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ЗАДАЧА З ІНТЕГРАЛЬНИМИ УМОВАМИ ДЛЯ ЛІНІЙНИХ РІВНЯНЬ 
ІЗ ЧАСТИННИМИ ПОХІДНИМИ ЗІ СТАЛИМИ КОЕФІЦІЄНТАМИ 
 

Äîñë³äæåíî êîðåêòí³ñòü çàäà÷³ ç ³íòåãðàëüíèìè óìîâàìè äëÿ ë³í³éíèõ äèôå-
ðåíö³àëüíèõ ð³âíÿíü ³ç ÷àñòèííèìè ïîõ³äíèìè ç³ ñòàëèìè êîìïëåêñíèìè 
êîåô³ö³ºíòàìè. Âñòàíîâëåíî óìîâè ³ñíóâàííÿ òà ºäèíîñò³ ðîçâ’ÿçêó ðîçãëÿ-
äóâàíî¿ çàäà÷³. Äîâåäåíî ìåòðè÷í³ òåîðåìè ïðî îö³íêè çíèçó ìàëèõ çíàìåí-
íèê³â, ùî âèíèêàþòü ïðè ïîáóäîâ³ ðîçâ’ÿçêó çàäà÷³. 

 
 Çàäà÷³ ç ³íòåãðàëüíèìè óìîâàìè äëÿ ð³âíÿíü ³ç ÷àñòèííèìè ïîõ³äíèìè 
âèâ÷àëèñü ó ð³çíèõ àñïåêòàõ â ðîáîòàõ [1, 5, 9–11, 14]. Çîêðåìà, â [1, 9–11] 
âñòàíîâëåíî êëàñè êîðåêòíîñò³ çàäà÷ ç ³íòåãðàëüíèìè óìîâàìè (ç ð³çíèìè 
âàãîâèìè ôóíêö³ÿìè ï³ä çíàêîì ³íòåãðàëà) çà ÷àñîâîþ çì³ííîþ òà óìîâàìè 
ðîñòó íà íåñê³í÷åííîñò³ çà ³íøèìè êîîðäèíàòàìè äëÿ åâîëþö³éíèõ ñèñòåì 
ð³âíÿíü ç³ ñòàëèìè êîåô³ö³ºíòàìè. Ó [5, § 7.4; 14, § 2.3] âñòàíîâëåíî, ùî äëÿ 
ã³ïåðáîë³÷íèõ ð³âíÿíü ðîçâ’ÿçí³ñòü çàäà÷ ç ³íòåãðàëüíèìè óìîâàìè â êëàñàõ 
ôóíêö³é, ìàéæå ïåð³îäè÷íèõ çà ïðîñòîðîâèìè çì³ííèìè, ïîâ’ÿçàíà ³ç 
ïðîáëåìîþ ìàëèõ çíàìåííèê³â, ïðè öüîìó äîâåäåíî êîðåêòí³ñòü òàêèõ 
çàäà÷ äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà) âåêòîð³â, êîìïîíåíòè ÿêèõ 
ñêëàäåí³ ç êîåô³ö³ºíò³â ð³âíÿííÿ òà ïàðàìåòð³â îáëàñò³. 
 Ó ïðîïîíîâàí³é ðîáîò³ âñòàíîâëåíî óìîâè ³ñíóâàííÿ ºäèíîãî ðîçâ’ÿçêó 
çàäà÷³ ç ³íòåãðàëüíèìè óìîâàìè çà âèä³ëåíîþ çì³ííîþ t  òà óìîâàìè ïåð³-
îäè÷íîñò³ çà 1, , px x  äëÿ ë³í³éíèõ ð³âíÿíü ³ç ÷àñòèííèìè ïîõ³äíèìè (áåç 

îáìåæåíü íà òèï) äðóãîãî ïîðÿäêó çà çì³ííîþ t . Ó ðîáîò³ ïîñèëåíî ðåçóëü-
òàòè ïðàöü [5, § 7.4; 14, § 2.3] ó òîìó ïëàí³, ùî âñòàíîâëåíî êîðåêòí³ñòü çà-
äà÷³ äëÿ äîâ³ëüíèõ êîåô³ö³ºíò³â ð³âíÿííÿ ³ äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè 
Ëåáåãà â  ) ÷èñåë 1 (0,t T∈ ] , ÿê³ º çíà÷åííÿìè âåðõíüî¿ ìåæ³ ³íòåãðóâàííÿ 
â ³íòåãðàëüíèõ óìîâàõ. Ó ðîáîò³ ðîçðîáëåíî íîâèé ìåòîä äîâåäåííÿ ìåòðè÷-
íèõ òåîðåì ïðî îö³íêè çíèçó ìàëèõ çíàìåííèê³â, ùî âèíèêàþòü ïðè ïîáó-
äîâ³ ðîçâ’ÿçêó çàäà÷³, â³äì³ííèé â³ä îïèñàíîãî â [5, 14]. Öåé ìåòîä áàçóºòüñÿ 
íà âñòàíîâëåí³é ó [6] ëåì³ ïðî îö³íêè ì³ð ìíîæèí, íà ÿêèõ º îáìåæåíèì ìî-
äóëü ðîçâ’ÿçêó çàäà÷³ Êîø³ äëÿ çâè÷àéíîãî äèôåðåíö³àëüíîãî ð³âíÿííÿ. Â 
îñòàííüîìó ïóíêò³ ðîáîòè âèä³ëåíî êëàñ ð³âíÿíü, äëÿ ÿêèõ â³äñóòíÿ ïðîá-
ëåìà ìàëèõ çíàìåííèê³â ïðè äîñë³äæåíí³ çàäà÷³ ç ³íòåãðàëüíèìè óìîâàìè. 
Îñíîâí³ ðåçóëüòàòè ðîáîòè àíîíñîâàíî â [4]. 

