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ÓÄÊ 519.624.2 
 
М. В. Кутнів 
 
МОДИФІКОВАНІ ТРИТОЧКОВІ РІЗНИЦЕВІ СХЕМИ ВИСОКОГО ПОРЯДКУ 
ТОЧНОСТІ ДЛЯ МОНОТОННИХ ЗВИЧАЙНИХ ДИФЕРЕНЦІАЛЬНИХ 
РІВНЯНЬ ДРУГОГО ПОРЯДКУ 
 

Äëÿ íåë³í³éíèõ ìîíîòîííèõ êðàéîâèõ çàäà÷ ïîáóäîâàíî òðèòî÷êîâ³ ð³çíèöåâ³ 
ñõåìè âèñîêîãî ïîðÿäêó òî÷íîñò³ íà íåð³âíîì³ðí³é ñ³òö³. Äîâåäåíî ³ñíóâàííÿ 
³ ºäèí³ñòü ðîçâ’ÿçêó òðèòî÷êîâèõ ð³çíèöåâèõ ñõåì, îòðèìàíî îö³íêó òî÷-
íîñò³, à òàêîæ äîñë³äæåíî çá³æí³ñòü ìåòîäó ïðîñòî¿ ³òåðàö³¿ äëÿ ¿õ ðîçâ’ÿ-
çóâàííÿ. 

 
Ó ðîáîò³ [8] áóëà çä³éñíåíà ñïðîáà ïîáóäîâè òðèòî÷êîâî¿ ð³çíèöåâî¿ 

ñõåìè (ÒÐÑ) 4-ãî ïîðÿäêó òî÷íîñò³ äëÿ çàäà÷³ 

 1 2( ) ( , ),      (0,1),     (0) ,     (1)d duk x f x u x u u
dx dx

  = − ∈ = µ = µ  
, (1) 

àëå îá´ðóíòóâàííÿ íàâåäåíî ò³ëüêè äëÿ âèïàäêó ( ) exp( )k x bx a= . Çàïðîïî-
íîâàíà ó [8] ìåòîäèêà íå ìîæå áóòè âèêîðèñòàíà íàâ³òü ó òàêîìó ñïåö³àëü-
íîìó âèïàäêó äëÿ ïîáóäîâè ÒÐÑ âèùîãî ïîðÿäêó òî÷íîñò³, í³æ 4. Íà îñíîâ³ 
òåîð³¿ òî÷íèõ òðèòî÷êîâèõ ð³çíèöåâèõ ñõåì (ÒÒÐÑ) ó [2, 5] ïîáóäîâàíî òà 
îá´ðóíòîâàíî ÒÐÑ m -ãî ïîðÿäêó òî÷íîñò³ íà ð³âíîì³ðí³é ñ³òö³ äëÿ çàäà÷³ 
(1) ç êóñêîâî-ãëàäêèìè ( ),  ( , )k x f x u , à ó âèïàäêó íåë³í³éíèõ ìîíîòîííèõ 
çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü – â [1].  

Ó ö³é ðîáîò³ ðîçðîáëåíî íîâó åôåêòèâíó àëãîðèòì³÷íó ðåàë³çàö³þ 
ÒÒÐÑ íà íåð³âíîì³ðí³é ñ³òö³ ÷åðåç ÒÐÑ ïîðÿäêó òî÷íîñò³ 2 ( 1)/2m m= +[ ]  

(òóò a[ ] – ö³ëà ÷àñòèíà ÷èñëà a ) çà óìîâ [3] 

 1
1 20 ( )     0,1 ,       ( ) 0,1c k x c x k x Q< ≤ ≤ ∀ ∈ ∈[ ] [ ] , (2) 

 0 1( ) ( , ) 0,1       uf x f x u Q u≡ ∈ ∀ ∈ [ ] , 

 1( ) ( , ) ( )        0,1xf u f x u C x≡ ∈ ∀ ∈ [ ] , (3) 

 1( , ) ( )         0,1 ,     ,     0f x u g x c u x u c≤ + ∀ ∈ ∈ ≥[ ] , (4) 

 2
3( , ) ( , ) ( )      0,1f x u f x v u v c u v x− − ≤ − ∀ ∈ [ ][ ] , 

 1 2
3 1, ,     0u v c c∈ ≤ < π , (5) 

ÿê³ ãàðàíòóþòü ³ñíóâàííÿ òà ºäèí³ñòü ðîçâ’ÿçêó çàäà÷³ (1). Òóò ( )g x ∈  

2 1 2 3(0,1);  ,  ,  ,  L c c c c∈  – ñòàë³; 0,1pQ [ ]  – êëàñ ôóíêö³é ç êóñêîâî-íåïåðåðâ-
íèìè ïîõ³äíèìè äî p -ãî ïîðÿäêó âêëþ÷íî ç³ ñê³í÷åííîþ ê³ëüê³ñòþ òî÷îê 

ðîçðèâó ïåðøîãî ðîäó. Ó òî÷ö³ ðîçðèâó ξ  âèìàãàºìî âèêîíàííÿ óìîâ óç-
ãîäæåíîñò³ 

 
0 0

( 0) ( 0),         ( ) ( )
x x

du duu u k x k x
dx dx=ξ− =ξ+

ξ − = ξ + = . 

