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STABILITY OF GENERALIZED MEAN VALUE TYPE
FUNCTIONAL EQUATION

In the paper we prove the stability theorem for the generalized mean wvalue type
functional equation

xf(y) — yf(x)
-y
We will show that if (X,|-]) is a Banach space over K € {R,C} and if function
f: K — X satisfies the inequality
H xf(y) —yf(x) O+ y)
-y
then there exist constants a,b € X such that

| f(x)—(xa+Db)| <26  and |@(x)-b|| <3 for xeK.

=d(x+y) for x, y €K, rxEY.

<eg for x, y €K, x*Y,

Following the famous problem by S. Ulam [5] many authors have
considered a behavior of functions satisfying stability conditions for different
functional equations (cf. [2, 3]). Jung Soon-Mo and P. K. Sahoo [4] considered
the stability of the equation

f(x) = f(y) = (x —y)h(x +y)

connected with classical mean value property. J. Aczél and M. Kuczma
considered in [1] another functional equation associated with a mean value
properties, namely

xf(y) — yf(x)

r—y
They have proved that if K is a commutative field of characteristic different
from 2 and 3 and if functions f, ® satisfy the above equation, then there

=O®(x+vy) for T*EY.

exist constants a, be K with f(x)=ax+b and ®(x)=>b. Apparently this
statement (with the same proof) holds also true in the following case.
Let K € {R,C} and let X be a vector space over K. We have

Theorem 1 (cf. [1]). The general solution f, ® : K — X of the equation
xf(y) — yf(x)

=® K 1
" (x+y)  for  xmyeK, xxy, M
is given by
flx)=ax+b for x ek,
d(x)=>b for x ek,

where a, b e X are arbitrary constants.

In the following we need a solution of a simply modification of the equa-
tion (1), i. e. we prove the following

Theorem 2. If a function f:K — X satisfies the equation
zf(y) - yf(@) _
-y

then there exists a constant a € X such that f(x) = xa for x € K.

for x,yekK, x#y, x+y=0, (2)
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Proof Assume that a function f satisfy (2). Then putting in (2) y =1

we obtain

flx) = xf(1) for xeK\{-11}. (3)
Setting next in (2) y =2 and using (3) we get

f(x) = xf(Q) for rxeK\{-22},

which jointly (3) finishes the proof. ¢

Now we assume that X is a Banach space over K. We will prove the
following

Theorem 3. Assume that functions f, ® : K —» X satisfy the inequality
xf(y) - yf(x)
-y
Then there are constants a, b € X such that

| f(x) = (xa +Db)| < 2e,

—D(x+y)|<e for x,yekK, x=y. (4)

| ®(x)-b| < 3e.
Proof Putin (4) y =0. Then we get
| ®(x) - f(0) ]| <e for x e K\ {0}. (5)

Next, for arbitrary x, y € K such that x #y and x +y # 0 using (5) we

obtain
HUUE - go) <) TUEE oy | o+ ) - f0)) < 2.
Consequently
—xf(y;:yyf(x)_f(o) <2 for =xyekK, xzy, x+y=0. (6)

Let g(x) := f(x) — f(0) for x € K. Then from (6) we get

H xg(y) — yg(x) < 28 fOl" x7y S K’ xX Z y7 xX + y * 0 . (7)

r=y
Setting in (7) y =0 we get
I9(0) ] < 2e. (8)

Next, put in (7) 2 in the place of x and x in the place of y. Then we get

H %g(2x) - g(x) H <g for x e K\ {0},
which with (8) gives
H %9(296) - g(x) H <g for rxekK. 9)

n
Fix x € K and consider a sequence (&nx)) We will show that it is a
2

Cauchy sequence. For x =0 it is obvious. Now let x # 0 and take nonnega-
tive integer numbers m, n such that m < n. Then using (9) we get

g2"x) g(2™x)
2" 2™

1
2171

g(zn—mZm x) ~

2n—m

= g™ x)| =
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n -1

-m
- L'y ik(l g(z’c“zmx)—g(zkzmx)j <
o™ || o 2k \2
1"EN 1o K
<— > —kHEQ(Z 9™ ) — g(2 2mx)H<
2™ D 2
1 "&T 1 1 g
< — —&<— ) —g= .
9m kz() 2k 9m I;)jc 2m—1
g(2"x)) .
Thus | =—— | is a Cauchy sequence and moreover, for m =0 we have
2
92" x)
2—n—g(x) <g for x e K\ {0}.

Since | g(0) | < 2&, so we get

n
%—g(x) < for reK, neN. (10)
Then we can define a function T: K —» X,

T(x) = lim g(Z_"x)

n—swn 9"
which satisfies (cf. (10))
| T(x)—g(x) | < 2¢ for x e K. (11)

K

Put in (7) 2"x and 2"y in the place of x and vy, respectively. We have

2nyj (2"30)
xg|—= |- ==
g( 2" ve 2" €
< .
r—y gn-1

Take n — . Then we get

2T(y) - yT@) _

f K . 12
z—y or x,yek, xzy, x+y=0 (12)

From Theorem 2 we obtain that there exists a constant a € X such that
T(x) = xa for x € K. Let b= f(0). Since g(x) = f(x)— f(0), so from (11) we
have

| f(x) = (xa +b)| < 2¢. (13)

Fix x # 0. Then, by (13) we have
| fo) + (=) = 2b || = || f(a) = xa — x + f(—x) + xa - b <

< f(x) = (xa +b) |+ f(=x) — (—xa + b) || < 2¢ + 2¢ = 4¢.
Thus

H Lif@)+ sy - H < 2. (14)
Next, put in (4) y = -1. We have
2@ + f-a) - o) | <. (15)

112



From (14) and (15) we get
[0 -b] < | 00) - L (f(@) + f-ap | +

+H%(f(x)+f(—x))—b” <g+2 =36,
Consequently, from (5) we get | ®(x) - b|| < 3¢, which completes the proof. ¢
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CTIAKICTb ®YHKLIOHAJIbHOIO PIBHAHHA TUMY
Y3ArAJlIbHEHOIO CEPEAHbOIO 3HAYEHHA

Jlosedeno meopemy cmivkocmi 04 PYHKYIOHAABHOZO PIBHAHHA MUNY Y3A2AAbHEHO20
cepednbo20 3HAUeHHS

xf(y) - yf(x)
-y
Moxasano, wo, axwo (X,|-) — 6anaxie npocmip nad K e {R,C} i axwo $ynryia

=O(x+1y) ons x, y €K, Y.

f: K - X 3a0oeoavhse HepigHicmb

ECELI.

ons x, y €K, rx#Y,

Mo icCHYIOMb cmani a,b e X maxi, wo
| f(x) = (xa +b)| < 2¢ i |@(x)-b||<3¢ dax xeK.

YCTONYUBOCTb ®YHKLMOHAINBHOIO YPABHEHUSA TUMNA
OBOBLUEHHOIO CPEOHEINO 3HAYEHUA

Hoxazana meopema ycmouuugocmu Oal HYHKYUOHANIHHO20 YPABHEHUSL muna o0ooueH-
H020 cpedHezo 3HAUEHUS

xf(y) - yf(x)
-y
Ioxasano, wmo, ecau (X,|-|) — 6anaxoso mpocmpancmeo nad K e {R,C} u ecau

=O(x+1y) ons x, y ek, x*EY.

dynxyua f: K - X ydosremsopsem nepasencmey

H xf(y) — yf(af) ons x, yek x#y

O cywecmayiom nocmosnusie a,b € X marue, ¥mo
[f(x) = (xa + )| < 2¢ u [@(x)-b||<8 0Oan xeK.
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