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THE MAXIMUM TENSILE STRESS IN A MICRO-PERIODIC COMPOSITE
HALF-SPACE WITH SLANT LAYERING UNDER FRICTIONAL
CONTACT ON ITS SURFACE®

The paper deals with a plane elasticity problem for a composite half-space subjec-
ted to frictional contact. The half-space is regarded as a micro-periodic layered
composite consisting of two components. The layer interfaces are parallel to one
another and oblique to the boundary of half-space. The homogenized model with
micro-local parameters is used to solve the considered problem. The solution is ob-
tained in a general form and specifically for the case of elliptical loads [4]. On the
basis of obtained results, the maximum tensile stress is analyzed on the boundary
of half-space and presented graphically.
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Introduction. Micro-periodic composites or strata are often encountered
in the modern engineering structures (e.g., thin-layer laminates, sandwich
panels, etc.) and natural formations (e.g., soil, sediments, etc.). A number of
important applications (e.g., tunnel boring in layered rocks) are concerned
with the analysis of mechanical performance of the solids of such kind which
implies the solution of relevant boundary value problems of the elasticity
theory, particularly, when the surface of solids is subjected to mechanical
contact. The most typical cases studied in the relevant literature (see, e.g., [2,
3] for the overview) deal with the situation when the stratification is either
parallel or perpendicular to the surface of a considered solid. In extension to
the previous results obtained by Sebestianiuk et al. [6], this paper deals with a
contact problem for a half-space made of a micro-periodic material for the
case when the layering or stratification is inclined towards the boundary at an
arbitrary angle. Comparison with existing results for layering perpendicular to
the boundary is implemented for partial validation.

1. Formulation of the problem. Consider a two-dimensional contact
problem for a composite half-space with micro-periodic slant layering. A rigid
cylinder is indented into the half-space through the limiting plane along its
generatrix (Fig. 1a). Assume the cylinder—half-space system to be in the state

of limit equilibrium under the normal and shearing forces P and @ = fP,

respectively. Here, f is the friction coefficient. A periodic cell of the half-
space material is composed of two (1st and 2nd) alternating isotropic layers.
The Lamé constants of the 1st and 2nd material components are denoted as
Ay, W, and A,, W, respectively. For the considered plane strain problem, two
coordinate systems are introduced: (x,y,z) related to the composite layering
structure, and (§,n,z) related to the half-space surface n =0 and rotated

about z -axis by an angle a. The considered kind of contact at the limit state
of equilibrium is basically modelled [1] by a boundary value problem with
appropriate elliptical loads (Fig. 1b)

P(E) = PV @ — &%, Eel-a,al,
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T(E) = po S a® - &, &el-aal, (1)

where 2a is the alleged width of contact zone and p, .. stands for the maxi-
mum normal loading occurring in the middle of this zone.
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Fig.1. Scheme of the considered plane boundary value problem for a composite half-
space: a) the actual contact problem at the limit equilibrium, b) the correspon-
ding elliptical-load problem.

2. Solution technique. In order to solve the formulated problem within
the framework of the classical theory of elasticity, a homogenized model with
micro-local parameters in the plane strain state can be implemented with
respect to the stratification-related coordinate system (x,y,z). This model is

governed [9] by the system of equations

8 U +C d* I2J 0,
y oy
2 2y
4,2V +(B+C) U, coV_y, )
x0y ox
and the stresses within the m-th composite component can be given as [3]
m) _ 4 U, gdV m) _ o U,V
Oz 1 ox oy’ Oy En i
(m) _ ou ov (m) _ M (m) (m)
Oy’ = D m ok En 5y oy’ Oz A, + 20, (o3’ + Cuy ). (3)

Here, U and V are the components of macro-displacement vector
(m) (m)

=(U,V,0), o ),
within the m-th material component of a periodic cell and A, B, C, D,
E
zed model as

(m)

Cuy » O and o,  are the stress tensor components

l‘l"

m> M =12, are constants computed within the framework of the homogeni-
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3 ap, (A, +u,,) .