ÒÒÐÑ íà íåð³âíîì³ðí³é ñ³òö³ ˆ
1(0,1),  1,2, , 1,  h j j j jx j N h x x −ω = ∈ = − = − >{  

1 20,  1Nh h h> + + + = } , âèáðàí³é òàê, ùîá òî÷êè ðîçðèâó ôóíêö³é ( )k x , 

( , )f x u  çá³ãàëèñÿ ç âóçëàìè ñ³òêè, çà óìîâ (2)–(5) ïîáóäîâàíî òà îá´ðóíòî-
âàíî â [3].  
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Çàóâàæèìî, ùî ç óðàõóâàííÿì ð³âíîñò³  

 

( 1)

1( 1) ( ) ( , )
j

j

x

j

x

V f u d

α+ −

α +
α− ξ ξ ξ =∫  

 ( 1) ( ) ( , ) ( , ),     1,2j j j
j j jV x x u w x uα

α α α= − + α = , 

äå 

 
1

1

1 2( ) ,             ( )
( ) ( )

j

j

xx
j j

x x

dt dtV x V x
k t k t

+

−

= =∫ ∫ ,  

 ˆ , 2 1

( )
( ) ( ) ( , ) ( ),        ,

( )

j
j j

j j jj
j

V x
u x u x w x u w x u x x x

V x
α

α α − +α − +α
α

= + − ∈[ ] , (6) 

 ˆ 11
1 1 2 1 1( ) ( ) ( ) ( ) ( ) ( ) ,     ,j j j

j j j j ju x u x V x u x V x V x x x x
−−

− −= + ∈[ ][ ][ ] , 

ôóíêö³¿ ( , ),  ( , )j jw x u x uα α  – ðîçâ’ÿçêè çàäà÷ Êîø³ 

 
( , ) ( , )

( )

j jdw x u x u
dx k x
α α=


, 

 ˆ( , ) ( )
, ( ) ( , ) ( , )

( )

j j
j j

jj
j

d x u V x
f x u x w x u w x u

dx V x
α α

α α
α

 = − + − 
 


, 

 2 1j jx x x− +α − +α< < , (7) 

 
( 1) ( 1)

( , ) ( , ) 0,     1,2,     1,2, , 1j j

j j
w x u x u j Nα αα α+ − + −

= = α = = − , 

ÒÒÐÑ áóäå ìàòè âèãëÿä (äèâ. [3]) 

 ˆ ˆ
1 2( ) ( , ),       ,        (0) ,        (1)x hxau x u x u u= − ϕ ∈ ω = µ = µ , (8) 

 ˆ
1 1 1

, ,,         ,        
2

j j j j j j
x j jx j

j j

u u u u h h
u u

h
− + +− − +

= = =


 , 

 
1

1
1( ) ( )j

j j
j

a x V x
h

−
 =   

, 

 
2

1

1

( , )
( , ) ( 1) ( , ) ( 1)

( )

j
jj

j j j j
j

w x u
x u x u

V x

α− α α
α

α = α

 
ϕ = − + − 

 
∑  . (9) 

Äëÿ ïîáóäîâè ÒTÐÑ (8), (9) ˆ
j hx∀ ∈ω  íåîáõ³äíî ðîçâ’ÿçàòè äâ³ çàäà÷³ 

Êîø³ (7): îäíó ( 1α = ) âïåðåä, íà â³äð³çêó ,1j jx x−[ ] , à äðóãó ( 2α = ) – íàçàä, 

íà â³äð³çêó , 1j jx x +[ ] , ïðè÷îìó îáèäâ³ ìàþòü ãëàäê³ êîåô³ö³ºíòè. Çàñòîñóºìî 

äëÿ ¿õ ÷èñåëüíîãî ðîçâ’ÿçóâàííÿ áóäü-ÿêèé îäíîêðîêîâèé ìåòîä: ðîçâèíåí-
íÿ ó ðÿä Òåéëîðà ÷è Ðóíãå-Êóòòà m -ãî ïîðÿäêó òî÷íîñò³. Äëÿ âèçíà÷åíîñò³ 
âèêëàäêè áóäåìî ïðîâîäèòè äëÿ ìåòîäó ðîçâèíåííÿ ó ðÿä Òåéëîðà. Çàóâà-

æèìî, ùî ôóíêö³¿ ( , ),  ( , ),  1,2j jw x u x uα α α = , ÿê³ º ðîçâ’ÿçêàìè ñèñòåìè (7), 

