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ÓÄÊ 517.2: 539.3 
 
Г. Я. Попов 
 
ОБ ОДНОМ МЕТОДЕ ПОЛУЧЕНИЯ ИНТЕГРАЛЬНЫХ  
ПРЕОБРАЗОВАНИЙ С ПРИМЕНЕНИЕМ К ПОСТРОЕНИЮ ТОЧНЫХ 
РЕШЕНИЙ КРАЕВЫХ ЗАДАЧ МАТЕМАТИЧЕСКОЙ ФИЗИКИ 
 

Èçëàãàåòñÿ ñïîñîá âûâåäåíèÿ èíòåãðàëüíûõ ïðåîáðàçîâàíèé, îñíîâàííûé íà 
ðåøåíèè ðåãóëÿðíûõ çàäà÷ Øòóðìà – Ëèóâèëëÿ ñ ïîñëåäóþùèì èñïîëüçîâà-
íèåì òåîðåìû ðàçëîæåíèÿ Ñòåêëîâà. Ïîëó÷åí ðÿä íîâûõ èíòåãðàëüíûõ ïðå-
îáðàçîâàíèé, êîòîðûå ïðèìåíÿþòñÿ äëÿ ïîñòðîåíèÿ òî÷íûõ ðåøåíèé íå-
êîòîðûõ êðàåâûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè. Ìíîãî ìåñòà óäåëÿåòñÿ 
àñèìïòîòè÷åñêîìó ðåøåíèþ òðàíñöåíäåíòíûõ óðàâíåíèé, èç êîòîðûõ 
îïðåäåëÿþòñÿ ñîáñòâåííûå ÷èñëà çàäà÷è Øòóðìà – Ëèóâèëëÿ, âõîäÿùèå â 
ÿäðà ïîëó÷åííûõ èíòåãðàëüíûõ ïðåîáðàçîâàíèé. Ýòî ïîòðåáîâàëî ïîëó÷åíèÿ 
íîâûõ àñèìïòîòè÷åñêèõ ðàçëîæåíèé äëÿ áîëüøèõ çíà÷åíèé ïàðàìåòðîâ 
ãèïåðãåîìåòðè÷åñêîé ôóíêöèè Ãàóññà. 

 
1. Íà÷íåì ñ ðåøåíèÿ êðàåâîé çàäà÷è Øòóðìà – Ëèóâèëëÿ 

 1
0 1( , ) ( ) ( , ) 0,         sL y x r x y x a x a−λ − λ λ = < <[ ] , 

 0 1( , ) ( , ) ( , ) 0,      0,1i i i i il y x y a y a i′λ ≡ α λ + α λ = = , (1) 

ãäå sL  – ñàìîñîïðÿæåííûé îïåðàòîð Øòóðìà – Ëèóâèëëÿ, îïðåäåëÿåìûé 
ôîðìóëîé 

 ( ) ( ) ( ) ( ) ( )sL y x p x y x q x y x′′≡ − +[ ] . (2) 

Áóäåì ñ÷èòàòü 1( ),  ( ),  ( ),  ( )p x p x q x r x−′  íåïðåðûâíûìè ôóíêöèÿìè íà 

îòðåçêå 0 1,a a[ ] , à 1( ) 0r x− >  òàì æå. 

Êðîìå òîãî, â ñèñòåìå (1) λ  – ïàðàìåòð, ia < ∞  è îòëè÷íûå îò íóëÿ, à 

0iα  – âåùåñòâåííûå ÷èñëà, 0,1i = . 

Äëÿ îïðåäåëåíèÿ ðåøåíèÿ êðàåâîé çàäà÷è (1) èñõîäèì èç ôóíäàìåí-
òàëüíîé ñèñòåìû ðåøåíèé 0 ( , )xϕ λ  è 0 ( , )xχ λ  äèôôåðåíöèàëüíîãî óðàâíå-

íèÿ èç (1). 
×òîáû, êðîìå äèôôåðåíöèàëüíîãî óðàâíåíèÿ êðàåâîé çàäà÷è (1), óäîâ-

ëåòâîðèòü è îäíîìó èç êðàåâûõ óñëîâèé â (1), âûáåðåì ðåøåíèå (1) â âèäå  

 0 1 0 0 1 0( , ) ( , ) ( , ) ( , ) ( , )y x x l x x l xλ = ϕ λ χ λ − χ λ ϕ λ  (3) 

ëèáî â âèäå 

 0 0 0 0 0 0( , ) ( , ) ( , )y x x l x lλ = ϕ λ χ − χ λ ϕ . (4) 

Åñëè âûáðàòü ðåøåíèå â âèäå (3), òî âòîðîå ãðàíè÷íîå óñëîâèå â (1) 
áóäåò òîæäåñòâåííî óäîâëåòâîðåíî, à åñëè èñïîëüçîâàòü (4), òî òîæäåñòâåí-
íî áóäåò óäîâëåòâîðåíî ïåðâîå óðàâíåíèå. Â îáîèõ ñëó÷àÿõ, ÷òîáû îáà ãðà-
íè÷íûõ óñëîâèÿ (1) áûëè óäîâëåòâîðåíû, äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü 
ðàâåíñòâî  

 0 0 1 0 0 0 1 0( , ) ( , ) ( , ) ( , ) 0l x l x l x l xϕ λ χ λ − χ λ ϕ λ = . (5) 

Êîðíè ,  0,1,2,j jλ = λ =  , ýòîãî òðàíñöåíäåíòíîãî óðàâíåíèÿ è áóäóò 

ÿâëÿòüñÿ ñîáñòâåííûìè ÷èñëàìè êðàåâîé çàäà÷è Øòóðìà – Ëèóâèëëÿ (1). 
Äëÿ îêîí÷àòåëüíîãî ðåøåíèÿ ïîñëåäíåãî íóæíî ïîêàçàòü, ÷òî óðàâíå-

íèå (5) èìååò ñ÷åòíîå ÷èñëî âåùåñòâåííûõ íå êðàòíûõ íóëåé è ñîáñòâåííûå 
ôóíêöèè, îòâå÷àþùèå ðàçíûì ñîáñòâåííûì ÷èñëàì, îðòîãîíàëüíû, ò. å. 
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Îòñóòñòâèå êðàòíûõ êîðíåé óðàâíåíèÿ (5) ñëåäóåò èç òîãî, ÷òî êàæäî-
ìó ñîáñòâåííîìó jλ  ÷èñëó îòâå÷àåò íå áîëåå îäíîé ñîáñòâåííîé ôóíêöèè 

( , )jy x λ . Ýòî ïîêàçàíî â ðàáîòå [12]. Äëÿ äîêàçàòåëüñòâà ñ÷åòíîñòè êîðíåé 

óðàâíåíèÿ (5) ñëåäóåò ñâåñòè êðàåâóþ çàäà÷ó ê ðàâíîñèëüíîìó åé èíòåã-
ðàëüíîìó óðàâíåíèþ [12]. Ñ ýòîé öåëüþ ïîñòðîèì ôóíêöèþ Ãðèíà ( , )G x ξ  
ñàìîñîïðÿæåííîé êðàåâîé çàäà÷è 

 0 1( ) ( ),       sL y x f x a x a= < < , 

 ( ) 0,             0,1il y x i= = . (7) 

Èñïîëüçóÿ ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé ( )jy x  äèôôåðåíöèàëüíîãî 

óðàâíåíèÿ ( ) 0,  0,1s jL y x j= = , íàõîäèì áàçèñíóþ ñèñòåìó ðåøåíèé [7] 

( )j xψ  êðàåâîé çàäà÷è (7), ò. å. ôóíêöèè, îáëàäàþùèå ñâîéñòâîì 

 0 1( ) 0,       s jL x a x aψ = < < , 

 ( ) ,       , 0,1i j ijl x i jψ = δ = . (8) 

Òîãäà ôóíêöèþ Ãðèíà îïðåäåëÿåì ïî ôîðìóëå 

 
0 0 1

0 0 1
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c x x

ψ ξ ψ < ξξ = ξ = 
ψ ψ ξ < ξ

 

ãäå 1
0 0 1( ) ( , )c p x W− = ψ ψ . Ýòà âåëè÷èíà ïîñòîÿííà, ïîñêîëüêó âðîíñêèàí ëþ-

áûõ äâóõ ëèíåéíî íåçàâèñèìûõ ðåøåíèé ( ),  0,1jy x j = , äèôôåðåíöèàëüíî-

ãî óðàâíåíèÿ èç (8) îáëàäàåò ñâîéñòâîì 0 1( ) ( , ) constp x W y y = , ÷òî ïðîâåðÿ-

åòñÿ íåïîñðåäñòâåííî. 
Ðàñïîëàãàÿ ôóíêöèåé Ãðèíà êðàåâîé çàäà÷è (7), ñâîäèì [12] çàäà÷ó 

Øòóðìà – Ëèóâèëëÿ (1) ê èíòåãðàëüíîìó óðàâíåíèþ 

 
1

0

0 1( ) ( , ) ( ) 0,    
a

a

x x d a x aϕ − λ ξ ϕ ξ ξ = ≤ ≤∫ K , (9) 

ñ ñèììåòðè÷íûì è íåïðåðûâíûì ÿäðîì 
( , )

( , )
( ) ( )