E =
m A, +20,, A, +20,,

B>0, m=12, (4)

where 7y is a periodic cell saturation within the 1st material: y=4¢,//¢,
=4, +/{, and /¢ is the thickness of the m-th alternating layer.
Basing on (1)—(4), the averaged boundary conditions

G (6:0) = xo') + (1 -7)0's = —p(&)H(a-|E]), Ee€R,

ey (€,0) = 708 + (1-y)o) = —t(&)H(a- | &), EeR, (5)

can be imposed for stress vector components on the surface of the half-space
for the homogenized problem, where H(§) is the Heaviside step-function and

O and o __ are averaged stresses within a composite periodic cell

m
At infinitely distant points, the stresses are assumed to be vanishing:

2 2
o o o 0, Eantm moLn ®

By making use of the solution method [6] and introducing the
dimensionless coordinates E =&/a and n =71/a with account for (5) and (6),

the dimensionless components of the stress tensor for m-th material constitu-

s(m) _
tj

ted to the layerlng direction take the form:

ent 6,7 = G /pmax, {i,7} = {x,y}, in the coordinate system (x,y,z) rela-

- 22T (3
s E ) = [ T4 exp(-alsn
k=10
( (PO + (-1)* QU f) cos((€ — afn)s) —

~(P2F + (-1)* QU< f) sin((€ - a;“ﬁ)E)) ds,

{1’7]} = {xiy}i m = 1727 (7)
where J,(S) is the first-kind Bessel function of order 1 and parameters Pl]zk,
Plﬁ%k, Qz]m , Qz]m , a¥, a} depend on the elastic properties of the layers and

the lamina angle a [6] as given in Appendix A.
On the surface of the half-space, stresses (7) appear as

2 ~ ~ -
Z +( 1) Qz]mf)(é+\‘é2_l)v é<_17
k=1
2 —
Z( +( 1) Qz]mf)V _E.>2_
! (8)
- (P C0FQEENE) B,

—z SR C ol AE-{E-1), E>1.

3. Numerical results and discussion. The numerical evaluation of formu-
las (8) have shown that the maximum tensile stress distribution on the
surface of the considered half-space resemble ones obtained for the analogous
problem for an anisotropic half-space [5, 7].
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Fig. 2. Maximum tensile stress for different values of the Young modules ratio

E, / E, atlamination perpendicular to the boundary.
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Fig. 3. Maximum tensile stress at E = -1, m = 0 for different values of the Young
modules ratio E; / E, and lamina angle o.
Next, we analyze a composite component of higher stiffness due to its
higher load transfer. The maximum tensile stress 6§1) can be expressed as [8]

=1 l,-q) , -a 1 [ -1  =m)2 (1) \2

5 =L (68 +6) + L[ — o)+ a(z])
By making use of the constructed solution (8), the typical maximum
tensile stress distribution on the surface for different values of the Young

modules ratio E; / E, is shown in Fig. 2. As it can be seen from this figure,

the maximum values of tensile stress occur at the point E =-1, n=0, where
2
61(10:2 E (DU,

which for a =0° yields a simple formula

S0 (=1,0) = (r; +71,)f -
Here, y, are parameters directly related to the homogenized model parame-

ters [4, 6] and given in Appendix A by formulae (A.10).
In the special case of the stratification being perpendicular to the

boundary of the half-plane, o =0°, when v, =v, =0.3 and y =05 (Fig. 2),
the maximum tensile stress can be given in the form:

(1), _ 7 i -
Gl(1’0)_(\/5E1/E2+2+\/5E2/EI+2)f~2f' ©)
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It is worth noting that the error of the approximation (9) for the value of

maximum tensile stress, ie. 651) ~ 2f, falls within few percent. This can be

regarded as an important tribological conclusion: at the point E: -1, 1=0

when the stratification is perpendicular to the surface, the maximum tensile

stress 6\" is independent of the composite components stiffness ratio E, / E,.

Next, we analyze this critical point Ez -1, =0 on the surface and
calculate the characteristics of the maximum tensile stress for different values
of the Young modules ratio E, / E, and the lamina angle a (Fig. 3). As it can

be seen in this figure, the maximum tensile stresses for o # 90° are strongly
dependent on material properties and lamination angle.

