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JU1R YPABHEHHA SAHWTEMHA

B. A. nUblX

113BeCHIO, src Sa.lI.811a Kount iVIR ypaBHeHHH 3JiHlllTeHH3

1
Safl == Ra,?> -2 gaeR = O. a. ~ = 0, 1, 2,3, (I)

(5)

npe.D.CTaBJl5IeT co6oi1 aanaxy C HHBOJIIOll.l-!eii 8 csrsicne 3. KapT3Ha. B aO -ypaane­
HHR He BXO.ll.5IT aropue npOH3BO.llHbIe no BpeMeHH. n03TOMY ,uaHHble ROWM H3

runepnoeepxaocra 5, aanaaeexoa B JlOKa.1bHOH xapre ypaBHeHHeM xO = 0,
Be 5IBJJ SIlOTC5I npOH3BOJIbllhlMH H JJ.0."DKBbI Y;J.OB.l~BOp 5ITb YP 3BHeHH5IM CB5I3eH

S~ = O. (2)

CorJIaCHO reopeve JIHxHepoB HIla 06 HHBOmoUHH [9), eCJlH ypaeneaaa CB5I3€:H'
Y1l0BJJeTBOPfilOTCfl na Ha'laJlbHoH rHnepnoBepxHoCTH XO = 0, TO OHH y,uOBJIeTBO­

pSHOTCfI H B ee OKpeCTHOCTH. YpaBHeHHfI

S~ = 0, t, j = 1, 2, 3, (3)

onp e.lleJI5Iror 3BOJIlOUHIO peureaaa BO BpeMeRH.
YpaBHeHHfI (l) He 51BJl5IIOTC5I He.3aB HCHMbTMR B CHJIy caeprryrstx TOiKJJ.eCTB

DHaHKH

s~~=o (4)

H, Cm~)10BaTeJlbHO. cHCTeMY (1) He06xo.lI.HMo zroortpeneatrrs , saaas xerape ypaB­
HeHHH .nJI5I KOMnOHeHT MeTpHQeCKOrO TeH30pa g~, T. e. r ax H33blBaeMbie KOOp.nH­

narnue YCJJOBlUl. OrpaHHQm3aIOUlHe npOH3BOJIbHOCTb B Bbl.OOpe KoopJJ.HHaTHoH
CHCTeMbJ.

B paoorax [9-12] .uOK33aH3 xoppexruocrs nOCT3HOBKH 3MaQH I(OllJH npu
HcnOJIb30BaHHH KOOPJJ.HH3THbiX YCJIOBHH ne llmmepa (erapvonasecxax xoopnu­
nar»):

af!r" I acV- gg'l''') __ o.g a~ = """"---- -....:....--,.=----'-~

-y=g OXV

B pa60TaX [I, 5] sanaxa Koura paccvarp ImaerC5I B ra YCCOBbIX HOPM3JTbHbTX KOOp­

.nHHaT3X. Bonpoc 0 KoppeKTHOCTH nOCTaHOBKH 3a.n.a4H Koura .ll.JHI CHCTeM ypas­
HeHHH B tiaCTHbIX npOH3BOAHbIX peuiaercs , KaK H3SeCT1-10 , B 3aBHCHMOCTH OT HX

THna no K.JlaCcH<pHKaUHH H. r. DeTpOBCKOro [61.
06rn.enpHH5I.TbIM 5IBJTfleTCH YTBepR<JI.eHHe 0 TOM, QTO CHCTeMa ypaBHeHHH

3i1:HlllT-eHHa f1BJISIeTCSI CHCTeMOH rHnep60JIHQeCKOrO r nna [2--4], OCHOBblB310111e­
€CfI, C o,llHofi CTOpOHbl. na npHSe.lI.eHHH B rapaouaxecxax I<00p.ll.HHaTaX cucreuu
ypaBHeHHH (1) K J1.HarOH3JIbHOMY BHAY no BTOPblM npOH3BO)l.HblM H coenancaau
XapaKTepHCTHK Ka}J{,Uoro ypaaaeaasi CHCTeMbl C XapaKTepHCTHKaMH o6111eKoBa­

pRaHTHOrO ypaaaenaa llaJIaM6epa H. C npyroa CTOPOHbI - na HHTyHTHBHblx
npezcraaaeuxax 0 rHnep6oJIHQHOCTH ypasHemdi nons. OJlHaKO, crporo rosopa,