 1. Âèêîðèñòîâóºìî òàê³ ïîçíà÷åííÿ: mes A  – ì³ðà Ëåáåãà â   âèì³ðíî¿ 

ìíîæèíè ;   pA ⊂ Ω   – p -âèì³ðíèé òîð ( /2 ) ;   (0, ) ;   p
p pQ T xπ = × Ω =   

1 1 1 1 1( , , ) ,    ( , , ) ,   ,   ( , )p
p p p px x k k k k k k k x k x= ∈ Ω = ∈ = + + = +    

1 ,;    ( / , , / );    ,   , 0,   0p p pk x D i x i x W γ
α β+ + = − ∂ ∂ − ∂ ∂ α β ≥ γ >  , – ïðîñò³ð 

ôóíêö³é, îòðèìàíèé â ðåçóëüòàò³ ïîïîâíåííÿ ïðîñòîðó ñê³í÷åííèõ òðèãîíî-
ìåòðè÷íèõ ïîë³íîì³â ( ) exp ( , )kx ik xϕ = ϕ∑  çà íîðìîþ  

 2 2
,

0

( ); (1 ) exp (2 )k
k

x W k k γγ α
α β

≥

ϕ = ϕ + β∑ ; 

,( 0, ; )nC T W γ
α β[ ]  – ïðîñò³ð ôóíêö³é ( , )u t x  òàêèõ, ùî ïðè ô³êñîâàíîìó 

0,t T∈ [ ]  ïîõ³äí³ ( , ) / ,  0j ju t x t j n∂ ∂ ≤ ≤ , íàëåæàòü äî ïðîñòîðó ,W γ
α β  ³ ÿê 

åëåìåíòè öüîãî ïðîñòîðó º íåïåðåðâíèìè çà t  íà 0,T[ ] . Íîðìó â ïðîñòîð³ 
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,( 0, ; )nC T W γ
α β[ ]  çàäàºìî ôîðìóëîþ  

 , ,
0,0

( , )
( , ); ( 0, ; ) max ;  

n j
n

jt Tj

u t x
u t x C T W W

t
γ γ

α β α β∈=

∂=
∂

∑
[ ]

[ ] . 

 2. Ðîçãëÿíåìî çàäà÷ó  

 , ( , )L D u t x
t

∂  ≡ ∂ 
 

 
2

1 22

( , ) ( , )
( ) ( ) ( , ) 0,   ( , ) p

u t x u t x
A D A D u t x t x Q

tt

∂ ∂≡ + + = ∈
∂∂

, (1) 

 
1 1

1 2 1
0 0

( , ) ( ),    ( , ) ( ),   0 ,   
t t

pu t x dt x tu t x dt x t T x= ϕ = ϕ < ≤ ∈ Ω∫ ∫ , (2) 

äå 1
1 1( , , ) ,    ,   ( , , ),   ,   1, 2p

j

ss
j p js p js p j

s N

A A A s s s N j1
≤

ξ ξ = ξ ξ ∈ = ∈ =∑    . 

 ßêùî ð³âíÿííÿ (1) îïèñóº äåÿêèé ïðîöåñ, à t  – ÷àñîâà çì³ííà, òî çàäà-
÷à (1), (2) ïîëÿãàº ó çíàõîäæåíí³ öüîãî ïðîöåñó, êîëè â³äîì³ éîãî «óñåðåäíå-
í³» çíà÷åííÿ (2) íà äåÿêîìó ïðîì³æêó ÷àñó 10, 0,t T⊂[ ] [ ] . 

 3. Ðîçâ’ÿçîê çàäà÷³ (1), (2) øóêàºìî ó âèãëÿä³ ðÿäó  

 
0

( , ) ( ) exp ( , )k
k

u t x u t ik x
≥

= ∑ . (3) 

Êîæíà ôóíêö³ÿ ( ),  p
ku t k ∈  , º ðîçâ’ÿçêîì òàêî¿ çàäà÷³:  

 
2

1 22

( ) ( )
( ) ( ) ( ) 0k k

k

d u t du t
A k A k u t

dtdt
+ + = , (4) 

 
1 1

1, 2, 1
0 0

( ) ,     ( ) ,     0
t t

k k k ku t dt tu t dt t T= ϕ = ϕ < ≤∫ ∫ , (5) 

äå 1, 2,,  ,  p
k k kϕ ϕ ∈  , – êîåô³ö³ºíòè Ôóð’º ôóíêö³é 1 2( ),  ( )x xϕ ϕ  â³äïîâ³äíî. 

 Íåõàé 1 2( , ),  ( , )f t k f t k{ }  – òàêà ôóíäàìåíòàëüíà ñèñòåìà ðîçâ’ÿçê³â 

ð³âíÿííÿ (4), ùî ( 1)
,(0, ) ,  ,  1,2j

q j qf k j q− = δ = , äå ,j qδ  – ñèìâîë Êðîíåêåðà; 

( , )kG t τ  – ôóíêö³ÿ, îçíà÷åíà â êâàäðàò³ 2( , ) : 0 ,  0t t T Tτ ∈ ≤ ≤ ≤ τ ≤{ }  

ð³âí³ñòþ  

 2 1 1 2( , ) ( , ) ( , ) ( , ) ( , )kG t f t k f k f t k f kτ = τ − τ . (6) 

 Ëåãêî ïåðåâ³ðèòè, ùî äëÿ äîâ³ëüíîãî ô³êñîâàíîãî 0, )tτ ∈ [  âèêîíóþòüñÿ 
òàê³ ñï³ââ³äíîøåííÿ:  

 
0 0

( , )
, ( , ) 0,    lim ( , ) 0,    lim ( , )k

k k
t t

G tdL k G t G t k
dt t→τ+ →τ+

∂ τ  τ = τ = = τ  ∂ 
W , (7) 

