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ÓÄÊ 539.3 
 
Б. В. Процюк 
 
ТРИВИМІРНІ СТАТИЧНІ ТА КВАЗІСТАТИЧНІ ЗАДАЧІ ТЕРМОПРУЖНОСТІ 
ДЛЯ ШАРУВАТИХ ТІЛ ІЗ ПЛОСКОПАРАЛЕЛЬНИМИ ГРАНИЦЯМИ 
 

Ç âèêîðèñòàííÿì ôóíêö³é Ãð³íà êðàéîâèõ çàäà÷ äëÿ ñèñòåìè òðüîõ çâè÷àé-
íèõ ÷àñòêîâî âèðîäæåíèõ äèôåðåíö³àëüíèõ ð³âíÿíü ç ðîçðèâíèìè êîåô³ö³ºí-
òàìè îòðèìàíî çà â³äîìèõ ôàêòîð³â çáóðåííÿ ðîçâ’ÿçêè òðèâèì³ðíèõ ñòà-
òè÷íèõ ³ êâàç³ñòàòè÷íèõ çàäà÷ òåðìîïðóæíîñò³ äëÿ øàðóâàòèõ ïðîñòîðó, 
ï³âïðîñòîðó òà øàðó ç ÷îòèðìà âàð³àíòàìè ãðàíè÷íèõ óìîâ íà êîæí³é ç 
îáìåæóþ÷èõ ïîâåðõîíü íà îñíîâ³ îäíèõ ³ òèõ ñàìèõ êëþ÷îâèõ ñï³ââ³äíîøåíü. 

 
Ó [1] âèêëàäåíî ï³äõ³ä äî ðîçâ’ÿçóâàííÿ çà â³äîìîãî òåìïåðàòóðíîãî 

ïîëÿ îñåñèìåòðè÷íèõ ñòàòè÷íèõ ³ êâàç³ñòàòè÷íèõ çàäà÷ òåðìîïðóæíîñò³ 
äëÿ øàðóâàòèõ ò³ë ³ç ïëîñêîïàðàëåëüíèìè ãðàíèöÿìè, ÿêèé ãðóíòóºòüñÿ íà 
âèêîðèñòàíí³ ôóíêö³é Ãð³íà çàäà÷ äëÿ â³äïîâ³äíî¿ ñèñòåìè çâè÷àéíèõ 
äèôåðåíö³àëüíèõ ð³âíÿíü.  

Õàðàêòåðíèì äëÿ öüîãî ï³äõîäó º òå, ùî, áóäóþ÷è ôóíêö³¿ Ãð³íà ó íà-
ï³âáåçìåæí³é øàðóâàò³é îáëàñò³ äëÿ îäíîãî ç øåñòè âàð³àíò³â ãðàíè÷íèõ 
óìîâ, îäíî÷àñíî îòðèìóþòüñÿ ôóíêö³¿ Ãð³íà äëÿ ðåøòè âàð³àíò³â. Àëå â 
ïîäàëüøîìó âèêîðèñòîâóþòüñÿ ôóíêö³¿ Ãð³íà ò³ëüêè äëÿ ÷îòèðüîõ âàð³àíò³â 
ãðàíè÷íèõ óìîâ, äëÿ ÿêèõ âîíè º ñèìåòðè÷íèìè. Ïðè÷îìó ñï³ââ³äíîøåííÿ 
äëÿ êîæíîãî âàð³àíòó â³äð³çíÿþòüñÿ ëèøå òèì, ùî ïî÷àòêîâ³ çíà÷åííÿ ðå-
êóðñ³é áåðóòüñÿ â³äïîâ³äíî äî âàð³àíòó ãðàíè÷íèõ óìîâ. ²ç ïîáóäîâàíèõ òà-
êèì ñïîñîáîì ôóíêö³é Ãð³íà îòðèìóþòüñÿ 
øëÿõîì â³äïîâ³äíîãî ãðàíè÷íîãî ïåðåõîäó 
ôóíêö³¿ Ãð³íà äëÿ íåîáìåæåíî¿ øàðóâàòî¿ 
îáëàñò³ òà îáìåæåíî¿ øàðóâàòî¿ îáëàñò³, íà 
íîâîóòâîðåí³é ãðàíèö³ ÿêî¿ àíàëîãè íîðìàëü-
íèõ ³ äîòè÷íèõ íàïðóæåíü àáî ïåðåì³ùåíü 
äîð³âíþþòü íóëåâ³. 

