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ÓÄÊ 539.3 
 
Ю. З. Повстенко  
 
НЕЛОКАЛЬНА І ГРАДІЄНТНА ТЕОРІЇ ПРУЖНОСТІ ТА ЇХ ЗАСТОСУВАННЯ 
ДО ОПИСУ НЕДОСКОНАЛОСТЕЙ У ТВЕРДИХ ТІЛАХ 
 

Íåëîêàëüíà òåîð³ÿ ïðóæíîñò³ âðàõîâóº ñèëè äàëåêî¿ âçàºìîä³¿ ì³æ àòîìàìè, 
ïðè öüîìó çàëåæí³ñòü ì³æ òåíçîðîì íàïðóæåíü ³ òåíçîðîì äåôîðìàö³¿ º ³í-
òåãðàëüíîþ. Ãðàä³ºíòíà òåîð³ÿ ïðóæíîñò³ âðàõîâóº ïîõ³äí³ òåíçîðà äåôîð-
ìàö³¿ ó ð³âíÿíí³ ñòàíó äëÿ òåíçîðà íàïðóæåíü. Ï³îíåðñüê³ ðîáîòè ß. Ñ. Ï³ä-
ñòðèãà÷à â³ä³ãðàëè âàæëèâó ðîëü â îáîõ âêàçàíèõ òåîð³ÿõ. Íà â³äì³íó â³ä ðîç-
â’ÿçê³â, îòðèìàíèõ ó ðàìêàõ êëàñè÷íî¿ òåîð³¿ ïðóæíîñò³, íàïðóæåííÿ, âè-
êëèêàí³ íåäîñêîíàëîñòÿìè â íåëîêàëüíî-ïðóæíîìó ñåðåäîâèù³, ³ äåôîðìàö³¿ ó 
ãðàä³ºíòíî-ïðóæíîìó ñåðåäîâèù³ íå ì³ñòÿòü íåô³çè÷íèõ ñèíãóëÿðíîñòåé.  

 
 1. Âñòóï. Âèêîðèñòîâóþ÷è ìåòîäè òåðìîäèíàì³êè íåð³âíîâàæíèõ ïðî-
öåñ³â ³ ìåõàí³êè ñóö³ëüíèõ ñåðåäîâèù, ß. Ñ. Ï³äñòðèãà÷ ðîçðîáèâ äèôóç³éíó 
òåîð³þ äåôîðìàö³¿ òâåðäèõ ò³ë [10]. Ó ö³é òåîð³¿ íàïðóæåíî-äåôîðìîâàíèé 
ñòàí ò³ëà âèçíà÷àºòüñÿ ³ç ñèñòåìè âçàºìîçâ’ÿçàíèõ ð³âíÿíü 

 ( ) grad div gradG G K∆ + λ + = β µ −u u f , (1) 
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 2 ( tr )G K= + λ − β µe e I , (3) 

 trc B K= µ + β e , (4) 

 Def=e u , (5) 

äå u  – âåêòîð ïåðåì³ùåííÿ; f  – âåêòîð îá’ºìíèõ ñèë; σ  – òåíçîð íàïðó-
æåíü; e  – òåíçîð äåôîðìàö³¿; µ  – õ³ì³÷íèé ïîòåíö³àë; c  – êîíöåíòðàö³ÿ; 

λ  ³ G  – ñòàë³ Ëÿìå; 2 3K G= λ + ; β  – êîåô³ö³ºíò äèôóç³éíîãî ðîçøèðåí-

íÿ; Λ  – êîåô³ö³ºíò ìàñîïðîâ³äíîñò³; t  – ÷àñ; I  – îäèíè÷íèé òåíçîð; B  – 
òåðìîäèíàì³÷íèé êîåô³ö³ºíò, ÿêèé ïîâ’ÿçóº êîíöåíòðàö³þ ç õ³ì³÷íèì ïî-
òåíö³àëîì. 
 Ðîçãëÿíåìî çãîðòêó òåíçîðíîãî ñï³ââ³äíîøåííÿ (3): 

 tr 3 (tr )K= − βµe . (6) 

Ïðîäèôåðåíö³þâàâøè ð³âí³ñòü (6) çà ÷àñîì t  ³ ïîä³ÿâøè íà îáèäâ³ ñòîðîíè 
ö³º¿ ð³âíîñò³ îïåðàòîðîì Ëàïëàñà ∆ , ç ð³âíÿííÿ (2) ìîæíà âèêëþ÷èòè 
õ³ì³÷íèé ïîòåíö³àë ³ îòðèìàòè ðåîëîã³÷íå ñï³ââ³äíîøåííÿ 
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Âèðàçè äëÿ êîåô³ö³ºíò³â, ÿê³ âõîäÿòü ó ñï³ââ³äíîøåííÿ (7), ìîæíà çíàéòè ó 
ðîáîòàõ ß. Ñ. Ï³äñòðèãà÷à [17, 19].  
 Â³äîìî, ùî ïðè ïåðåõîä³ â³ä ð³äèíè äî äåôîðì³âíîãî òâåðäîãî ò³ëà çà-
ì³ñòü òèñêó ³ ãóñòèíè ââîäÿòüñÿ òåíçîðí³ ïàðàìåòðè ñòàíó – òåíçîðè íà-
ïðóæåííÿ   ³ äåôîðìàö³¿ e . Ïðè îïèñ³ ìàñîâî¿ âçàºìîä³¿ òåðìîäèíàì³÷íèõ 
ñèñòåì ïðè ïåðåõîä³ â³ä ð³äèíè äî òâåðäîãî ò³ëà â áàãàòüîõ âèïàäêàõ âèñòà-
÷àº ñêàëÿðíèõ õ³ì³÷íîãî ïîòåíö³àëó ³ êîíöåíòðàö³¿. Ðàçîì ç òèì ïðè öüîìó 
âèíèêàº ðÿä êîíöåïòóàëüíèõ òðóäíîù³â. Çîêðåìà, ïðè ââåäåíí³ â³äîìèìè 
ñïîñîáàìè ñêàëÿðíîãî õ³ì³÷íîãî ïîòåíö³àëó äëÿ òâåðäèõ ò³ë ³ç ñï³ââ³ä-
íîøåíü, ÿê³ ïðè öüîìó îòðèìóþòüñÿ, ó âèïàäêó ã³äðîñòàòè÷íîãî òèñêó íå 
âèïëèâàþòü â³äïîâ³äí³ ñï³ââ³äíîøåííÿ äëÿ ð³äèí. Âêàçàí³ òðóäíîù³ âäàºòü-
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ñÿ óñóíóòè, ââ³âøè òåíçîðíèé õ³ì³÷íèé ïîòåíö³àë. Âïåðøå ³äåÿ ïðî íåîáõ³ä-
í³ñòü ðîçãëÿäó â òâåðäèõ ò³ëàõ òåíçîð³â õ³ì³÷íîãî ïîòåíö³àëó òà êîíöåí-
òðàö³¿ áóëà âèñóíóòà â ðîáîòàõ ß. Ñ. Ï³äñòðèãà÷à [9, 17, 18]. Ó ïîäàëüøîìó 
äî ö³º¿ ³äå¿ ð³çíèìè øëÿõàìè ïðèéøëî áàãàòî äîñë³äíèê³â. Äåòàëüíèé îãëÿä 
ö³º¿ ïðîáëåìàòèêè ìîæíà çíàéòè â ìîíîãðàô³ÿõ [2, 20]. Îäí³ºþ ç ïðè÷èí, ÿê³ 
ñïîíóêàëè ß. Ñ. Ï³äñòðèãà÷à äî ââåäåííÿ òåíçîðíîãî õ³ì³÷íîãî ïîòåíö³àëó, 
áóâ òîé ôàêò, ùî ðåîëîã³÷íå ñï³ââ³äíîøåííÿ (7) îòðèìóºòüñÿ ò³ëüêè äëÿ 
çãîðòêè òåíçîðà íàïðóæåíü. 

