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ON THE SPACE OF OPEN MAPS OF THE CANTOR SET

The space W(C) of the equivalence classes of continuous open maps defined on the
Cantor set C endowed with the Vietoris topology is considered. It is shown that
Y(C) is homeomorphic to the space of irrational numbers.
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Introduction. The hyperspaces, i.e., spaces whose elements are subsets of
a topological space are important objects of topology. They are considered in
numerous publications during decades (see, e.g., [8, 11] and the bibliography
therein). They have numerous applications not only in mathematics but also in
other disciplines. In particular, fixed point theorems for multivalued maps (i.e.,
maps with values in hyperspaces) are widely used in the general equilibrium
theory and related areas.

From categorical point of view, the hyperspaces are nothing but the
spaces of subobjects. The dual notion, ie. the space of quotient objects of a
topological space is considerably less known. Note that E. Shchepin in [5] (see
also [6]) considered the sets of quotient objects in his theory of inverse spectra
(inverse systems) but did not use this terminology. Actually, he introduced the
set W(X) of equivalence classes of open maps of a compact Hausdorff space
X.

In the compact Hausdorff setting, there is a natural way to topologize
Y(X) by using the fact that in this case the fibers of any open map of X

form a continuous decomposition of X (see the details below).

The spaces Y(X) were investigated in some publications of the first-
named author. In some cases, it was possible to describe topology of the
spaces Y(X). In [1] the space of open quotient objects of a convergent
sequence is considered and it is proved that this space is a perfect zero-
dimensional noncompact metric space which can be decomposed into the
union of two sets, one of which is dense and the other is homeomorphic to the
set of irrational numbers.

Some general results in this direction are obtained in [2]. In [10] the
author considered the space of open maps of the segment and obtained a
description of topology of its connectedness components.

In [9] the topology of the connectedness components of the space ‘P(Sl)
is described. In both cases it turns out that the space of quotient objects is not
the one-point compactification of its connectedness components.

The aim of the present note is to investigate the space of equivalence
classes of open maps, ie., the quotient objects of the Cantor set C. The main
result is the following: the space W(C) is homeomorphic to the space of
irrational numbers.

1. Preliminaries. We suppose that all maps are continuous, unless their

continuity is to be proved. By A we denote the closure of A. If XY are
topological spaces, X =Y means “X is homeomorphic to Y ”.

A topological space is called zero-dimensional if there is a base of its
topology consisting of sets which are simultaneously open and closed.

A metrizable topological space is called topologically complete if there is a
complete metric on it that induces its topology.
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The hyperspace exp X is the set of all nonempty closed subsets on X,
endowed with the Vietoris topology.

In the case of a compact metric space (X,d), which is sufficient for our
future considerations, the Vietoris topology can be generated by the
Hausdorff metric d,,,

dy(E,F)= inf {e>0 | EcO,(F) and FcO,(E)}
(hereafter, O,(A) stands for the ¢-neighborhood of A).

Recall that a map f:X—Y of topological spaces is open if the image of
every open set is open. We will use the following result [4, 7]:
Theorem 1. Each onto map f:X—>Y of compact metric spaces is open if

and only if the inverse map f ' :Y — exp X is continuous.
By exp® X we denote the space exp(exp X). If d is a metric on X that
induces its topology, then the metric on exp* X is (dy)g=dyy -

Let uy :exp2 X — exp X denote the union map. It is well-known that

uy is continuous. The following result is a characterization of the space P of

irrational numbers (see, e.g., [3, 13]).

Theorem 2 (characterization theorem for the set of irrational numbers).
The space P 1is topologically the unique nonempty, topologically complete,
nowhere locally compact and zero-dimensional space.

2. The space of quotient maps. In the following we deal with compact
metric spaces.

Following [6] we say that two continuous onto maps f; :X—>Y,, i=1,2,
are equivalent, f; ~f,, if there exists a homeomorphism h :Y; =Y, such that
fo=hf,.

Then «~» is an equivalence relation on the class of all continuous open
onto maps. By (f) we denote the class of all open onto maps (the open

quotient object) equivalent to f: X —»>Y. Let
¥Y(X)={(f)| f :X—Y is an open onto map}.
Thus, every quotient object (f) uniquely determines a disjoint family F
of closed subsets of space X.
On the contrary, let Aecexp?X and A be a disjoint family. Let

g:X—>X /A be the quotient map. Then (g)e¥(X).

