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АПРОКСИМАЦІЙНІ ПРОСТОРИ МІЖ БАНАХОВИМ ПРОСТОРОМ 
І ВЕКТОРАМИ ЕКСПОНЕНЦІАЛЬНОГО ТИПУ 
 

Ó òåðì³íàõ ³íòåðïîëÿö³éíèõ ïðîñòîð³â îïèñàíî àïðîêñèìàö³éí³ ïðîñòîðè 
ì³æ áàíàõîâèì ïðîñòîðîì ³ ïðîñòîðàìè âåêòîð³â åêñïîíåíö³àëüíîãî òèïó 
çàìêíåíîãî îïåðàòîðà. 

 
 Ïðîáëåìà íàéêðàùîãî íàáëèæåííÿ ãëàäêèõ âåêòîð³â çàìêíåíîãî îïå-
ðàòîðà âåêòîðàìè åêñïîíåíö³àëüíîãî òèïó ñôîðìóëüîâàíà ó ðîáîò³ [1]. Òàì 
æå ïîäàíî ¿¿ ðîçâ’ÿçîê çà ïðèïóùåííÿ íîðìàëüíîñò³ îïåðàòîðà â äåÿêîìó 
ã³ëüáåðòîâîìó îñíàùåíí³ çàäàíîãî áàíàõîâîãî ïðîñòîðó. Ó ðîáîò³ [3] íàâå-
äåíî ¿¿ ðîçâ’ÿçîê äëÿ îïåðàòîð³â ç ìåðîìîðôíîþ ðåçîëüâåíòîþ ó òåðì³íàõ 
K -ôóíêö³îíàëà. 

Ó ïðîïîíîâàí³é ðîáîò³ âñòàíîâëþºìî, ùî êîæíèé àïðîêñèìàö³éíèé 
ïðîñò³ð ì³æ çàäàíèì áàíàõîâèì ïðîñòîðîì ³ ïðîñòîðàìè âåêòîð³â åêñïîíåí-
ö³àëüíîãî òèïó º ³íòåðïîëÿö³éíèì ïðîñòîðîì äëÿ ä³éñíîãî ìåòîäó. 
Êîðèñòóþ÷èñü â³äîìèì çâ’ÿçêîì ì³æ àïðîêñèìàö³ºþ òà ³íòåðïîëÿö³ºþ [4], 
çíàõîäèìî âèãëÿä íåð³âíîñòåé Äæåêñîíà òà Áåðíøòåéíà (äèâ. òåîðåìà 3) ó 
âèïàäêó äîâ³ëüíîãî çàìêíåíîãî îïåðàòîðà ó áàíàõîâîìó ïðîñòîð³ ³ç ù³ëüíîþ 
ìíîæèíîþ âåêòîð³â åêñïîíåíö³àëüíîãî òèïó. ßê ïðèêëàä ðîçãëÿíóòî 
àïðîêñèìàö³éí³ ïðîñòîðè ì³æ ïðîñòîðîì ( ),  1pL pΩ < < ∞ , ³ ïðîñòîðàìè 

âåêòîð³â åêñïîíåíö³àëüíîãî òèïó îïåðàòîðà, ïîðîäæåíîãî ðåãóëÿðíîþ åë³ï-
òè÷íîþ ãðàíè÷íîþ çàäà÷åþ.  

 1. Íåõàé B  – áàíàõ³â ïðîñò³ð ç íîðìîþ ⋅ ; A  – çàìêíåíèé íåîáìåæå-

íèé ë³í³éíèé îïåðàòîð ³ç ù³ëüíîþ îáëàñòþ âèçíà÷åííÿ ( )D A . Äîòðèìóþ-
÷èñü [2], äëÿ äîâ³ëüíèõ ÷èñåë 0, 1 pν > ≤ ≤ ∞  âèçíà÷èìî áàíàõîâ³ ïðîñòîðè 