Íàñòóïíèì êðîêîì ó ðîçâèòêó òåîð³¿ áóëà âçàºìîçâ’ÿçàíà ñèñòåìà ð³â-
íÿíü [9, 17] 

 ( ) grad div grad tr divG G K∆ + λ + = β − ζ −u u f  , (8) 
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 2 ( tr tr )G K= + ζ + λ − βe e I   , (10) 

 1 2( tr tr )B B K= − ζ + + βc e e I  , (11) 

ÿêà óçàãàëüíþº ñèñòåìó (1)–(4) íà âèïàäîê òåíçîðíîãî õ³ì³÷íîãî ïîòåíö³àëó 
³ òåíçîðíî¿ êîíöåíòðàö³¿. 
 ²ç ð³âíÿííÿ (10) ìîæíà îòðèìàòè íå ò³ëüêè ñï³ââ³äíîøåííÿ (6) äëÿ çãîð-
òîê ââåäåíèõ òåíçîð³â, àëå òàêîæ ³ äëÿ ¿õ äåâ³àòîð³â, ÿê³ íàäàë³ ïî-
çíà÷àòèìåìî îïåðàòîðîì «dev». Îïèñàíà âèùå ïðîöåäóðà äèôåðåíö³þâàííÿ 
³ âèêëþ÷åííÿ òåíçîðà õ³ì³÷íîãî ïîòåíö³àëó ç ð³âíÿííÿ (9) äîçâîëÿº îòðè-
ìàòè ðåîëîã³÷í³ ñï³ââ³äíîøåííÿ äëÿ âñ³õ êîìïîíåíò òåíçîðà íàïðóæåíü [19]: 
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Ðîçãëÿíåìî ð³âíÿííÿ (12) ³ (13) ó íåñê³í÷åííîìó ñåðåäîâèù³ é çàñòîñó-
ºìî äî íèõ ³íòåãðàëüíå ïåðåòâîðåííÿ Ëàïëàñà çà ÷àñîì t  òà ³íòåãðàëüíå 
ïåðåòâîðåííÿ Ôóð’º çà ïðîñòîðîâèìè êîîðäèíàòàìè. Îá÷èñëèâøè â³äïîâ³äí³ 
³íòåãðàëè ³ âèêîðèñòàâøè òåîðåìè ïðî çãîðòêó, îòðèìàºìî íåëîêàëüí³ ñï³â-
â³äíîøåííÿ [19] 
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à âèðàç äëÿ mγ  îòðèìóºìî ç (16) çàì³íîþ êîåô³ö³ºíòà n  íà êîåô³ö³ºíò m . 

Ïàðàìåòð k  â³äïîâ³äàº ðîçì³ðíîñò³ ðîçãëÿäóâàíîãî ïðîñòîðó. 
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2. Íåëîêàëüí³ òà ãðàä³ºíòí³ òåîð³¿. Ó âèïàäêó ïðîñòîðîâî¿ íåëîêàëü-
íîñò³ òåíçîð íàïðóæåíü   ó äàí³é òî÷ö³ ïðîñòîðó x  â ìîìåíò ÷àñó t  çà-
ëåæèòü â³ä òåíçîðà äåôîðìàö³¿ e  â óñ³õ òî÷êàõ ò³ëà ó òîé ñàìèé ìîìåíò 
÷àñó (äëÿ çðó÷íîñò³ ïîäàëüø³ ñï³ââ³äíîøåííÿ áóäåìî çàïèñóâàòè îêðåìî 
äëÿ êóëüîâî¿ ³ äåâ³àòîðíî¿ ÷àñòèí òåíçîð³â): 

 1tr ( , ) tr ( , ) ( )
V

t t dV′ ′ ′= α −∫x x x e x x ( ) , (17) 

 2dev ( , ) dev ( , ) ( )
V

t t dV′ ′ ′= α −∫x x x e x x ( ) . (18) 

Äëÿ ìàòåð³àë³â ç ÷àñîâîþ íåëîêàëüí³ñòþ ìàºìî 
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Ïðè îäíî÷àñíîìó ðîçãëÿä³ åôåêò³â ïàì’ÿò³ òà ïðîñòîðîâî¿ íåëîêàëüíîñ-
ò³ îòðèìóºìî 
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Ó ðîáîòàõ ß. Ñ. Ï³äñòðèãà÷à [19], Å. Êðåíåðà [57, 59], ². À. Êóí³íà [4, 5], 
À. Åð³íãåíà [37], Ä. Åäåëåíà [33] áóëè çàïðîïîíîâàí³ ð³çí³ âåðñ³¿ íåëîêàëüíî¿ 
òåîð³¿ ïðóæíîñò³. Çàãàëüí³ âëàñòèâîñò³ ÿäåð íåëîêàëüíîñò³ áóëè äåòàëüíî 
ïðîàíàë³çîâàí³ â ðîáîòàõ [40, 41, 72], äå òàêîæ ïîäàíî ê³ëüêà êîíêðåòíèõ 
âèðàç³â äëÿ öèõ ÿäåð, çîêðåìà, ïîä³áíèõ äî ÿäåð (16). Ìåòîäàìè òåîð³¿ ãðóï 
ìîäóë³ íåëîêàëüíîñò³ äîñë³äæóâàëèñÿ ó ðîáîò³ [69]. Ñë³ä ï³äêðåñëèòè, ùî 
ðåçóëüòàòè ß. Ñ. Ï³äñòðèãà÷à äîçâîëÿþòü äàòè ÿäðàì íåëîêàëüíîñò³ ô³çè÷-
íó ³íòåðïðåòàö³þ ó òåðì³íàõ äèôóç³éíèõ ïðîöåñ³â. 

Ãðàä³ºíòí³ òåîð³¿ ïðóæíîñò³ òàêîæ ìîæíà ïîä³ëèòè íà òðè ãðóïè:  
– â’ÿçêîïðóæí³ ñåðåäîâèùà ç ÷àñîâîþ ãðàä³ºíòí³ñòþ  
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– ñåðåäîâèùà ç ïðîñòîðîâîþ ãðàä³ºíòí³ñòþ  
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– ñåðåäîâèùà ç ÷àñîâîþ ³ ïðîñòîðîâîþ ãðàä³ºíòí³ñòþ  
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Ï³äêðåñëèìî, ùî ðåîëîã³÷í³ ñï³ââ³äíîøåííÿ (12), (13), îòðèìàí³ 
ß. Ñ. Ï³äñòðèãà÷åì, äîçâîëÿþòü äàòè äåÿêèì êîåô³ö³ºíòàì ó ãðàä³ºíòíèõ 
ð³âíÿííÿõ ñòàíó ô³çè÷íó ³íòåðïðåòàö³þ â òåðì³íàõ äèôóç³éíèõ åôåêò³â. 

 3. Ìîäåë³ íåäîñêîíàëîñòåé ó òâåðäèõ ò³ëàõ. Ðåàëüí³ êðèñòàë³÷í³ ìàòå-
ð³àëè çàâæäè ì³ñòÿòü âåëèêó ê³ëüê³ñòü íåäîñêîíàëîñòåé êðèñòàë³÷íî¿ ãðàò-
êè – òî÷êîâèõ äåôåêò³â, äèñëîêàö³é, äèñêë³íàö³é, òð³ùèí, âêëþ÷åíü, ïîðîæ-
íèí òîùî. Ó ïðóæíîìó ñåðåäîâèù³ âêàçàí³ íåäîñêîíàëîñò³, ÿê ïðàâèëî, ìî-
äåëþþòü ïåâíèì ðîçïîä³ëîì çîñåðåäæåíèõ ñèë àáî ïåâíèì ðîçïîä³ëîì òåí-
çîðà íåñóì³ñíîñò³ äåôîðìàö³¿. 

Ðîçâ’ÿçêè, îòðèìàí³ â ðàìêàõ êëàñè÷íî¿ òåîð³¿ ïðóæíîñò³, º êîðåêòíè-
ìè ò³ëüêè íà äåÿê³é â³äñòàí³ â³ä äåôåêòó, àëå íå ìîæóòü áóòè âèêîðèñòàí³ 
íà ìàëèõ â³ääàëÿõ â³ä íåäîñêîíàëîñò³, îñê³ëüêè ì³ñòÿòü íåô³çè÷í³ ñèíãóëÿð-
íîñò³. Òîìó áóëè çàïðîïîíîâàí³ ð³çí³ òåîð³¿, ÿê³ á äîçâîëèëè îá³éòè öþ 
òðóäí³ñòü ³ îòðèìàòè ô³çè÷íî á³ëüø îá´ðóíòîâàí³ ðåçóëüòàòè. 