G x
x

r x r

ξ
ξ =

ξ
K , ïðè ýòîì 

( , ) ( ) ( )y x r x xλ = ϕ . Â [12] ïîêàçàíà ðàâíîñèëüíîñòü êðàåâîé çàäà÷è (1) è 
èíòåãðàëüíîãî óðàâíåíèÿ (9). Îòñþäà è ñëåäóåò ñ÷åòíîñòü è âåùåñòâåííîñòü 
êîðíåé óðàâíåíèÿ (5), ò. å. ñîáñòâåííûõ ÷èñåë êðàåâîé çàäà÷è Øòóðìà – 
Ëèóâèëëÿ (1) è èíòåãðàëüíîãî óðàâíåíèÿ (9), à òàêæå îðòîãîíàëüíîñòü (6) 
ñîáñòâåííûõ ôóíêöèé. Åñëè òåïåðü âîñïîëüçîâàòüñÿ òåîðåìîé ðàçëîæåíèÿ 
Ñòåêëîâà [12], òî âñÿêóþ ôóíêöèþ ( )f x , óäîâëåòâîðÿþùóþ ãðàíè÷íîìó 

óñëîâèþ ( ) 0,  0,1il f x i= = , è èìåþùóþ íåïðåðûâíóþ âòîðóþ ïðîèçâîäíóþ 

íà îòðåçêå 0 1,a a[ ] , ìîæíî ðàçëîæèòü â ðàâíîìåðíî ñõîäÿùèéñÿ ðÿä ïî 

ñîáñòâåííûì ôóíêöèÿì ( , )jy x λ  çàäà÷è Øòóðìà – Ëèóâèëëÿ: 

 
0

( ) ( , )j j
j

f x c y x
∞

=

= λ∑ .  (10) 
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Âîñïîëüçîâàâøèñü îðòîãîíàëüíîñòüþ (6), íàéäåì êîýôôèöèåíòû ðàçëî-
æåíèÿ jc . Òàêèì îáðàçîì, âìåñòî (10) áóäåì èìåòü 

 
1

0

2
0

( , ) ( , )
( ) ( )

( )( , )

a
j j

j aj

y x y x
f x f x dx

r xy x

∞

=

λ λ
=

λ
∑ ∫ . (11) 

Åñëè òåïåðü ïðèíÿòü âî âíèìàíèå óòî÷íåíèå òåîðåìû ðàçëîæåíèÿ 
Ñòåêëîâà, ñäåëàííîå â [12], òî ïîëó÷åííûé ðåçóëüòàò ìîæåì ñôîðìóëèðî-
âàòü â âèäå ñëåäóþùåé òåîðåìû. 

Òåîðåìà. Åñëè îïðåäåëåíà òðàíñôîðìàíòà ôóíêöèè ( )f x , çàäàâàåìàÿ 
ôîðìóëîé 

 
1

0

( , ) ( )

( )

a
j

i
a

y x f x
f dx

r x

λ
= ∫ , 

òî äëÿ íàõîæäåíèÿ îðèãèíàëà, ò. å. ñàìîé ôóíêöèè ( )f x , ñëåäóåò âîñ-
ïîëüçîâàòüñÿ ðÿäîì 
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0

( , )
( )

( , )

j
j

j j

y x
f x f

y x

α

=

λ
= ⋅

λ
∑ , 

êîòîðûé ðàâíîìåðíî ñõîäèòñÿ, êîëü ñêîðî ôóíêöèÿ ( )f x  íåïðåðûâíà íà 

0 1,a a[ ] , èìååò ïðîèçâîäíóþ ñ êîíå÷íûì ÷èñëîì ðàçðûâîâ íà 0 1,a a[ ]  è 

óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì ( ) 0,  0,1il f x i= = . 

Ïðåäëîæåííûé ìåòîä ïîëó÷åíèÿ èíòåãðàëüíûõ ïðåîáðàçîâàíèé óæå 
ïðèìåíÿëñÿ â ðàáîòå [8] äëÿ ÷àñòíûõ ñëó÷àåâ. 

Â ðàáîòå [9] äëÿ ïîëó÷åíèÿ íîâûõ èíòåãðàëüíûõ ïðåîáðàçîâàíèé ïðè-
ìåíåí ìåòîä Òèò÷ìàðøà [14]. Èçëîæåííûì íèæå ìåòîäîì âûâåäåì áîëåå 
îáùèå èíòåãðàëüíûå ïðåîáðàçîâàíèÿ, ÷åì ïîëó÷åííûå â [9]. 

2. Â ðàáîòå [9] äëÿ ôóíêöèé ( )f θ , çàäàííûõ íà îòðåçêå 0 1,ω ω[ ] , ãäå 

0 10,  ω ≤ ω < π , áûëî âûâåäåíî íîâîå èíòåãðàëüíîå ïðåîáðàçîâàíèå, ÿäðîì 

êîòîðîãî ÿâëÿëàñü ëèíåéíàÿ êîìáèíàöèÿ ñôåðè÷åñêèõ ôóíêöèé, âåðõíèå 
èíäåêñû êîòîðûõ áûëè öåëûìè ïîëîæèòåëüíûìè ÷èñëàìè. Êàê óâèäèì íè-
æå, íåêîòîðûå êðàåâûå çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè ìîæíî ðåøàòü òî÷-
íî ñ ïîìîùüþ èíòåãðàëüíûõ ïðåîáðàçîâàíèé ñ ÿäðàìè, ñîäåðæàùèìè ñôå-
ðè÷åñêèå ôóíêöèè ñ âåðõíèìè èíäåêñàìè, êîòîðûå ÿâëÿþòñÿ ïîëîæèòåëü-
íûìè, íî íå öåëûìè ÷èñëàìè. Äàäèì îáîáùåíèå ðåçóëüòàòîâ ðàáîòû [9] íà 
ýòîò ñëó÷àé. Äëÿ ýòîãî ðàññìîòðèì ÷àñòíûé ñëó÷àé êðàåâîé çàäà÷è (1): 

 0 1( , ) ( 1) sin ( , ) 0,     ,     0,1s m mL y y mθ ν − ν ν + θ θ ν = ω < θ < ω < π = , 

 ( , ) 0,      0,1m
i ml y iθ ν = = , (12) 

ãäå ν  – ïàðàìåòð, äèôôåðåíöèàëüíûé îïåðàòîð Øòóðìà sL  èìååò âèä 

 2( ) sin ( ) cosec ( )sL y y y
••θ = − θ θ + µ θ θ[ ] , 

à ãðàíè÷íûå ôóíêöèîíàëû â (12) îïðåäåëÿþòñÿ ôîðìóëàìè 

 0 1( ) ( ),      ( ) ( ) ( ),     0,1i i i i i il y y l y h y y i•θ = ω θ = ω + ω = , (13) 

ïðè÷åì ih  – âåùåñòâåííûå ÷èñëà, µ  – ïîëîæèòåëüíîå (íå öåëîå) ÷èñëî. 

Òî÷êîé ïîìå÷åíà ïðîèçâîäíàÿ ïî θ . Ôóíäàìåíòàëüíîé ñèñòåìîé ðåøåíèé 
äèôôåðåíöèàëüíîãî óðàâíåíèÿ èç (12) áóäóò [1] ñôåðè÷åñêèå ôóíêöèè 
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(cos )Pµ
ν θ  è (cos )Qµ

ν θ , ïîýòîìó ñîãëàñíî èçëîæåííîìó â ï. 1 ðåøåíèåì êðàå-

âûõ çàäà÷ (12) áóäóò ôóíêöèè 

 1 1( , ) (cos ) (cos ) (cos ) (cos ),   0,1m m
my P l Q Q l P mµ µ µ µ

ν ν ν νθ ν = θ θ − θ θ = , (14) 

à ñîáñòâåííûå ÷èñëà ,  0,1,j jν = ν =  , áóäóò îïðåäåëÿòüñÿ èç òðàíñöåí-

äåíòíûõ óðàâíåíèé  

 , 0 1 0 1(cos ) (cos ) (cos ) (cos ) 0,  0,1m m m m ml P l Q l Q l P mµ µ µ µ
ν µ ν ν ν νΩ ≡ θ θ − θ θ = = . (15) 

Ïðè ýòîì ðàçëîæåíèå (11) çàïèøåòñÿ â âèäå 

 
1

0

2
0

( , )
( ) ( , ) sin ( ) ,      0,1

( , )

m j
m j

j m j

y
f y f d k

y

ω∞

= ω

θ ν
θ = θ ν θ θ θ =

θ ν
∑ ∫ . (16) 

Ïðåæäå, ÷åì ñôîðìóëèðîâàòü àíàëîã òåîðåìû èç ï. 1 äëÿ ðàññìàòðèâàåìîãî 
÷àñòíîãî ñëó÷àÿ, çàéìåìñÿ âû÷èñëåíèåì 

 
1

0

2 2( , ) ( , ) sin ,    0,1,    0,1,2,m
m j m j jy y d m j

ω

µ
ω

θ ν = θ ν θ θ = σ = =∫  . 

Ñîãëàñíî (14) èìååì 

 2 (1) 2 (2) (0)2m
j b J a J abJµ ν ν νσ = + − , (17) 

 1 1 1 1(cos ) ,               (cos )m m m ma l P l P b l Q l Qµ µ µ µ
ν ν ν ν= θ ≡ = θ ≡ , 

 
1 1

0 0

2(1)
(0)

(2)

(cos )
sin ,     (cos ) (cos ) sin

(cos )

J P
d J P Q d

J Q

ω ωµ
ν ν µ µ

ν ν νµ
ω ων ν

θ      = θ θ = θ θ θ θ   
   θ   

∫ ∫ . 