äå 
2( 1)
, 1

( , ) det || ( , ) ||j
q j q

k f k−
=τ = τW . Òîìó ç òåîðåìè ïðî ºäèí³ñòü ðîçâ’ÿçêó 

çàäà÷³ Êîø³ [3, c. 84], ôîðìóë (7) òà ç îçíà÷åííÿ ôóíêö³¿ 2 ( , )f t k  âèïëèâàº, 
ùî  

 2( , ) ( , ) ( , ),      0kG t k f t k t Tτ = τ − τ ≤ τ ≤ ≤W . (8) 

 Ðîçâ’ÿçîê çàäà÷³ (4), (5) ³ç êëàñó 2 0,C T[ ]  çîáðàæàºòüñÿ ôîðìóëîþ  
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 ,1 1 ,2 2( ) ( , ) ( , )k k ku t C f t k C f t k= + , (9) 

äå ñòàë³ ,1 ,2,  k kC C  âèçíà÷àþòüñÿ ³ç ñèñòåìè ð³âíÿíü  

 
1 1

1 1
,1 1 ,2 2 ,

0 0

( , ) ( , ) ,      1,2
t t

j j
k k j kC t f t k dt C t f t k dt j− −+ = ϕ =∫ ∫ , (10) 

âèçíà÷íèê ÿêî¿ ïîçíà÷èìî ÷åðåç 1( , )k t∆ : 

 

1 1

1 1

1 2
0 0

1

1 2
0 0

( , ) ( , )

( , )

( , ) ( , )

t t

t t

f t k dt f t k dt

k t

tf t k dt tf t k dt

∆ =
∫ ∫

∫ ∫
. (11) 

 Teîðåìà 1. Äëÿ ºäèíîñò³ ðîçâ’ÿçêó çàäà÷³ (1), (2) ó ïðîñòîð³ 
2

,( 0, ; )C T W γ
α β[ ]  íåîáõ³äíî òà äîñòàòíüî, ùîá âèêîíóâàëàñü óìîâà 

 1        , ) 0pk k t∀ ∈ ∆( ≠ . (12) 

 Ä î â å ä å í í ÿ ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 4.1 ç [5, §4]. ◊ 
 4. Íàäàë³ ââàæàòèìåìî, ùî óìîâà (12) ñïðàâäæóºòüñÿ. Òîä³ äëÿ âñ³õ 

pk ∈   ñèñòåìà (10) ìàº ºäèíèé ðîçâ’ÿçîê, ³ íà ï³äñòàâ³ (3) òà (9) îòðèìóºìî 
ôîðìàëüíå çîáðàæåííÿ ðîçâ’ÿçêó çàäà÷³ (1), (2) ó âèãëÿä³ ðÿäó  

 
1 1

2, 1,

1 10 0 0

( , ) exp ( , ) ( , ) ( , )
( , ) ( , )

t t
k k

k k
k

u t x ik x G t d G t d
k t k t≥

ϕ ϕ 
= τ τ − τ τ τ ∆ ∆ 

∑ ∫ ∫ . (13) 

Çá³æí³ñòü ðÿäó (13), âçàãàë³, ïîâ’ÿçàíà ç ïðîáëåìîþ ìàëèõ çíàìåííèê³â, 
îñê³ëüêè 1( , )k t∆ , áóäó÷è â³äì³ííèì â³ä íóëÿ, ìîæå íàáóâàòè ÿê çàâãîäíî 

ìàëèõ çíà÷åíü äëÿ íåñê³í÷åííî¿ ìíîæèíè âåêòîð³â pk ∈  . 

 Çàóâàæåííÿ 1. ßêùî ñïðàâäæóºòüñÿ óìîâà (12), à 1 2( ),  ( ) ( )x x ′ϕ ϕ ∈   , 
òî ³ñíóº ºäèíèé ðîçâ’ÿçîê çàäà÷³ (1), (2), ÿêèé íàëåæèòü äî êëàñó 

2 2( 0, ; ) ( 0, ; )C T C T ′[ ] [ ]( )  , äå , ′   – ïðîñòîðè òðèãîíîìåòðè÷íèõ ïîë³íî-
ì³â òà ôîðìàëüíèõ òðèãîíîìåòðè÷íèõ ðÿä³â â³äïîâ³äíî [2, ðîçä. 2, § 6.2]. 

 Íåõàé 1 2( ),   ( ),   pk k kλ λ ∈  , – êîðåí³ ð³âíÿííÿ ( , ) 0L kλ = . Â³äîìî 

[8, c. 102], ùî ïðè êîæíîìó pk ∈   âèêîíóþòüñÿ òàê³ îö³íêè:  

 3( ) (1 )j k M k γλ ≤ + , 

 2 1(1 ) Re ( ) (1 ),       1,2jM k k M k jγ γ− + ≤ λ ≤ + = , (14) 

äå 
 1 2max ,  /2N Nγ = { } , 

 1 max 0 ;  sup Re ( )/(1 ),  1,2,  p
jM k k j kγ= λ + = ∈{ }{ } , 

 2 min 0 ;  inf Re ( )/(1 ),  1,2,  p
jM k k j kγ= − λ + = ∈{ }{ } , 

 3 sup ( ) /(1 ),  1,2,  p
jM k k j kγ= λ + = ∈{ } . 

 Íèæ÷å ó ðîáîò³ ô³ãóðóþòü äîäàòí³ ñòàë³ ,  1, ,11jC j =  , ÿê³ íå çà-

ëåæàòü â³ä k . 
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 Òåîðåìà 2. Íåõàé ñïðàâäæóºòüñÿ óìîâà (12) òà ³ñíóþòü òàê³ ñòàë³ 

,  ω δ ∈  , ùî äëÿ âñ³õ (êð³ì ñê³í÷åííî¿ ê³ëüêîñò³) pk ∈   âèêîíóºòüñÿ 
íåð³âí³ñòü  

 1( , ) (1 ) exp ( )k t k k γ−ω∆ ≥ + − δ . (15) 

 ßêùî 
11 2 5 , 2( ),  ( ) M Tx x W γ

α +ω+ γ β+δ+ϕ ϕ ∈ , òî â ïðîñòîð³ 2
,( 0, ; )C T W γ

α β[ ]  

³ñíóº ºäèíèé ðîçâ’ÿçîê çàäà÷³ (1), (2), ÿêèé çîáðàæàºòüñÿ ðÿäîì (13) ³ 
íåïåðåðâíî çàëåæèòü â³ä 1 2( ),  ( )x xϕ ϕ .  