Íàéïðîñò³øîþ ìîäåëëþ òî÷êîâîãî äåôåêòó â ïðóæíîìó êîíòèíóóì³ º 
öåíòð äèëàòàö³¿. Ðîçãëÿäàëèñÿ òàêîæ á³ëüø ñêëàäí³ ìóëüòèïîëüí³ ìîäåë³ 
[21, 58]. Áóëî çàïðîïîíîâàíî ñóòî äèñêðåòíèé ìåòîä ðîçðàõóíêó çáóðåííÿ 
ãðàòêè, âèêëèêàíîãî îäèíè÷íîþ âàêàíñ³ºþ. Ñó÷àñíèé ñòàí äîñë³äæåíü ç 
êîìï’þòåðíîãî ìîäåëþâàííÿ òî÷êîâèõ äåôåêò³â ó òâåðäèõ ò³ëàõ ïðîàíàë³-
çîâàíî â [52, 83].  
  Äåòàëüíèé îãëÿä äîñë³äæåíü, ïðèñâÿ÷åíèõ êîìï’þòåðíîìó ìîäåëþâàí-
íþ ÿäðà äèñëîêàö³¿ ó ðàìêàõ äèñêðåòíèõ ìîäåëåé êðèñòàë³÷íî¿ ãðàòêè, íà-
âåäåíî â [29]. Â³äïîâ³äíèõ äîñë³äæåíü äëÿ äèñêë³íàö³é â ë³òåðàòóð³ ìàéæå 
íåìàº, ìîæåìî âêàçàòè ò³ëüêè ñòàòò³ [6, 30]. Â îñòàíí³ ðîêè ïîÿâèëîñÿ 
áàãàòî äîñë³äæåíü òð³ùèí ó ðàìêàõ àòîìíèõ ìîäåëåé. Â àïðîêñèìàö³¿ ñòà-
òè÷íî¿ ãðàòêè [87] ðîçãëÿäàºòüñÿ ñê³í÷åííà ê³ëüê³ñòü àòîì³â, ÿê³ âçàºìîä³-
þòü ì³æ ñîáîþ ç äóæå ³äåàë³çîâàíèìè ì³æàòîìíèìè ïîòåíö³àëàìè. Ç òî÷êè 
çîðó ³äåàë³çîâàíî¿ ãåîìåòð³¿ ³ ì³æàòîìíèõ ñèë, öÿ ìîäåëü äóæå ãðóáî â³äîá-
ðàæàº âëàñòèâîñò³ ñåðåäîâèùà, îñê³ëüêè íå êîíêðåòèçóº êðèñòàë³÷íèé ìà-
òåð³àë. Ó ìîëåêóëÿðíî-äèíàì³÷íîìó ï³äõîä³ [84] äèôåðåíö³àëüí³ ð³âíÿííÿ 
ðóõó ðîçâ’ÿçóþòü ÷èñëîâèì ìåòîäîì äëÿ äîñòàòíüî âåëèêî¿ ê³ëüêîñò³ àòî-
ì³â, ÿê³ âçàºìîä³þòü ì³æ ñîáîþ ³ç çàäàíèì ïîòåíö³àëîì. Ïðè öüîìó ïîñòàº 
ïèòàííÿ: ÿêîþ âåëèêîþ ïîâèííà áóòè ê³ëüê³ñòü àòîì³â, ùîá â³äîáðàçèòè 
âëàñòèâîñò³ â³äïîâ³äíî¿ áåçìåæíî¿ ñèñòåìè? Îáèäâ³ âêàçàí³ ìîäåë³ ðîçãëÿ-
äàþòü ò³ëüêè îäíîâèì³ðíèé ³ äâîâèì³ðíèé âèïàäêè, îñê³ëüêè íàâ³òü çà 
íàÿâíîñò³ ñó÷àñíèõ êîìï’þòåð³â çìîäåëþâàòè òð³ùèíè ó òðèâèì³ðíîìó ñå-
ðåäîâèù³ íå âäàºòüñÿ. 

Äèñêðåòí³ ìîäåë³ âèñâ³òëþþòü äåÿê³ ô³çè÷í³ àñïåêòè ïðîáëåìè, àëå ïî-
òðåáóþòü âåëèêîãî îá’ºìó îá÷èñëåíü, çîêðåìà ïðè êîæí³é çì³í³ ïàðàìåòð³â 
ìàòåð³àëó. Ó çâ’ÿçêó ç öèì áóëî ðîçðîáëåíî äåê³ëüêà ï³äõîä³â äî 
ìîäåëþâàííÿ íåäîñêîíàëîñòåé êðèñòàëó, ÿê³ ïîºäíóþòü ìåòîäè, âëàñòèâ³ 
òåîð³¿ ïðóæíîñò³, ³ ìåòîäè äèñêðåòíî¿ òåîð³¿ êðèñòàë³÷íî¿ ãðàòêè. Ïåðøèìè 
ñïðîáàìè òàêîãî òèïó áóëè äèñëîêàö³éí³ ìîäåë³ Ôðåíêåëÿ – Êîíòîðîâî¿ [3] ³ 
Ïàéºðëñà – Íàáàððî [67, 70] ³ ð³çí³ ¿õ óçàãàëüíåííÿ, ÿê³ äåòàëüíî âèñâ³òëåí³ 
â ë³òåðàòóð³ [22, 65, 68]. Ó ìîäåëÿõ Ôðåíêåëÿ – Êîíòîðîâî¿ òà Ïàéºðëñà – 
Íàáàððî ðîçãëÿäàþòüñÿ ò³ëüêè ïðÿìîë³í³éí³ äèñëîêàö³¿; ïðè óñêëàäíåíí³ 
ãåîìåòð³¿ àáî ðîçãëÿä³ ³íøèõ òèï³â äåôåêò³â òðåáà çàëó÷àòè ³íø³ ï³äõîäè. 
Çàïðîïîíîâàíî òàêîæ ð³çí³ óçàãàëüíåí³ ìîäåë³ òð³ùèí, íàïðèêëàä, Ëåîíîâà 
– Ïàíàñþêà [8], Äàãäåéëà [32], Áàðåíáëàòòà [1]. Ö³ ìîäåë³ ðîçðîáëåíî âè-
êëþ÷íî äëÿ òð³ùèí, ³ ¿õ íå âäàºòüñÿ çàñòîñóâàòè äëÿ îïèñó ³íøèõ òèï³â 
äåôåêò³â. 