( )pE Aν  âåêòîð³â åêñïîíåíö³àëüíîãî òèïó îïåðàòîðà A . Íîðìà â ïðîñòîð³ 

( )pE Aν  çàäàºòüñÿ ð³âí³ñòþ 
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 Îçíà÷åííÿ 1. Íåõàé 0 ,  ,   1 ,  p r< ν α < ∞ ≤ ≤ ∞ . Òîä³ ïîêëàäåìî 
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p
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t x x x x E A t
ν

ν
ν ≤

= − ∈ < < ∞E . Ïðîñò³ð ,
, ( )p rE Aν α  íà-

çèâàºìî àïðîêñèìàö³éíèì ïðîñòîðîì ì³æ ïðîñòîðîì B  ³ ïðîñòîðîì ( )pE Aν  

âåêòîð³â åêñïîíåíö³àëüíîãî òèïó, ùî íå ïåðåâèùóº ν . 
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Äëÿ 0 1< θ <  ðîçãëÿíåìî ³íòåðïîëÿö³éíèé ïðîñò³ð ,( ),p qE Aν
θB( )  ç íîðìîþ 
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∫
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K

K
( )  

äå 
0 1

0 1 0 1( )
( , ) inf , ( ),   

p pE Ax x x
t x x t x x E A xν

ν
ν = +

= + ∈ ∈K B( ) . Íàäàë³ ïîçíà-

÷èìî ÷åðåç ,
, ( ) ,  0p rE Aν α ρ ρ > , ïðîñò³ð ,

, ( )p rE Aν α  ç êâàç³íîðìîþ ,
, ( )p rE A

x ν α
ρ . 

 Òåîðåìà 1. Íåõàé 1/( 1),  r qθ = α + = θ  ³ 1 ,p q≤ ≤ ∞ . 

 (a) Âèêîíóºòüñÿ òàêà ð³âí³ñòü: 

 ,
, ,( ) ( ),p r p qE A E Aν α θ ν

θ= B( ) . (1) 

 (á) ²ñíóþòü òàê³ ÷èñëà 1 1 2 2( , ),  ( , )c c r c c r= θ = θ , ùî âèêîíóþòüñÿ íå-
ð³âíîñò³ 

 ,
,

,
1 ,( )( , ) ,         ( )

p r p rE At x c t x x E Aν α
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ν ≤ ∈E , 

 ,
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pE A E A
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α ν≤ ∈ . (2) 

Ä î â å ä å í í ÿ. Íîðìà ïðîñòîðó ,( ),p qE Aν
θB( )  åêâ³âàëåíòíà  
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 Íåõàé q = ∞  ³ ïîêëàäåìî ( , )t s xν= K . Òîä³  

 ( , ) ( , )t t x s s xα θ −θ
ν ν≤E K( ) , 

çâ³äêè îòðèìóºìî ,
, ,( ), ( )p pE A E Aν ν α θ

θ ∞ ∞⊂B( ) . Îáåðíåíå âêëàäåííÿ âèïëèâàº ç 

íåð³âíîñò³ 

 ,
, ( )

( , ) ( 0, )
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s s x t t x x ν α
∞

θ−θ α θ
ν ν≤ − ≤K E( ) , 

äå 
0

( 0, ) lim inf ( , )
t

t x xν ν
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− = τE E . 

 Ó âèïàäêó q < ∞  ìàºìî 

 
0 0 0

( , )  ( , ) ( , )q q q q qdss s x s x ds s d s x
s

∞ ∞ ∞
−θ −θ −θ

ν ν ν− = =∫ ∫ ∫K K K( )  

 
0 0

/ ( , )  ( , )q q q dtt t x dt t t x
t

∞ ∞
−θ α θ

ν ν= ∫ ∫E E( ) ( ) , 

ùî é äîâîäèòü ð³âí³ñòü (1). 
Çã³äíî ç òåîðåìîþ 1.3.3 ç [6] ³ñíóþòü òàê³ ÷èñëà 1 1 2( , ),  c c r c= θ =  

2 ( , ) 0c r= θ > , ùî âèêîíóþòüñÿ íåð³âíîñò³ 
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 ,
,

,
1 ,( )

( , ) ,          ( )
p r

p rE A
t x c t x x E Aν α

θθ ν α
ν ≤ ∈K , 

 ,
,

1
2( ) ( )

,     ( )
p r p

pE A E A
x c x x x E Aν α ν

θ −θ θ ν≤ ∈ . (3) 

²ç ð³âíîñò³ (1) ìàºìî ( , ) ( , )t t x t t x−θ α θ
ν νK E ( ) , à, îòæå, ( , ) ( , )t x t t x θ

ν νK E ( ) . 