çàëåæàòü â³ä ïàðàìåòð³â ( ) ( , )j j
jb b u w x uα α α≡ ≡ , òîáòî ( , )jw x uα ≡  

( , , ),  ( , ) ( , , ),  1,2j j jw x u b x u x u bα α α α α≡ ≡ α =  . Òîä³ àëãîðèòì ðîçâ’ÿçóâàííÿ 

çàäà÷³ (7) ìàº âèãëÿä: 
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1°. Ïîñë³äîâíî äèôåðåíö³þþ÷è (7), çíàõîäèìî ïîõ³äí³  

 
( , , ) ( , , )

,      ,       2,3,
p j p j

p p

d w x u b d x u b
p

dx dx
α α α α = 


, 

 2 1, ,       1,2j jx x x− +α − +α∈ α =[ ] . 

2°. Âèçíà÷àºìî íàáëèæåíå çíà÷åííÿ ïàðàìåòð³â bα : 

 
2

1 ( 1)( 1) ( 1)

( 1)

( , )
2

j js s j
j

j

fh
b w x u

k

α

α

− +α + −− −
α α

+ −

= = − +  

 

( 2)11
1 ( 1)

3

( , , )( 1)
,   3, 4, ,

!

p j sps
j j

p
p

d w x u bh
s m

p dx

α
−α +− α α− +α + −

=

−
+ =∑ 

[ ]
. (10) 

3°. Îá÷èñëþºìî íàáëèæåíèé ðîçâ’ÿçîê çàäà÷³ (7): 

 
2

1 ( 1)( )

( 1)

( , )
2

j jm j
j

j

fh
w x u

k

α

α

− +α + −
α

+ −

= − +  

 

( 1)1
1 ( 1)

3

( , , )( 1)

!

p j mpm
j j

p
p

d w x u bh

p dx

α
−α +

α α− +α + −

=

−
+ ∑

[ ]
, (11) 

 ( )
1 ( 1)

( , ) ( 1)m j
j j j

x u h f α
α

α − +α + −
= − +  

 

( 1)1
1 ( 1)

2

( , , )( 1)

!

p j mpm
j j

p
p

d x u bh

p dx

α
−α +

α α− +α + −

=

−
+ ∑

[ ] 
. (12) 

Ëåìà 1. Íåõàé 

 1 1 1
1 1

1
0 ( ),   ( ) 0,1    ( , ) ,

N
m m

j j
j

c k x k x Q f x u C x x+ +
−

=
< ≤ ∈ ∈ ×[ ], [ ]( ) . 

Òîä³ âèêîíóþòüñÿ òàê³ ñï³ââ³äíîøåííÿ: 

 

( 1)

1 1
1( ) 1

1
1

( 1) 1( ) ( 1)
! ( )

j

pm p
jm j

j p
x xp

h dV x
p k xdx

α+ −

α + −− +αα +
α −

==

−  = − =  ∑
[ ]

 

 1
1( ) ( )j m

j jV x O h +
α − +α= + , (13) 

 ( )( , ) ( , )j m j
j jw x u w x uα α= +  

 

11 1
1 ( 1) 2

11

( , )( 1)
( )

( 1) !

m jm
j j m

jm

d w x uh
O h

m dx

α
+α + +

α− +α + − +
− +α+

−
+ +

+
[ ]

, (14) 

 ( )( , ) ( , )j m j
j jx u x uα α= +   

 

11 1
1 ( 1) 2

11

( , )( 1)
( )

( 1) !

m jm
j j m

jm

d x uh
O h

m dx

α
+α + +

α− +α + − +
− +α+

−
+ +

+
[ ] 

. (15) 

Ä î â å ä å í í ÿ  º àíàëîã³÷íèì äî äîâåäåííÿ ëåìè 3 ç ðîáîòè [2]. ◊ 
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Çàì³ñü ÒTÐÑ (8), (9), (7) ìîæíà òåïåð ñêîðèñòàòèñü TÐÑ m -ãî ðàíãó 
âèãëÿäó 

 ˆ ˆ( ) ( ) ( ) ( )( , ),         m m m m
x hxa y x y x= − ϕ ∈ ω( ) , 

 ( ) ( )
1 2(0) ,      (1)m my y= µ = µ , (16) 

 
1

( ) ( )
1

1( ) ( )m m j
j j

j
a x V x

h

−
 =   

, 

 
( )2

( ) 1 ( )

1

( , )
( , ) ( 1) ( , ) ( 1)

( )

m j
jm m j

j j j j
j

w x u
x u x u

V x

α− α α
α

α = α

 
ϕ = − + − 

 
∑  . 