Ïðè âèêîðèñòàíí³ íàï³âäèñêðåòíîãî ï³äõîäó ÷àñòèíó êðèñòàëó, ùî ì³ñ-
òèòü íåäîñêîíàë³ñòü, ìîäåëþþòü äèñêðåòíîþ ãðàòêîþ, ³íøó ÷àñòèíó îïè-
ñóþòü ð³âíÿííÿìè òåîð³¿ ïðóæíîñò³. Ð³çí³ âåðñ³¿ íàï³âäèñêðåòíîãî ìåòîäó 
äëÿ òî÷êîâèõ äåôåêò³â îïèñàíî â [64]. Çàïðîïîíîâàíî óäîñêîíàëåíó âåðñ³þ 
íàï³âäèñêðåòíîãî ìåòîäó, â ÿê³é êðèñòàë ðîçáèâàþòü íà òðè îáëàñò³: äè-
ñêðåòíó, ïðóæíó òà ïåðåõ³äíó. Ó äèñêðåòí³é îáëàñò³ àòîìè ïîáëèçó äåôåê-
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òó ââàæàþòü êëàñè÷íèìè ÷àñòèíêàìè, ðîçãëÿäàþòü ³íäèâ³äóàëüí³ ïåðå-
ì³ùåííÿ àòîì³â, à ïîòåíö³àëüíó åíåðã³þ ðîçðàõîâóþòü ç âèêîðèñòàííÿì ïî-
òåíö³àë³â âçàºìîä³¿. Ó ïðîì³æí³é îáëàñò³ ïåðåì³ùåííÿ àòîì³â âèçíà÷àþòüñÿ 
ïîëåì ïðóæíîãî ïåðåì³ùåííÿ, à åíåðã³ÿ – ïîòåíö³àëîì âçàºìîä³¿. Íàðåøò³, 
ó ïðóæí³é îáëàñò³ ÿê ïåðåì³ùåííÿ, òàê ³ åíåðã³þ ðîçðàõîâóþòü ó ðàìêàõ 
òåîð³¿ ïðóæíîñò³. Õàðàêòåðíîþ òðóäí³ñòþ öüîãî ï³äõîäó º ïðîáëåìà âèáîðó 
ðîçì³ðó êðèñòàë³÷íî¿ îáëàñò³, îñê³ëüêè íàïåðåä íåâ³äîìî, ÿê³ ïîâèíí³ áóòè 
ðîçì³ðè äèñêðåòíî¿ îáëàñò³. Ó òîé æå ÷àñ ê³ëüê³ñòü ³ ñêëàäí³ñòü ð³âíÿíü, ùî 
îïèñóþòü ïîâåä³íêó àòîì³â ó äèñêðåòí³é îáëàñò³, äóæå øâèäêî çðîñòàþòü ç³ 
çá³ëüøåííÿì ö³º¿ îáëàñò³. Êð³ì òîãî, íà ãðàíèö³ ì³æ äèñêðåòíîþ îáëàñòþ ³ 
ïðóæíèì êîíòèíóóìîì ïîâèíí³ âèêîíóâàòèñÿ äåÿê³ ãðàíè÷í³ óìîâè, ÿê³ íå 
òàê ïðîñòî ñôîðìóëþâàòè. Äåòàëüíî ïåðåâàãè ³ íåäîë³êè ã³áðèäíîãî ï³äõîäó 
ïðîàíàë³çîâàíî â ðîáîòàõ [21, 31, 45, 53]. Ã³áðèäíèé ï³äõ³ä âèêîðèñòîâóºòüñÿ 
òàêîæ ó ðîáîò³ [54], äå ðîçãëÿäàºòüñÿ êîìá³íîâàíà ñõåìà ñê³í÷åííèõ 
åëåìåíò³â ³ àòîìíî¿ ãðàòêè. Ó ö³é ñõåì³ äèñêðåòíà îáëàñòü ì³ñòèòüñÿ ó 
êîíòèíóóì³ ñê³í÷åííèõ åëåìåíò³â ç äâîøàðîâîþ ïåðåõ³äíîþ çîíîþ, ó ÿê³é 
ãðàòêà ³ êîíòèíóóì ñê³í÷åííèõ åëåìåíò³â ïåðåêðèâàþòüñÿ. Ó âíóòð³øíüîìó 
ïåðåõ³äíîìó øàð³ êðèñòàë³÷íà ãðàòêà íàâ’ÿçóº ãðàíè÷í³ óìîâè äëÿ 
êîíòèíóóìó, ó çîâí³øíüîìó ïåðåõ³äíîìó øàð³ àòîìè ðóõàþòüñÿ â³äïîâ³äíî 
äî ñê³í÷åííî-åëåìåíòíîãî ðîçâ’ÿçêó.  

Äëÿ ìîäåëþâàííÿ íåäîñêîíàëîñòåé êðèñòàë³÷íî¿ ãðàòêè îñòàíí³ì ÷àñîì 
óñï³øíî çàñòîñîâóâàëè ÿê íåëîêàëüíó, òàê ³ ãðàä³ºíòíó òåîð³¿ ïðóæíîñò³. 

 4. Êëþ÷îâ³ ð³âíÿííÿ ³ ìåòîäè ðîçâ’ÿçóâàííÿ çàäà÷ íåëîêàëüíî¿ òà 
ãðàä³ºíòíî¿ òåîð³é ïðóæíîñò³. Ñèñòåìà êëþ÷îâèõ ð³âíÿíü ïðîñòîðîâî íåëî-
êàëüíî¿ òåîð³¿ ïðóæíîñò³ ì³ñòèòü  

– ð³âíÿííÿ ð³âíîâàãè 

 Nldiv = − F , (29) 

– ð³âíÿííÿ ñòàíó 

 Nl ( ) , tr ( ) 2 ( ) ( )
V

dV′ ′ ′ ′= α − η λ + µ∫x x x e x I e x x ( )[ ] , (30) 

– ãåîìåòðè÷í³ ñï³ââ³äíîøåííÿ 

 Def=e u , (31) 

– íåîäíîð³äíå ð³âíÿííÿ ñóì³ñíîñò³ 

 pInc =e  .  (32) 

Òóò pe  – òåíçîð ïëàñòè÷íî¿ äåôîðìàö³¿;   – òåíçîð íåñóì³ñíîñò³ 

äåôîðìàö³¿; ³íäåêñ «Nl » âêàçóº íà òå, ùî ðîçãëÿäàþòüñÿ íåëîêàëüí³ 
íàïðóæåííÿ. Êð³ì òîãî, ïîâèííî âèêîíóâàòèñÿ ñï³ââ³äíîøåííÿ [56, 73] 

 α( ) ( ) ( )
V

dV′ ′ ′= −∫F x x x f x x( ) . 

Ó ö³é ðîáîò³ áóäåìî ðîçãëÿäàòè òàê³ äâîâèì³ðí³ 

 Nl 02
NlNl

1,
2

c K
cc

′− ′α − =  
 π

x x
x x( )  (33) 

³ òðèâèì³ðí³  

 
2

3 2
1, exp

48( )

x x
x x −

′− ′α − ξ =  ξ πξ
( )  (34) 

ÿäðà íåëîêàëüíîñò³. Òóò 0 ( )K x  – ôóíêö³ÿ Ìàêäîíàëüäà, Nlc  ³ ξ  – äåÿê³ 

ñòàë³, ô³çè÷íèé çì³ñò ÿêèõ íàâåäåíî â ðîáîòàõ [40, 41]. 
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 Ó ãðàä³ºíòí³é òåîð³¿ ïðóæíîñò³, çàïðîïîíîâàí³é ó ðîáîòàõ Å. Àéôàíò³ñà, 
ð³âíÿííÿ ñòàíó äëÿ òåíçîðà íàïðóæåíü ïðèéìàþòü ó âèãëÿä³ [25] 

 2
gtr 2 tr 2G c G= λ + − ∆ λ +e I e e I e [ ] , (35) 

äå gc  – ñòàëà, ÿêà îïèñóº ãðàä³ºíòí³ âëàñòèâîñò³ ñåðåäîâèùà. 

 4.1. Áåçïîñåðåäíº ³íòåãðóâàííÿ ðîçâ’ÿçêó â³äïîâ³äíî¿ çàäà÷³ ëî-
êàëüíî¿ òåîð³¿ ïðóæíîñò³. Ñë³ä ï³äêðåñëèòè, ùî ð³âíÿííÿ (30) çàïèñàíî â 
³íâàð³àíòí³é òåíçîðí³é ôîðì³. Ó äåêàðòîâèõ êîîðäèíàòàõ ³íòåãðóâàííÿ ìîæ-
íà ïðîâîäèòè áåçïîñåðåäíüî. Ó âèïàäêó êðèâîë³í³éíèõ êîîðäèíàò òðåáà ñïî-
÷àòêó â³ä êîìïîíåíò òåíçîðà íàïðóæåíü ( )′x  ó êðèâîë³í³éíèõ êîîðäèíàòàõ 

ó òî÷ö³ ′x  ïåðåéòè äî äåêàðòîâèõ êîìïîíåíò ó ö³é òî÷ö³, ç³íòåãðóâàòè ³ ï³ñ-
ëÿ öüîãî ïåðåéòè â³ä äåêàðòîâèõ êîìïîíåíò òåíçîðà íàïðóæåíü Nl ( )x  ó 
òî÷ö³ x  äî êîìïîíåíò öüîãî òåíçîðà ó êðèâîë³í³éíèõ êîîðäèíàòàõ ó ö³é 
òî÷ö³. Ï³äêðåñëèìî, ùî íàâ³òü äëÿ íàéïðîñò³øèõ ÿäåð òèïó (34) ïðè çàñòî-
ñóâàíí³ öüîãî ìåòîäó íåîáõ³äíî îá÷èñëþâàòè äóæå ñêëàäí³ ³íòåãðàëè. 