Çäåñü è äàëåå ïîä ν  èìååì â âèäó ñîáñòâåííûå ÷èñëà jν . Äëÿ âû÷èñëåíèÿ 

èíòåãðàëîâ, êàê è â [8], èñïîëüçóåì ìåòîä Ëîììåëÿ [3], îñíîâàííûé íà 
îïåðèðîâàíèè ñ äâóìÿ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè Ëåæàíäðà 

 ( ) ( 1) sin ( ),      ( ) ( 1) sin ( )s sL U U L V Vθ = ν ν + θ θ θ = γ γ + θ θ , (18) 

ðåøåíèÿìè êîòîðûõ ñîîòâåòñòâåííî ÿâëÿþòñÿ ôóíêöèè ( ) (cos )U Pµ
νθ = θ , 

(cos )Qµ
ν θ  è ( ) (cos ),  (cos )V P Qµ µ

γ γθ = θ θ , è ïîçâîëÿþùèé ïîëó÷èòü ôîðìóëó 
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0

0

( ) ( ) sin ( ) ( ) sin
sin ( ) ( )

( 1) ( 1)

U V V U
U V d

ωω
ω

ω

θ θ θ − θ θ θ
θ θ θ θ =

ν ν + − γ γ +∫
 [ ]

. 

Îïèðàÿñü íà ýòó ôîðìóëó è âûïîëíÿÿ îïåðàöèè àíàëîãè÷íûå, ïðîäåëàííûì 
â [8], íàõîäèì 
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(cos ) (cos )
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2 1
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1

0

sin (cos ) (cos ) sin (cos ) (cos )d dQ P Q P
d d

ω
µ µ µ µ
ν ν ν ν

ω

 = θ θ θ − θ θ θ  ν ν
  , 

 (cos ) (cos )dP P
d

µ µ
ν νθ = θ

θ
 . 

Ïîäñòàâèâ ïîëó÷åííûå âûðàæåíèÿ â (17) (ïðè÷åì ïðè ïîäñòàíîâêå 
(0)2Jν  ñëåäóåò èñïîëüçîâàòü ñóììó äâóõ ïîñëåäíèõ âûðàæåíèé), ïîëó÷èì 

 
2 1

,
0

( , ) ,     0,1
(2 1)

j

m
m m
j k j m

l Q dy m
dl Q

µ
µν ν

µ ν µµ
ν ν =ν

Γ 
σ = θ ν = − Ω = νν + 

, (19) 

ãäå 

 2

1 1 11 ( ) ( )
2 2 2

2
1 1 11 ( ) ( )
2 2 2

µ
µν

   Γ + µ + ν Γ + µ + ν   
   Γ = ⋅
   Γ + ν − µ Γ + ν − µ   
   

. 

Ïðèíèìàÿ âî âíèìàíèå (19) è ñîîòíîøåíèå (16), óñòàíàâëèâàåì íîâîå 
èíòåãðàëüíîå ïðåîáðàçîâàíèå 

 
1

0

( , ) sin ( ) ,        0,1,        0,1,2,m
j m jf y f d m j

ω

ω

= θ ν θ θ θ = =∫  , (20) 

ñ ôîðìóëîé îáðàùåíèÿ 

 
0

( , )
( ) ,        0,1m j m

jm
j j

y
f f m

∞

= µ

θ ν
θ = ⋅ =

σ
∑ . (21) 

Ïðè ýòîì äëÿ ðàâíîìåðíîé ñõîäèìîñòè çàïèñàííîãî ðÿäà íà ôóíêöèþ ( )f θ  
ñëåäóåò íàëîæèòü òå æå îãðàíè÷åíèÿ, ÷òî è â òåîðåìå. 

 3. Ïðè ïîëó÷åíèè ñôîðìóëèðîâàííîãî ðåçóëüòàòà ñ öåëüþ îñòàâàòüñÿ â 
ðàìêàõ ðåãóëÿðíîñòè êðàåâîé çàäà÷è Øòóðìà – Ëèóâèëëÿ ñäåëàíî îãðàíè-
÷åíèå 0 0ω ≠ . Âî ìíîãèõ çàäà÷àõ òðåáóåòñÿ èíòåãðàëüíîå ïðåîáðàçîâàíèå 

(20) ïðè 0 0.ω =  Â ðàáîòå [9] òàêîå ïðåîáðàçîâàíèå äëÿ öåëûõ ïîëîæèòåëü-

íûõ çíà÷åíèé âåðõíèõ èíäåêñîâ ñôåðè÷åñêèõ ôóíêöèé, ò. å. êîãäà mµ = , 

ãäå m  – öåëîå ÷èñëî, ïîëó÷åíî ïðåäåëüíûì ïåðåõîäîì 0 0.ω →  Ïðè ýòîì 

èñïîëüçîâàíà ôîðìóëà 3.6.1 (2) èç [1] äëÿ (cos )mPν θ , ïîëó÷åííàÿ òàì ìåòî-

äîì, â êîòîðîì ñóùåñòâåííî èñïîëüçóåòñÿ òî, ÷òî m  – öåëîå ïîëîæèòåëü-
íîå ÷èñëî. ×òîáû ñîâåðøèòü â ôîðìóëàõ (20) è (21) ïðåäåëüíûé ïåðåõîä 

0 0ω → , íåîáõîäèìî èìåòü àíàëîãè÷íóþ ôîðìóëó äëÿ (cos )Pµ
ν θ  ïðè µ  íå 

öåëîì. Òàêàÿ ôîðìóëà ïîëó÷åíà è èìååò âèä (äëÿ 0 < θ < π ) 

 2( 1) sin
(cos ) 1 , ;1 ; sin

22 ( 1) ( 1)
P F

µ
µ
ν µ

Γ ν + µ + θ θ θ = + µ + ν µ − ν + µ 
 Γ ν − µ + Γ µ +

. (22) 

×òîáû óáåäèòüñÿ â åå ñïðàâåäëèâîñòè, äîñòàòî÷íî ïðîâåðèòü, ÷òî ( )U θ , âû-
áðàííàÿ â âèäå (22), óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ Ëå-
æàíäðà (18). Èç ïðåäñòàâëåíèÿ (22) ñëåäóåò, ÷òî 

 
0

(cos ) 0,           0Pµ
ν θ=

θ = µ > , 

 
0

0 0
(cos ) 0,        1ml Pµ

ν ω =
θ = µ > . (23) 

Ó÷èòûâàÿ ýòî, ñîâåðøèì ïðåäåëüíûé ïåðåõîä 0 10 ( )ω → ω = ω  â ôîðìóëàõ 

(20) è (21), ïðè÷åì ýòîò ïåðåõîä ëó÷øå ñäåëàòü â ôîðìóëå (16), èç êîòîðîé 
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îíè ïîëó÷åíû. Óêàçàííûé ïðåäåëüíûé ïåðåõîä ïðåäâàðèòåëüíî ñîâåðøèì 
â òðàíñöåíäåíòíîì óðàâíåíèè (15), èç êîòîðîãî îïðåäåëÿþòñÿ ñîáñòâåííûå 
÷èñëà jν . Â ñèëó (23) òðàíñöåíäåíòíîå óðàâíåíèå (15) ïåðåéäåò â óðàâ-

íåíèå 

 1 1 1(cos ) 0,          0,1,       m ml P l P mµ µ
ν νθ ≡ = = ω = ω , (24) 

è ñîáñòâåííûå ôóíêöèè (14) áóäóò îïðåäåëÿòüñÿ ôîðìóëàìè  

 1( , ) (cos ) m
my P l Qµ µ

ν νθ ν = θ . (25) 

Ïðè ïðåäåëüíîì ïåðåõîäå 0 0ω →  â âûðàæåíèè äëÿ ,
m
ν µ∂Ω

∂ν
 ãëàâíûé 

âêëàä áóäåò âíîñèòü ñëàãàåìîå 0 1
m ml Q l Pµ µ

ν ν
∂−

∂ν
( ) , ò. ê. 

0
(cos )Qµ

ν θ→
θ → ∞ .  

Åñëè âñå ýòî ó÷åñòü â ôîðìóëå (16), òî ïðè 0 0ω →  ôîðìóëû (20) è (21) 

ïåðåõîäÿò â ñëåäóþùèå: 

 
0

(cos ) sin ( ) ,         0,1m
jf P f d m

ω
µ
ν= θ θ θ θ =∫ ,   (26) 

 1

0 1

(2 1) (cos )
( ) ,        0,1

j

m
m
jm

j

l Q P
f f m

d l P
d ν=ν

µ µ∞
ν ν

µ= µν ν

 ν + θ
θ = ⋅ = 

 Γ ν
∑

( )
,   (27) 

ò. å. â êà÷åñòâå ñîáñòâåííûõ ôóíêöèé ìîæíî áðàòü  

 ( , ) (cos ),       0,1my P mµ
νθ ν = θ = . 

