPOMIJIA depe3 Iiell mepepis (puc. 2a,
kpusi 1'-3'), npu npomy dyrruia (@,)/c, spocrae i € OmyKJIO0 Bropy (byHKIfi-
ero. Axmo dg . <d, ., Ta Py < Pine, TO 3i 30impIIenHAM 3HadeHHA (, Kijgb-
KICTb JOMIIIIKOBOI pPEYOBMHM 3MEHIIIYETLCHA, TP IILOMY (PYHKIIA (Q*>/c* TAKOMK

3pocTae, aJje € OIMYKJOH BHU3 (pyHKIielo (puc. 2a, kpusi 1"—3").
3as3HauMMo, L0 30iJIbLIeHHA 00’€MHOI YaCTKM BKJIOYEHb MOMKE BUKJIMKATU

Ak 3pocTaHHA QyHKOii (Q.)/c., Tak i ii cnafaHHA, 3aJI€MKHO BiX Iepeposnopity

00’€MHIMX YaCTOK MiK KYJIbOBMMM BKJIIOUEHHAMM Pi3HMX pajiycis.

BucaoBkn. TakuMm 4yHOM, IOCTIMKEHO IOTIK AOMIITKOBOI pedoBMHU y IBO-
¢dasHOMY Tijli 3 KyJIbOBUMM BKJIIOUEHHAMM, PIBHOMIPHO PO3MOIijeHNX B 0b6JjacTi
Tija, 32 yMOBU CyMipHMX 00’€MHMX HacTOK (pas. I3 3acTocyBaHHAM MEPINIOrO 3a-
koHy Pika 0 MOAAaHHA KOHIIEHTpAIlil AOMIIIKOBOiI pedoBMHM Uepes iHTerpaJb-
Huit pan Helimana ofepsKaHO Bupas JiA BUIIAAKOBOTO IUQPY3iHOIO IOTOKY.
IIpoBeneno ycepemneHHsa 3a aHcaMbJyieM KoHiryparint a3 mepimx OBOX Hje-
HiB pany Helimana. 3 BMKOPMCTAHHAM KopeJAriiiHol dQyHKIii Ta BuUpasy nia
ycepenHeHOl (PYHKII CTPYKTypM Tijla y BMOAJKY PIBHOMIpHOrO PO3HOMINYy Ky-
JBOBUX BKJIIOUEHb OTPMMAHO 3arajibHy (OpMyJy IOJd Oudy3ifiHOro IIOTORY Yy
IBo(pa3HOMY TiJi 3a yMOBM CyMipHMX O0’€MHMX dYacTOK (pas. A KOHKpeTHUX
cdbyrkmiit I'pina Ta KoHIEHTpaIii AOMIIIKOBOI peuoBMHM B TiM 3 ycepemHeHMMMU
XapaKTePUCTUKAMIU OJIEPYKaHO PO3PaxXyHKOBY (QOpMyJy AJiA ycepeHEHOro Io-
TOKY Ta KiJIBKOCTI JIOMIIIIKOBOI pedOBMHM, LIO0 MPOMIIa depe3 3aJaHuil Iepepis
nBocpasHoro Tisna. Ha ocHOBI po3paxyHKOBUX (POPMYJI Po3pobJieHO IIporpaMHi MO-
JIyJIi Ta MIPOBEJEHO YMCJIOBMII aHAJI3 IIPOIECiB IIepeHeceHHA Macu y BOasHOMY
T 3 KYJIbOBMMM BKJIIOUEHHAMM 33 YMOBUM CYMipHMX 00’eMHMX dYacToK das.
30KpeMa, IIOKa3aHo, 1[0 Y/M MEHIII 3HAaYeHHS T'yCTUHM CKeJeTy i/abo KyJboBUX
BKJIIOUEHb, TUM OiJIBIIIOI0 € BeJMUYMHA yCepeIHEeHOro Au(y3iiiHoro noToKy.
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MATHEMATICAL MODELING OF ADMIXTURE FLOWS IN A TWO-PHASE STRIP WITH
SPHERICAL INCLUSIONS AT COMMENSURABLE VOLUME FRACTIONS OF PHASES

The flow of admixture in a two-phase body with randomly located spherical inclusions
is investigated under the condition of commensurable volume fractions of phases. Based
on the representation of the concentration function via the Neumann series and using
the first Fick’s law, a general formula for the diffusion flow in the two-phase body is
obtained. In this case, the correlation function and the averaged function of the body
structure are used. Calculation formulas for the averaged flow and the mean number of
admixture that passed through the given cross-section of the two-phase body with
randomly located spherical inclusions are obtained. Software modules are developed and
numerical analysis of appropriate characteristics of the mass transfer process is carried
out.

Key words: diffusion flow, randomly inhomogeneous structure, spherical inclusion,
uniform distribution, Neumann series, averaging over the ensemble of phase con-

figurations.
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