4.2. Çâåäåííÿ çàäà÷ íåëîêàëüíî¿ òåîð³¿ ïðóæíîñò³ äî ðîçâ’ÿçóâàí-
íÿ ð³âíÿíü äèôóç³¿ ³ Ãåëüìãîëüöà. ßäðî íåëîêàëüíîñò³ (34) º ôóíäàìåí-
òàëüíèì ðîçâ’ÿçêîì îïåðàòîðà äèôóç³¿ [60] 

 
,

, ( ) ( ) ( ) ( )x y z
∂α ξ

− ∆α ξ = δ δ δ δ ξ
∂ξ
x

x
( )

( ) . (36) 

Ïðè ïåâíèõ äîäàòêîâèõ îáìåæåííÿõ ç ð³âíÿííÿ ñòàíó (30) äëÿ òåíçîðà íå-
ëîêàëüíèõ íàïðóæåíü ³ ð³âíÿííÿ (36) âèïëèâàº, ùî òåíçîð Nl  çàäîâîëüíÿº 
ð³âíÿííÿ äèôóç³¿ 

 Nl
Nl 0

∂
− ∆ =

∂ξ


  (37) 

ïðè «ïî÷àòêîâ³é» óìîâ³ 

 Nl0 :     ξ = =  ,  (38) 

äå   – ðîçâ’ÿçîê â³äïîâ³äíî¿ ëîêàëüíî¿ çàäà÷³ òåîð³¿ ïðóæíîñò³. Ï³äêðåñ-
ëèìî, ùî ïàðàìåòð ξ  ó ð³âíÿíí³ (37) ôîðìàëüíî º ïîä³áíèì äî ÷àñó, àëå â 
ä³éñíîñò³ ç ÷àñîì íå ìàº í³÷îãî ñï³ëüíîãî, à º ïàðàìåòðîì íåëîêàëüíîñò³. 

Òîä³ ç (37) ³ (38) âèïëèâàº, ùî 

 Nl Nls∆ − = −   , (39) 

äå ðèñêîþ ïîçíà÷åíî ³íòåãðàëüíå ïåðåòâîðåííÿ Ëàïëàñà çà ïàðàìåòðîì ξ ; 
s  – ïàðàìåòð öüîãî ïåðåòâîðåííÿ. 
 Îñê³ëüêè ó äâîâèì³ðíîìó âèïàäêó ôóíêö³ÿ Ìàêäîíàëüäà º ôóíäàìåí-
òàëüíèì ðîçâ’ÿçêîì ð³âíÿííÿ Ãåëüìãîëüöà [60] 

 02
NlNl

1 1 ( ) ( )
2

rK x y
cc

   ∆ − = δ δ   π    
, (40) 

òî äëÿ ÿäðà íåëîêàëüíîñò³ (33) ç ð³âíÿíü (30) ³ (40) îòðèìóºìî íåîäíîð³äíå 
ð³âíÿííÿ Ãåëüìãîëüöà  

 Nl Nl2 2
Nl Nl

1 1
c c

∆ − = −   .  (41) 

4.3. Âèêîðèñòàííÿ òåíçîðà ôóíêö³é íàïðóæåíü. Çà â³äñóòíîñò³ 
îá’ºìíèõ ñèë òàê ñàìî, ÿê ó âèïàäêó êëàñè÷íî¿ òåîð³¿ ïðóæíîñò³ [58], ð³â-
íÿííÿ ð³âíîâàãè (29) äëÿ òåíçîðà íåëîêàëüíèõ íàïðóæåíü Nl  ìîæíà çàäî-
âîëüíèòè òîòîæíî, ââ³âøè òåíçîð ôóíêö³é íàïðóæåíü 
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 Nl 1 (tr ) ( tr )
2 1

= ∆ + − ∆
µ − ν

I


    [ ] (42) 

ïðè äîäàòêîâ³é óìîâ³  
 0⋅ =  ,  (43)  

äå ν  – êîåô³ö³ºíò Ïóàññîíà. 

Ëåãêî ïîêàçàòè, ùî òåíçîð   çàäîâîëüíÿº ð³âíÿííÿ 

 2( )s∆ − ∆ = −  . (44)  

4.4. Âèêîðèñòàííÿ ïîäàííÿ Áóñc³íåñêà – Ãàëüîðê³íà. Ïðè íóëüî-
âîìó òåíçîð³ íåñóì³ñíîñò³, àëå çà íàÿâíîñò³ îá’ºìíèõ ñèë, òàê ñàìî, ÿê ó 
âèïàäêó êëàñè÷íî¿ òåîð³¿ ïðóæíîñò³ [7], çðó÷íî ñêîðèñòàòèñÿ ç ïîäàííÿ 
âåêòîðà ïåðåì³ùåííÿ u  ÷åðåç âåêòîð Áóñc³íåñêà – Ãàëüîðê³íà w : 

 2 2(1 ) ( )µ = − ν ∆ − ⋅u w w  . (45) 

Òîä³ ïîëå òåíçîðà íàïðóæåíü Nl  âèçíà÷àºòüñÿ çà òàêîþ ôîðìóëîþ: 

 Nl ( ) (1 ) ( )= ν − ⋅ + − ν ∆ +I w w w      , (46) 

à âåêòîð w  çàäîâîëüíÿº ð³âíÿííÿ 

 2 1( )
1

s∆ − ∆ = −
− ν

w f . (47) 

4.5. Çâåäåííÿ çàäà÷ ãðàä³ºíòíî¿ òåîð³¿ ïðóæíîñò³ äî ðîçâ’ÿçóâàí-
íÿ ð³âíÿííÿ Ãåëüìãîëüöà. Ó ðîáîò³ [82] áóëî ïîêàçàíî, ùî ïðè âèêîíàíí³ 
ïåâíèõ óìîâ ðîçâ’ÿçóâàííÿ êðàéîâèõ çàäà÷ ãðàä³ºíòíî¿ òåîð³¿ ïðóæíîñò³ 
ìîæíà çâåñòè äî ðîçâ’ÿçóâàííÿ íåîäíîð³äíîãî ð³âíÿííÿ Ãåëüìãîëüöà äëÿ 
òåíçîðà äåôîðìàö³¿ 

 2
g g2 2

g g

1 1
c c

− = −e e e .  (48) 

Â³äì³òèìî «äóàëüí³ñòü» ð³âíÿíü (41) äëÿ òåíçîðà íåëîêàëüíèõ íàïðóæåíü ³ 
ð³âíÿííÿ (48) äëÿ òåíçîðà ãðàä³ºíòíî¿ äåôîðìàö³¿.  

 5. Íåäîñêîíàëîñò³ â íåëîêàëüíîìó òà ãðàä³ºíòíîìó ñåðåäîâèùàõ. Íå-
ëîêàëüía òåîð³ÿ ïðóæíîñò³ âèÿâèëàñü åôåêòèâíîþ ïðè óñóíåíí³ íåô³çè÷íèõ 
ñèíãóëÿðíîñòåé òåíçîðà íàïðóæåíü, çóìîâëåíèõ òî÷êîâèìè äåôåêòàìè [4, 
14, 55, 56, 90, 91], äèñëîêàö³ÿìè [11, 13, 15, 16, 35, 39, 41, 46, 74–78, 80], 
äèñêë³íàö³ÿìè [13, 79, 81], òð³ùèíàìè [36, 44], çîñåðåäæåíèìè ñèëàìè [13, 
26, 73], ó êîíòàêòíèõ çàäà÷àõ [27, 43] òîùî. Ãðàä³ºíòíà òåîð³ÿ ïðóæíîñò³ 
äîâåëà ñâîþ åôåêòèâí³ñòü â óñóíåíí³ íåô³çè÷íèõ ñèíãóëÿðíîñòåé òåíçîðà 
äåôîðìàö³¿ ïðè äîñë³äæåíí³ äèñëîêàö³é [49–51], äèñêë³íàö³é [48] ³ òð³ùèí 
[25, 88]. 

ßê ïðèêëàä íàâåäåìî íåíóëüîâ³ êîìïîíåíòè òåíçîðà íàïðóæåíü, çóìîâ-
ëåíèõ ïðÿìîë³í³éíîþ êëèíîâîþ äèñêë³íàö³ºþ ç âåêòîðîì Ôðàíêà Ω  ó íåëî-
êàëüíî ïðóæíîìó ñåðåäîâèù³, – ðîçâ’ÿçîê ð³âíÿííÿ (41) ó öèë³íäðè÷íèõ êî-
îðäèíàòàõ [79]: 
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θθ
 Ω − ν    σ = + + + −    − νπ − ν     

.  (49) 

Íàïðóæåííÿ, ùî îïèñóþòüñÿ ôîðìóëàìè (49), íå ì³ñòÿòü íåô³çè÷íèõ 
ñèíãóëÿðíîñòåé íà ë³í³¿ äèñêë³íàö³¿ ïðè 0r = . ßê ö³êàâèé ôàêò â³äì³òèìî, 
ùî íåîäíîð³äíå ð³âíÿííÿ Ãåëüìãîëüöà òèïó (41) îòðèìóºòüñÿ òàêîæ ç ³íøèõ 
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ô³çè÷íèõ ì³ðêóâàíü (ç ³íøîþ ñòðóêòóðíîþ ñòàëîþ c ) ó êàë³áðóâàëüí³é òåî-
ð³¿ äåôåêò³â [61–63]. Î÷åâèäíî, ùî â³äïîâ³äí³ âèðàçè äëÿ íàïðóæåíü ó ðîáî-
òàõ [62, 63] ï³ñëÿ çàì³íè ñòðóêòóðíèõ ñòàëèõ ñï³âïàäàþòü ç ðåçóëüòàòàìè 
[79] (òàê ñàìî, ÿê â³äïîâ³äí³ âèðàçè äëÿ êîìïîíåíò òåíçîðà äåôîðìàö³¿ â 
[48] – ðîçâ’ÿçêè ð³âíÿííÿ (48) – áåçïîñåðåäíüî îòðèìóþòüñÿ ç ôîðìóë (49) 
äëÿ êëèíîâî¿ äèñêë³íàö³¿ ³ â³äïîâ³äíèõ ôîðìóë [79] äëÿ äèñêë³íàö³¿ ñêðóòó). 