Conclusions. The pressure on the microperiodic half-space with slant la-
yering was considered and the maximum tensile stress on the surface was
analyzed, with special attention given to the point, where these stress peaks
its maximum. Basing on the analysis of the results obtained, the following
conclusions can be drawn:

1. If the stratification is perpendicular to the boundary of the half-space,
the value of maximum tensile stress at the critical point depends very
little on the ratio of the Young modules of the composite material

components and can be expressed as 651) ~ 2f within the engineering

accuracy.

2. The maximum value of tensile stress for a composite component with
higher stiffness at different angles of layering varies and reaches
different maxima at different angles depending on the ratio of
component stiffness.
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Appendix A

Parameters used in the paper, m,{,k =1,2:

PO* = A, DWVP + BDY)P, Q) = A, D) +BD),

xxm

PU)% = C+=,)DY”, QL) =C(l+=,)DY)",

xym

f)p (O)p (Ok (0t
PU% = D, 2, D{? + E, D\, QW% =D 2 DY +E, Dy (Al
nHx _ )X ~k (2)X ~k 2)X _ (2)X ~k )X~k
Dy” =R,7C —R.77Cy,  Cp” =R7CT +R.7Cy,
DX DX ~k 2)X ~k 2)X 2)X ke DX~k
DY = RYCE - RECE, G = RNCE 4 R,

DX = R}j’xcg - RPXcE, cX = RPXCE + RPXCE, X = {p,1}; (A2)

a (k) k (k) (k) @2 _ ok _k o)
Hlk) —( —(a 2) )En +ay By E13 , Hyy = 2a1a2E{ a Epy’,

1 2 k k (ke k 2 k k k)
Hék) = ((a )= (a2 )Eél) + a2E§2) - Eés)’ Hék) = 2a, a2E£1 -0 E(2 ; (A3)
EY;) = (4, aeksm o + Beos®a + C(1 + &, )cos (x) sina,

=(2(A,®, - B)sin®a + C(1 + &, )(cos®a — sin®a)) cos a.,
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Eg) = (Alaekcos%c + Bsin%a — Cl+ez, )cosza) sina,
E;’f) = (Baeksin2(x + Azcosza +C(1+ aek)sin2(x) cosa,
E®) = (2(Bae — A,)cos’a + C(1 + &, )(cos’a — sinzoc)) sin a
22 e T 4 Je ’
EY) = (Bzx,cos’a + A,sin®a — C(1 + 2, )sin®a) cos a;
(k) (k) (k) (k)
gow - B tBFy o pep By - BA
R 2 2 ’ ko 2 2
F° +F, F® +F,
(k) (k) (k) (k)
R(1)1_F1F21 + FyFyy R(2)1_F1F22 ~ Ry
ko= 2 2 - 2 2
F° + F, F° +F,
CF = (aF)’sin®a — (cosa — afsina)?,
CF = —2af(cos o — a¥sina)sina ,
C¥ = (aF)? sinacos a + (cos a — afsina) (sin a + afcosa),
CF = af(sina + a¥cosa) sin o — a¥ (cos a + alsina)cos a ,
CF = (aF)?cos’a — (sina + afcosa)?,
Céc = 2(1{c (sina + agcosoc)cosa;

_ gy (2) 17(2)
F| = HiyHy, + Hi3 Hyy - H

(2) ry(2) (1) zy(1)
11H22 _H12H21’

_ gM)gy(2) (2) ry(1) (2) zy(1) (1) ry(2).
F2 —H11H22 +H11H22 _H12 H21 _leH

21

FP = H{) cosa — Hy) sina, F, = H3 cosa - Hy) sina,
Fl(lz) = Héll) sino — Hﬁ) cosa, F1(22) = Hg) sino — Hﬁ) cosa,
Fy) = HY) cosa+ HY sina, Fjy = HS cosa + H3 sina,

Fz(f) = Hﬁ) sina + Héll) cos a,

ko _
4 =53 2
YeSin“a + cos“a

Fz(g) = Hﬁ) sina + Hg) cosa;

(yi — Dsina cosa

Y
: ag = 2 .2 2
ysin“o + cos“a

’

