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JIbBOBCKHl'i ~HJlHaJl MaT~laTH'IecK oH ~HgHKH

I1HCTHTyTa MaTeMaTHKH AH YCCP
DOCTyuHJIa B pe.aKOJIJIerHIO

B OKTllOpe 197~ r.

ynpyrOE PABHOBECHE nnACTHHKH C nBYMH
KPYrOBblMH OTBEPCTHHMH, B KOTOPblE BnPECCOBAHbJ
3AMKHYTblE CTEP>KHH

T. n. Ma,TbIHOBH'I, M. K. 3BapH'I

PaCCMOTpHM HSOTponHylO nJIaCTHHKY, cpenaaaas nJIOCKOCTb KOTOPO" sa

HHMaeT 6eCKoHe'lHylO 06JIacTb S, OCJIa6JIeHHylO ,nByM5I o,nHHaKOBbIMH OTDepCTHH

M11 L I H L 2, B xoropue snpeccoaaau SaMKltYTble ynpyrue CTep)KHH. PaCCT05lHHe

Me)K,ny uearpaaa OTBepCTliH npHMeM paBHblM 2/. CHcTeMy xcopnnaar pacnono

)KHM TaK, KaK .9TO noxaaauo Ha pHC. 2. o y,neM ClJHTaTb, lJTO Ha 6eCKOHe'lHOCTH

sanano onnoponaoe nanpascenuoe COCTOHHHe, a B nJIaCTHHKe ,neHCTBYlOT cocpe

norouenusre CHJIbI P j , pacnonoscenu sre CHMMeTpHlJHO OTHOCHTeJIbHO xoopnanar

HblX ocef Ox H Oy. TpeH HeM Ha JIHHHH HOHTaKTa npeaeoperaea, Ilpennonaraercn,
{ITO KOHTaKT ocyinecrannercn B,nOJ1b KOIiTypOB L I • L2 • Ilonepexaoe cesenae

CTep)KHH MO)KeT 6bITb npOHSBOJIbHOH <pOpMhl, CHMMeTpHlJHOH OTHOCHTeJIbHO

CpellHHHOH nJlOCKOCTH nJIaCTHHKH. K BHyTpeHHHM KOHTypaM KOJleU npHJIO)KeHbl

aopxansasre Hanp5l)KeHHH N* n OCT05lHHOH HHTeHCHBHOCTH. Hanpasceaao-ne
<pOpMHpOBaHHoe COCT05lHHe xoneu onHCblBaeTC5I reopnea TOHKHX KpHBOJlHHeH

HblX CTepJKHeH. Ha JIHHH5IX KOHTaKTa L] H L 2 sanansr, KaK <pyHKUHH n yrn, HOP

MaJlbHble BeJJH'II1Hbl CKalJKOB BeKTopOB nepenemeann eI (t) = e2 (t ) = I> (t).
YlJHTbIBa51 CHJlOBYIO H reoaerpanecxyro CHMMeTpHIO, rpaHH'IHblM YCJlOBHHM sa

llalJH ,nOCTaTOlJHO y,nOBJleTBOpHTb Ha npaBOM KOHType (Ha JIeBOM KOHType OHH
BblTIOJlEflIOTC5I aBTOMaTI1 '1eCKI1).

Onpeneaenue Hanp5l)KeHHOrO - COCT05lHH5I B KOF.TaKTHpylOmHx TeJIaX CBO

nHTCH K HaXOJK,neHHIO nOTeHUHaJlOB <p (z) H '" (z), KOMnJleKCHOro nepeaeaaoro

z = x + iy 11 KOMnOHeHT nepopaauan CTep)KHH eo H Sb' xoropue YllOBJleTBOPHIOT
r paHHlJHbIM YCJIOBH5IM:

5F (t) Red {il[xcp (t) - tip' (t) - '" (t)]} = 2~ ) F (t) d [Uln + I>(t)];
L, L.

) F (t) d [<p (t) + t<p' (t) + '" (t)] = SN(i)F (t) dt;
L, L.

) F (t) d [cp (t) + t<p' (t) + '" (t)] = SN(i)p (t) dt,
L. t.,

(1)

rne F (z) - npOHSBOJlbHa51 <pyHKUHH, rOJIOMop<pHaH B 06J1aCTH, saHHTOH TIMe-
. dt

THHKOH; t - a<p<pHKC TOlJKH KOHTypa LI ; t = lii"" •



HOPM8JIbH8H COCT8BJIHIOm8H nepeaemenna us; roxex xpaanero BOJIOKHa

CTep)l{HH [1 J

Uln=Re{iT{[~: eo+l(r1-rO) d:eb + iSb]dt+J} (2)
to

YJI.OBJIeTBOpHeT JI.H<p<pepeHUHaJIbHoMy ypaaaenmo

d2u1n 1 r o r o d8b
-d-2- + -2 Uln = -2- eo - -r-dS ' (3)

SI r l rIll

rne eo - OTHOCHTeJIbHOe YJI.JIHHeHHe HyJIeBOH (JI.JIH lIHCTOrO H3rH6a) JIHHHH Li;
eb - yroJI nosopora HOpMaJIbHOrO CeqeHHH KOJIbua; c - nOCTOHHHaH HHTerpH

POB8HHH.