 Â³äçíà÷èìî òàêîæ ñó÷àñí³ ñïðîáè ïîºäíàòè ð³çí³ ìîäåë³: äèñêðåòíèé ³ 
êîíòèíóàëüíèé ï³äõîäè [85, 86], íàï³âäèñêðåòíèé ï³äõ³ä ³ ìîäåëü Ïàéºðëñà 
– Íàáàððî [28], äèñëîêàö³þ Ïàéºðëñà – Íàáàððî ç íåëîêàëüí³ñòþ [66, 71], 
íåëîêàëüíèé ³ ãðàä³ºíòíèé ï³äõîäè [47, 89]. Ðåêîìåíäóºìî ÷èòà÷åâ³ îãëÿäî-
â³ ðîáîòè [12, 23, 24, 34, 42], ï³äñóìêîâó ìîíîãðàô³þ [38] ³ ìàòåð³àëè ñèì-
ïîç³óìó «Nonlocal and ²nteract³ve Med³a» (Pennsylvan³a State Un³vers³ty, 
October 13–16, 2002), ïðèñâÿ÷åíîãî 80-ð³÷÷þ îäíîãî ç òâîðö³â íåëîêàëüíî¿ 
òåîð³¿ ïðóæíîñò³ À. Åð³íãåíà. Âêàçàí³ ìàòåð³àëè îïóáë³êîâàíî ó ñïåö³-
àëüíîìó âèïóñêó æóðíàëó «²nternat³onal Journal of Eng³neer³ng Sc³ence» 
(2003, No. 3–5).  
 
 1. Áàðåíáëàòò Ã. È. Ìàòåìàòè÷åñêàÿ òåîðèÿ ðàâíîâåñíûõ òðåùèí, îáðàçóþùèõñÿ 

ïðè õðóïêîì ðàçðóøåíèè // Æóðí. ýêñïåðèì. è òåîðåò. ôèçèêè. – 1961. – ¹ 4. 
– C. 3–56. 

 2. Ãðèíôåëüä Ì. À. Ìåòîäû ìåõàíèêè ñïëîøíûõ ñðåä â òåîðèè ôàçîâûõ ïðåâðà-
ùåíèé. – Ì.: Íàóêà, 1990. – 312 ñ. 

 3. Êîíòîðîâà Ò. À., Ôðåíêåëü ß. È. Ê òåîðèè ïëàñòè÷åñêîé äåôîðìàöèè è äâîéíè-
êîâàíèÿ // Æóðí. ýêñïåðèì. è òåîðåò. ôèçèêè. – 1938. – 8, ¹ 1. – C. 89–95. 

 4. Êîñèëîâà Â. Ã., Êóíèí È. À., Ñîñíèíà Ý. Ã. Âçàèìîäåéñòâèå òî÷å÷íûõ äåôåêòîâ 
ñ ó÷åòîì ïðîñòðàíñòâåííîé äèñïåðñèè // Ôèçèêà òâåðäîãî òåëà. – 1968. – 10, 
¹ 2. – C. 367–374. 

 5. Êóíèí È. À. Òåîðèÿ óïðóãèõ ñðåä ñ ìèêðîñòðóêòóðîé. Íåëîêàëüíàÿ òåîðèÿ 
óïðóãîñòè. – Ì.: Íàóêà, 1973. – 300 ñ. 

 6. Ìèõàéëèí À. È., Ðîìàíîâ À. Å. Àìîðôèçàöèÿ ÿäðà äèñêëèíàöèè // Ôèçèêà 
òâåðäîãî òåëà. – 1986. – 28, ¹ 2. – C. 601-603. 

 7. Íîâàöêèé Â. Òåîðèÿ óïðóãîñòè. – Ì.: Ìèð, 1981. – 800 ñ. 
 8. Ïàíàñþê Â. Â. Ìåõàíèêà êâàçèõðóïêîãî ðàçðóøåíèÿ ìàòåðèàëîâ. – Êèåâ: Íàóê. 

äóìêà, 1991. – 416 ñ. 
 9. Ï³äñòðèãà÷ ß. Ñ. Äèôåðåíö³àëüí³ ð³âíÿííÿ çàäà÷³ òåðìîäèôóç³¿ â òâåðäîìó 

äåôîðìîâàíîìó ³çîòðîïíîìó ò³ë³ // Äîï. ÀÍ ÓÐÑÐ. – 1961. – ¹ 2. – C. 169– 172. 
 10. Ï³äñòðèãà÷ ß. Ñ. Äèôåðåíö³àëüí³ ð³âíÿííÿ äèôóç³éíî¿ òåîð³¿ äåôîðìàö³¿ 

òâåðäîãî ò³ëà // Äîï. ÀÍ ÓÐÑÐ. – 1963. – ¹ 3. – C. 336–340. 
 11. Ïîâñòåíêî Þ. Ç. Êðóãîâà äèñëîêàöiéíà ïåòëÿ îáåðòàííÿ â íåëîêàëüíî-ïðóæíî-

ìó ñåðåäîâèùi // Ìàò. ìåòîäè òà ôiç.-ìåõ. ïîëÿ. – 1995. – Âèï. 38. – C. 95–98. 
 12. Ïîâñòåíêî Þ. Ç. Íåëîêàëüíà òåîð³ÿ ïðóæíîñò³ òà ¿¿ çàñòîñóâàííÿ äî îïèñó 

äåôåêò³â ó òâåðäèõ ò³ëàõ // Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. – 1998. – 41, ¹ 1. – 
C. 90–96. 

 13. Ïîâñòåíêî Þ. Ç. Ïðÿìîë³í³éí³ äèñëîêàö³¿, äèñêë³íàö³¿ ³ çîñåðåäæåí³ ñèëè â 
íåëîêàëüíî ïðóæíîìó ñåðåäîâèù³ // Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. – 2001. – 
44, ¹ 1. – C. 124–129. 

 14. Ïîâñòåíêî Þ. Ç. Òî÷êîâèé äåôåêò â íåëîêàëüíî-ïðóæíîìó ñåðåäîâèù³ // Ìàò. 
ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. – 1998. – 41, ¹ 3. – Ñ. 85–89. 

 15. Ïîâñòåíêî Þ. Ç., Ìàòêîâñüêèé Î. À. Ãâèíòîâà äèñëîêàöiÿ â íåëîêàëüíî-ïðóæ-
íîìó ñåðåäîâèùi ç ìîìåíòíèìè íàïðóæåííÿìè // Äîï. ÍÀÍ Óêðà¿íè. – 1995. – 
¹ 10. – C. 57–60. 

 16. Ïîâñòåíêî Þ. Ç., Ìàòêîâñüêèé Î. À. Êðàéîâà äèñëîêàö³ÿ â íåëîêàëüíî-ïðóæ-
íîìó ñåðåäîâèù³ ç ìîìåíòíèìè íàïðóæåííÿìè // Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. 
– 1997. – 40, ¹ 3. – Ñ. 98–102. 

 17. Ïîäñòðèãà÷ ß. Ñ. Äèôôóçèîííàÿ òåîðèÿ äåôîðìàöèè èçîòðîïíîé ñïëîøíîé 
ñðåäû // Âîïð. ìåõàíèêè ðåàëüíîãî òâåðäîãî òåëà. – 1964. – Âûï. 2. – C. 77–99. 

 18. Ïîäñòðèãà÷ ß. Ñ. Äèôôóçèîííàÿ òåîðèÿ íåóïðóãîñòè ìåòàëëîâ // Æóðí. ïðèêë. 
ìåõàíèêè è òåõí. ôèçèêè. – 1965. – ¹ 2. – C. 67–72. 