Çâ³äñè ³ ç (3) îòðèìóºìî (2). Òåîðåìó äîâåäåíî. ◊ 
 Íåõàé 0 1 0 10 , ,   1 , , ,r r p q< α α < ∞ ≤ ≤ ∞  ³ 0 1< θ < . Ðîçãëÿíåìî ³íòåð-

ïîëÿö³éíèé ïðîñò³ð 
0 1

0 1, ,
,, ,( ), ( ) qp r p rE A E Aν α ν α

θ( )  ç íîðìîþ 
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 = + ∈ ∈ 
 

K  

1 0 1

01 1,, ,
, , ,( ),    ( ) ( )p r p r p rE A x E A E Aν αν α ν α∈ ∈ + . 

 Òåîðåìà 2. Íåõàé 0 11 , , ,r r p q≤ ≤ ∞  ³ 0 1< θ < . 

(à) Ïðè 0 1(1 )α = − θ α + θα  ³ 0 1α ≠ α  âèêîíóºòüñÿ òàêà ð³âí³ñòü: 

 
0 1

0 1, , ,
, ,, ,( ), ( ) ( )q p qp r p rE A E A E Aν α ν α ν α

θ =( ) . (4) 

(á) Ïðè 0 11/ (1 )/ /q r r= − θ + θ  âèêîíóºòüñÿ òàêà ð³âí³ñòü: 

 
0 1

, , ,
, ,, ,( ), ( ) ( )q p qp r p rE A E A E Aν α ν α ν α

θ =( ) . (5) 

Ä î â å ä å í í ÿ. ²ç ð³âíîñò³ (1) ³ òåîðåìè 1.3.3 ç [6] âèïëèâàº, ùî ïðîñòî-

ðè ,
, ( )p rE Aν α θ  – áàíàõîâ³. Òîìó, çã³äíî ç òåîðåìîþ ïðî ðå³òåðàö³þ ([4, ðîçä. 3, 

§ 3.5]), ïðè 0 1(1 ) ,  1/( 1),  r qθ = − η θ + ηθ θ = α + = θ  

 
0 1

0 10 1, , ,
, ,, ,( ) , ( ) ( )q p rp r p rE A E A E Aν α ν αθ θ ν α θ

η =( ) . (6) 

Âèêîðèñòîâóþ÷è òåîðåìó ïðî ñòåïåí³ ([4, ðîçä. 3, § 3.11]), îòðèìóºìî 
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,, , , , ,( ) , ( ) ( ), ( )qp r p r p r p r rE A E A E A E A

θν α ν αν α ν αθ θ
η ρ=( ) ( ) , (7) 

äå 1/ρ = ηθ θ . Ç ð³âíîñòåé (6) ³ (7) ìàºìî 
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0 1, , ,
, ,, ,( ), ( ) ( )r p rp r p rE A E A E Aν α ν α ν α

ρ =( ) , 

äå 0 1(1 )α = − ρ α + ρα . Òàêèì ÷èíîì, ð³âí³ñòü (4) âñòàíîâëåíî. 