_ Aﬂi -C

J AA, —2BC— B+ (-1)*VA
Yie =

24,C

B TTByC

2 2 2
A = (B* +2BC - AA,)* — 4A,A,C* > 0.
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MEXA MILLHOCTI NMPU PO3TAIY Y MIKPOMNEPIOAWYHOMY KOMNO3UTHOMY MIBMPOCTOPI 3
HAXWUJIIEHUM NAMIHYBAHHAM 3A ®PUKUIMHOIO KOHTAKTY HA OO NMOBEPXHI

YV cmammi poszaanymo naocky 3adauy meopii npyricHocmi 04 KOMNOZUMHOZO0 NI8NPO-
cmopy 3a ymos Ppukyilinozo kowmaxmy. ITignpocmip suzomoeseno 3 mikponepioduy-
HO20 WAPYB8AMO20 MaAMeEPIaALy, CKOMNOHO8AH020 3 080X craadnukig. Medxci po3diny wapie
€ 83QEMHO NAPAALABHUMU T HAXULEHUMU 00 00MeHYt0Uuoi nogeprHi nisnpocmopy. 3ada-
Yy PO36’A3AHO 3 BUKOPUCTMAHHAM YcepeOHeHoT modeal 3 MIKPOAOKAAbHUMU NAPAMeMPa-
Mu. 3Hati0eno 3azaabHull po3e’s30K 3a0ayl ma NPoaHariznsaHo oxpemuti sunadox eain-
muuno20 Haganmadxcennsa [4]. Ha ocHosi ompumarozo po3e’ 3Ky NpPoaHaii3osaHo MaKcu-
MANBHT POZMALYEANLHT HANPYHCEHHA HA NOBEPIHL NIBNPOCTNOPY 3 NOOAHHAM Pe3yabma-
mis y epagiunit opmi.
Katouoei caosa: mikponepioOuuHull KOMNO3UM, MAKCUMAALHI PO3MALYBANbHI HANPY-
JCeHHS, HaXureHe AAMIHYBAHHSA, KOHMAKMHA 83A€M00LL 3 mepmsan, ycepedHeHna
Mmodens.

NPEQAEN MPOYHOCTU NMPU PACTAXEHUX B MUKPOMNMEPUOANYECKOM KOMMO3UTHOM
nonynPOCTPAHCTBE C HAKITOHHbIM IAMUHUPOBAHUEM NPU ®PUKLUIMHHOM KOHTAKTE
HA Er0 NOBEPXHOCTU

B cmamwe paccmompena naockas 3adaua meopuu ynpyzocmu 04 KOMNOIUMHOZO NO-
AYNPOCMPAHCMBA 8 YCA0BUAX HPUKYUoHHozo0 kormaxma. IToaynpocmpancmeo uszo-
MOBACHO U3 MUKPONEPUOOUULCKOZO0 CAOUCTOZO MAMEPUALE, COCTNOAULLL0 U3 O8YX KOM-
nornenm. I'panHuysl pasdead caoes S8AANOMCS 83AUMHO NAPAALEADHBLMU U HAKAOHEHDBL K
ozpanunusarouwell nogeprHocmu noaynpocmpancmsa. 3adaua peutenHa € UCTOAL30BA-
HUeM YcpeOHenHOU M0o0eau ¢ MUKDPOLOKALbHBbLMU napamempamu. Hatlideno obwee pewe-
Hue 3a0auu, @ MmaxKice NPoaHAAUUPOBAH HACMHBIU CAYUAL IAAUNMULECKO20 HAPYHce-
Hus [4]. Ha ochoge noayuennozo pewenus nPpoaHaIUZUPOSAHbL MAKCUMANbHDLE PACAU-
saroujue HANPAHCEHUSL HA NOBEPLHOCMU NOAYNPOCMPAHCMEA ¢ npedcmasieHuem Pe3yssb-
mamos & zpaguurecrom sude.

Katouesvie caosa: muxponepuduueckutl KOMNO3ZUM, MAKCUMAALHbIE PACTAUBAIOWUE
HANPAKHCEHUS, HAKAOHHOE AAMUHUPOBAHUE, KOHMAKMHOe e3aumodelicmeue
mpenuem, Yycpeonénnas modeas.
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