 19. Ïîäñòðèãà÷ ß. Ñ. Îá îäíîé íåëîêàëüíîé òåîðèè äåôîðìèðîâàíèÿ òâåðäûõ òåë 
// Ïðèêë. ìåõàíèêà. – 1967. – 3, ¹ 2. – Ñ. 71–76. 

 20. Ïîäñòðèãà÷ ß. Ñ., Ïîâñòåíêî Þ. Ç. Ââåäåíèå â ìåõàíèêó ïîâåðõíîñòíûõ ÿâëå-
íèé â äåôîðìèðóåìûõ òâåðäûõ òåëàõ. – Êèåâ: Íàóê. äóìêà, 1985. – 200 ñ. 



144 

 21. Teoäoñèó Ê. Óïðóãèå ìîäåëè äåôåêòîâ â êðèñòàëëàõ. – Ì.: Ìèð, 1985. – 352 c. 
 22. Õèðò Äæ., Ëîòå È. Òåîðèÿ äèñëîêàöèé. – Ì.: Àòîìèçäàò, 1972. – 600 ñ. 
 23. Aifantis E. C. On the role of gradients on the localization of deformation and 

fracture // Int. J. Engng. Sci. – 1992. – 30, No. 10. – P. 1279–1299. 
 24. Aifantis E. C. Update on a class of gradient theories // Mech. Mater. – 2003. – 35, 

No. 3-5. – P. 259–280. 
 25. Altan S. B., Aifantis E. C. On the structure of the mode-III crack-tip in gradient 

elasticity // Scripta Metall. Mater. – 1992. – 26, No. 2. – P. 319–324. 
 26. Artan R. Nonlocal elastic half plane loaded by a concentrated force // Int. J. 

Engng. Sci. – 1996. – 34, No. 8. – P. 943–950. 
 27. Artan R., Yelkenci T. Rectangular rigid stamp on a nonlocal elastic half-plane // 

Int. J. Solids and Struct. – 1996. – 33, No. 4. – P. 3577–3586. 
 28. Bulatov V., Kaxiras E. Semidiscrete variational Peierls framework for dislocation 

core properties // Phys. Rev. Lett. – 1997. – 78, No. 22. – P. 4221–4224. 
 29. Dislocations // C. r. Colloq. Int. CNRS Dislocations: Structure de coeur et 

propertites physiques. – Paris, 1984. 
 30. Doyama M., Cotteril R. M. J. Atomic configurations of disclinations by computer si-

mulation // Phil. Mag. – 1984. – 50, No. 4. – P. L7–L10. 
 31. Duesbery M. S. Modeling of the dislocation core // Dislocations in Solids. – Vol. 8: 

Basic Problems and Applications. – Amsterdam: North-Holland, 1989. – Ð. 67–173. 
 32. Dugdale D. A. Yielding of steel sheets containing slits // J. Mech. and Phys. Solids. 

– 1960. – 8, No. 1. – P. 100–104. 
 33. Edelen D. G. B. Nonlocal field theories // Continuum Phys. – 1976. – 4. – P. 75–204. 
 34. Engelbrecht J., Braun M. Nonlinear waves in nonlocal media // Appl. Mech. Rev. – 

1998. – 51, No. 8. – P. 475–488. 
 35. Eringen A. C. Edge dislocation in nonlocal elasticity // Int. J. Engng. Sci. – 1977. – 

15, No. 3. – P. 177–183. 
 36. Eringen A. C. Line crack subject to shear // Int. J. Fracture. – 1978. – 14, No. 4. – 

P. 367–379. 
 37. Eringen A. C. Linear theory of nonlocal elasticity and dispersion of plane waves // 

Int. J. Engng. Sci. – 1972. – 10, No. 5. – P. 425–435. 
 38. Eringen A. C. Nonlocal continuum field theories. – Berlin: Springer-Verlag, 2002. – 

376 p. 
 39. Eringen A. C. On continuous distribution of dislocations in nonlocal elasticity // J. 

Appl. Phys. – 1984. – 56, No. 10. – P. 2675–2680. 
 40. Eringen A. C. On differential equations of nonlocal elasticity and solutions of 

screw dislocations and surface waves // J. Appl. Phys. – 1983. – 54, No. 9. – 
P. 4703–4710. 

 41. Eringen A. C. Screw dislocation in nonlocal elasticity // J. Phys. D: Appl. Phys. – 
1977. – 10, No. 5. – P. 671–678. 

 42. Eringen A. C. Vistas of nonlocal continuum physics // Int J. Engng. Sci. – 1992. – 
30, No. 10. – P. 1551–1565. 

 43. Eringen A. C., Balta F. Penetration of a half space by a rectangular cylinder // 
Trans. ASME. J. Appl. Mech. – 1979. – 46, No. 3. – P. 587–591. 

 44. Eringen A. C., Speciale C. G., Kim B. S. Crack-tip problem in nonlocal elasticity // 
J. Mech. and Phys. Solids. – 1977. – 25, No. 5. – P. 339–355. 

 45. Finnis M. W. Interatomic forces and the simulation of cracks // Chemistry and 
Phys. Fract. – Dordrecht: Martinus Nijhoff Publ., 1987. – P. 177–194. 

 46. Gao F. Screw dislocation in a bi-medium in non-local elasticity // J. Phys. D: Appl. 
Phys. – 1990. – 23, No. 3. – P. 328–333. 

 47. Geers M. G. D., Peerlings R. H. J., Brekelmans W. A. M., De Borst R. Phenomenolo-
gical nonlocal approaches based on implicit gradient-enhanced damage // Acta 
Mech. – 2000. – 144, No. 1. – P. 1–15. 

 48. Gutkin M. Yu., Aifantis E. C. Dislocations and disclinations in gradient elasticity // 
Phys. Status Solidi b. Basic research. – 1999. – 214, No. 2. – P. 245–283. 

 49. Gutkin M. Yu., Aifantis E. C. Dislocations in the theory of gradient elasticity // 
Scripta Mater. – 1999. – 40, No. 5. – P. 559–566. 

 50. Gutkin M. Yu., Aifantis E. C. Edge dislocation in gradient elasticity // Scripta Ma-
ter. – 1997. – 36, No. 1. – P. 129–135. 

 51. Gutkin M. Yu., Aifantis E. C. Screw dislocation in gradient elasticity // Scripta 
Mater. – 1996. – 35, No. 11. – P. 1353–1358. 

 52. Harding J. H. Computer simulation of defects in ionic solids // Rept. Progr. Phys. 
– 1990. – 53, No. 11. – P. 1403–1466. 



145 

 53. Hoagland R. G., Dan M. S., Hirth J. P. Some aspects of forces and fields in atomic 
models of crack tips // J. Mater. Res. – 1991. – 6, No. 12. – P. 2565–2777.  

 54. Kohlhoff S., Gumbsch P., Fischmeister H. F. Crack propagation in b.c.c. crystals 
studied with a combined finite-element and atomistic model // Phil. Mag. A. – 
1991. – 64, No. 4. – P. 851–878. 

 55. Kovács I. Nonlocal elastic interactions between point defects and dislocations // 
Arch. Mech. – 1981. – 33, No. 6. – P. 901–908. 

 56. Kovács I., Vörös G. Lattice defects in nonlocal elasticity // Phys. B. – 1979. – 96, 
No. 1. – P. 111–115. 

 57. Kröner E. Elasticity theory of metals with long range cohesive forces // Int. J. 
Solids and Struct. – 1967. – 3, No. 5. – P. 731–742. 

 58. Kröner E. Kontinuumstheorie der Versetzungen und Eigenspannungen. – Berlin: 
Springer, 1958. – 180 S. 

 59. Kröner E., Datta B. K. Nichtlokale Elastostatik: Ableitung aus der Gitteltheorie // 
Z. Phys. – 1966. – 196, No. 3. – S. 203–211. 

 60. Kythe P. K. Fundamental solutions for differential operators and applications. – 
Boston: Birkhäuser, 1996. – 410 p. 

 61. Lasar M. Dislocations in the field theory of elastoplasticity. – Leipzig, 2003. – 11 p. 
– (Prepr. / Max Planck Inst. for Mathematics in the Sciences; No. 37). 