YpaBHeHHH paaaoaecas 3JIeMeHTa KOJIbU8, YllHTbIBaH T(I) = 0, npHHHMalOT

BHJI.

, N(l) = _1_ (v +,2 d2V't \ + It...- .:.Is: N*. dLb = _ ro dV't (4)
2hrl "t I dsi) h rl ' dSJ. · ·· · ' · -ds; •

3aKoH Tyxa' 1l.JIH KpHBOJIHHeHHOro CTep)l{HH npa MaJIOH JI.eq>opMaUHH sana-
meM B BHJI.e [1 J .

(5)

HOpMaJIbHOe aanpasceaae B cexeaaa KOJIbua onpeneaaea no <popMyJIe

0'= E* I, ~n eo + (r -r-r- ro)~~: l, (6)

rne r - panayc KpHBH3HbI npOH3BOJIbHOrO BOJIOKHa KOJIbua.
B<popMyJIaX (2)~ (6) HCnOJIb30B8HbI 0603HaqeHHH pa60TbI Il J•.
I'paaaxasre yCJIOBHH (1), C yserox ypaBHeHHH (4), CJIy)l{aT MH onpenene

HHH KOMnOHeHT JI.e<popM8UHH CTep)l{HH eo; Sb H KOMnJIeKCHblX nOTeHUHaJIOB lp (z),
'" (z). : '

BeJIHqH~bI eo, Sb H Ul r aa KOHType 1'1 npa~or? OTBe~CTHH ' n p eJI.CTaBHM B
BHJI.e

00

Sb = i }J ~; (c1- O'-k);
k=1

(8)

00 .
, k -kUln = 1'0 +~ I'k (O' + O' ).

k= 1

YlIHTbIBa5I supaaceane (3), HOpMaJIbHylO COCT8BJIHIOmylO KOHTaKTHoro Ha

npH)I{eHHH 3anHCbIBaeM B BHJI.e

N(I) = -g-{I'o + 1 i (1 _ k2) 2 Yk(O'k + O'-k)} + It...- .~N*.
2hr1rO I + rol1Jc k=1 h rl

KOMnJIeKCHble nOTeHUHaJIbI lp (z) H 'IjJ (z), corJIaCHO [2, 3 J, npeJI.CTaBHM TaK:

00

lp(z) = lp* (z) + }J ak,t {(z _l)-k +(- l)k+l (z + l)-k};
k=l

00

1jJ (z) = '1'* (z) + ~ bk't {(z _l)-k + (- l)k+1 (z + l)-k}, (9)
k=1

rae lp* (z) H '1'* (z)..::- <pyHKUHH, 3aBHcHw.He OT BHJI.a sarpysceaaa Ha nJIaCTHHKY.

Ha KOHType npaaoro OTBepcTHH t = 1 + 'la npOH3BOJIbHYlO <PYHKUHIO

npeJI.CTaBHM B BHJI.e
00

(l0)
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00 00 00

~ a~~Yk+ ~ c~~ak +~ d~~bk = p~2); (11)
k=O k=1 k=1

rll.e

n = 1, 2, 3, 4, o. 0,

Baecex pa3JIOmeHHH (7), (9) H (lO) B rpa
HHlIHble yCJIOBHH (1), YlJHTbIBaH (3), (4) H (8);
H BbmOJIHHM aarerpaposaaae BnOJIb KOHTypa \'1'

nonaras npa 9TOM see Ep , KpOMe En' paBHbIMH

HyJIIO; B pe3YJIbTaTe nOJIylIHM 6ecKOHelJHylO CH
creay JIHHeHHbIX anreopaasecxax ypaBHeHHH

OTHOCHTeJIbHd K09qxpHI.I.HeHTOB pa3JIOmeHHH HC

KOMblX <pyHKI.I.HH

a

5,fi s.s 10,ff
o

PHC.1.