Ìåòîþ ö³º¿ ðîáîòè º îòðèìàòè ç âèêî-
ðèñòàííÿì àíàëîã³÷íîãî ï³äõîäó ðîçâ’ÿçêè 
òðèâèì³ðíèõ ñòàòè÷íèõ ³ êâàç³ñòàòè÷íèõ çà-
äà÷ òåðìîïðóæíîñò³ äëÿ øàðóâàòèõ ïðîñòî-
ðó, ï³âïðîñòîðó òà øàðó ç ïëîñêîïàðàëåëü-
íèìè ãðàíèöÿìè çà â³äîìèõ òåìïåðàòóðíîãî ïîëÿ, ìàñîâèõ ³ ïîâåðõíåâèõ 
ñèë àáî ïåðåì³ùåíü. 

Ðîçãëÿíåìî â³äíåñåíèé äî äåêàðòîâî¿ ñèñòåìè êîîðäèíàò 1 2 3,  ,  x x x  
øàðóâàòèé ï³âïðîñò³ð (ïåðåð³ç çîáðàæåíî íà ðèñ. 1) ç ïëîñêîïàðàëåëüíèìè 
ãðàíèöÿìè ïîä³ëó, ì³æ ³çîòðîïíèìè ñêëàäîâèìè ÷àñòèíàìè ÿêîãî çä³éñíþ-
ºòüñÿ ³äåàëüíèé òåðìîìåõàí³÷íèé êîíòàêò. Òåìïåðàòóðíå ïîëå  

 1 2 3 1 1 2 2 1 2
0 0

2 ( , , ) cos ( ) cos ( )t t x x x d d
∞ ∞

= η η η η η η
π ∫ ∫ , (1) 

ó ÿêîìó çíàõîäèòüñÿ ï³âïðîñò³ð, ââàæàºìî â³äîìèì ç ðîçâ’ÿçêó â³äïîâ³äíî¿ 

çàäà÷³ òåïëîïðîâ³äíîñò³. Êð³ì òîãî ïðèïóñêàºìî, ùî ôóíêö³¿ 1 2( , )inu x x∗ , 

3 1 2( , )in x x∗σ , ÿêèì ìîæóòü äîð³âíþâàòè â³äïîâ³äíî çíà÷åííÿ ïåðåì³ùåíü òà 

íîðìàëüíèõ ³ äîòè÷íèõ íàïðóæåíü íà çîâí³øí³é ïîâåðõí³ ï³âïðîñòîðó, à 
òàêîæ ìàñîâ³ ñèëè iX  äîïóñêàþòü çîáðàæåííÿ ó âèãëÿä³ ³íòåãðàë³â Ôóð’º  

 1 2 1 1 2 2 1 2
0 0

2 ( , ) cos ( ) cos ( )in inu u x x d d
∞ ∞

∗ ∗= η η η η η η
π ∫ ∫ , 
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 3 3 1 2 1 1 2 2 1 2
0 0

2 ( , ) cos ( ) cos ( )in in x x d d
∞ ∞

∗ ∗σ = σ η η η η η η
π ∫ ∫ , 

 1 2 3 1 1 2 2 1 2
0 0

2 ( , , ) cos ( ) cos ( ) ,    1, 2,3i iX X x x x d d i
∞ ∞

= η η η η η η =
π ∫ ∫ . (2) 

Ïåðåì³ùåííÿ ,  1,2,3iu i∗ = , ÿê³ çàãàñàþòü íà áåçìåæíîñò³, âèçíà÷àºìî ç 
ñèñòåìè ð³âíÿíü 

 
,3 3 3 ,( ) [ ( ) ( )]
jji ix u x x∗ ∗µ + λ + µ ε +  

 
3 3

1

,3 3, 3 0 3 3
1

( ) ( )
q

n

q i i i q x x q
q

u u x x
−

∗ ∗ ∗
= −

=

+ µ + + δ λ ε δ − =∑ [ ]  

 3 ,( ) i ix t X∗= γ −[ ]  (3) 

ïðè òàêîãî æ òèïó ãðàíè÷íèõ óìîâàõ íà ïîâåðõí³ 3 3nx x= , ÿê â îñåñèìåò-

ðè÷íîìó âèïàäêó: 

 1°. 3 3 1 2( , ),     1,2,3i in x x i∗ ∗σ = σ = ; 

 2°. 1 2( , ),       1,2,3i inu u x x i∗ ∗= = ; 

 5°. 3 3 1 2 3 3 1 2( , ),       ( , ),    1,2n i inu u x x x x i∗ ∗ ∗ ∗= σ = σ = ;  