 62. Lasar M. Twist disclination in the field theory of elastoplasticity. – Leipzig, 2003. – 
20 p. – (Prepr. / Max Planck Inst. for Mathematics in the Sciences; No. 36). 

 63. Lasar M. Wedge disclination in the field theory of elastoplasticity // Phys. Lett. A. 
– 2003. – 311, No. 4-5. – P. 416–425. 

 64. Lidiard A. The Mott-Littleton method: an introductory survey // J. Chem. Soc. 
Faraday Trans. Pt. 2. – 1989. – 85, No. 5. – P. 341–349. 

 65. Miller R., Phillips R. Critical analysis of local constitutive models for slip and 
decohesion // Phil. Mag. A. – 1996. – 73, No. 4. – P. 803–828. 

 66. Miller R., Phillips R., Beltz G., Ortiz M. A non-local formulation of the Peierls 
dislocation model // J. Mech. and Phys. Solids. – 1998. – 46, No. 10. – P. 1845–
1867. 

 67. Nabarro F. R. N. Dislocations in a simple cubic lattice // Proc. Phys. Soc. London. – 
1947. – 59, No. 332. – P. 256–272. 

 68. Ngan A. H. W. A generalized Peierls-Nabarro model for non-planar screw disloca-
tion cores // J. Mech. and Phys. Solids. – 1997. – 45, No. 6. – P. 903–921. 

 69. Özer T. On the symmetry group properties of equations of nonlocal elasticity // 
Mech. Res. Commun. – 1999. – 26, No. 6. – P. 725–733. 

 70. Peierls R. E. The size of a dislocaton // Proc. Phys. Soc. London. – 1940. – 52, 
No. 289. – P. 34–37. 

 71. Picu R. C. On the functional form of non-local elasticity kernels // J. Mech. and 
Phys. Solids. – 2002. – 50, No. 9. – P. 1923–1939. 

 72. Picu R. C. The Peierls stress in non-local elasticity // J. Mech. and Phys. Solids. – 
2002. – 50, No. 4. – P. 717–735. 

 73. Povstenko Y. Z. Axisymmetric ring loading in nonlocal elastic space // Int. J. 
Engng. Sci. – 2001. – 39, No. 3. – P. 285–302. 

 74. Povstenko Y. Z. Circular dislocation loops in non-local elasticity // J. Phys. D: Appl. 
Phys. – 1995. – 28, No. 1. – P. 105–111. 

 75. Povstenko Y. Z. Imperfections in nonlocal elasticity // J. Physique. – 1998. – 8, 
No. 8. – P. 309–316. 

 76. Povstenko Y. Z. Imperfections in nonlocal elasticity // Proc. 2nd Europ. Conf. «Me-
chanics of materials with intrinsic length scale». – Magdeburg, 1998. – P. 299–306. 

 77. Povstenko Y. Z. Modelling of crystal imperfections in non-local elastic continuum 
// Multiple Scale Anal. and Coupled Phys. Syst.: Saint-Venant Symp. – Paris: 
Press de l’école nat. des ponts et chaussées, 1997. – P. 535–542. 

 78. Povstenko Y. Z. Non-local equations in mathematics and physics. Theory of non-
local elasticity // Prace nauk. WSP w Częstochowie. Matematyka. – 1997. – 5. – 
S. 89–96. 

 79. Povstenko Y. Z. Straight disclinations in nonlocal elasticity // Int J. Engng. Sci. – 
1995. – 33, No. 4. – P. 575–582. 

 80. Povstenko Y. Z. Stress fields produced by circular defects in non-local elastic solid 
// Elasticity, Viscoelasticity and Optimal Control. Theoretical and Numerical 
Aspects. – Lyon: Univ. Claude Bernard, 1995. – P. 133–134. 

 81. Povstenko Y. Z., Matkovskii O. A. Circular disclination loops in nonlocal elasticity 
// Int. J. Solids and Struct. – 2000. – 37, No. 44. – P. 6419–6432. 



146 

 82. Ru C. Q., Aifantis E. C. A simple approach to solve boundary-value problems in 
gradient elasticity // Acta Mech. – 1993. – 101, No. 1-4. – P. 59–68. 

 83. Schober H. P. Point defects and the macroscopic host crystal // Phys. B. – 1985. – 
131, No. 1-3. – P. 27–33. 

 84. Sieradzki K., Diens G. J., Paskin A., Massoumzadeh B. Atomistic of crack propaga-
tion // Acta Metal. – 1988. – 36, No. 3. – P. 651–663. 

 85. Tadmor E. B., Ortiz M., Phillips R. Quasicontinuum analysis of defects in solids // 
Phil. Mag. A. – 1996. – 73, No. 6. – P. 1529–1563. 

 86. Tadmor E. B., Phillips R., Ortiz M. Mixed atomistic and continuum models of de-
formation in solids // Langmuir. – 1996. – 12, No. 19. – P. 4529–4534. 

 87. Thomson R. Physics of fracture // Atomistics of Fracture. – New York: Plenum 
Press, 1983. – P. 167–204.  

 88. Vardoulakis I., Exadaktylos G., Aifantis E. Gradient elasticity with surface energy: 
mode-III crack problem // Int. J. Solids and Struct. – 1996. – 33, No. 30. – 
P. 4531–4559. 

 89. Voyiadjis G. Z., Abu Al-Rub R. K., Palazotto A. N. Non-local coupling of viscoplas-
ticity and anisotropic viscodamage for impact problems using the gradient theory 
// Arch. Mech. – 2003. – 55, No. 1. – P. 39–89. 

 90. Wang R. Non-local elastic interaction energy between a dislocation and a point 
defect // J. Phys. D. – 1990. – 23, No. 2. – P. 263–265. 

 91. Wang R., Chen G. L., Sun Z. Q. Application of nonlocal elasticity to the energetics 
for solute atoms in body-centered cubic transition metals with dislocation // Metal. 
Trans. A. – 1992. – 23, No. 11. – P. 3115–3120. 

 
НЕЛОКАЛЬНАЯ И ГРАДИЕНТНАЯ ТЕОРИИ УПРУГОСТИ И ИХ ПРИМЕНЕНИЕ 
К ОПИСАНИЮ НЕСОВЕРШЕНСТВ В ТВЕРДЫХ ТЕЛАХ 
 
Íåëîêàëüíàÿ òåîðèÿ óïðóãîñòè ó÷èòûâàåò ñèëû äàëüíåãî âçàèìîäåéñòâèÿ ìåæäó 
àòîìàìè, ïðè ýòîì çàâèñèìîñòü ìåæäó òåíçîðîì íàïðÿæåíèé è òåíçîðîì äå-
ôîðìàöèè ÿâëÿåòñÿ èíòåãðàëüíîé. Ãðàäèåíòíàÿ òåîðèÿ óïðóãîñòè ó÷èòûâàåò 
ïðîèçâîäíûå òåíçîðà äåôîðìàöèè â óðàâíåíèÿõ ñîñòîÿíèÿ äëÿ òåíçîðà íàïðÿæå-
íèé. Ïèîíåðñêèå ðàáîòû ß. Ñ. Ïîäñòðèãà÷à ñûãðàëè âàæíóþ ðîëü â îáåèõ óêàçàí-
íûõ òåîðèÿõ. Â îòëè÷èå îò ñîîòâåòñòâóþùèõ ðåøåíèé, ïîëó÷åííûõ â ðàìêàõ 
êëàññè÷åñêîé òåîðèè óïðóãîñòè, íàïðÿæåíèÿ, îáóñëîâëåííûå íåñîâåðøåíñòâàìè â 
íåëîêàëüíî-óïðóãîé ñðåäå, è äåôîðìàöèÿ â ãðàäèåíòíî-óïðóãîé ñðåäå íå ñîäåðæàò 
íåôèçè÷åñêèõ ñèíãóëÿðíîñòåé.  
 
NON-LOCAL AND GRADIENT ELASTICITY THEORIES AND THEIR APPLICATION 
TO DESCRIPTION OF IMPERFECTIONS IN SOLIDS 
 
Non-local elasticity theory takes into account the interatomic long-range forces. Thus, 
the relation between the stress tensor and the strain tensor has the integral form. 
Gradient elasticity theory takes into account the derivatives of strain tensor in the 
equation of state for the stress tensor. The pioneer works of Ya. S. Pidstryhach play an 
important role in both these theories. In contrast to the corresponding classical elastic 
solutions, the stresses caused by imperfections in non-local medium and strains in 
gradient elasticity, have no non-physical singularities. 
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