 Ä î â å ä å í í ÿ. Íà ï³äñòàâ³ íåð³âíîñòåé (14) ³ ëåìè 12.7.7 ç [12, ñ. 162] 
âèïëèâàº, ùî äëÿ ôóíêö³é 1 2( , ),  ( , )f t k f t k  ³ ¿õí³õ ïîõ³äíèõ âèêîíóþòüñÿ òàê³ 
îö³íêè: 

 ( 1) ( 1)
1 1 1

0,
max ( , ) (1 ) exp ( ),     1,2,3j j

t T
f t k C k M T k jγ− γ +

∈
≤ + =

[ ]
, (16) 

 ( 1)
2 2 1

0,
max ( , ) (1 ) exp ( ),        1,2,3j j

t T
f t k C k M T k jγ− γ

∈
≤ + =

[ ]
. (17) 

Ç íåð³âíîñòåé (16), (17) ³ ôîðìóëè (6) îòðèìóºìî, ùî  

 
11

( 2)
3 110,

0

max ( , ) (1 ) exp (2 ),   1,2,3
tj

j
kjt T

d G t d C k M T k j
dt

−
γγ +

−∈
τ τ ≤ + =∫[ ]

, (18) 

 
11

( 2)
4 110,

0

max ( , ) (1 ) exp (2 ),    1,2,3
tj

j
kjt T

d G t d C k M T k j
dt

−
γγ +

−∈
τ τ τ ≤ + =∫[ ]

. (19) 

Ç íåð³âíîñòåé (15), (16)–(19) ³ ôîðìóëè (13) âèïëèâàº, ùî  

 ( )
5 1, 2,

0,
max ( ) ( ) ,       0,1,2q

k k kk
t T

u t C q
∈

≤ ϕ + ϕ ρ =
[ ]

, (20) 

äå 5
1(1 ) exp (2 ) ,  p

k k M T k kγγ +ωρ = + + δ ∈ ( ) . ²ç ôîðìóë (3), (20) ³ íåð³â-

íîñò³ òðèêóòíèêà äëÿ íîðìè ä³ñòàºìî îö³íêó  

 2
,( , ); ( 0, ; )u t x C T W γ

α β ≤[ ]  

 
2 2( ) 2

0,0 | 0

max ( ) (1 ) exp (2 )q
k

t Tq k

u t k k γα

∈= ≥

≤ + β ≤∑ ∑
[ ]

 

 
2

2 2 2
6 ,

1 0

(1 ) exp (2 )j k k
j k

C k k γα

= ≥

≤ ϕ ρ + β =∑ ∑  

 
1

2

6 2
1

( );j M T
j

C x W γ
α +ω+5γ,β+δ+

=

= ϕ∑ , 

ç ÿêî¿ âèïëèâàº äîâåäåííÿ òåîðåìè. ◊ 
 5. Âèÿñíèìî, íàñê³ëüêè «áàãàòà» ìíîæèíà çàäà÷, äëÿ ÿêèõ âèêîíóºòüñÿ 
îö³íêà (15). Äëÿ öüîãî âèêîðèñòàºìî äîïîì³æíå òâåðäæåííÿ, ùî º ÷àñòêîâèì 
âèïàäêîì ëåìè ç [6]. 

 Ëåìà. Íåõàé 1
1( ) n n

nb b−µ = µ + µ + +R  , äå ,  1, ,jb j n∈ =  , ³ íåõàé 

,  1, ,j j nµ =  , – êîðåí³ ìíîãî÷ëåíà ( )µR . Íåõàé 
1

1 max j
j n

B
≤ ≤

= + µR , 

1 0,
min Re ,  max exp ( )j

j n t T
t

− −

≤ ≤ ∈
Λ = µ ψ = − ΛR R R

[ ]
. ßêùî ôóíêö³ÿ ( 0, ; ( ) )nf C T∈ [ ]    

º ðîçâ’ÿçêîì çàäà÷³ Êîø³  
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 ( 1)
1( / ) ( ) 0,      (0) ,     1, , ,    0j

j nd dt f t f f j n f f−= = = + + >R   , 

òî äëÿ äîâ³ëüíîãî 
( 1)

,
,

1

(0)
,   0 ,   max

2

j
f

fn T n jj n

P f
P

n e B B

−

≤ ≤

 ε < ε < ≡  
ψ  

R
R

R R R

, 

 
1/( 1)

7 7 7
,

mes [0, ] : ( ) ,     ( , ){ }
n

f
t T f t C B C C n T

P

−ε ψ ∈ < ε ≤ = 
 

R
R

R
. 

 Òåîðåìà 3. Äëÿ äîâ³ëüíèõ ô³êñîâàíèõ êîåô³ö³ºíò³â ,  js jA s N≤ , 

1,2j = , ð³âíÿííÿ (1) ³ äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â  ) ÷èñåë 

1 (0,t T∈ ]  íåð³âí³ñòü (15) âèêîíóºòüñÿ äëÿ âñ³õ (êð³ì ñê³í÷åííî¿ ê³ëüêîñò³) 

âåêòîð³â pk ∈   ïðè 25( 2 ),  2p M Tω > + γ δ ≥ . 