Âàæíî îòìåòèòü, ÷òî òðàíñöåíäåíòíîå óðàâíåíèå (24) ïðè 10, m = ω =  

/2= ω = π  èìååò ðåøåíèå â ÿâíîì âèäå. Äåéñòâèòåëüíî, â ýòîì ñëó÷àå îíî 
ïðèíèìàåò âèä 

 cos (0) 0
2

P Pµ µ
ν ν

π  = = 
 

.  (28) 

Åñëè ó÷åñòü (22), à òàêæå ôîðìóëó 3.8 (50) èç [1], òî óðàâíåíèå (28) 
çàïèøåòñÿ â âèäå  

 
1

1 1 1
(0) 2 ( ) ( 1) 0

2 2
P

−
µ −µ −
ν

ν + µ ν − µ +    = Γ ν + µ Γ Γ ν − µ + Γ =        
. (29) 

Ó÷èòûâàÿ ïîëþñû Γ -ôóíêöèè, óñòàíàâëèâàåì äâå ñåðèè êîðíåé óðàâíå-
íèÿ (29): 

 12 1,          1,       0,1,2,j jj j jν = µ + + ν = µ − − =  , (30) 

ïðè÷åì âòîðóþ ñåðèþ îòáðàñûâàåì, ïîñêîëüêó íà îñíîâå (25) è (22) ñîáñò-

âåííûå ôóíêöèè 1
0 ( , ) 0,  0,1,2,jy jθ ν = =  . Ñëåäîâàòåëüíî, ñîáñòâåííûå 

ôóíêöèè 0 ( , )jy θ ν  ñîãëàñíî (25) áóäóò îïðåäåëÿòüñÿ ôîðìóëîé  

 0 2 1 2 1
(2 sin ) 1( , ) (cos ) ( ) (cos ),   

2j j jy P C
µ

µ λ
µ+ + +

θθ ν = θ = Γ λ θ λ = µ +
π

. (31) 

(Çäåñü ( )nC zλ  – ìíîãî÷ëåíû Ãåãåíáàóýðà). ×òîáû óáåäèòüñÿ â ñïðàâåäëèâîñ-

òè âòîðîãî ðàâåíñòâà, ñëåäóåò ó÷åñòü (22), (30), à òàêæå ôîðìóëó 10.9 (20) 
èç [2]. ×òîáû çàïèñàòü èíòåãðàëüíîå ïðåîáðàçîâàíèå (26), (27) äëÿ ðàññìàò-
ðèâàåìîãî ñëó÷àÿ, íóæíî âû÷èñëèòü  
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 0
1 /2

(0),      (0)dl Q Q P
d

µ µ µ
ν ν νθ=π

=
ν

 ïðè 2 1jν = µ + + . (32) 

Ïîëüçóÿñü ôîðìóëîé 3.4 (21) èç [1], ïîëó÷àåì  

 1 1
2 1

3(0) 2 cos ( 1)
2jQ j jµ µ+ −

µ+ +
 = − µπ π Γ µ + + Γ + 
 

. (33) 

×òîáû ïîëó÷èòü çíà÷åíèå äëÿ âòîðîãî èç âûðàæåíèé (32), ñëåäóåò âû-
ïîëíèòü äèôôåðåíöèðîâàíèå (29) ïî ν  è ïîëîæèòü çàòåì 2 1jν = µ + + . Â 
ðåçóëüòàòå íàõîäèì  

 
2 1

(0) (2 2 1)

12
2

j

dP j
d

j

µ
ν

µ
ν =µ + +

Γ µ + +=
ν  Γ µ + + 

 

. (34) 

Ïðè ïîëó÷åíèè (34) èñïîëüçîâàíî ðàâåíñòâî 

 1( 2 1) ( 2 1) (2 2),        0,1,2,j j j j−ψ − − Γ − − = Γ + =  , 

âûòåêàþùåå èç ôîðìóëû I (1.24) èç [7]. Åñëè ó÷åñòü ðàâåíñòâà (31), (33) è 
(34), òî ôîðìóëû (26) è (27) áóäóò ïîðîæäàòü òàêîå èíòåãðàëüíîå ïðåîáðà-
çîâàíèå äëÿ ôóíêöèé, çàäàííûõ íà îòðåçêå 0, /2π[ ] : 

 
/2

2 1
0

1sin (cos ) sin ( ) ,      
2j jf C f d

π
µ λ

+= θ θ θ θ θ λ = µ +∫ , 

 
1 2

2 1
0

2 ( ) ( 1 2 )
( ) sin (cos )

( ) (2 2 ) j j
j

j
f C f

j j

λ −∞
µ λ

+
=

Γ λ λ + +
θ = − θ θ ⋅

π λ + Γ λ +∑ . 

Ïðè íàõîæäåíèè 1( , )jy θ ν , ò. å. ðåøåíèå çàäà÷è (12) ïðè 1m =  è 0 < θ < ω , 

ñëåäóåò ó÷åñòü, ÷òî ñîáñòâåííûå ÷èñëà jν  – ýòî êîðíè óðàâíåíèÿ (24) ïðè 

1m = . ßâíûõ ôîðìóë äëÿ êîðíåé ýòîãî óðàâíåíèÿ íå óäàëîñü íàéòè. Îäíà-
êî ýòî óäàåòñÿ ñäåëàòü äëÿ ÷àñòíîãî ñëó÷àÿ, êîãäà â ãðàíè÷íûõ ôóíêöèîíà-
ëàõ (13) ïîëîæèòü 0,  0,1ih i= = , è /2ω = π . Â ýòîì ñëó÷àå ñîáñòâåííàÿ 
ôóíêöèÿ áóäåò îïðåäåëÿòüñÿ ôîðìóëîé 

 ( , ) (cos ),      0,1,2, ,     0 /2
jjy P jµ

∗ νθ ν = θ = < θ < π , (35) 

è ñîãëàñíî (13) è (24) ñîáñòâåííûå ÷èñëà jν  íàõîäèì èç óðàâíåíèÿ  

 
/2

cos (0) (cos ) 0
2

dP P P
d

µ µ µ
ν ν ν

θ=π

π  = = θ =  θ 
  . 

Âûïîëíèâ äèôôåðåíöèðîâàíèå âûðàæåíèÿ (22) ïî θ  è ïîëîæèâ /2θ = π , 
ïîëó÷àåì  

 (0)Pµ
ν =  

 
1

1 1 1
2 ( 1) ( 1) 0

2 2

−
−µ − ν + µ + µ − ν    = π Γ ν + µ + Γ Γ Γ ν − µ + =        

. (36) 

Ó÷èòûâàÿ ïîëþñû ãàììà-ôóíêöèè Ýéëåðà, âûÿâëÿåì äâå ñåðèè êîðíåé 
òðàíñöåíäåíòíîãî óðàâíåíèÿ (36): 

 12 ,      1,       0,1,2,j jj j jν = µ + ν = µ − − =  . 

Ïðè ýòîì çíà÷åíèÿ èç âòîðîé ñåðèè íå ìîãóò áûòü ñîáñòâåííûìè ÷èñëàìè, 
òàê êàê îòâå÷àþùèå èì ñîáñòâåííûå ôóíêöèè (35) â ñèëó (22) áóäóò ðàâ-
íû íóëþ. Òàêèì îáðàçîì, ñîáñòâåííûå ôóíêöèè (35) áóäóò îïðåäåëÿòüñÿ 
ôîðìóëîé  
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 2 2
2 ( ) 1( , ) (cos ) (cos ),      

2j j jy P C
µ

µ λ
∗ µ+

Γ λθ ν = θ = θ λ = µ +
π

. 

Â ñïðàâåäëèâîñòè âòîðîãî ðàâåíñòâà ìîæíî óáåäèòüñÿ, åñëè ó÷åñòü (22), à 
òàêæå ôîðìóëó 10.9 (21) èç [2]. 

×òîáû âûÿâèòü, êàêîé âèä ïðèîáðåòóò ôîðìóëû (26) è (27) äëÿ ðàçáè-
ðàåìîãî ÷àñòíîãî ñëó÷àÿ, ñëåäóåò îïðåäåëèòü 

 
1

1 1
1 (0),    (0)

dl dl Q Q P P
d d

µ µ µ µ
ν ν ν ν= =

ν ν
   ïðè  2 ,    0,1,2,j jν = µ + =  .  

Âîñïîëüçîâàâøèñü ôîðìóëîé 3.4 (22) èç [1], íàõîäèì 

 1
2

1(0) 2 ( 1) cos ( 1 )
2

j
jQ j jµ µ −

µ+
 = − π − µπ Γ µ + + Γ + 
 

 . 

Äàëåå, ïîñëå äèôôåðåíöèðîâàíèÿ (36) ïî ν  è ôèêñàöèè 2jν = µ +  ïîëó÷èì 

 
2

(2 2 1)
(0)

12
2

j

jd P
d

j

µ
ν

µν =µ +

Γ µ + += −
ν  Γ µ + + 

 

 . 