 Çã³äíî ç òåîðåìîþ 3.4.5 ç [4] ïðè 01/( 1),  ,  1/ (1 )/r q q rθ = α + = θ = − η +  

1/r+ η  îòðèìóºìî 
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, , ,
, ,, ,( ) , ( ) ( )q p rp r p rE A E A E Aν α θ ν α θ ν α θ

η =( ) . (8) 

Íà ï³äñòàâ³ òåîðåìè ïðî ñòåïåí³ ïðè η = θ  

 
0 1 0 1

, , , ,
,, , , , ,

( ) , ( ) ( ), ( )qp r p r p r p r r
E A E A E A E A

θν α θ ν α θ ν α ν α
η θ=( ) ( ) . (9) 

Ç ð³âíîñòåé (8) ³ (9) âèïëèâàº ð³âí³ñòü (5). Òåîðåìó äîâåäåíî. ◊ 
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Íà ï³äñòàâ³ ð³âíîñò³ (4) ç òåîðåìè 1.3.3 ç ðîáîòè [6] îòðèìóºìî 

 Íàñë³äîê 1. ²ñíóþòü òàê³ ÷èñëà 1 1 2 2( , ),  ( , ) 0c c q c c q= θ = θ > , ùî âèêî-
íóþòüñÿ íåð³âíîñò³ 

 ,
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ν α ν α−θ θ≤ ∈  . 

 Íàñë³äîê 2. Ïðè 0 11 q q≤ ≤ ≤ ∞  ñïðàâäæóþòüñÿ íåïåðåðâí³ âêëàäåííÿ 

0 1

, ,
, ,( ) ( )p q p qE A E Aν α ν α⊂ . Êð³ì öüîãî, ÿêùî 

0 1

0 1, ,
, ,( ) ( )p r p rE A E Aν α ν α⊂ , òî ïðè 00 < θ <  

1 1< θ <  
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0 01 1
0 0 1 1

, ,, ,
, ,, , , ,( ), ( ) ( ), ( )q qp r p r p r p rE A E A E A E Aν α ν αν α ν α

θ θ⊂( ) ( ) . 

 2. Ðîçãëÿíåìî àïðîêñèìàö³éíèé ïðîñò³ð ì³æ ïðîñòîðîì B  ³ ïðîñòîðîì 
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A . Ó ïðîñòîð³ ( )E A  çàäàìî íîðìó ( ) inf : ( )pE Ax x x E Aν= + ν ∈{ } . Äëÿ 
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Îçíà÷åííÿ 2. Íåõàé 0 ,    1 ,  p r< α < ∞ ≤ ≤ ∞ . Òîä³ ïîêëàäåìî 
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t x x x x E A t
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= − ∈ < < ∞E .  

 ×åðåç , ( ) ,  0p rE Aα ρ ρ > , ïîçíà÷èìî ïðîñò³ð , ( )p rE Aα  ç êâàç³íîðìîþ 

, ( )p rE A
x α

ρ . 

 Òåîðåìà 3. Íåõàé 1/( 1),  r qθ = α + = θ  ³ 1 ,p q≤ ≤ ∞ . 

 (a) Âèêîíóºòüñÿ òàêà ð³âí³ñòü: 

 , ,( ) ( ),p r qE A E Aα θ
θ= B( ) . 

 (á) ²ñíóþòü òàê³ ÷èñëà 1 1 2 2( , ),  ( , )c c r c c r= θ = θ , ùî âèêîíóþòüñÿ íå-
ð³âíîñò³ 

 
,1 ,( )( , ) ,         ( )

p r p rE At x c t x x E Aα
−α α≤ ∈E , 

 
, 2( ) ( ) ,      ( )

p rE A E Ax c x x x E Aα
α≤ ∈ . 

Ä î â å ä å í í ÿ  àíàëîã³÷íå äîâåäåííþ òåîðåìè 1. ◊ 



58 

 Ïîçíà÷èìî ÷åðåç ˆ
, ( )p rE Aα  ïîïîâíåííÿ ïðîñòîðó , ( )p rE Aα  çà íîðìîþ 

, ( )p rE Aα⋅ . Íåõàé 0 1 0 10 , ,  1 , , ,r r p q< α α < ∞ ≤ ≤ ∞  ³ 0 1< θ < . Âèçíà÷èìî ³í-

òåðïîëÿö³éíèé ïðîñò³ð ,
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, ,( ), ( ) qp r p rE A E A

α α
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K , 

, ,
ˆ ˆ

0 1

0 1( ) ( )p r p rx E A E A
α α∈ + . 

 Òåîðåìà 4. Íåõàé 0 11 , , ,r r p q≤ ≤ ∞  ³ 0 1< θ < . 