Äëÿ äîâåäåííÿ ³ñíóâàííÿ ³ ºäèíîñò³ ðîçâ’ÿçêó TÐÑ (16), à òàêîæ äëÿ 
âñòàíîâëåííÿ ¿¿ òî÷íîñò³ íåîáõ³äíà 

Ëåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 1. Òîä³ ñïðàâäæóþòüñÿ 
îö³íêè  

 ( ) ( ) ( ) mm
j ja x a x M h− ≤ , (17) 

 
11

( ) 1 2
1

0

( 0) ( , )
( , ) ( , )

( 2) ! ( )
j

jm
jm m

j j j m
x x

k x x udx u x u h
m k xdx

−+
+

+
= −

−   ϕ − ϕ = −   +   


 

 
ˆ

( )!

2 21 1
12

1
0

( , )1
1

j

m mm j
j j

m
jxx x

h hd x u
O

m dx

+ ++ −
+

+
= −

+  − +  +    




, (18) 

ÿêùî m  – íåïàðíå, ³ 

 ( ) ( , ) ( , )m
j jx u x uϕ − ϕ =  

 
ˆ

!

1 11
12

0

( , )
( )

( 1) ( )
j

m m mjm
j j j

m
jxx x

h h hx udk x O
m k xdx

+ +−
+

= −

+    = +    +      




, (19) 

ÿêùî m  – ïàðíå. 

Ä î â å ä å í í ÿ. Íåð³âí³ñòü (17) âèïëèâàº ç (13). Ä³éñíî,  

 
( )

1 1( )
( )
1 1

( ) ( )
( ) ( ) ( )

( ) ( )

j m j
j j jm m

j j jm j j
j j

h V x V x
a x a x O h

V x V x

−
− = =

[ ]
. 

Äîâåäåìî âèêîíàííÿ îö³íîê (18), (19). Çàóâàæèìî, ùî 

 ( ) ( , ) ( , )m
j jx u x uϕ − ϕ =  

 
2

1 ( )

1

( 1) ( , ) ( , )m j j
j j jx u x u− α

α α
α =

= − − +


∑    

 
( )

( )

( , ) ( , )
( 1)

( ) ( )

m j j
j j

m j j
j j

w x u w x u

V x V x

α αα

α α

  + − −  
  

. (20) 
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Çà ëåìîþ 1 ìàºìî  

 
( )

( )

( , ) ( , )

( ) ( )

m j j
j j

m j j
j j

w x u w x u

V x V x

α α

α α

− =  

 

11 1
1 ( 1) 1

11

( , )( 1) 1 ( )
( 1) ! ( )

m jm
j j m

jm j
j

d w x uh
O h

m dx V x

α
+α + +

α− +α + − +
− +α+

α

−
= − +

+
[ ]

. (21) 

Ñï³ââ³äíîøåííÿ (20), (15), (21) ³ 12 2
1 2 1

1 1
( ) ( ),  ( ) ( )j jj j

j j j j
j j

h h
V x O h V x O h

k k
+

+
− +

= + = +  

ïðè íåïàðíîìó m  çâîäÿòüñÿ äî âèðàçó 

 
1 2

1 1 2 1( )
2

( , )1( , ) ( , )
( 2) !

m m j
j j jm

j j m
j

h k d w x u
x u x u

m dx

+ +
+ + +

+


ϕ − ϕ = −

+
 

 
1 2 1 1

1 1 1 1 2 1

2 1

( , ) ( , )

( 2) ! ( 1) !

m m j m m j
j j j j j

m m

h k d w x u h d x u

m mdx dx

+ + + +
− − + +

+ +− − +
+ +


 

 
1 1 2 2

1 1 1

1

( , )

( 1) !

m m j m m
j j j j

m
j

h d x u h h
O

m dx

+ + + +
− +

+

+  + +  +  




, (22) 

à ïðè ïàðíîìó m  – äî âèðàçó  

 
1

2 1( )
1 1 1

( , )1( , ) ( , )
( 1) !

m j
jm m

j j j j m
j

d w x u
x u x u h k

m dx

+
+

+ + +


ϕ − ϕ = −+ 

 

 
1 1

1 1 1
1 1

( , )m j m m
j j jm

j j m
j

d w x u h h
h k O

dx

+ +
− +

− +

+  
− +  

  
. (23) 

Ç³ ñï³ââ³äíîøåííÿ (6) ìàºìî 

 ˆ 1
1 1

1

( )
( ) ( ) ( , ) ( , )

( )

j
j j

jj
j

V x
u x u x w x u w x u

V x
= + − =  

 ˆ
1

1 12
2 2 11

2 1

( )
( ) ( , ) ( , ),     ,

( )

j
j j

j j jj
j

V x
u x w x u w x u x x x

V x

−
− −

−−
−

= + − ∈[ ] , 

à çâ³äñè îòðèìóºìî 

 1 1
1 2 1

1

( )
( , ) ( , ) ( , )

( )

j
j j j

jj
j

V x
w x u w x u w x u

V x
−= + −  

 
1

12
2 1 11

2 1

( )
( , ),       ,

( )

j
j

j j jj
j

V x
w x u x x x

V x

−
−

− −−
−

− ∈ [ ] . 