We therefore come to the following result:
Proposition 1. For every compact space X there is a one-to-one
correspondence between the quotient objects of X and the disjoint elements of

exp2 X.

In the sequel, we use this correspondence and endow the set ¥(X) with
the topology induced from exp*X.

3. Topological type of the space W(C). Let C be the middle-third Cantor
set. Then exp2 C is a zero-dimensional separable compact metric space.

Proposition 2. Let X be a metric compact space. Then Y(X) is a Gg-
subset in the space exp” X.

Proof. Note that u;(X) is a closed subset of exp2X and
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Y(X)c u;(X). We are going to show that u;(X) \ ¥(X) is an F_-set. To this

end, show that u;(X)\ Y(X) =U F, , where F is a closed subset in the

n=1
space u;(X). Let
F,={A cuy (X)| 3A,Be A, ANB=D
and one of the conditions holds:
(1) there exists ae A such that d(a,B)>1/n;
(2) there exists beB such that d(b,A)>1/n}.
Then for every ne N and Ae F, we see that A is not disjoint, therefore

F,N¥(X)=. On the other hand, if Ae ¥(X)c u)}l(X), then A is not
disjoint, therefore there exist A,Be A such that A#B and AB= .
Without loss of generality one may assume that there exists xeA\B.
Consequently, there exists n € N such that d(x,B)>1/n. Thus, Ae F,.

We are going to show that the set F, is closed for every n. Let {4}/,
be a sequence of elements in %, . Since exp2X is compact, passing, if

necessary, to a subsequence one may assume that {.Ai};’.i1 is convergent. Let
A=1lim A, .
1—>0
Without loss of generality one may assume that for every ieN there
exist A, € A, and B, € A, such that
(1) A,NB,;#J;
(2) Ja, € A, such that d(a,,B;)>1/n.

Consider the sequences {a;}},, {4;};-, and {B,;},. Since X and expX
are compact, passing, if necessary, to subsequences one may assume that
these sequences are convergent.

Suppose that {a;}~;, > a, {4,};., > A and {B,;}/_, > B as i > .
For all ieN there exists x, € A, (1B, #J. Again, one may assume that

00

the sequence {x;};.;, < X is convergent. Suppose that {x,}/_, — x.
Then clearly x € A B and therefore A(1B= J.
Since the distance function d :Xxexp X— R is continuous, we conclude
that
d(a,B) =lim d(a;, B) > 1/n.

Finally, Ae F, and therefore the set F, is closed. ¢

Being a Gj-subset of a compact metric space exp® X the set ¥(X) is

topologically complete.
Lemma 1. Let A and B be subsets in a metric space (X,d) such that

A=C, B=C and dy(A,B)<r (where r>0). Then there exists a homeo-

morphism h : A— B such that d(x,h(x))<2r for every xeA.
Proof. One can decompose A=A UA,U...U4, and

B=B UB,U...UB
and B respectively such that:

m, Where all A, Bj are open and closed subsets in A
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(1)  the family {4,,...,4,} is disjoint;

(2)  the family {B,,...,B,,} is disjoint;

(3) diam (4;)<r for every i,

(4) diam(Bj)<r for every j;

(95) for every i there exists j such that O,,.(4,)> Bj;
(6) for every j there exists 7 such that OZT(Bj)D A,.

By decomposing, if necessary, each A, and B, into disjoint finite sum of

nonempty open and closed parts and changing the numeration one may
suppose that m=n and dy(4,,B,)<2r, for every i=1,...,n.

For every i let g,:A, —>B,; be a homeomorphism. Finally, define
g : A= B by the condition g(x)=g;(x) whenever xe 4;, i=1,...,n.
Then the distance between g and the identity map 1, : A—>A is

d(g,1,)< 2r. ¢

Proposition 3. The set W(C) is a dense subset in the space
{A eexp®C|UA=C}.