(à) Ïðè 0 1(1 )α = − θ α + θα  ³ 0 1α ≠ α  âèêîíóºòüñÿ òàêà ð³âí³ñòü: 

 ˆ ˆ ˆ
0 1

0 1
, ,, ,( ), ( ) ( )q p qp r p rE A E A E Aα α α

θ =( ) . 

(á) Ïðè 0 11/ (1 )/ /q r r= − θ + θ  âèêîíóºòüñÿ òàêà ð³âí³ñòü: 

 ˆ ˆ ˆ
0 1, , , ,( ), ( ) ( )p r p r q p qE A E A E Aα α α

θ =( ) . 

Ä î â å ä å í í ÿ  àíàëîã³÷íå äîâåäåííþ òåîðåìè 2. ◊ 

Çã³äíî ç òåîðåìîþ 1.3.3 ç [6] ³ñíóþòü òàê³ ÷èñëà 1 1 2( , ),  c c q c= θ =  

2 ( , ) 0c q= θ > , ùî âèêîíóþòüñÿ íåð³âíîñò³ 

 ˆ ˆ
0 1 ,, 1 ,( )( , ) ,               ( )

p q p qE At x c t x x E Aα
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 ˆ ˆˆ
ˆ ˆ
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α α−θ θ≤ ∈  . 

Ïðè 0 11 q q≤ ≤ ≤ ∞  ñïðàâäæóþòüñÿ íåïåðåðâí³ âêëàäåííÿ ˆ ˆ
0 1, ,( ) ( )p q p qE A E Aα α⊂ . 

Êð³ì öüîãî, ÿêùî ˆ ˆ
0 1

0 1
, ,( ) ( )p r p rE A E Aα α⊂ , òî ïðè 0 10 1< θ < θ <   

 ˆ ˆ ˆ ˆ
0 10 1 0 1

0 01 1

0 1, ,, , , ,( ), ( ) ( ), ( )q qp r p r p r p rE A E A E A E Aα αα α
θ θ⊂( ) ( ) . 

 3. Íåõàé Ω  – îáìåæåíà îáëàñòü â n  ç ãðàíèöåþ ∂Ω  êëàñó C∞  ³ íàá³ð 
îïåðàòîð³â  

 
2

( )( ) ( ),            
m

Lu t a D u t a Cβ
β β

β ≤

= ∈∑ , 

 ( ), ,( )( ) ( ),          ,   1, ,
j

j j j
m

B u t b D u t b C j mβ ∞
β β

β ≤

= ∈ ∂Ω =∑  , 

º ðåãóëÿðíî åë³ïòè÷íèì (äèâ. îçíà÷åííÿ 5.2.1/4 ç [6]). Ó ïðîñòîð³ ( )pL Ω , 

1 p< < ∞ , ðîçãëÿíåìî çàìêíåíèé îïåðàòîð A , çàäàíèé ñï³ââ³äíîøåííÿìè 

 2
,,          ( ) ( )

j

m
p BAu Lu D A W= = Ω{ } , (10) 

äå 2 2
, ( ) ( ) : 0,   1, ,

j

m m
p B p jW u W B u j m

∂Ω
Ω = ∈ Ω = = { } { } . 
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 Òåîðåìà 5. Äëÿ îïåðàòîðà A , çàäàíîãî ñï³ââ³äíîøåííÿìè (10), âèêîíó-
ºòüñÿ ð³âí³ñòü 

 , ,( ) ( ) : 0,  1, , ,   0,1,k
p r p r jE A u B B A u j m kα α

∂Ω
= ∈ Ω = = = { } , (11) 

äå , ( )p rBα Ω  – ïðîñò³ð Áºñîâà ïîðÿäêó 0α > . 

Ä î â å ä å í í ÿ. Ðîçãëÿíåìî áàíàõîâ³ ïðîñòîðè 

 ( )( ) ( ) : ( ) ( ),  ,  p pE D u t C D u t L k kν ∞ β
+= ∈ Ω ∈ Ω β = ∈  }{  

ç íîðìàìè 

 

1/

( )

( )
0

p

p

pp

L

E D k
k k

D u
u ν

β
∞ Ω

= β =

  
  = < ∞
  ν  

∑ ∑ . 