Ïðîäèôåðåíö³þâàâøè îñòàííþ ð³âí³ñòü ³ ïîìíîæèâøè íà ( )k x , îòðèìàºìî 

 
1

1 2 11
1 2 1

1

( , ) ( , )
( , ) ( , ) ,      ,

( )

j j
j jj j

j jj
j

w x u w x u
x u x u x x x

V x

−
−−

−

+
= + ∈ [ ]  . 
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Îñê³ëüêè çà óìîâ ëåìè âèêîíóþòüñÿ ñï³ââ³äíîøåííÿ 

 
1 1 1

1 2
1 1

( , ) ( , )m j m j

m m

d x u d x u

dx dx

+ + −

+ +
=

 
, 

 
11

1 2 11
 

1
1

( , ) ( , )( , ) 1
( ) ( )

j jm j m
j j

m m j
j

w x u w x ud w x u d
k xdx dx V x

−+
−

+

+ = +  
 

 
1 1 1 1

2 2
11 1

( , ) ( , )
( ),     ,

m j m j

j j jm m

d w x u d w x u
O h x x x

dx dx

+ − + −

−+ +
+ = + ∈ [ ] , 

òî çã³äíî ç ð³âí³ñòþ 1 ( )j j jk k O h− = +  îäåðæèìî 

 
1 1 1

1 1 2

1 1

( 0, ) ( 0, )
( )

m j m j
j j

jm m

d x u d x u
O h

dx dx

+ + −
−
+ +

+ −
= +

 
, 

 
1 1 1

1 1 2
1 1 1

( 0, ) ( 0, )
( 0) ( 0) ( )

m j m j
j j

j j jm m

d w x u d w x u
k x k x O h

dx dx

+ + −
−

− + +

+ −
+ = − + . (24) 

Ç óðàõóâàííÿì (24) ç³ ñï³ââ³äíîøåíü (22), (23) âèïëèâàþòü (18), (19). ◊ 

Ó ïðîñòîð³ ñ³òêîâèõ ôóíêö³é hH  ââåäåìî ñêàëÿðí³ äîáóòêè 

 ˆ ˆ
ˆ ˆ

( , ) ( ) ( ) ( ),       ( , ) ( ) ( ) ( )
h h

h h

u v u v u v h u v+
+

ω ω
ξ∈ω ξ∈ω

= ξ ξ ξ = ξ ξ ξ∑ ∑  

òà íîðìè 

 / /
ˆ ˆˆ ˆ

1 2 1 2
0,2, 0,2,( , ) ,           ( , )

h hh h
u u u u u u+ +ω ωω ω

= = , 

 
/

ˆ ˆ, ˆ

1 2
22

1,2, 0,2 0,2,h h h
xu u u +ω ω ω

 = + 
 

. 

Íà ï³äñòàâ³ ïîïåðåäí³õ òâåðäæåíü äîâåäåìî òåîðåìó.  

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (2)–(5) òà óìîâè ëåìè 1. Òîä³ 

0 0h∃ >  òàêå, ùî 01 1
: max

N
j jj j N

h h h h= ≤ ≤
∀ = ≤{ }  ³ TÐÑ (16), (10)–(12) ìàº ºäè-

íèé ðîçâ’ÿçîê, òî÷í³ñòü ÿêîãî õàðàêòåðèçóºòüñÿ îö³íêîþ 

 

/

ˆ ˆ
ˆ

1 22( )2( ) ( )

1,2, 0,2,
0,2,

h h
h

m
mm m dy duy u y u k k M h

dx dx

∗

ω ω
ω

 
− = − + − ≤ 

 
, 

äå 

 
( ) ( ) ( ) ( )

, 1 , ( ) ( )
1 ,( )

1

( ) ( )
( ) ( )

( )

m m m j m
j j x j j m j m

j jm j
j

dy x h y w x y
k x x y

dx V x

−
= +   

³ ñòàëà M  íå çàëåæèòü â³ä h . 

 Ä î â å ä å í í ÿ. Ðîçãëÿíåìî îïåðàòîð 

 ( ) ( ) ( ) ( )
   ( , ) ( , ),        m m m m
h h hA x u B u x u B u= − ϕ = ˆ

( )m
x xa u− ( ) . 