Emin '10-5

OL--_..L-_-'-_-L=---""
4,fi

a(3) g J:. •
On=-2h u-n,

Te

(I) 4Hll.akn = - rUk-n,

(I - kt)t

n (I + ~: )
en = - 2:i S8 (a) a-nda;

V,

(I) k ~.
Ckn = (x + k) c'lk_n+1 + -2- {)k-n + (x - n) H k,n + (x + n. - 2) H k,2-n V2-n 

81

n-I H
-~ k,n-I;

J(I) _ J:. J:. H~· . .,,(2) - H .
Ukn - - Uk-n-I - U-k-n+1 - k,ll-2Vn-2, UkiI - k,ll,

(2) n + I
Ckn = «'>n-k-I +~ H k.n+I + (n + 2) H k.n+2:

cr~ = k (6k- n+ 1+ 2~1 c'lk-n) - Hk,n - Hk,lc'l-n; d~ = - c'lk-n-I;

H ( I )k+ m+ l f'IIt k+m Tl
k,m = - L. k+ m--I8 1 ; 81 = ~;

_ { 1, i = - 1, f/, = { 1, t» 0,
8; - 0, i =1= - 1; 0, j < 0.

(12)

PaCCMOTpHM aexoropue KOHKpeTHble CJIYlJaH aarpyacenas nJIaCTHHKH.
1. B nJIaCTHHKe npanoscenu cocpenoroseaasre CHJIbI .

nYCTb B nJIaCTHHKe npHJIOmeHbI cocpenoroxeanue CHJIbI P, KaK 9TO noxa
3aHO Ha pHC. 1, a. Torna

m* (z) = _ P*In z+P', P - P
-r Z P * - 41th (1 + x.)

'IJ'* (z) = xP* In z+ p + 2P*p 2z P Z2 _p2 •

Bupazsenas nJIH p~I), p~) If p~) npHHHM310T BHn:

p~) = p~ 5a-nRe {a-I [x In (0 - ~l) (I - ~la) (~2 - ~l) (a - a:l) ]} do:
m . (a-~J(l-~p) - (1- ~20)(1-~10) ,

'1/1

!i6



p~'Z) = _ ~ roft-I {X In
2m .J

'1'.

p(3) = -~5 -n-'{tn 2ni a n
'1'.

p-l
~1 = -'-1-;

U-~l

(J-~2

'" n
'" 6 = 0 6 ="2 6 =11
'"Cl>
:E ()

81=0,251 81 =} IEl = 0,4 8 1= 0,25 1 I El = 0,4
'"

81=0,251 81 = ~ 181=0,4 '
Cl. Ic.. E,='3

::c:

* 0,02 1,082 1,17\ 1,266 0,768 0,690 1,319 2,473<: 0,627 1,762
--- 0,15 0,707 0,761 0,8n 0,502 0,447 0,401 0,859 1,138 1,579Cl)

b 0,25 0,513 0,550 0,584 0,364 0,322 0,285 ,614 0,806 1,110

a~ /N* 1,158 1,255 1.359 0,821 0,739 0,673 1,411 1,888 2,656

* 0,02 u,935 0,933 0,931 U,935 0,933 0,931 0,935 0,934 0,931<:
--- 0,15 0,611 0,607 0,598 0,611 0,607 0,599 0,615 0,616 0,6160-r 0,25 0,444 0,439 0,431 0,443 0,440 0,434 0,456 0,470 0,491

-*- 0,02 2,241 2,:!9/S 2,402 :!,256 2,319 2,42\1 2,224 2,258 2,336

~ 0,15 1,434 1,467 1,484 1,516 1,564 1,628 1,350 1,256 1,159

~ 0,25 1,021 1,023 1,027 1,127 1,171 1,219 0,929 0,809 0.668

* 0,02 2,300 2,363 2,476 :!,284 2,341 2,448

I
~,317 2,402 2,541

~ 0,15 1,764 1,814 1,887 1,682 1,696 1,743 1,849 2,005 2,214
<::l 0,25 1,466 1,509 1,564 1,359 1,361 1,369 1,559 1,719 1,923-I:>

x

\
\ 0,25

.~'-<!,!§

.............---
rJ -o.o;-r-::..-:---~~

, ! I I

f
4 {j 8 fa Ef

PHc.3.

IO-fO
6min "§%f

!,J5

1,0 S

o.s:
"--_-'---_-----.JI__--'---_-----I._------'

2108s
PHc.2.

0.15' ------
~----

~._---_.__.-
0.7 ;- 0,02-

2 4-

Ha pHC. I, 6 naua 3aBHCHMOCTb MHHHMaJlbHOH BeJmqHHbl nocanxa Emin OT

roqKH npHJlO:>KeHHH cocpenoroseaaof CHJlbl .Il.JlH nexoropsrx reoaerpasecxax
b

napaMeTpoB KOJlbIJ,a cS = - (b - llIHpH - fI-
'1

aa KOJlbIJ,a).