B~le,.lCTBEeaeaoonpeneaeunocru CHCTeMbl ypaBHeHHH 3HHUITeHHa H rpecoaaaes
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norepa KOBapHaHTHOCTH npu ee noonpeaenemtn 91'0 yTBep}K)J,eHHe 5fBJHleTCR aa­
KOHHJ,lM H AOKasaHHhIM npM )loorrpejl,eJIeHHH CHCTeMhl ypaBHeHHH TOJIbKO YCJ10­

BHRMH rapMOHHtIHOCTH (5) JIH60 YCJIOBH5IMH

gOO = 1. gOt = 0, (6)

(7)

onpeAeJUIIOI.IJ.HMH raYCCOBbI HOPMaJIhHble KoopAHHaTbI. B TO 2Ke apesrs OtIeSHjI,HO,

sro He Ka}K)J.oe noonpeneneaae CHCTeMbl yp-aBHeHHH B qaCTRbIX npOH3BOAHbIX
MO>KeT AonOJIHHTb ee 71..0 cacreau orrpeneneaaoro TMna. OrMeTHM, \.lTO

<P. H. cI>paHKJIb [81, HCnOJlbsY51 KoopAHHaTHbIe YCJlOBH5I.

ara,oo
axo = 0,

sonpoc 0 nme cacrexu rpaaarauaoaasrx ypaBHeHHH OCTaBHJl OTKPbIThlM H3-3a
«...60JIblllHX OCnO:>KHeHHH», B03HHKalOID,HX B rrpOH3BOJIhHbIX, OTJlHqHbIX OT rap­
MOHHtIeeKOH, CHCTeMax KoopAHHaT.

naJIee, paeCMOTpHM CJIytIaH Sa;:laHHH xoopnanarnax yCJIOBHH C noxouneo
moohiX serstpex H3 10 HCKOMbIX KOMITOHeHT MeTpHqeCKOrO TeH30pa. TIPH 9TOM
ypaBHeHH5I 3BOJIKHIHH (3) HBJUUOTC5I CHCTeMOH nrecra KBa3HJJHHeHHbTx ypaaaeanii

B xacnrax rrpOH3BOJI:HhIX sroporo nopsnxa AJI5I mecrn HeH3BeCTHhlX epyHKUHH.

DOCKOJIbKY <pyHKUHH- g(l~ BXO,U5lT B ypaaseaaa (3) pa3JHfQHbtM 06pa30M, TO
BCJIe,n:CTBHe sa):(aHH5I 210 pa3JJHqHhIX KOM6HHauHH H3 nersrpex KOMnOHeHT MeT­
pjrsecxoro TeH30pa nonysaea 210 CHCTeM TaKHX ypannenas. HCCJIe.nyeM, K xa­
KOMy nmy no KJIaCcH<pHK3UHH I1. r. DeTpOBCKOrO npHHaIlJIeJKaT nanssre
CHCTeMbI.

HCnOJIb3yH LlJISJ TeH30pa PIfCItJR era Bblpa>KeHHe xepes KOMllOHeHTbI MeTpH­
tIeCKOrO TeH30pa

R J CLtl (iJ2glJ.~ ()2g(J,fJ a
2gV(J, a2glL~ )

p.'V = "'"2 g axaax f3 + oxlJ.ax'r/ '- iJx/.l.ox~ -' fJx'ViJxu, +

(8)

g22xr
ga-I3XCLX~ + g22~ - 2gf.l2x2.Xf:\

g22~

g22X1X2 '- gfj2Xt Xf:\

g22x x
1 3

gZ2X2~ -- gclxa>;

crpoHM xapaKTepHCTHl:IeCKHe nerepvnaaarsz ~HX CHCTeM. B peaynsrare BbltUIC­
JIemU1 nonysaea, tITO see xapaxrepucrtrsecxae AerepMHHaHThI 06palltaIOTCR