 Ä î â å ä å í í ÿ. Áóäåìî ðîçãëÿäàòè âèçíà÷íèê 1( , ),   pk t k∆ ∈  , ÿê 

ôóíêö³þ â³ä çì³ííî¿ 1 0,t T∈ [ ] . Ïîêàæåìî, ùî 1( , )k t∆  º ðîçâ’ÿçêîì òàêîãî 
äèôåðåíö³àëüíîãî ð³âíÿííÿ: 

 1
1
, ( , ) 0d k k t

dt
  ∆ = 
 

S , (21) 

äå 2
1( , ) ( ( )) ( , ) ,  pk A k L k kµ = µ + µ µ ∈S  . Äèôåðåíö³þþ÷è âèçíà÷íèê 1( , )k t∆  

çà 1t , îäåðæèìî 

 

1 1

1 1

1 1 2 1

1 21
0 0

1 1 2
0 0 1 1 1 1 2 1

( , ) ( , )
( , ) ( , )( , )

( , ) ( , )
( , ) ( , )

t t

t t

f t k f t k
f k d f k dd k t

dt f k d f k d
t f t k t f t k

τ τ τ τ∆
= + =

τ τ τ τ τ τ
∫ ∫

∫ ∫
 

 
1

1 1 2 2 1 1
0

( , ) ( , ) ( , ) ( , )
t

f t k f k f t k f k d= τ τ − τ τ +∫ ( )  

 
1

1 1 2 1 2 1 1
0

( , ) ( , ) ( , ) ( , )
t

t f k f t k f k f t k d+ τ − τ τ =∫ ( )  

 
1

1 1
0

( ) ( , )
t

kt G t d= − τ τ τ∫ . (22) 

 Â³äîìî [3, ñ. 81], ùî äëÿ äîâ³ëüíî¿ ôóíêö³¿ ( ) 0,h t C T∈ [ ]  ³íòåãðàë 

2
0

( , ) ( )
t

f t k h d− τ τ τ∫  º ðîçâ’ÿçêîì ð³âíÿííÿ 2
0

, ( , ) ( ) ( )
t

dL k f t k h dt h t
dt

  − τ τ = 
  ∫ . 

Òîìó, âðàõîâóþ÷è ôîðìóëó (8), îòðèìóºìî  

 
1

1 1
1 0

, ( , ) ( , )
t

k
dL k G t d t k

dt
  τ τ = 
  ∫ W , 

 
1

1 1 1
1 0

, ( , ) ( , )
t

k
dL k G t d t t k

dt
  τ τ τ = 
  ∫ W . (23) 

Áåçïîñåðåäíüîþ ïåðåâ³ðêîþ ìîæíà âñòàíîâèòè, ùî 
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1

1 1
1 0

, ( , )
t

k
dL k t G t d

dt
  τ τ = 
  ∫  

 
1 1

1
1 1 1 1

10 0

( , )
2 ( ) ( , ) ( , )

t t
k

k

G t
d A k G t d t t k

t
∂ τ

= τ + τ τ +
∂∫ ∫ W . (24) 

²ç ôîðìóë (22)–(24) ä³ñòàºìî, ùî  

 
1 1

11
1 1

1 1 10 0

( , )( , )
, 2 ( ) ( , )

t t
k

k

G td k tdL k d A k G t d
dt dt t

∂ τ∆  = τ + τ τ  ∂  ∫ ∫ . (25) 

Âðàõîâóþ÷è ôîðìóëó Ë³óâ³ëëÿ äëÿ âðîíñê³àíà, ç (23) ìàºìî  

 
1 1

1
1

1 1 1 10 0

( , )
, , ( , )

t t
k

k

G td d dL k d L k G t d
dt t dt dt

∂ τ   τ = τ τ =   ∂   ∫ ∫  

 
1

1 1 1 1
1 1 10

, ( , ) ( , ) ( ) ( , )
t

k
d d dL k G t d t k A k t k

dt dt dt
 = τ τ = = − 
  ∫ W W . (26) 

Òîä³ ç (23), (25), (26) îòðèìóºìî ð³âí³ñòü 

 1
1 1

1 1 1

( , )
,  , ( ) ( , )

d k td dL k L k A k t k
dt dt dt

∆    = −   
   

W , 

ç ÿêî¿ íà îñíîâ³ ôîðìóëè Ë³óâ³ëëÿ ä³ñòàºìî 

 1
1

1 1 1 1

( , )
( ) , , 0

d k td d dA k L k L k
dt dt dt dt

∆     + =     
     

, 

òîáòî 1
1
, ( , ) 0d k k t

dt
  ∆ = 
 

S . 

 Ëåãêî ïåðåâ³ðèòè, ùî  

 
1 1

1

2 1
1 11

12 1
1 1 10 00

( , ) ( , )( , )
( 1) ( )

t tj jj
k k

j j j
t

G t G td k t
j d t d

dt t t

− −

− −
=

∂ τ ∂ τ∆
= − τ + − τ τ +

∂ ∂∫ ∫  

 ,4 1 ,5 1 12 ( , ) 5 ( ) ( , ),       1, ,5j jt k A k t k j+ δ − δ =W W  . (27) 

²ç ôîðìóë (11), (22), (27) âèïëèâàº, ùî 1( , )k t∆  ìàº òàê³ ïî÷àòêîâ³ çíà÷åííÿ: 

 

1 1

1 5
1 1

,5 11 5
1 10 0

( , ) ( , )
2 ,    1, ,5,    5 ( )

j

jj
t t

d k t d k t
j A k

dt dt

−

−
= =

∆ ∆
= δ = = − . (28) 

 Îòæå, ôóíêö³ÿ 1( , ),  pk t k∆ ∈  , º ðîçâ’ÿçêîì çàäà÷³ Êîø³ (21), (28). 