Ïðîñò³ð 
0

( ) ( )pE D E Dν

ν >
≡   ñï³âïàäàº ç ïðîñòîðîì Exp n  ö³ëèõ ôóíêö³é 

åêñïîíåíö³àëüíîãî òèïó, ÿê³ íàëåæàòü ( )pL Ω  (ëåìà 3 ç [5]). 

 Âèçíà÷èìî ïðîñò³ð 
,, ( )( ) ( ) :

p rp r p E DE D u L u α
α = ∈ Ω < ∞{ }  ç íîðìîþ 

 
,

1/

( )
0

( , )
p r

r
r r

E D
dtu t t u
t

α

∞
α =  

 ∫ E , 

äå 

 
0 ( )

0( , ) inf ,
E Du t

t u u u
≤

= −E  

 0 0 0( )
inf : ( ) 0 pE D

u u u E Dµ= + µ ∈ < µ < ∞{ }, . 

Ïðîñò³ð , ( )p rE Dα  ñï³âïàäàº ç êëàñè÷íèì ïðîñòîðîì Áºñîâà , ( )p rBα Ω . Ä³éñíî, 

âèêîðèñòîâóþ÷è òåîðåìè 7.1.7, 3.11.5 ç [4] ³ òåîðåìó 2.4.1 ç [6], îòðèìóºìî 

 
1

, 1/( 1), ( 1)( ) ( ), ( )p r p rE D E D L
α +α

α + α += Ω =( )( )  

 
11/( 1)

, ( 1) / ( 1), ( 1)
( ), ( )

ss
p p p s s r

L B
α ++

α + α + α += Ω Ω =( )( )  

 , / , ,( ), ( ) ( )s
p p p s r p rL B Bα

α= Ω Ω = Ω( ) . (12) 

Çã³äíî ç òåîðåìîþ 3 ç [5] âèêîíóºòüñÿ ð³âí³ñòü 

 
0

( ) ( ) : 0,   1, , ,    0,1,k
p jE A u E D B A u j m kν

∂Ων >
= ∈ = = =  }{ . 

Çâ³äñè òà ç (12), âðàõîâóþ÷è ð³âí³ñòü 
, , ,( ) ( ) ,  ( )

p r p r p rE D E Au u u E Aα α
α= ∈ , 

îòðèìóºìî ð³âí³ñòü (11). Òåîðåìó äîâåäåíî. ◊ 

 Â³äì³òèìî, ùî ,
, ,

,
,( ) ( ) ,  ( )

p r p r p rE A E Au u u E Aα ν α
ν α≤ ∈ , à òîìó âèêîíóþòüñÿ 

íåïåðåðâí³ âêëàäåííÿ 

 ,
, ,( ) ( ) : 0,  1, , ,   0,1,k

p r p r jE A u B B A u j m kν α α
∂Ω

⊂ ∈ Ω = = = { } . 
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АППРОКСИМАЦИОННЫЕ ПРОСТРАНСТВА МЕЖДУ БАНАХОВЫМ 
ПРОСТРАНСТВОМ И ВЕКТОРАМИ ЭКСПОНЕНЦИАЛЬНОГО ТИПА 
 
Â òåðìèíàõ èíòåðïîëÿöèîííûõ ïðîñòðàíñòâ îïèñàíû àïïðîêñèìàöèîííûå ïðîñ-
òðàíñòâà ìåæäó áàíàõîâûì ïðîñòðàíñòâîì è ïðîñòðàíñòâàìè âåêòîðîâ ýêñïî-
íåíöèàëüíîãî òèïà çàìêíóòîãî îïåðàòîðà.  
 
APPROXIMATION SPACES BETWEEN BANACH SPACE 
AND EXPONENTIAL TYPE VECTORS  
 
Approximation spaces between Banach space and spaces of exponential type vectors of 
closed operator are described in terms of interpolation spaces. 
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