Ó÷èòûâàÿ âñå ýòî, èç (26) è (27) âûâîäèì òàêîå èíòåãðàëüíîå ïðåîáðà-
çîâàíèå äëÿ ôóíêöèé ( )f θ , çàäàííûõ íà îòðåçêå 0 /2≤ θ ≤ π : 

 
/2

2
0

1sin (cos ) sin ( ) ,      
2j jf C f d

π
µ λ= θ θ θ θ θ λ = µ +∫ , 

 
2

2
0

2 ( ) (2 )( 1) !
( ) sin (cos )

(1 ) (2 2 )

j

j j
j

j j
f C f

j

λ ∞
µ λ

=

π Γ λ + λ −θ = θ θ
Γ − λ Γ + λ∑ . (37) 

4. Äàëüøå íàì ïîíàäîáèòñÿ åùå îäíî èíòåãðàëüíîå ïðåîáðàçîâàíèå, 
âûòåêàþùåå èç ðåøåíèÿ çàäà÷è Øòóðìà – Ëèóâèëëÿ (1), êîãäà ( ) 1r x = , 

x r= , ïàðàìåòð λ  çàìåíåí íà 2λ , à â îïåðàòîðå (2) 2( ) ( )p x p r r= = , 

( ) ( ) 1/4q x q r= = − . Â ðåçóëüòàòå ïîëó÷àåì êðàåâûå çàäà÷è 

 2 2
0 1

1( , ) ( , ) 0,      ,     0,1
4m mr v r v r a r a m′  ′ λ + + λ λ = < < = 

 
[ ] , 

 0 1( , ) 0,   0,1,    ( ) ( ),   ( ) ( ) ( )m
j m i i i i i il v r i l v r v a l v r h v a v a′λ = = = = + . (38) 

Ýòî ÷àñòíûé ñëó÷àé ( 0k = ) êðàåâûõ çàäà÷, ðåøåííûõ â [8]. Ïîñêîëüêó èç 
ïîëó÷åííûõ òàì ðåøåíèé îïðåäåëèòü ðåøåíèÿ çàäà÷ (38) ïóòåì ïðåäåëüíî-
ãî ïåðåõîäà 0k →  çàòðóäíèòåëüíî, áóäåì ðåøàòü êðàåâûå çàäà÷è (38) ñ 
èñïîëüçîâàíèåì ñõåìû ï. 1. Íåïîñðåäñòâåííî ïðîâåðêîé ìîæíî óáåäèòüñÿ, 
÷òî ôóíäàìåíòàëüíîé ñèñòåìîé ðåøåíèé äèôôåðåíöèàëüíîãî óðàâíåíèÿ èç 
(38) áóäóò ôóíêöèè  

 
0

0

( , ) ( ) ( ) sin ( ln )1 ,       
( , ) ( ) ( ) cos ( ln )

r A r A r r

rr B r B r r

λ λ

λ λ

ϕ λ       λ       = =       
χ λ λ              

. (39) 

Ñîáñòâåííûå ôóíêöèè êðàåâûõ çàäà÷ (38) ñîãëàñíî (4) áóäóò îïðåäå-
ëÿòüñÿ ôîðìóëîé 

 0 0 0 0 0 0( , ) ( , ) ( , ) ,      0,1m m
mv r r l r l mλ = ϕ λ χ − χ λ ϕ = . (40) 

Ïðèìåíåíèå ãðàíè÷íûõ ôóíêöèîíàëîâ m
il  ê ôóíêöèÿì (39) ýêâèâàëåíò-

íî ïðèìåíåíèþ ê ôóíêöèÿì ( )A rλ  è ( )B rλ  òàêèõ ôóíêöèîíàëîâ: 
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 0 1 1( ) ( ),       0,1,     ( ) ( ) ( )i i i i i i il v r v a i l v r a v a v a− ′= = = +  æ , (41) 
ãäå  
 1/2,        0,1i i ia h i= − =æ , (42) 

ïîýòîìó âìåñòî (40) ìîæåì çàïèñàòü 

 1/2
0 0( , ) ( ) ( )m m

mv r r A r l B B r l A−
λ λ λ λλ = − [ ] . (43) 

 Äàëåå, èñïîëüçóÿ (41) è (39), íàõîäèì, ÷òî 

 
1

1

( ) ( )1

( ) ( )

i i ii

i i i ii

A a B al A

a B a A al B

λ λλ

λ λλ

   + λ    =   
− λ      





æ

æ
, (44) 

è ñîáñòâåííûå ôóíêöèè (43) çàïèñûâàåì â âèäå  

 
0 0

0 1 0 0 0

( , ) sin ln ( / )1

( , ) sin ln ( / ) cos ln ( / )

v r r a

ra v r r a r a

λ   λ   =   
λ λ − λ λ      

( )

( ) ( )æ
. (45) 

Êâàäðàòû íîðì ýòèõ ñîáñòâåííûõ ôóíêöèé áóäóò îïðåäåëÿòüñÿ ôîðìóëàìè 

 
1

0

2
2 0 1

0
0

sin ln ( / )
( , ) ,       ln

2

a

a

r a a
v r dr

r a

λ γλ = = γ =∫
( )

, (46) 

 22 2 2 1 2 2 2
0 1 0 0 04 ( , ) 2( ) ( ) sin 2 sina v r −λ = + λ γ + λ λ − λγ − λγæ æ æ . (47) 

Âî âñåõ ïðèâåäåííûõ ôîðìóëàõ (40)–(47) âìåñòî λ  ñëåäóåò ïîäñòàâèòü 
ñîáñòâåííûå ÷èñëà ,  0,1,2,k kλ =  . 

 Ñîáñòâåííûå ÷èñëà kλ  äëÿ çàäà÷è Øòóðìà – Ëèóâèëëÿ (38) ïðè 0m =  

ñîãëàñíî (5) ñ ó÷åòîì (38), (39) áóäóò ÿâëÿòüñÿ êîðíÿìè òðàíñöåíäåíòíîãî 
óðàâíåíèÿ 

 1 0 1 0( ) ( ) ( ) ( ) 0A a B a B a A aλ λ λ λ− = , 

äëÿ êîòîðîãî ñ ó÷åòîì âòîðîãî èç ðàâåíñòâ (39) êîðíè kλ  íàõîäèì â ÿâíîì 

âèäå: 

 1 ,           0,1,2,k k k−λ = γ π =  . (48) 

Òðàíñöåíäåíòíîå óðàâíåíèå äëÿ ñîáñòâåííûõ ÷èñåë kλ  êðàåâîé çàäà÷è 

Øòóðìà – Ëèóâèëëÿ (38) ïðè 1m =  â îáùåì ñëó÷àå óäàëîñü ïðèâåñòè ê 
èçâåñòíîìó [6] òðàíñöåíäåíòíîìó óðàâíåíèþ 

 12
1 0 0 1tg ( ) −λγ = λ − λ +æ æ æ æ[ ] . (49) 

Àñèìïòîòè÷åñêîå ðåøåíèå ýòîãî óðàâíåíèÿ ïðè áîëüøèõ çíà÷åíèÿõ k , êàê 
ëåãêî óáåäèòüñÿ èç (49), îïðåäåëÿåòñÿ ôîðìóëîé (48). 
 Ñîãëàñíî ï. 1 ïîñòðîåííûå ðåøåíèÿ êðàåâûõ çàäà÷ (38) îïðåäåëÿþò èí-
òåãðàëüíîå ïðåîáðàçîâàíèå äëÿ ôóíêöèé ( )f r , çàäàííûõ íà îòðåçêå 0 1,a a[ ] : 

 
1

0

2
0

( , )
( , ) ( ) ,    ( ) ,   0,1

( , )

a
m mm k
k m k k

ka m k

v r
f v r f r dr f r f m

v r

∞

=

λ
= λ = =

λ
∑∫ , (50) 

è, â ÷àñòíîñòè, ïðè 0m =  áóäåì èìåòü 

 
1

0

0 00 0

0

     

sin ln sin ln
2( ) ,  ( ) ,

a k k

k k k
ka

r r
a a kf f r dr f r f

r r

∞

=

   λ λ   
    π= = λ =

γ γ∑∫ . 



83 

 Ðàññìîòðèì åùå ñëó÷àé, êîãäà â (38) ïðèíÿòü 0 1 0.h h= =  Ñîîòâåòñòâó-

þùàÿ ñîáñòâåííàÿ ôóíêöèÿ, êîòîðóþ îáîçíà÷èì ÷åðåç ( , )v r∗ λ , äîëæíà 
óäîâëåòâîðÿòü ãðàíè÷íîìó óñëîâèþ 

 ( , ) 0,           0,1i kv a i∗
′ λ = = . (51) 

Íà îñíîâàíèè (45), (51) â ýòîì ñëó÷àå ñîáñòâåííóþ ôóíêöèþ ìîæíî çàïè-
ñàòü â âèäå 

 
0 0

2 ( , ) sin ln 2 cos lnk k k k
r rr v r
a a∗

   λ = λ + λ λ   
   

, 

ïðè÷åì ñîáñòâåííûå ÷èñëà kλ  çäåñü íàõîäèì â ñèëó (49) â ÿâíîì âèäå è 

îïðåäåëÿåì ïî ôîðìóëå (48). Â ýòîì ÷àñòíîì ñëó÷àå èíòåãðàëüíîå ïðåîáðà-
çîâàíèå (50) ïðèîáðåòàåò âèä 

 
1

0
2

0

( , )2( , ) ( ) ,     ( ) ,     
1
4

a
k

k k k k
ka k

v r kf v r f r dr f r f
∞

∗ ∗∗
∗

=

λ π= λ = ⋅ λ =
γ γ+ λ

∑∫ . 

5. Ïðè èñïîëüçîâàíèè ïîëó÷åííûõ â ïðåäûäóùèõ ïóíêòàõ èíòåãðàëü-
íûõ ïðåîáðàçîâàíèé âàæíûì ìîìåíòîì ÿâëÿåòñÿ ïðîâåðêà ñõîäèìîñòè ðÿ-
äîâ, âõîäÿùèõ â ôîðìóëû îáðàùåíèÿ, è â ñëó÷àå èõ ñëàáîé ñõîäèìîñòè – 
íåîáõîäèìîñòü óëó÷øåíèÿ ïîñëåäíåé. Äëÿ ýòîãî íóæíî ðàñïîëàãàòü àñèìï-
òîòè÷åñêèì (äëÿ áîëüøèõ çíà÷åíèé j ) ðåøåíèåì òðàíñöåíäåíòíûõ óðàâíå-

íèé, èç êîòîðûõ íàõîäÿòñÿ ñîáñòâåííûå ÷èñëà ,  0,1,2,j jν =  . 