 Ïîçíà÷èìî: ( ),   1, ,6,   p
j k j kµ = ∈  , – êîðåí³ ìíîãî÷ëåíà ( , )kµS , 

1 6 1 6
              ( ) 1 max ( ) , ( ) min Re ( )j j

j j
B k k k k

−

≤ ≤ ≤ ≤
= + µ Λ = µS S , 

1

1
1

, 10, 1 6
1 0

( , )
( ) max exp ( ) ( ) max ( )    

j
j

jt T j
t

d k t
k k t P k B k

dt

−
− −

∆ −∈ ≤ ≤
=

 ∆ ψ = − Λ ≡  
  

S S S S
[ ]

( ), .  

 Ç³ ñòðóêòóðè êîðåí³â ( ),  1, ,6j k jµ =  , ³ ôîðìóë (14) ä³ñòàºìî, ùî 

8 2 9 2( ) (1 ),   ( ) 2 (1 ),    ( ) exp (2 )B k C k k M k k C M T k
−γ γ γ≤ + Λ ≥ − + ψ ≤S S S .  
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Îñê³ëüêè 

 

1

4
5 1

, 4
1 0

( , )
( ) ( )

t

d k t
P k B k

dt
−

∆
=

∆
≥S S , 

òî ç (28) îòðèìóºìî, ùî  

 
55

, 8( ) 2 ( ) 2 (1 )P k B k C k
−γ−

∆ ≥ ≥ +S S ( ) . 

 Ðîçãëÿíåìî òàê³ ìíîæèíè:  

 , 1 1( ) 0, : ( , ) (1 ) exp ( ) ,    pE k t T k t k k kγ−ω
δ ω = ∈ ∆ < + − δ ∈ [ ]{ } .  

²ç ëåìè âèïëèâàº, ùî ïðè 22M Tδ ≥ , 5( 2 )pω > + γ  

 
1/5

10 5

(1 ) exp ( ) ( )
mes ( ) ( )

(1 )

k k k
E k C B k

k

γ−ω

δ,ω − γ

+ − δ ψ ≤ ≤ 
+ 

S
S  

 
1/5

2
11 5

(1 ) exp ( 2 )
(1 )

(1 )

k M T k
C k

k

γ−ω
γ

− γ

+ − δ + ≤ + ≤ 
+ 

( )
 

 1(5 )/5
11 11(1 ) (1 ) pC k C k − −εγ + γ −ω≤ + ≤ + , (29)  

äå 1 ( 5( 2 ))/5 0pε = ω − + γ > . Ç íåð³âíîñò³ (29) âèïëèâàº, ùî ïðè 22M Tδ ≥ , 

5( 2 )pω > + γ  ðÿä 
0

mes ( )
k

E kδ,ω
≥

∑  º çá³æíèì. Çà ëåìîþ Áîðåëÿ – Êàíòåëë³ 

[5, c. 17] ì³ðà Ëåáåãà â   ìíîæèíè ÷èñåë 1t , ÿê³ íàëåæàòü äî íåñê³í÷åííî¿ 

ê³ëüêîñò³ ìíîæèí 2( ),  2 ,  5( 2 ),  pE k M T p kδ,ω δ ≥ ω > + γ ∈ , äîð³âíþº íóëåâ³. ◊ 

 Çàïðîïîíîâàíèé ìåòîä äîâåäåííÿ òåîðåìè 3 â³äð³çíÿºòüñÿ â³ä ìåòîäó, 
ðîçðîáëåíîãî Ï. ². Øòàáàëþêîì [5, §7.4; 14, §2.3], ³ â òåõí³÷íîìó ïëàí³ º 
çðó÷í³øèì. 
 Çàóâàæåííÿ 2. Ó òåîðåì³ 3 âêàçàíî îö³íêè çíèçó äëÿ ïîêàçíèê³â ,  ω δ ,  

ïðè ÿêèõ íåð³âí³ñòü (15) âèêîíóºòüñÿ äëÿ ìàéæå âñ³õ ÷èñåë 1 (0,t T∈ ]  ³ äëÿ 

âñ³õ (êð³ì ñê³í÷åííî¿ ê³ëüêîñò³) âåêòîð³â pk ∈  . Îäíàê ìîæóòü ³ñíóâàòè 
òàê³ ÷èñëà 1 (0,t T∈ ] , ùî íåð³âí³ñòü (15) íå âèêîíóºòüñÿ äëÿ áåçìåæíî¿ 

ê³ëüêîñò³ âåêòîð³â pk ∈   ïðè ÿê çàâãîäíî âåëèêèõ ,  ω δ . Ïîêàæåìî öå íà 
ïðèêëàä³ òàêî¿ çàäà÷³:  

 
2 2

12 2

( , ) ( , )
0,        ( , )

u t x u t x
t x Q

t x

∂ ∂− = ∈
∂ ∂

, 

 
1 1

1 2 1 1
0 0

( , ) ( ),    ( , ) ( ),     0 ,   
t t

u t x dt x tu t x dt x t T x= ϕ = ϕ < ≤ ∈ Ω∫ ∫ . (30) 

Äëÿ çàäà÷³ (30) ìàºìî 4 1 1 1 1
11,  ( , ) 4 sin sin cos

2 2 2 2
kt kt kt kt

k t k−       γ = ∆ = −            
, 

ÿêùî 
4
1

1\ 0 ,  (0, )
12
t

k t∈ ∆ ={ } . Çà òåîðåìîþ Õ³í÷èíà [13, ñ. 48] äëÿ äîâ³ëüíèõ 

0,  0ω > δ >  ³ñíóº òàêå ³ððàö³îíàëüíå ÷èñëî 1 0
2
t

>
π

, ùî íåð³âí³ñòü 

 
4

1 (1 )
exp ( ),        

2 24(1 )
kt k k Tm k

k

−ω+
− π < − δ θ =

+ θ
, 

ìàº íåñê³í÷åííó ìíîæèíó ðîçâ’ÿçê³â ó ö³ëèõ ÷èñëàõ ,  k m .  