P r o o f. Suppose that A € exp?C and UA=C.Let £¢>0 and r<g/2.
By known properties of hyperspaces, there exists a finite family
U c expC such that dy,(A,U)<e/2. Since the union map is nonexpanding,

d,(UU,C)<g/2. Passing, if necessary, to closed neighborhoods of the
elements of ¢/ one may assume that
(1) UuU=c;
2)  dyyA U)<s;
(3) every element of U is homeomorphic to C.
Suppose that U= {U,,...,U, }.
Consider the set {1,2,...,n} as a finite metric space, whose metric p is
defined by the condition p(i,j)<r for every 1 #j.
We identify the space C with the subset
C,=Cx{1}cCx{1,2,...,n}
by the embedding x+> (x,1), xeC. Let

n
C,=JU; x{i} =Cx{1,2,...,n}.

i=1
Clearly, C, and C, are homeomorphic to C.
We endow the product Cx{l1,2,...,n} with the max-metric, which we

denote by d.
Then it is easy to check that

Ay (AU, < {3} [{1,2,...,n} })<r.
One can apply Lemma 1 in order to obtain a homeomorphism h : C, ->C,
such that d(h,ch{LQ’_”’n})<2r. Then the finite family U’ ={h(U,) li=1,...,n}

is an element of W(C,)=¥(C) such that d, (U, A) < 2r <g. ¢
Remark 1. Actually, it is proved that the set of all finite disjoint families
A with UA=C is a dense subset in ¥(C).
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Lemma 2. There exist sequences (A;), (B;) in the space expC satisfying:

(1) lim A, =1lim B, =C,;
1—0 i—0©

2 A, UB;=C;
(3) A.NB,=0.

Proof. Represent C as [][{0,1};, where {0,1}; ={0,1} for every i.
i=1
We consider the discrete topology on {0,1}. Let

4;={(x;) eC|x;=0}, B;={(x;) eC|x;=1}.

It is easy to verify that (4;), (B;) are as required. ¢

Proposition 4. The set W(C) is a nowhere locally compact subset in the
space exp” C.

Pr oo f. It suffices to show that there exists a dense subset A in
Y(C) such that no point in A has a neighborhood with compact closure. By
Remark 1, it is enough to consider the case of finite disjoint family
A e exp®C with UA =C

Suppose that De A and r>0.

Let D=C,; UC, where C,, C, are homeomorphic to C and C; N C, =J.

By Lemma 2 there exist sequences {A;}, and {B,}, in expC
satisfying
(1) limA4, =C,;
1—®
@) limB, =C,;
1—®
3) A UB, =C,;
4 ANB, =0;
(5) dy(4,,C)<r for every i,
(6) dy(B;,Cy)<r for every 1.

For every i we define A, =A\{D}U{C, UA,}U{B,;}. Then all A, be-
long to the closed 7 -neighborhood of A in ¥(C). However,
lim A, = AU{C,} ¢ ¥(C).
1—>0

This shows that the space W (C) is nowhere locally compact. ¢

Theorem 3. The space of open quotient objects of the Cantor set is
homeomorphic to the set of irrational numbers.

The p r o o £ of the theorem is based on Propositions 2, 3, 4 and Theo-
rem 2 (characterization theorem for the set of irrational numbers). ¢

4. Questions. Recall that a supersequence is a one-point compactification
of a discrete topological space.

In connection with the main result of [1] we formulate the following
problem: describe the topology of the space W(S) for supersequences S of
arbitrary cardinality. Also, since the ordinal number ®+1 is nothing but a
convergent sequence, the results of [1] lead to the problem of description of
topology of the spaces W(t) for arbitrary ordinal number t.
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There is an uncountable counterpart of the Cantor set, namely, the space
D®, where D is a discrete two-point space and 1 is an uncountable cardinal

number. The natural problem of description of topology of the space ¥(D")
remains open.
We now turn to the convex setting. It is proved in [12] that the

hyperspace of compact convex subsets of the cube [0,1]", 2<n<w, is

homeomorphic to the Hilbert cube. A similar result can be proved for another
compact convex sets. It seems natural to consider the space of the affine open
quotient objects of compact convex sets.
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MPO NPOCTIP BIAKPUTUX BIOOBPAXEHb KAHTOPOBOI MHOXWHMU

Poszasdaemvess mpocmip Y(C) wxaacie exsiganenmHuocmi Henepepsrux i0xpumux

81000padcend, 03HAUEHUX HA KAHMOPOosit mHoxcuHi C, HadiseHultli monoaozieto Biemo-
pica. JJogedero, w0 yeti npocmip 20MeomoPPHHUL NPOCTNOPY IPPAYIOHAALHUX HUCEN.

Katouoei caoea: Kanmoposa MHONMCUHA, NPOCMIP IPPAYIOHAABHUX Uucer, 6i0Kpume
81000 pacenns, zinepnpocmip, gaxmopod’exm.
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