×òîáû ïîëó÷èòü àñèìïòîòè÷åñêîå ðåøåíèå, íàïðèìåð, òðàíñöåíäåíòíî-
ãî óðàâíåíèÿ (15), ñëåäóåò ðàñïîëàãàòü àñèìïòîòè÷åñêèìè ôîðìóëàìè äëÿ 

áîëüøèõ çíà÷åíèé ïàðàìåòðà ν  ôóíêöèé (cos ),  (cos )P Qµ µ
ν νθ θ  è èõ ïðîèç-

âîäíûõ ïî θ , ò. å. 

 (cos ) (cos )dP P
d

µ µ
ν νθ = θ =

θ
  

 
1

2( 1)(sin )
1 , ;1 ; sin

2( 1)2 sec
F

µ−

µ
Γ ν + µ + θ θ = + ν + µ µ − ν + µ + 

 Γ ν − µ + θ
 

 
1

2
1

( 2)(sin )
2 ,1 ;2 ; sin

2( ) ( 2)2
F

µ+

µ+
Γ ν + µ + θ θ + + ν + µ + µ − ν + µ 

 Γ ν − µ Γ µ +
, (51) 

 24 (cos ) 2 tg cosec , 1; 1; sin
2 2

Q Fµ µ µ
ν ν

θ θ θ = Γ θ − ν ν + µ + − 
 

  

 2cos ( ) ctg cosec , 1;1 ; sin
2 2

Fµ θ θ − µπ Γ µ θ − ν ν + − µ − 
 

 

 1 2( 1)( 1) tg sin 1 , 2; 2; sin
2 2

Fµ − µ
ν

θ θ − Γ ν ν + µ + θ − ν ν + µ + − 
 

 

 1 2cos ( ) ( 1)(1 ) ctg sin 1 , 2;2 ; sin
2 2

F− µ θ θ − µπΓ µ ν ν + − µ θ − ν ν + − µ 
 

,(52) 

 1( ) (1 ) (1 )µ −
νΓ = Γ −µ Γ + ν + µ Γ + ν − µ . 

Ôîðìóëà (51) ïîëó÷åíà äèôôåðåíöèðîâàíèåì (22), à ôîðìóëà (52) – 
äèôôåðåíöèðîâàíèåì ôîðìóëû 3.4 (10) èç [1] ïîñëå çàìåíû cosx = θ . 
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Â ðàáîòå [9] äëÿ àñèìïòîòè÷åñêîãî ðåøåíèÿ àíàëîãè÷íûõ òðàíñöåí-
äåíòíûõ óðàâíåíèé èñïîëüçîâàíû èçâåñòíûå àñèìïòîòè÷åñêèå ôîðìóëû 
3.9.1 (1) è 3.9.2 (2) èç [1] äëÿ áîëüøèõ çíà÷åíèé íèæíèõ èíäåêñîâ ôóíêöèé 
Ëåæàíäðà. Ýòîãî îêàçàëîñü äîñòàòî÷íî, ò. ê. ïðè öåëûõ âåðõíèõ èíäåêñàõ 
äèôôåðåíöèðîâàíèå ýòèõ ôóíêöèé ýêâèâàëåíòíî èçìåíåíèþ âåðõíåãî èí-
äåêñà íà öåëîå ÷èñëî. Â ðàññìàòðèâàåìîì ñëó÷àå âåðõíèé èíäåêñ µ  íå ÿâ-
ëÿåòñÿ öåëûì, ïîýòîìó óêàçàííûå ôîðìóëû îêàçûâàþòñÿ áåñïîëåçíûìè. 
Òàêèì îáðàçîì, âîçíèêàåò íåîáõîäèìîñòü ïîëó÷åíèÿ àñèìïòîòè÷åñêèõ ôîð-
ìóë äëÿ ôóíêöèé (51) è (52) äëÿ áîëüøèõ çíà÷åíèé ν . Ìåòîä, èñïîëüçîâàí-
íûé ïðè ïîëó÷åíèè ôîðìóë 3.9.1 (1) è 3.9.2 (2) èç [1], îêàçûâàåòñÿ íåïðèåì-
ëåìûì. Ïðåäëàãàåì äðóãîé ñïîñîá, îñíîâàííûé íà ïðåäâàðèòåëüíîì ïîëó-
÷åíèè àñèìïòîòè÷åñêîé ôîðìóëû äëÿ ôóíêöèè Ãàóññà  

 2( ) 1, ;1 ; sin
2

u F θ θ = ν + α + −ν + α + α + β 
 

 (53) 

ïðè áîëüøèõ çíà÷åíèÿõ ν . Òàêèå ôîðìóëû ïîëó÷åíû â [5] äëÿ ñëó÷àÿ, êîã-
äà àðãóìåíò ôóíêöèè Ãàóññà áîëüøå åäèíèöû. Â íàøåì ñëó÷àå îí ìåíüøå 
åäèíèöû, ïîýòîìó âîñïîëüçîâàòüñÿ ðåçóëüòàòàìè ðàáîòû [5] íå ïðåäñòàâëÿ-
åòñÿ âîçìîæíûì. Çäåñü äëÿ ïîëó÷åíèÿ àñèìïòîòè÷åñêèõ ôîðìóë äëÿ ôóíê-
öèè Ãàóññà (53) èñïîëüçóåì ìåòîä Ëèóâèëëÿ – Ñòåêëîâà, êàê â ðàáîòå [11] 
ïðè ïîëó÷åíèè àñèìïòîòè÷åñêèõ ôîðìóë äëÿ îðòîãîíàëüíûõ ìíîãî÷ëåíîâ. 
Ñîãëàñíî ýòîìó ìåòîäó ñëåäóåò âûâåñòè óðàâíåíèå, êîòîðîìó óäîâëåòâîðÿ-

åò ôóíêöèÿ (53). Äåëàÿ çàìåíó 2sin
2

z θ=  â äèôôåðåíöèàëüíîì óðàâíåíèè, 

êîòîðîìó óäîâëåòâîðÿåò ( 1, ,1 ; )F zν + α + α − ν + α + β  (ôîðìóëà 2.1 (1) èç [1]), 
ïîëó÷àåì  

 ( ) (1 2 ) ctg 2 cosec ( ) ( 1) ( 1) ( ) 0u u u•• •θ + + α θ + β θ θ + ν ν + − α α + θ =[ ] [ ] . 

Ïåðåõîäÿ ê ôóíêöèè 

 1/2 2( ) tg (sin ) 1, ;1 ; sin
2 2

y F
β

α +θ θ   θ = θ ν + α + α − ν + α + β   
   

, (54) 

ïîëó÷àåì äèôôåðåíöèàëüíîå óðàâíåíèå 

 
2

1( ) ( ) ( ) ( ),         0
2

y y q y••  θ + ν + θ = θ θ < θ < π 
 

, (55) 

 2 2 21( ) cosec 2
4

q  θ = α + β − θ − α 
 

. 

Îáùèì ðåøåíèåì óðàâíåíèÿ (55) áóäåò ôóíêöèÿ (ñðàâíèòü ôîðìóëó 
(8.61.3) èç [11]) 

 1 2
1 1( ) sin cos
2 2

y c c   θ = ν + θ + ν + θ +   
   

 

 
/2

1 1sin ( ) ( ) ( )
2 1 2

t q t y t dt
θ

π

  + ν + θ −  ν +   ∫ , (56) 

ãäå 1 2,  c c  – ïðîèçâîëüíûå ïîñòîÿííûå. Ìîæíî óáåäèòüñÿ, ÷òî èíòåãðàëüíîå 

ñëàãàåìîå â (56) âìåñòå ñî ñâîåé ïðîèçâîäíîé ïðè 
2
πθ =  îáðàùàåòñÿ â íóëü. 

Ýòî ïîçâîëÿåò âûðàçèòü ïðîèçâîëüíûå êîíñòàíòû ÷åðåç ,  
2 2

y y•π π      
   

, 

êîòîðûå ñîãëàñíî ôîðìóëå (54) ïðèìóò âèä 

 11, ;1 ;
2 2

y Fπ   = ν + α + α − ν + α + β   
   

, 
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 11, ;1 ; ( )( 1)
2 2

y F• π   = β ν + α + α − ν + α + β − ν − α ν + α + ×   
   

 

 1 12(1 ) 2,1 ;2 ;
2

F−  × + α + β ν + α + + α − ν + α + β 
 

[ ] . (57) 

Â ðåçóëüòàòå âìåñòî (56) áóäåì èìåòü 

 1( ) cos
2 2 2

y y  π π     θ = ν + − θ −            
 

 1 1sin
1 2 2 2
2

y•  π π     − ⋅ ν + − θ +            ν +
 

 
/2

1 1sin ( ) ( ) ( )
2 1 2

t q t y t dt
θ

π

  + ν + θ −  ν +   ∫ . (58) 

Òåìè æå ñîîáðàæåíèÿìè, êîòîðûå èñïîëüçîâàíû ïðè ïîëó÷åíèè ôîðìóëû 
(8.61.6) èç [11], ïîëó÷àåì, ÷òî ãëàâíûé ÷ëåí â àñèìïòîòè÷åñêîì ðàçëîæåíèè 
ôóíêöèè (54) ïðè ν → ∞  áóäåò ñîäåðæàòüñÿ â ïåðâûõ äâóõ ñëàãàåìûõ â 