 6°. 1 2 33 33 1 2( , ),        1,2,      ( , )i in nu u x x i x x∗ ∗ ∗ ∗= = σ = σ .  (4) 

Íàïðóæåííÿ ,  , 1,2,3ij i j∗σ = , âèçíà÷àºìî íà îñíîâ³ ñï³ââ³äíîøåíü Äþãà-

ìåëÿ – Íåéìàíà 

 3 , , 3 3( ) ( ) ( ) ( )ij i j j i ij ijx u u x x t∗ ∗ ∗ ∗ ∗σ = µ + + λ ε δ − γ δ . (5) 

Òóò 3 3 3 3 3 3( ) 3 ( ) 2 ( ) ( );  ( ),  ( )tx x x x x x∗γ = λ + µ α λ µ[ ]  ³ 3( )t xα  – êóñêîâî-ñòàë³ 

ôóíêö³¿, ÿê³ â ìåæàõ k -¿ ï³äîáëàñò³ ñï³âïàäàþòü ç êîåô³ö³ºíòàìè Ëÿìå kλ , 

kµ  ³ òåìïåðàòóðíèìè êîåô³ö³ºíòàìè ë³í³éíîãî ðîçøèðåííÿ ( )k
tα  â³äïîâ³äíî; 

1 1 ,;  ;  ;  ( )q q q q q q i iu z∗ ∗
+ +µ = µ − µ λ = λ − λ ε = δ  – äåëüòà-ôóíêö³ÿ Ä³ðàêà; ijδ  – 

ñèìâîë Êðîíåêåðà . 
Óâ³âøè òåðìîïðóæíèé ïîòåíö³àë ïåðåì³ùåíü Φ , ðîçâ’ÿçîê çàäà÷ (3), 

(4) ïîäàìî ó âèãëÿä³  

 ,i i iu u∗ = + Φ , (6) 

äå iu  çàäîâîëüíÿþòü ñèñòåìó ð³âíÿíü 

 3 , 3 3 ,( ) [ ( ) ( )]i jj ix u x xµ + λ + µ ε +  

 
3 3

1

,3 3, 3 0 3 3
1

( ) ( )
q

n

q i i i q x x q ti i
q

u u x x X X
−

= −
=

+ µ + + δ λ ε δ − = −∑ [ ] , (7) 

 
3 3

1

, 3 3 30
1

2 ( ),     1,2
q

n

ti q i qx x
q

X x x i
−

= −
=

= − µ Φ δ − =∑  , 

 
3 3

1

3 ,11 ,22 3 30
1

2 ( ) ( )
q

n

t q qx x
q

X x x
−

= −
=

= µ Φ + Φ δ −∑  , 
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³ îäèí ³ç âàð³àíò³â ãðàíè÷íèõ óìîâ íà ïîâåðõí³ 3 3nx x= : 

 1°. 33 33 ,11 ,22 3 32 , 32 ( ),      2 ,    1,2n n i n n i i∗ ∗σ = σ + µ Φ + Φ σ = σ − µ Φ = ;  

 2°. , ,       1,2,3i in iu u i∗= − Φ = ; 

 5°. 3 3 3 3 32 , 3, ,      2 ,    1,2n i n n iu u i∗ ∗= − Φ σ = σ − µ Φ = ; 

 6°. 33 33 ,11 ,22, ,       1,2,       2 ( )i in i n nu u i∗ ∗= − Φ = σ = σ + µ Φ + Φ . (8) 

Òóò 3 , , 3 ,( )( ) ( ) ,   ,   , 1,2,3ij i j j i ij i ix u u x u i jσ = µ + + λ εδ ε = = . 

Òåðìîïðóæíèé ïîòåíö³àë 1 2 3( , , )x x xΦ = Φ , ÿê ÷àñòêîâèé ðîçâ’ÿçîê 
ð³âíÿííÿ 

 2 1
3 3 3 3 3( ) ,        ( ) ( ) 1 ( ) 1 ( )tx t x x x x −∇ Φ = γ γ = α + ν − ν[ ][ ] , (9) 

âèáèðàºìî òàêèì: 

 1 1 2 2 1 2
0 0

2 cos ( ) cos ( )x x d d
∞ ∞

Φ = Φ η η η η
π ∫ ∫ , (10) 

äå 
3

3
1 2

1 ( ) ( , , )
2

nx
xt e d−β −ζ

−∞

Φ = − γ ζ η η ζ ζ
β ∫ . 