Ç (17)–(19) âèïëèâàº ñï³ââ³äíîøåííÿ 

 ˆ ˆ
( ) ( ) ( )
  ( , ) ( , ), ( ),

h h

m m m
h h x x x xA x u A x u u v a u v u vω ω− − = − − −( ) ( )  

 ˆ ˆ
( ) ( )( , ) ( , ), ( , ) ( , ),

h h

mm m
h hx u x v u v A x u A x v u v O hω ω− ϕ − ϕ − = − − +( ) ( ) ( ) . 
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Òîä³ (çã³äíî ç íåð³âí³ñòþ (14) ç [3]) 0 0h∃ >  òàêå, ùî 01
:

N
j j

h h h=∀ ≤{ } , 

ìàºìî  

 ( )
10 ( )mc a x< ≤ ,  

 ˆ ˆ( )
 

2 2( ) ( )
  1 0,2,( , ) ( , ), 8mh hh

m m
h h B

A x u A x u u v c u v cc u vω ω− − ≥ − ≥ −( ) , (25) 

äå ñòàëà 0c > . Îòæå, ( )
 0( , ),  m
hA x u h h≤ , – ñèëüíî ìîíîòîííèé îïåðàòîð ³ 

ïðè 0h h≤  TÐÑ (16) ìàº ºäèíèé ðîçâ’ÿçîê ( ) ( )my x , ˆ
hx ∈ ω  (äèâ. [7, ñ. 461]). 

Äëÿ ïîõèáêè ( )( ) ( ) ( )mz x y x u x= − , ˆ
hx ∈ ω , áóäåìî ìàòè çàäà÷ó  

 ˆ ,( ) ( ) ( ) ( )( ) ( ) ( , )m m m m
x xa x z x x y x u+ ϕ − ϕ =( )[ ]  

 ˆ
( ) ( )( , ) ( , ) ( ) ( ) ( ) ,    (0) (1) 0m m

x xx u x u a x a x u x z z= ϕ − ϕ + − = =( )[ ] . (26) 

Ç (26) îòðèìàºìî 

 ˆ,( ) ( ) ( )
  ( , ) ,

h

m m m
h hA x u A x y z ω− =( )( )  

 ˆ ˆ
( ) ( )( , ) ( , ), ,

h h

m m
x xx u x u z a a u zω ω= ϕ − ϕ + −( ) ( )( ) . (27) 

Ç óðàõóâàííÿì (25) ñïðàâäæóºòüñÿ îö³íêà  

 ˆ ( )
 

2( ) ( ) ( )
  ( , ) ( , ), mh h

m m m
h h B

A x u A x y z c zω− ≥( ) . (28) 

Çà äîïîìîãîþ íåð³âíîñò³ Êîø³ – Áóíÿêîâñüêîãî, âèêîðèñòîâóþ÷è (17)–(19), 
îö³íèìî ïðàâó ÷àñòèíó ð³âíîñò³ (27): 

 ˆ ˆ ˆ, ,ˆ
( ) ( )

0,2, 0 20,2,
 ,

h h hh

m m
x x x xa a u z a a u z+ +ω ω ωω

− ≤ − ≤( )( )  

 ˆ ( )
 0,2,

1
m

h h

m
m

x B

M h
M h z z

c
+ω≤ ≤  , (29) 

 ˆ ˆ, , ( )
 

1
1( )

0 2
1

( , ) ( , ), m
h h h

m
mm

x B

M h
x u x u z M h z z

c
+

+
+

ω ωϕ − ϕ ≤ ≤ ( ) , (30) 

ÿêùî m  – íåïàðíå, ³ 

 ˆ ˆ ( )
 

( )
0,2,

1

( , ) ( , ), m
h h h

m
mm

x B

M h
x u x u z M h z z

c
+ω ωϕ − ϕ ≤ ≤ ( ) , (31) 

ÿêùî m  – ïàðíå.  

Ç îö³íîê (28)–(31) âèïëèâàº, ùî ( )
 
m
h

m
Bz M h≤ . Çâ³äñè ç îãëÿäó íà 

åêâ³âàëåíòí³ñòü íîðì ˆ ( )
 1,2, ,  m

h hBω⋅ ⋅  ìàºìî ˆ1,2, h

mz M hω ≤ .  

Îñê³ëüêè ç óðàõóâàííÿì ñï³ââ³äíîøåíü (13)–(15)  

 ˆ ˆˆ ˆ
10,2,( ) 0,2,0,2, 1 1 0,2,

1 1 ( , )
h hh

h

j
xm j j

dzk h u w x u
dx V V

+ω ωω
ω

 ≤ − ⋅ + +  
 

 
ˆ ˆ

ˆ

( ) ( )
1 1( ) 0,2, 0,2,

1 0,2,

1 , ( , )
h h

h

m j m j
x xm j

h y u w x y w x u
V

+ω ω
ω

+ ⋅ − + − +
( )  
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ˆ ˆ

( ) ( ) ( ) ( )
1 1 1 10,2, 0,2,

, , , ( , )
h h

m j m j m j m jw x y w x y x y x u
ω ω

+ − + − +
( ) ( ) ( )   

 
ˆ

ˆ

( ) ( ) ( )
1 1 1 10,2,

0,2,

, , ( , )
h

h

mm j m j m j

u u
x y x y M h x u

uω = ω

 ∂+ − ≤ + +
∂ 

( ) ( )    

 ˆ
ˆ

ˆ
1 0,2,( )

0,2,1 0,2,

1 ( , )
h

h
h

mj
m j

u u
w x u z M h

uV ω
= ω

ω

∂ + ≤
∂ 

⋅ , 

òî îòðèìàºìî ˆ1, , h

mz Mh∗
∞ ω ≤ . ◊ 

Äëÿ ðîçâ’ÿçóâàííÿ íåë³í³éíî¿ TÐÑ m -ãî ïîðÿäêó òî÷íîñò³ (16) çàñòîñó-
ºìî ³òåðàö³éíèé ìåòîä. 