99 

Îñê³ëüêè 

 4 1
1( , ) 4 (1 ) sin

2
kt

k t k k−  ∆ ≤ + θ = 
 

 

 4 41 14 (1 ) sin 4 (1 )
2 2

kt kt
k k m k k m− − = + θ − π ≤ + θ − π 

 
, 

äå \ 0 ,  k m∈ ∈{ }  , òî íåð³âí³ñòü 1( , ) (1 ) exp ( )k t k k−ω∆ < + − δ  ìàº íå-

ñê³í÷åííó ê³ëüê³ñòü ðîçâ’ÿçê³â ó ö³ëèõ ÷èñëàõ k . 
 Ç òåîðåì 2, 3 âèïëèâàº íàñòóïíå òâåðäæåííÿ ïðî ðîçâ’ÿçí³ñòü çàäà÷³ 
(1), (2) äëÿ ìàéæå âñ³õ ÷èñåë 1 (0,t T∈ ] . 

 Òåîðåìà 4. Íåõàé 
1 21 2 5( 3 , 2( )( ),  ( ) ,  0p M M Tx x W γ

α + + γ )+ε β+ +ϕ ϕ ∈ ε > . Äëÿ äî-

â³ëüíèõ ô³êñîâàíèõ êîåô³ö³ºíò³â ,  ,  1,2js jA s N j≤ = , ð³âíÿííÿ (1) ³ äëÿ 

ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â  ) ÷èñåë 1 (0,t T∈ ]  ó ïðîñòîð³ 
2

,( 0, ; )C T W γ
α β[ ]  ³ñíóº ºäèíèé ðîçâ’ÿçîê çàäà÷³ (1), (2), ÿêèé íåïåðåðâíî 

çàëåæèòü â³ä 1 2( ),  ( )x xϕ ϕ . 
 Ðåçóëüòàò òåîðåìè 4 º ñèëüí³øèì ïîð³âíÿíî ç ðåçóëüòàòàìè ðîá³ò 
[5, §7.4; 14, §2.3] ó òîìó ñåíñ³, ùî â íèõ âñòàíîâëåíî êîðåêòíó ðîçâ’ÿçí³ñòü 
çàäà÷ ç ³íòåãðàëüíèìè óìîâàìè äëÿ ìàéæå âñ³õ ÷èñåë 1 (0,t T∈ ]  ³ äëÿ 
ìàéæå âñ³õ âåêòîð³â, ñêëàäåíèõ ³ç êîåô³ö³ºíò³â ð³âíÿííÿ (1). 

 Çàóâàæåííÿ 3. ßêùî â ð³âíÿíí³ (1) 1 2( ),  ( )A Aξ ξ  – îäíîð³äí³ ôîðìè 

ñòåïåí³â ,  2η η  â³äïîâ³äíî (òîáòî γ = η ), à îïåðàòîð ( / , )L t D∂ ∂  º ñòðîãî 

ã³ïåðáîë³÷íèì (òîáòî êîðåí³ 2( ),  ( )k k1λ λ  ð³âíÿííÿ ( , ) 0,  pL k kλ = ∈  , º 
óÿâíèìè òà ð³çíèìè), òî íåð³âí³ñòü (15) âèêîíóºòüñÿ äëÿ ìàéæå âñ³õ ÷èñåë 

1 (0,t T∈ ]  ïðè 0,  5 ( 2 )pδ = ω > + η  äëÿ âñ³õ (êð³ì ñê³í÷åííî¿ ê³ëüêîñò³) 

âåêòîð³â pk ∈  . Ó öüîìó âèïàäêó ç òåîðåìè 4 ³ òåîðåì âêëàäåííÿ Ñîáîëºâà 

[7] âèïëèâàº, ùî äëÿ ìàéæå âñ³õ 1 (0,t T∈ ]  ó ïðîñòîð³ 2 2( 0, ; ( ) )pC T C η Ω[ ]  

³ñíóº ðîçâ’ÿçîê çàäà÷³ (1), (2), ÿêùî 1 2( ),  ( ) ( ),  6 17 1m
px x C m pϕ ϕ ∈ Ω > + η + . 

 6. Ðîçãëÿíåìî ÷àñòêîâèé âèïàäîê çàäà÷³ (1), (2), êîëè äëÿ âñ³õ pk ∈   
êîðåí³ 2( ),  ( )k k1λ λ  ð³âíÿííÿ ( , ) 0L kλ =  º ä³éñíèìè.  

 Òåîðåìà 5. ßêùî äëÿ êîæíîãî pk ∈   êîðåí³ 2( ),  ( )k k1λ λ  ð³âíÿííÿ 

( , ) 0L kλ =  º ä³éñíèìè, òî çàäà÷à (1), (2) ó ïðîñòîð³ 2
,( 0, ; )C T W γ

α β[ ]  íå 

ìîæå ìàòè á³ëüøå í³æ îäèí ðîçâ’ÿçîê. 

 Ä î â å ä å í í ÿ. Âðàõîâóþ÷è òåîðåìó 1, äîñèòü ïîêàçàòè, ùî âèêî-
íóºòüñÿ óìîâà (12). Îñê³ëüêè ôóíêö³ÿ 2 ( , )f t k  º ðîçâ’ÿçêîì çàäà÷³ Êîø³ 

2 2 2( / , ) ( , ) 0,   (0, ) 0,  (0, ) 1L d dt k f t k f k f k′= = = , òî äëÿ íå¿ ñïðàâåäëèâå îäíå ç 
íàñòóïíèõ çîáðàæåíü: 

 

2 2

2 2
2

( ( ) ( )) ( ( ) ( ))

2 2
2exp sh

( , ) ,   ( ) ( )
( ) ( )

k k t k k t

f t k k k
k k

1 1

1
1

λ + λ λ − λ      
   = λ ≠ λ

λ − λ
, (31) 

 2 2( , ) exp ( ( ) ),             ( ) ( )f t k t k t k k1 1= λ λ = λ . (32) 