B HyJIb npn nexoropstx neHCTBHTeJIbHbIX ~. a2 , a:J' He oopamaiouiaxca B HyJIh
O.LlHOBpeMeHHO, aa HCKJlfOtIeHHeM TO'fO CJIytIa5I, xorna CHCTeMa ypaBHeHHH J).oonpe­

.neJlHeTCH 3a,Ll.aHHeM <pyHKU.HH gOO, gOl, e" If gOO. B nocneanex caysae xapaxre­

pHCTHtIeCKHH nerepaananr l{~eeT BH.D.

gaf!XCLX~ + gUxi -2gltlX1XI3

gll~

gllx~

gIl X1X2 -ga1Xa X2
II rraJg X1X3 - e; XI;tXa

e- IJX 2XS
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g3J. I

g33x~

gal)xa;gf:l + x33~ - 2gf33X~X3

gc33x X
I 2

g33XlXa - gfj3 X~Xl

rf3X 2 Xs - gt33XeX2

2gI2~-2gf32XIXf3

2g124 -- 2g~1Xf3~

2g12x5
gCLf3 XQ;Xfj + 2g12X1X2 - glf.lXIX~ - g(J,2Xa.X2

2g12X1Xa -gz2Xa,Xa

2g12xzXa - ga]Xc.Xs



2g r3xi '----. 2g~X1X6 2g2.1xr
2g13~ 2g23X~ - 2g~XflX2

2gl3~ _ 2glHx~~ 2g23~~ 2g132XjJ~

2g13X
1
X

Z
~~Xo-X'}, 2g23XIX\l-g~XIX~

g<t~X~{i + 2g\3Xl~ - gill X~Xl - ga:3XaXa2g23
Xl Xs '- gll2X pX1

2g13X 2Xa - gill X13 X 2 g«f3 Xa:X13 +2g23x'J,xa- g f3 2X l3 X 2 -ga:3xaxa

(9)

Ilocne rpoMo3~KHX npeo6pa30B8HHH: H BhlQHCJIeHl{Jl .n.eTepMHIHIHT npHBOlIHTC5I
K BHJI.Y

lOA'!. (l°'A2 + ll'Aa1 + g02J~ + ga3'Aa.)2 (gatl
Xa Xt\) 3.

113 yeJIOBH5/. lleHCTBHTeJIbHOCTH ere KopHefI A.. npn JU06hIX .neHCTBHTeJThHhIX a,
TaKHx, qTO af + a~ + a5 > 0, CJIenylOT YC.10BH5I

00 'j
g >~, II xixi < 0, (10)

COBnanaKJI..LJ.He C H3BeCTHhlMH YCJIOIHtmm ral1bOepTa llJIfI KOMnOHeHT MeTpHLJe­

cxoro TeH30pa BO BC5IKOH CHCTeMe OTCtIeTa, KOTopaH MO)KeT ObrTh ccyutecraaeaa
C rrOMOl.UbIO peansuux TeJI . B QaCTHD:\1 caynae 3a;I.aHHH gfu- (gOO = I, gOi = 0)
orctona cnenyer rHnep6oJlHQHOCTb no M. r. Ilerpoacxouy ypasnenaa 3i'lHlilTeHH8

B noayreonesavecaof (H, sooome, rayccosos) caereve KOOp.IJ.HHaT npa asmo.nue­
HHH B JIOKaJlbHOH xapre yCJTOBH1i r~1b6epia.