ïðàâîé ÷àñòè ôîðìóëû (58). Çíà÷åíèÿ 
2

y π  
 

 è 
2

y• π  
 

, çàäàâàåìûå ôîðìó-

ëàìè (57), â ñëó÷àå 0,  β = α = µ  è 2( ) 1, ;1 ; sin
2

u F θ θ = ν + µ + µ − ν + µ 
 

 âû-

÷èñëÿþòñÿ ïî ôîðìóëå 2.8 (50) èç [1]. Ïîäñòàâèâ ïîëó÷åííîå âûðàæåíèå â 
(58), çàïèñûâàåì àñèìïòîòè÷åñêîå ðàâåíñòâî 

 1/2 2(sin ) 1, ;1 ; sin
2

Fµ+ θ π θ ν + µ + µ − ν + µ = 
 

 

 
1/2

11(1 ) cos 1 ( )
2 4 2 2

O
µ−

− π π ν   = Γ + µ ν + θ − − µ + ν    
    

[ ] .  (59) 

Â ñëó÷àå 0,  1β = α = µ +  è 2( ) 2, 1 ; 2 ; sin
2

u F θ θ = ν + µ + µ + − ν + µ 
 

 àíà-

ëîãè÷íî ïîëó÷àåì òàêîå àñèìïòîòè÷åñêîå ðàâåíñòâî: 

 3/2 2(sin ) 2, 1 ;2 ; sin
2

Fµ+ θ θ ν + µ + µ + − ν + µ = 
 

 

 
3/2

3/2 11(2 ) cos 1 ( )
2 4 2 2

O
µ−

− π π ν   = π Γ + µ ν + θ − − µ + ν    
    

[ ] . (60) 

Èñïîëüçóÿ ðàâåíñòâà (59) è (60), íà îñíîâàíèè ôîðìóë (22) è (51), à òàêæå 
àñèìïòîòè÷åñêîé ôîðìóëû 1.18 (4) èç [1] ïîëó÷àåì òðåáóåìûå àñèìïòîòè-

÷åñêèå ðàâåíñòâà äëÿ (cos )Pµ
ν θ  è (cos )Pµ

ν θ : 

 
1/2

11sin (cos ) 2 cos 1 ( )
2 4 2 2

P O
µ−

µ µ −
ν

 π π ν   π θ θ = ν + θ − − µ + ν    
    

[ ] , 

 
1/2

1 11sin (cos ) 2 sin 1 ( )
2 4 2 2

P O
µ+

µ µ + −
ν

 π π ν   π θ θ = ν + θ − − µ + ν    
    

 [ ] . (61) 

Äëÿ ïîëó÷åíèÿ àíàëîãè÷íûõ ôîðìóë äëÿ (cos )Qµ
ν θ  è (cos )Qµ

ν θ  ñëåäóåò 

â ôîðìóëàõ (57) è (58) ðàññìîòðåòü ñëó÷àé ,  0β = µ α = , ò. å. 

 2( ) 1, ;1 ; sin
2

u F θ θ = ν + −ν + µ 
 

.  
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Çäåñü äëÿ ïîäñ÷åòà 
2

y π  
 

 è 
2

y• π  
 

 ñîãëàñíî ôîðìóëàì (57) ñëåäóåò âîñ-

ïîëüçîâàòüñÿ ôîðìóëàìè 7.3.7 (8) è 7.3.7 (10) èç [10]. Ïîñëå ïîäñòàíîâêè ïî-

ëó÷åííûõ âûðàæåíèé äëÿ 
2

y π  
 

 è 
2

y• π  
 

 â (58) èìååì ñëåäóþùåå àñèìïòî-

òè÷åñêîå ðàâåíñòâî: 

 22 tg sin 1, ;1 ; sin
2 2

Fµ µ θ θ π θ ν + −ν + µ = 
 

 

 
1/2

11( 1) cos 1 ( )
2 4 2 2

O
−µ−

− π π ν   = Γ µ + ν + θ − − µ + ν    
    

[ ] . (62) 

Â ñëó÷àå ,  1β = µ α = , ò. å. 2( ) 2,1 ;2 ; sin
2

u F θ θ = ν + − ν + µ 
 

, äëÿ âû÷èñ-

ëåíèÿ 
2

y π  
 

 è 
2

y• π  
 

 ñîãëàñíî (57) èñïîëüçîâàíû ôîðìóëû 7.3.7 (10) è 

7.3.7 (12) èç [10]. Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â (58), ïîëó÷àåì àñèìïòîòè-
÷åñêîå ðàâåíñòâî 

 3/2 22 tg (sin ) 2,1 ;2 ; sin
2 2

Fµ µ θ θ π θ ν + − ν + µ = 
 

 

 
3/2

11( 2) sin 1 ( )
2 4 2 2

O
−µ−

− π π ν   = Γ µ + ν + θ − − µ + ν    
    

[ ] . (63) 

Èç ôîðìóë (62) è (63) ïóòåì çàìåíû µ  íà − µ  ïîëó÷àåì àñèìïòîòè-

÷åñêèå ðàâåíñòâà è äëÿ 2 21, ;1 ; sin ,  2,1 ;2 ; sin
2 2

F Fθ θ   ν + −ν − µ ν + − ν − µ   
   

. 

Ïîëó÷åííûå àñèìïòîòè÷åñêèå ðàâåíñòâà äëÿ ôóíêöèé Ãàóññà ïîçâîëÿþò 

ïîëó÷èòü àíàëîãè÷íî àñèìïòîòè÷åñêèå ðàâåíñòâà äëÿ (cos )Qµ
ν θ  è (cos )Qµ

ν θ : 

 sin (cos )Qµ
νθ θ =  

 
1/2

1 112 sin 1 ( )
2 4 2 2

O
µ−

µ− − π π ν   = − π ν + θ − − µ + ν    
    

[ ] , 

 sin (cos )Qµ
νθ θ =  

 
1/2

112 cos 1 ( )
2 4 2 2

O
µ+

µ − π π ν   = − π ν + θ − − µ + ν    
    

[ ] . (64) 

Âûâåäåííûå àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ äëÿ áîëüøèõ çíà÷åíèé 
ν  ïîçâîëÿþò ëåãêî ïîëó÷èòü àñèìïòîòè÷åñêèå ðåøåíèÿ òðàíñöåíäåíòíûõ 
óðàâíåíèé (15) è (24). Íàïðèìåð, óðàâíåíèå (15) ïðè 0m =  áóäåò èìåòü âèä 

 0
, 0 1 1 0(cos ) (cos ) (cos ) (cos ) 0P Q P Qµ µ µ µ

ν µ ν ν ν νΩ ≡ ω ω − ω ω = , (65) 

à ïðè 1m =  ñ ó÷åòîì (13) åãî ìîæíî çàïèñàòü â âèäå 

 1 0
, 1 0 , 0 0 1(cos ) (cos )h h h P Qµ µ

ν µ ν µ ν νΩ ≡ Ω + ω ω −[  

 1 0 1 0 1(cos ) (cos ) (cos ) (cos )P Q h P Qµ µ µ µ
ν ν ν ν− ω ω + ω ω − ] [  

 1 0 1 1(cos ) (cos ) (cos ) (cos )P Q P Qµ µ µ µ
ν ν ν ν− ω ω + ω ω − ]  

 1 0(cos ) (cos ) 0P Qµ µ
ν ν− ω ω = . (66) 
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Èç àíàëèçà àñèìïòîòè÷åñêèõ ðàâåíñòâ (61) è (64), ñëåäóåò, ÷òî â òðàíñ-
öåíäåíòíîì óðàâíåíèè (66) ãëàâíûé âêëàä âíîñÿò äâà ïîñëåäíèõ ñëàãà-
åìûõ. Ïîäñòàâèâ òóäà àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ äëÿ ïðîèçâîä-
íûõ, ñîäåðæàùèåñÿ â ôîðìóëàõ (61) è (64), ïîëó÷àåì óðàâíåíèå 

1 0
1sin ( ) 0
2j

  ν + ω − ω =  
  

, îòêóäà íàõîäèì àñèìïòîòè÷åñêîå ðåøåíèå 

òðàíñöåíäåíòíîãî óðàâíåíèÿ (66): 

 1
1 0( )j j−ν = π ω − ω , (67) 

ñïðàâåäëèâîå äëÿ áîëüøèõ çíà÷åíèé j . Ïîñòóïàÿ àíàëîãè÷íî ñ òðàíñöåí-
äåíòíûì óðàâíåíèåì (65), ïðèõîäèì ê âûâîäó, ÷òî ïîëó÷åííîå àñèìïòî-
òè÷åñêîå ðåøåíèå (67) ñïðàâåäëèâî è äëÿ íåãî. Òàêèì æå îáðàçîì ïîêàçû-
âàåì, ÷òî àñèìïòîòè÷åñêîå ðåøåíèå òðàíñöåíäåíòíûõ óðàâíåíèé (24) ïðè 

0m =  è 1m =  îïðåäåëÿåòñÿ ôîðìóëîé 

 1
j j −ν = πω . 