Î÷åâèäíî, ùî ôóíêö³¿ (31), (32) ìàþòü ëèøå îäèí ä³éñíèé íóëü 0t =  ³ 

2 ( , ) 0f t k >  äëÿ âñ³õ 0t > . Îòæå, 2 1( , ) 0f t t k− >  äëÿ âñ³õ 1,  t t  òàêèõ, ùî 



100 

10 t t T≤ < ≤ . Îñê³ëüêè 1 2( , ) exp ( ( ) ) exp ( ( ) ( ) ) 0t k A k t k k t1= − = λ + λ >W ( ) , 

òî ç ôîðìóëè (8) ä³ñòàºìî, ùî 1( , ) 0kG t t >  ïðè 10 t t≤ < . Òîä³ ç (22) ìàºìî, 

ùî 1

1

, )
0

d k t
dt

∆(
>  ïðè 1 0t > . Îñê³ëüêè 

1
1 0

( , ) 0
t

k t
=

∆ = , òî ³íòåãðóþ÷è ïîïå-

ðåäíþ íåð³âí³ñòü, ä³ñòàíåìî, ùî 1( , ) 0k t∆ >  ïðè 1 0t > . 

 Òåîðåìà 6. Íåõàé äëÿ âñ³õ pk ∈   êîðåí³ 2( ),  ( )k k1λ λ  º ä³éñíèìè ³ 

1( )A k M k γ≤ − , äå 0M ≥ . Òîä³ äëÿ äîâ³ëüíîãî 0ν > , äëÿ âñ³õ ÷èñåë 1t > ν , 

äëÿ âñ³õ âåêòîð³â pk ∈   âèêîíóºòüñÿ íåð³âí³ñòü 

 2 2
1 1

1( , ) ( ) exp
2 2

M k
k t t

γν ∆ ≥ ν − ν  
 

. (33) 

 Ä î â å ä å í í ÿ. Äëÿ âèçíà÷íèêà 1( , )k t∆  ³ç ôîðìóë (8), (11), (22) âèïëè-
âàº òàêå çîáðàæåííÿ:  

 
1

1 2
0 0

( , ) ( , ) ( , )
t

k t u u k f u k du d
τ

∆ = τ − τ∫ ∫ W . (34) 

Çà óìîâîþ 1( ) 0A k ≤ , òîìó ( , ) 1u kτ − ≥W , êîëè uτ ≥ . Òîä³ ç (34) ä³ñòàºìî, 
ùî 

 
1

1 2
0 0

( , ) ( , )
t

k t u f u k du d
τ

∆ ≥ τ∫ ∫ . (35) 

Çì³íþþ÷è ïîðÿäîê ³íòåãðóâàííÿ ó ïîâòîðíîìó ³íòåãðàë³ ó ôîðìóë³ (35), 
îäåðæèìî  

 
1 1 1

1 2 1 2
0 0

( , ) ( , ) ( ) ( , )
t t t

u

k t u f u k d du u t u f u k du∆ ≥ τ = −∫ ∫ ∫ . (36) 

²ç ôîðìóë (31), (32) òà óìîâ òåîðåìè 6 âèïëèâàº, ùî äëÿ âñ³õ t ≥ ν   

 2 ( , ) exp
2

M k
f t k

γν ≥ ν  
 

. (37) 

Òîìó ç (36), (37) îòðèìóºìî  

 
1

1 1 2( , ) ( ) ( , )
t

k t u t u f u k du
ν

∆ ≥ − ≥∫  

 
1

2
1exp ( )

2

t
M k

u t u du
γ

ν

ν ≥ ν − = 
  ∫  

 2 2
1

1 ( ) exp
2 2

M k
t

γν = ν − ν  
 

. 

Òåîðåìó äîâåäåíî. ◊ 

 Âñòàíîâëåíà îö³íêà (33) îçíà÷àº, ùî ïðîáëåìà ìàëèõ çíàìåííèê³â 
â³äñóòíÿ ó çàäà÷³ ç ³íòåãðàëüíèìè óìîâàìè (2) äëÿ ð³âíÿíü (1), âñ³ êîðåí³ 

2( ),  ( ),  pk k k1λ λ ∈  , ÿêèõ º ä³éñíèìè, ³ äëÿ ÿêèõ 1( ) 0,  pA k k≤ ∈  . 

 Çàóâàæåííÿ 4. Ðåçóëüòàòè ðîáîòè ìîæíà ïåðåíåñòè íà âèïàäîê ð³â-
íÿíü ç³ çì³ííèìè çà t  êîåô³ö³ºíòàìè. 
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ЗАДАЧА С ИНТЕГРАЛЬНЫМИ УСЛОВИЯМИ ДЛЯ ЛИНЕЙНЫХ УРАВНЕНИЙ 
С ЧАСТНЫМИ ПРОИЗВОДНЫМИ С ПОСТОЯННЫМИ КОЭФФИЦИЕНТАМИ 
 
Èññëåäîâàíà êîððåêòíîñòü çàäà÷è ñ èíòåãðàëüíûìè óñëîâèÿìè äëÿ ëèíåéíûõ 
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè ñ ïîñòîÿííûìè êîìï-
ëåêñíûìè êîýôôèöèåíòàìè. Óñòàíîâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåí-
íîñòè ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è. Äîêàçàíû ìåòðè÷åñêèå òåîðåìû îá 
îöåíêàõ ñíèçó ìàëûõ çíàìåíàòåëåé, âîçíèêàþùèõ ïðè ïîñòðîåíèè ðåøåíèÿ 
çàäà÷è. 
 
PROBLEM WITH INTEGRAL CONDITIONS FOR LINEAR PARTIAL DIFFERENTIAL 
EQUATIONS WITH CONSTANT COEFFICIENTS 
 
The correctness of the problem with integral conditions for linear partial differential 
equations with constant coefficients is investigated. The conditions of existence and 
uniqueness of the solution of the problem are established. The metric theorems of 
estimations of small denominators of the problem are proved. 
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