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 1. Òîä³ 

 ( ) ( )( , ) ( , )m mx u x v L u vϕ − ϕ ≤ − , 

0 0h∃ >  òàêå, ùî ( )
0 11

: ,  0 ( )
N m

j j
h h h c a x=∀ ≤ < ≤{ } , ³òåðàö³éíèé ìåòîä  

 
( , ) ( , 1)

( ) ( ) ( , 1)
  , 0,        

m n m n
m m m n
h h

y y
B A x y

−
−−

+ =
τ

( ) ˆ
hx ∈ ω , (32) 

 ( , ) ( , )
1 2 (0) ,        (1) ,        1,2,m n m ny y n= µ = µ =  , 

 ( ,0) 2 1
1 2

1 1

( ) ( )
( )

(1) (1)
m V x V x

y x
V V

= µ + µ , 

 ˆ
( ) ( )
 ,       m m
h x xB y a y= − ( ) ( ) ( ) ( )

  ( , ) ( , )m m m
h hA x y B y x y= − ϕ , 

ç 
2

0
1

1
8
L
c

−
 τ = τ = + 
 


  çá³ãàºòüñÿ ³ äëÿ ïîõèáêè âèêîíóºòüñÿ îö³íêà 

 
ˆ

( , )
01,2,

( ),        1
h

m n m ny u M h q q
∗

ω
− ≤ + = − τ , (33) 

äå  

 
( , ) ( , ) ( ) ( , )

, 1 ( ) ( , )
1( )

1

( ) ( , )
( ) ( , )

( )

m n m n m j m n
j j x j j m j m n

j jm j
j

dy x h y w x y
k x x y

dx V x

−
= +   

³ ñòàëà M  íå çàëåæèòü â³ä ,  ,  h m n . 

 Ä î â å ä å í í ÿ. Çã³äíî ç òåîðåìîþ 1 ìàºìî 

 
ˆ ˆ ˆ

( , ) ( ) ( , ) ( )

1,2, 1,2, 1,2,h h h

m n m m n my u y u y y
∗ ∗ ∗

ω ω ω
− ≤ − + − ≤  

 
ˆ

( , ) ( )

1,2, h

m m n mMh y y
∗

ω
≤ + − . (34) 

Âðàõîâóþ÷è, ùî 1 1
1

1
( , ) ,

N
m

j i
j

f x u C x x+
−

=
∈ × [ ]( ) , îòðèìàºìî 

 ( ) ( )( , ) ( , )m mx u x v L u vϕ − ϕ ≤ − . 

Çà äîïîìîãîþ íåð³âíîñò³ Êîø³ – Áóíÿêîâñüêîãî îö³íèìî âåëè÷èíó 

 ˆ ( ) ( )
  

( ) ( )
  ( , ) ( , ), m m

h h h

m m
h h B BA x u A x v w u v wω− ≤ − +( )  



128 

 ˆˆ
( ) ( )
  

( ) ( )
0,2,0,2,

( , ) ( , ) m m
h h hh

m m
B Bx u x v w u v wωω

+ ϕ − ϕ ≤ − +  

 ˆ ˆ ( ) ( )
  0,2, 0,2, m m

h h h hB BL u v w u v wω ω+ − ≤ − +  

 ˆ ˆ   ( ) ( )
  0,2, 0,2,

1

1
8 8

m m
h h h h

x x x B B
L Lu v w u v w

c
+ +ω ω

 + − ≤ + − 
 

 
 . 

Ïîêëàâøè 
1( ) ( ) ( )

    ( , ) ( , )m m m
h h hw B A x u A x v

−= −( ) ( ) , îòðèìàºìî  

 ( )( )
  

1( ) ( ) ( )
    

1
( , ) ( , ) 1

8
mm
hh

m m m
h h h BB

LB A x u A x v u v
c

−  − ≤ + − 
 


( ) ( ) . (35) 

Ç îö³íîê (25), (35) âèïëèâàº  

 
ˆ

1( ) ( ) ( ) ( ) ( )
      ( , ) ( , ),  ( , ) ( , )

h

m m m m m
h h h h hA x u A x v B A x u A x v

−

ω

 − − ≤ 
 

( ) ( )  

 ( )( )
( ) ( )

ˆ
( , ) ( , ),

 

2 2
2

  
1 1

1 1
8 8m

hh

m m
h hB

L Lu v A x u A x v u v
c c ω

   ≤ + − ≤ + − −   
   

 
  . 