6. Ïðîèëëþñòðèðóåì ïðèìåíåíèå ïîëó÷åííûõ èíòåãðàëüíûõ ïðåîáðà-
çîâàíèé íà ïðèìåðå ïîñòðîåíèÿ òî÷íîãî ðåøåíèÿ çàäà÷è ñòàöèîíàðíîé òåï-
ëîïðîâîäíîñòè äëÿ òåëà, çàïîëíÿþùåãî îáëàñòü 0 1,    0a r a≤ ≤ ≤ θ ≤ ω , 

0 1ϕ ≤ ϕ ≤ ϕ . Èñêîìóþ òåìïåðàòóðó îáîçíà÷èì ÷åðåç ( , , )u r θ ϕ . Îíà äîëæíà 

óäîâëåòâîðÿòü [4] óðàâíåíèþ  

 2
0 1 0 12

(sin )
( ) 0,    ,  0 ,  

sin sin

u ur u a r a
• • ′′θ′ ′ + + = ≤ ≤ ≤ θ ≤ ω ϕ ≤ ϕ ≤ ϕ

θ θ
, (68) 

(çäåñü øòðèõîì îáîçíà÷åíà ïðîèçâîäíàÿ ïî ϕ ) è ãðàíè÷íûì óñëîâèÿì  

 1( , , ) ( , , ) ( , ),      ,    0,1i i i i i ih u a u a g h i−′θ ϕ + θ ϕ = θ ϕ = λ α = , (69) 

 ( , , ) 0,       ( , , ) 0,       0,1iu r u r i• ω ϕ = θ ϕ = = . (70) 

Çäåñü [4] λ  – êîýôôèöèåíò òåïëîïðîâîäíîñòè; iα  – êîýôôèöèåíò òåïëîîò-

äà÷è íà ñôåðè÷åñêèõ ïîâåðõíîñòÿõ; ( , )ig θ ϕ  – çàäàííûå ôóíêöèè. 
×òîáû óäîâëåòâîðèòü âòîðîìó èç ãðàíè÷íûõ óñëîâèé (70), ïðèìåíèì 

(ïîëàãàÿ 0 0ϕ = ) ê ñôîðìóëèðîâàííîé êðàåâîé çàäà÷å êîíå÷íîå ñèíóñ-ïðå-

îáðàçîâàíèå Ôóðüå [13] 

 
1

10

( , ) sin ( ) ( , , ) ,     ,    0,1,2,n n n
nu r u r d n

ϕ
πθ = µ ϕ θ ϕ ϕ µ = =

ϕ∫  . (71) 

Â ðåçóëüòàòå âìåñòî (68)–(70) áóäåì èìåòü 

 2 2( , ) cosec sin ( , ) cosec ( , ) 0n n n nr u r u r u r
••′ θ + θ θ θ − µ θ θ =′[ ] [ ] , 

 0 1,      0a r a< < < θ < ω , 

 ( , ) ( , ) ( ),     0,1,     ( , ) 0i n i n i in nh u a u a g i u r•′θ + θ = θ = ω = . 

Ê ïîëó÷åííîé êðàåâîé çàäà÷å ïðèìåíèì èíòåãðàëüíîå ïðåîáðàçîâàíèå (26) 
ïðè 1,m =  ïîëàãàÿ òàì äîïîëíèòåëüíî â ôóíêöèîíàëå (13) 1 0 0h h= = . 

Òîãäà äëÿ òðàíñôîðìàíòû 

 
0

( ) (cos ) sin ( , )nj nu r P u r d
ω

µ
ν= θ θ θ θ∫ , (72) 

ãäå ,nµ = µ  à jν = ν  – ñîáñòâåííûå ÷èñëà, ñîâïàäàþùèå ñ êîðíÿìè óðàâíå-

íèÿ (cos ) 0Pµ
ν ω = , ïîëó÷èì îäíîìåðíóþ êðàåâóþ çàäà÷ó 
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 2
0 1( ) ( 1) ( ) 0,        nj j j njr u r u r a r a′ − ν ν + = < <′[ ] , 

 ( ) ( ) ,                 0,1i nj i nj i injh u a u a g i′+ = = . 

Äëÿ ðåøåíèÿ ýòîé êðàåâîé çàäà÷è ïðèìåíèì èíòåãðàëüíîå ïðåîáðàçî-
âàíèå (50) ïðè 1m = . Â ðåçóëüòàòå ïîëó÷èì 

 
2 2
0 1 0 0 1 1 1 11

2 2
0 1

1
4

( , ) ( , )( , )
( )

( , ) ( 1)

k nj k njk
nj

k k k j j

a v a g a v a gv r
u r

v r v v

∞

=

λ − λλ
= −

λ λ + + +
∑ . 

Ïîñëå îáðàùåíèÿ ïîëó÷åííîé òðàíñôîðìàíòû ïî ôîðìóëå (27) ñ 
ïîñëåäóþùèì îáðàùåíèåì ñèíóñ-òðàíñôîðìàíòû Ôóðüå (71) ïî èçâåñòíîé 
[13] ôîðìóëå ïîëó÷àåì îêîí÷àòåëüíûé âèä ðåøåíèÿ ïîñòàâëåííîé çàäà÷è: 

 
1 1 0

(2 1) (cos ) (cos )2( , , ) sin ( )
(cos )

n

j

n nj
n j

Q P
u r u r

d P
d

µ=µµ µ∞ ∞
ν ν

µ= = ν =νµν ν

 ν + ω θ
θ ϕ = µ ϕ ϕ  Γ ω

ν
∑ ∑




. (73) 

Ðàññìîòðèì ÷àñòíûé ñëó÷àé ðåøåííîé çàäà÷è, êîãäà /2ω = π , è îá-
ëàñòü, çàíÿòàÿ ðàññìàòðèâàåìûì òåëîì, ïðåäñòàâëÿåò ñîáîé ñôåðè÷åñêóþ 
îáîëî÷êó òîëùèíîé 1 0a a−  ñ âûðåçîì 1, 2ϕ ∈ ϕ π[ ] . Â ýòîì ñëó÷àå âìåñòî 

èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ (72) ñëåäóåò ïðèìåíèòü ïðåîáðàçîâàíèå (37) 
è ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è âìåñòî (73) çàïèøåòñÿ òàê: 

 
2

2
1 1 0

2 ( ) (2 ) ( 1) !2( , , ) (cos ) sin ( )
(1 ) (2 2 )

j

j n nj
n j

j j
u r C u r

j

λ∞ ∞
λ

= =

Γ λ + λ −πθ ϕ = θ µ ϕ
ϕ Γ − λ Γ + λ∑ ∑ , 

ãäå 1/2 nλ = + µ . 
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ПРО ОДИН МЕТОД ОТРИМАННЯ ІНТЕГРАЛЬНИХ ПЕРЕТВОРЕНЬ 
ІЗ ЗАСТОСУВАННЯМ ДО ПОБУДОВИ ТОЧНИХ РОЗВ’ЯЗКІВ КРАЙОВИХ ЗАДАЧ 
МАТЕМАТИЧНОЇ ФІЗИКИ 
 
Âèêëàäàºòüñÿ ñïîñ³á âèâåäåííÿ ³íòåãðàëüíèõ ïåðåòâîðåíü, ùî áàçóºòüñÿ íà 
ðîçâ’ÿçàíí³ ðåãóëÿðíèõ çàäà÷ Øòóðìà – Ë³óâ³ëëÿ ç íàñòóïíèì çàñòîñóâàííÿì 
òåîðåìè ðîçêëàäàííÿ Ñòåêëîâà. Îòðèìàíî ðÿä íîâèõ ³íòåãðàëüíèõ ïåðåòâîðåíü, 
ÿê³ âèêîðèñòàíî äî ïîáóäîâè òî÷íèõ ðîçâ’ÿçê³â äåÿêèõ êðàéîâèõ çàäà÷ 
ìàòåìàòè÷íî¿ ô³çèêè. Áàãàòî óâàãè ïðèä³ëåíî àñèìïòîòè÷íîìó ðîçâ’ÿçóâàííþ 
òðàíñöåíäåíòíèõ ð³âíÿíü, ç ÿêèõ âèçíà÷àþòüñÿ âëàñí³ ÷èñëà çàäà÷³ Øòóðìà – 
Ë³óâ³ëëÿ, ùî âõîäÿòü ó ÿäðà îòðèìàíèõ ³íòåãðàëüíèõ ïåðåòâîðåíü. Öå çóìîâèëî 
íåîáõ³äí³ñòü îòðèìàííÿ íîâèõ àñèìïòîòè÷íèõ ðîçâèíåíü äëÿ âåëèêèõ çíà÷åíü 
ïàðàìåòð³â ã³ïåðãåîìåòðè÷íî¿ ôóíêö³¿ Ãàóññà. 
 
ON ONE METHOD FOR OBTAINING INTEGRAL TRANSFORMS USING IN CONSTRUCTION 
PRECISE SOLUTIONS TO MATHEMATICAL PHYSICS BOUNDARY-VALUE PROBLEMS 
 
The method of integral transform obtaining, based on solving the regular Storm – 
Liouville problems with the subsequent use of Steklov expansion theorem, is stated. A 
number of new integral transforms is obtained. They are applied to construction of the 
exact solutions to some mathematical physics boundary-value problems. A lot of place is 
given to the asymptotic solution of transcendental equations, from which the 
eigenvalues of Storm – Liouville problems, included in the kernels of the obtained 
integral transforms, are found. It has required obtaining new asymptotic expansions for 
large values of Gauss hypergeometric function parameters. 
 
Èí-ò ìàòåìàòèêè, ýêîíîìèêè è ìåõàíèêè Ïîëó÷åíî 
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