DPH 3a.n8HHH. xoopnanaruux yc..l08HH C nOMOlUbK> qeTblpeX ¢yHKI.l.HH, He
connaaaromnx C Ha6opOM gOO, gOl. ffJ2, gmt BCJle,nCTBHe BblpO>K,UeHHH X2paKTepH~

CTHqeCKOfO nerepvnnaura sanasa KOllH .LlJI5I ypaBHeHHH 3fIHlllTeHHa He HBJIHeTC5I
KoppeKTHO nocr3BJIeHHoH. TI03'1'OMY aanasa Koum 6Y.ll.eT HelWppeKTHO nOCTaB~

JIeHHOH npa HCnOJIb30B3HHR HYJleBbIX KOOp..n.HH3T Canra (71.
I1cnOJIbsyH no.nyneaaue peaynsraru, MO:>KHO pacump art, KJI3CC KOOP.ll..H­

HaTHblX yCJIOBHfi. ,UonOJIHSIIOInHX ypaBHeIHHI 3ffRIDTefIHa JlO CHCTeMbI rnrrepoo­
JIHQeCKOrO rnrra, aa aexoropsre BH)lbl xoopnaaarxux yCJIOBHH., sanaaaeusrx
yp3BHeIHHIMH B 1.J3CTHbIX npOH3BO.LlHbIX sroporo nOpH.IIKa. 3aMeTHM, qTO B ypaB-

. a~ a~

HeHH71 .3fIHllITeHHa He BXO)l,RT sropsre npOH3BO,UHhle BH,Ua a: cuzR H ~
OX OX'" oxaiJxd

(a, ~ = 0, 1, 2, 3), qTO 51BJlfleTCH CJIe.LJ.CTBHeM anreopamecxax CBORCTB TeH30pa
KpHBH3HbI Rljkm (cpeaa 3THX npOH3BOJl.HbIX ecrs H «aecymecrseaaue» no JIHxHe­

()Zgocr..
POBHqy npouaaonmre axo~)'

TIpA' aananan xoopanaaruux YCJIOBllH ypaBHeHHHMH B -qacrHblx npOH380,lJ,­
HblX nepsoro H aroporo nOpH.LlKoB ypaBHeHHH 3B0J1\OUHH 51BJI5IlOTCH, Boo6111e ro­
BOp5l. cHCTeMoH ,lJ,eCHTH ypanuenmi JlJUI .neCHTH HeH3BeCTHblX ¢YHKUHH. B cnyxae,
KOnIa xoopnuxarasre yCJIOBH5I saaaiorcs B Blfll.e ypaBHeHJ:l.H B qaCTHbIX npOH3BO.IJ.~

(j2ga. a {)2ga~ ~
HbIX, conepscaumx npoasnonnue BH.Lla ~ H ~iJ~ OT qeThlpeX tPyHKUHM,uxUiJx ox« x~

xapaKTepHCTMQeCKVlH UeTepMHHaHT CHCTel\UJ MO)KHO npencraarrrs B BH)J.e npoas­
BelIemUJ nnyx AeTepMHH3HTOB: seraeproro nopxnxa. accoumrposamroro C ypae­
HeHIHII\'!H «oopnanaruux yCJIOB HH, H urecroro nop snxa, He Bblpo)K)J.alOmeroc51

Jl IUllh Torna, xorna B xoopnnuaraux yCJIOB HH'X rpnryp ap YJOT npOH3BO)J.lIble OT
gOa. CJlellOBaTeJIbHO. D 3TOM cnysae ypaanenns 9HHllITeHl-I3 rHnep60JIHlfeCKHe

npH 3a,n;aHHH KOOpAHHaTHblX YCJIOBHH nmep60JlHQeCKHMH ypanHeHHflMH BTOpOrO
{)2g00 02°01:1 iPgOa

nOp5111.Ka, CO.nep)KamHfo.m TOJIbRO npOH3BO:1Hble -------;;;, -jj02 Ii ------ciT •
iJxoax' X ax

. Hnrepecno OTMeTHTb, tITO ypaBHeHH5I 3HHlllTet'lHa, ecna He nanarars BHX2­
1< HX Jl.06aBOQH bl x YCJlOB HH na auoop KooPAHHaTHbIX ycnos HR, ,J.onyCKaJOT 503­
MO:>KHOCTb cymeCTBoBaHH5I 12 neHCTBHTeJIhHhlX H BOCb~H RO~eKCill:lX h'o;:­
HeA xapaKTepHCTHQeCKOrO lIeTepMHH8HTa. llJI5£ 3'1'010 ;l,OCTaTOtIE:O 32.]a:th 5:00;-
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(1 I)