Íàïðóæåííÿ, ÿê³ éîìó â³äïîâ³äàþòü, âèçíà÷àòèìóòüñÿ òîä³ çà ôîðìó-
ëàìè 

 2
3 1 1 2 2 1 2 3

0 0

2( ) cos ( ) cos ( ) ( ) ,    1, 2t
ii ix x x d d x t i

∞ ∞ 
σ = −µ η Φ η η η η + γ = π 

∫ ∫ , 

 3
12 1 2 1 1 2 2 1 2

0 0

4 ( )
sin ( ) sin ( )t x

x x d d
∞ ∞µ

σ = η η Φ η η η η
π ∫ ∫ , 

 3
13 1 1 1 2 2 1 2

0 0

4 ( )
sin ( ) cos ( )t x

x x d d
∞ ∞µ ′σ = − η Φ η η η η

π ∫ ∫ , 

 3
23 2 1 1 2 2 1 2

0 0

4 ( )
cos ( ) sin ( )t x

x x d d
∞ ∞µ ′σ = − η Φ η η η η

π ∫ ∫ , 

 23
33 1 1 2 2 1 2

0 0

4 ( )
cos ( ) cos ( )t x

x x d d
∞ ∞µ

σ = β Φ η η η η
π ∫ ∫ . (11) 

Ðîçâ’ÿçîê çàäà÷ (7), (8) â³äïîâ³äíî äî (2), (10) áóäåìî øóêàòè ó âèãëÿä³  

 1 1 1 1 2 2 1 2
0 0

2 sin ( ) cos ( )u u x x d d
∞ ∞

= η η η η
π ∫ ∫ , 

 2 2 1 1 2 2 1 2
0 0

2 cos ( ) sin ( )u u x x d d
∞ ∞

= − η η η η
π ∫ ∫ , 

 3 3 1 1 2 2 1 2
0 0

2 cos ( ) cos ( )u u x x d d
∞ ∞

= η η η η
π ∫ ∫ . (12) 

Ï³äñòàâèâøè (2), (10), (12) â (7) ³ (8), îòðèìàºìî äëÿ çíàõîäæåííÿ iu  
ñèñòåìó ð³âíÿíü 
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 2
1 2 3 3 3 3( , , ) ( )( ) ( 1) ( ) ( )i

i i i iD u u u x u u x x′′≡ µ − β + − η λ + µ ε +[ ]  

 
3 3

1

,3 3 3 30
1

( ( 1) ) ( )
q

n
i

q i i qx x
q

u u x x
−

= −
=

+ µ + − η δ − =∑   

 
3 3

1
1

3 30
1

2 ( 1) ( ) ,    1,2
q

n
i

i q q ix x
q

x x X i
−

+
= −

=

′= η − µ Φ δ − − =∑  , 

 2
3 1 2 3 3 3 3 3 ,3( , , ) ( )( ) ( ) ( )iD u u u x u u x x′′≡ µ − β + λ + µ ε +[ ]  

 
3 3

1

3,3 3 30
1

(2 ) ( )
q

n

q q qx x
q

u x x
−

= −
=

+ µ + λ ε δ − =∑   

 
3 3

1
2 2

3 3 30
1

2 ( )
q

n

q qx x
q

x x X
−

= −
=

= − β µ β Φ δ − −∑   (13) 

ç íàñòóïíèìè âàð³àíòàìè ãðàíè÷íèõ óìîâ: 

 1°. 2
33 33 3 32 ,      2 ,    1,2n n i in n i i∗ ∗ ′σ = σ − µ β Φ σ = σ + µ η Φ = ; 

 2°. 3 3,       1,2,       i in i nu u i u u∗ ∗ ′= + η Φ = = − Φ ; 

 5°. 3 3 3 3,      2 ,       1,2n i in n iu u i∗ ∗′ ′= − Φ σ = σ + µ η Φ = ; 

 6°. 2
33 33,      1,2,       2i in i n nu u i∗ ∗= + η Φ = σ = σ − µ β Φ , (14) 

äå 2 2 2
1 2 3 3 3,       ( ) ( 1) ) ,       1,2i

i i ix u u i′β = η + η σ = µ − − η =[ ] , 

33 3 3 3 1 1 2 2 32 ( ) ( ) ,      x u x u u u′ ′σ = µ + λ ε ε = η − η + . 