Îòæå (äèâ. [6, ñ. 502]), ³òåðàö³éíèé ìåòîä (32) çá³ãàºòüñÿ â åíåðãåòè÷-

íîìó ïðîñòîð³ ( )
 
m
hB

H , ÿêèé º åêâ³âàëåíòíèé ïðîñòîðó ˆ1
2 ( )hW

°
ω  ³ äëÿ ïîõèáêè 

ñïðàâäæóºòüñÿ îö³íêà 

 
ˆ

( , ) ( )
11,2, h

m n m ny y M q
ω

− ≤ . 

Êð³ì òîãî,  

 
ˆ

( , ) ( )

0,2, h

m n mdy dy
k k

dx dx
ω

− ≤  

 
ˆ

ˆ

( , ) ( )
( ) 0,2,
1 0,2,

1 
h

h

m n m
x xm j

h y y
V

+ω
ω

≤ − +
 

 
ˆ, ,

( ) ( , ) ( ) ( )
1 1 0 2

, ,
h

m j m n m j mw x y w x y
ω

+ − +
( ) ( )  

 
ˆ ˆ

( ) ( , ) ( ) ( ) ( , ) ( )
1 1 10,2, 0,2,

, ,  
h h

m j m n m j m m n m
x xx y x y M y y +ω ω

+ − ≤ − +( ) ( )   

 
ˆˆ

,
( )

( )
1( )

0,2,1 0,2,

1 ( )
m

h
h

m j
m j

u y
w x u

uV = ωω

 ∂+ +
∂

 

 
ˆ

ˆ
,

( )

( ) ( , ) ( )
1 0,2,

0,2,

 ( )
m h

h

m j m n m

u y
x u y y

u ω= ω

∂ + − ≤
∂ 

  

 
ˆ

( , ) ( )
21,2, h

m n m nM y y M q
ω

≤ − ≤ . 

Çâ³äñè îòðèìàºìî, ùî  

 
ˆ

( , ) ( )

1,2, h

m n m ny y Mq
∗

ω
− ≤ . (36) 

Ç íåð³âíîñòåé (34), (36) âèïëèâàº îö³íêà (33). ◊ 
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Îòæå, ó ðîáîò³ ïîáóäîâàíî òà îá´ðóíòîâàíî ÒÐÑ íà íåð³âíîì³ðí³é ñ³òö³ 
m -ãî ïîðÿäêó òî÷íîñò³ ÿê â³äíîñíî ôóíêö³¿ ( )u x , òàê ³ â³äíîñíî ïîòîêó 

duk
dx

 çà ñëàáøèõ óìîâ (2)–(5), í³æ ó [1]. Íàäàë³ âàæëèâî óçàãàëüíèòè îòðè-

ìàí³ ðåçóëüòàòè íà âèïàäîê êðàéîâèõ çàäà÷ äëÿ ñèñòåì íåë³í³éíèõ äèôå-
ðåíö³àëüíèõ ð³âíÿíü ç ìîíîòîííèì îïåðàòîðîì. 
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МОДИФИЦИРОВАННЫЕ ТРЕХТОЧЕЧНЫЕ РАЗНОСТНЫЕ СХЕМЫ 
ВЫСОКОГО ПОРЯДКА ТОЧНОСТИ ДЛЯ МОНОТОННЫХ ОБЫКНОВЕННЫХ 
ДИФФЕРЕНЦИАЛЬНЫХ УРАВНЕНИЙ ВТОРОГО ПОРЯДКА 
 
Äëÿ íåëèíåéíûõ ìîíîòîííûõ êðàåâûõ çàäà÷ ïîñòðîåíû òðåõòî÷å÷íûå ðàçíîñò-
íûå ñõåìû âûñîêîãî ïîðÿäêà òî÷íîñòè íà íåðàâíîìåðíîé ñåòêå. Äîêàçàíû ñó-
ùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ òðåõòî÷å÷íûõ ðàçíîñòíûõ ñõåì, ïîëó-
÷åíà îöåíêà òî÷íîñòè, à òàêæå èññëåäîâàíà ñõîäèìîñòü ìåòîäà ïðîñòîé èòåðà-
öèè äëÿ èõ ðåøåíèÿ.  
 
MODIFIED THREE-POINT DIFFERENCE SCHEMES OF HIGH ACCURACY 
ORDER FOR THE SECOND-ORDER MONOTONE ORDINARY DIFFERENTIAL EQUATIONS 
 
For nonlinear monotone boundary-value problems the three-point difference schemes of 
high accuracy order on irregular grids are constructed. The existence and uniqueness of 
solution of three-point difference schemes are proved and estimation of its accuracy is 
determined. The analysis of convergence of the method of simple iteration for their 
solution is given.  
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