=0,

)lHHaTHbIe YCJlOBH5I ypaBHeHM5IMM 3JIJIHnTlfqeCKOrO THrra C rrpOM3BOllHbTMH
jJ2 .;,Z :>?goo V fto~ u-golX •

iJxOoxV ' aX02' OXa.2

ECJlH aanacan- KOOp)lHHaTRbIe YCJIOBH5I <I>paHKJlR (7) KaK yCJIOBH5I aa KOM­
rJOHeHTbl Merplil.JeCKOrO TeH30pa:

o2goo fP.gOI
iJx02 = 0. 2 ox02

TO as nonyserraux nsnne Heo6XO)lHMblX H )lOCTaToq:HbIX YCJlOBHH: nmep60JlHt l­

HOCTH cnenyer rurrepoomrsaocn, YPaBHemfH dHHlUTeHHa npa HCnOJlb30eaHHH

KOOp){HHaTHblX YCJTOBHH <I>paHKJIH.

HTaK, YCJlOBH5I fHJlh6ep1'a He HBJJffi.OTC5I .nOCTaTOqHblMH yCJIOBHHMH rnnep­
OO.:rHlIHOCTH ypaBHeHHH 9HHlIITeHR3 B .TJOKaJlbHoH xapre, H .nJlfI rHnep6oJll'l'QHOCTH'

ypaBHeHHH Heo6xo)lHMO Bbl)J.eJJHTh KJl3CCbl' onpeneneaaax KOOP)lHH8THbIX YCJTO­

BHff, COrJIaCOBbIBaSI HX B 9TOM CMblCJIe C ypaBlIeHIUIMH nOJHI rpaBHTaUHH, KaK 3TO

cncnano B llaHHOH paoore 1lJISl uexoropsrx TB008 KOOp1lHHaTHbIX YCJIOBHH.
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JlbllOBCKII.A 4>O.nBa.;l Ma:TeM3THl:JecKoQ
tPlf3lIKH HHCTHT)'T3 MaTeMaTHKH

AI-! YCCP

Ilocrynana B pe)l.KOJJ.'lerHIO
B OKT1Iope 1974 r.

o nEPMOJUi"lECKDM KPAEBOA SAJlALfE
,qnn rMnEPIiOIlH"IECKHX OnEPATOPOB,
PACnAAAlOlUHXCH HA JUfHEHHblE MHO>KMTEn~
nEPBOrO nOPH,llKA C nOCTORHHblMH K034ltllHI.J.HEHTAMM

B. H. nonHw.yK, s, H. nT8WHMK

B llaHHOH crarse, 5lBJlSllOmeHCs:l pa3BHTH"eM pa60TbI (3), H3yqaercH nepaonnse­
CKaSI xpaeaas aanaxa (no nepeMeHHoH t) JlJI5I rH.nepOOJIw:r.ecKoro oneparopa

C MHorHMH npocrpaacrnexnuua nepeMeHHbLMH, pacnanasomerocs na mmeHHbre

MHO>KHTeJlH rrepnoro nopanxa C nOCT05JHHhIMH K03ep¢HLl.HeIITaMH. HCCJle,n.YlOTCfl

CJIYQ8H npOCTh!X H KpaTHhIX MHO>KHTeJ1eH B pa3JIO)KeHHH oneparopa.
B lla.n:bHeHmeM HCnOJIh3YlOTCfl TaKHe 0603UaQeHHfl:

X = (Xl. Xli' "'. Xm) ; k = (klJ kz• . .. , km) ; Ik I = Ikll + I~ I +
... + Ikm I; (k, x) = k1x1 + k2~ + ... + k;~xm;

D = {t, X: 0 ~ t < T < co ; - 00 < Xp < + 00, p = I, 2, ... , m};
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