2. K KOJlbIJ,y npHJlO:>KeHO sayrpenuee nasnenne.
B 3TOM caysae

p~1) = p~) = 0; pC;) = _ h: '2N*fL n •

B Ta6J1Hue rrpasenenst qHCJlOBble 3HaqeHHH HOpMaJlbHbIX HanpIDKemni

eti
), 0(2) B CeqeHHH xo.nsua, a TaK:>Ke soasueasrx aa H panaaasmzx Up HaIIp»
~H Ha JlHHHH KOHTaKTa .n.JlH HeKOTOpblX paCCTOHHHH Menqy II.~



'OTBepCTHll' H reOMeTpHQeCKOrO napaxerpa 6. Hepea 0; 0603HaQeHO nanpaace
HHe B nJIaCTHHKe 6e3 KOJIbua [3] .

.3. PaCnl2KeHHe TIJIaCTHHKH.

Ha 6eCKOHeqHOCTH nJIaCTHHKa paCT5lrHBaeTCH yCHJIHHMH o~ = p, 0; = q,
T;;' = O. Toraa

H
Cl = p+q .

4 •

p-q
d l = - - -2-

p~1) = 2 (1 -x) Cl'l (6_n ++8118-n+l ) + dl'l (6_n+2 ++811«L n+I);

p~2) = _ d l ' 16_ n; p~3) = 2Cl'16_n•

TIPH paCTH2KeHHH TIJIaCTHHKH B~OJIb H nonepex JIHHHH ueHTpOB Ha pHC. 2 H 3,
Jl.JI5I nexoropux 3HaqeHHH 6, COOTBeTCTBeHHO nOKa3aHO BJIHHHHe paccrosaas
Me2K~y uearpaaa OTBepCTHH Ha MHHHMaJIbHYIO BeJIHQHHY nocanxn Bml n•

LI.JISl QHCJIOBOro npnaepa 6bIJIa B3HTa Me~HaSl rrJIaCTHHKa H CTaJIbHOe KOJIb-o
UO eo CJIe~YlOmHMH reOMeTpHlIeCKHMH H ynpyrmia nOCTOHHHblMH: ,.... = 4,34 X

b h*
X 1010 1t/.M2

; E* = 2,06 . 1010 1t/.M2
; 6 = r;:-; Y = -h- = 1; '11 = 0,3;

x = 2,08. PaCQeTbI nponsaeneau Ha ::lBM «MHHCK-22».
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JIbBOBCKHH rocyzapcraeuasra
yHHBepcHTeT

JlH$$Y3HOHHOE HACbllUEHHE nonoro lJ,HJlHHAPA
C ABYCTOPOHHHM nOKPWTHEM

.n. B. HOaw.yK, B. H. naX, n. P. UJeo'lyK

Ilocrynana B penxonaenno
B 1!eKa6pe 1973 r.

Bo MHorHX cJIYQa5lX JI.JI5I 06eCneQeHH5I cTa6HJIbHOCTH pacoru TOqHbIX H3MepH
TeJIbHblX npuoopoe, pa6OTalOmHX B arpeccnanstx cpenax npn noasnueanux JI.aB
JIeHH5IX H reaneparypax, HX novemaror B aauurrnsre ycrpoacrna, xoropue
M02KHO MOJI.eJIHpOBaTb nOJIbIM UHJIHH~pOM. )lJIH npH~aHHH 3amHTHoH apxarype
ueooxonnaoro KOMnJIeKCa cBOllCTB ouens lIaCTO Ha nOBepXHOCTb ee HaHOCHTCH
cneuaansaae nOKpbITH5I, xoropue, OJI.HaKO, cymecraeuao YCJI02KHHIOT pacser
Jl.H<p<PY3HOHHoll npOHHuaeMOCTH H HanpH2KeHHOrO COCTOHHHH TaKHX MeXaHHQe
CKHX CHCTeM.

I, Onpenenenae rrOJUI KOHu,eHTpau,HH. PaCCMOTpHM JI.JIHHHbIll nOJIbIH: UH
JlHH~P, Ha BHYTpe~lHeH (r = RI) H BHewHeH (r = R2) noaepxuocrax xoroporo
HMelOTCH TOHKHe nOKpbITHH nOCT05lHHOH TOJIIUHHbI 28 C OTJIHqHblMH <pH3HKO
MeXaHHtIecKHMH xapaxrepacrnxaaa. UHJIHHJI.P OMbIBaeTCH H3HyTpH H H3BHe
cpenava c ,llaBJIeHlUIMH ql H q2 H KOHueHTpaUH5IMH Cl H C2 aeuiecrsa, xoropoe
M02KeT ,llM<P<PYH,llMpOBaTb B MaTepHaJI UHJIHH,llpa sepea TIOKpbITMH. HatIHHa51 C
MOMeHTa HaCblmeHM5I, pacnpenenenne KOHue~:ITpaUHM ,llH<P<PYH,llHpYlOmero seine
CTBa B MaTepHaJIe U,HJIMH,llpa onHCbIBaeTCH peuienuea ,llH<p<pepeHUHaJIbHOrO ypaa
HeHHH
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