Çàäà÷³ (13), (14) ðîçâ’ÿçóºìî ìåòîäîì ôóíêö³é Ãð³íà. Ôóíêö³¿ Ãð³íà 
( ) ( )

1 2 3 3( , , , )k k
i iG G x= η η ξ  âèçíà÷àºìî ç ñèñòåìè ð³âíÿíü 

 ( ) ( ) ( )
1 2 3 3 3( , , ) ( ),      1,2,    1,2,3k k k

i ikD G G G x i k= − δ δ − ξ = = , 

 ( ) ( ) ( )
3 1 2 3 3 3 3( , , ) ( )k k k

kD G G G x= − δ δ − ξ  (15) 

ç â³äïîâ³äíèìè îäíîð³äíèìè ãðàíè÷íèìè óìîâàìè íà ïîâåðõí³ 3 3nx x= : 

 1°. ( ) ( ) ( )
33 32 31 0k k kτ = τ = τ = ;  2°.  ( ) ( ) ( )

1 2 3 0k k kG G G= = = ; 

 5°. ( ) ( ) ( )
3 31 320,   0k k kG = τ = τ = ; 6°.  ( ) ( ) ( )

1 2 330,   0k k kG G= = τ = , (16) 

äå  ( ) 1 ( ) ( ) ( ) ( ) ( )
3 3 3 33 3 3 3( ) ( 1) ,   1,2,    2 ( ) ( )k i k k k k k
i i ix G G i x G x

′ ′+τ = µ − − η = τ = µ + λ ε[ ] , 

 ( ) ( ) ( ) ( )
1 1 2 2 3

k k k kG G G
′ε = η − η + . 

Çàäà÷³ (15), (16), óâ³âøè ôóíêö³¿ 

 ( ) ( ) ( ) ( ) ( ) ( )
1 2 1 1 2 2 1 1 2 2,           k k k k k kU G G U G G= η + η = η − η , (17) 

çâîäèìî äî çàäà÷  

 
3 3

1
( ) 2 ( ) ( )

3 1 1 1 3 3 1 3 30
1

( ) ( ) ( )
q

n
k k k

q q kx x
q

x U U U x x Y x
−

′′ ′

= −
=

µ − β + µ δ − = − δ − ξ∑ ( ) , (18) 

 
3 3

( )
1 0

n

k

x x
U

′

=
=  àáî  

3 3

( )
1 0

n

k

x x
U

=
= , (19) 

ÿê³ º àíàëîãàìè çàäà÷ äëÿ âèçíà÷åííÿ â øàðóâàòîìó ï³âïðîñòîð³ òðàíñôîð-
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ìàíò òåìïåðàòóðè àáî òðàíñôîðìàíò ïåðåì³ùåííÿ ïðè êðó÷åíí³ ³ çàäà÷ äëÿ 
ñèñòåìè ð³âíÿíü 

 ( ) 2 ( ) 2 ( )
3 2 1 3 2 2 3 3( ) 2 ( ) ( )k k kx U g x U g x G

′′ ′µ − β − β +[ ]  

 
3 3

1
( ) 2 ( )
2 3 3 3 2 3 30

1

( ) ( )
q

n
k k

q q kx x
q

U G x x Y x
−

′

= −
=

+ µ − β δ − = − δ − ξ∑  [ ] , 

 ( ) 2 ( ) ( )
3 1 3 3 3 2 3 2( ) 2 ( ) ( )k k kx g x G G g x U

′′ ′µ − β + +[ ]  

 
3

1
( )
3 3 3 3 3 30

1

2 ( ) ( )
q

n
k

q q q kx x
q

G e x x x
−

′

= −
=

+ µ + λ δ − = − δ δ − ξ∑ [ ]  (20) 

ç òàêèìè âàð³àíòàìè ãðàíè÷íèõ óìîâ íà ïîâåðõí³ 3 3nx x= : 

 1°. ( ) ( )
33 32  0k kτ = τ = ;  2°. ( ) ( )

2 3 0k kU G= = ; 

 5°. ( ) ( )
3 320,     0k kG = τ = ;  6°. ( ) ( )

 2 330,      0k kU = τ = .  (21)  

Ö³ çàäà÷³ º àíàëîãàìè çàäà÷ äëÿ âèçíà÷åííÿ òðàíñôîðìàíò îñåñèìåò-
ðè÷íèõ ïåðåì³ùåíü øàðóâàòîãî ï³âïðîñòîðó. 

 Òóò ( ) ( ) ( ) ( ) ( ) 2 ( )
33 3 3 3 23 3 2 3 2 ( ) ( ) ,        ( )k k k k k kx G x e x U G

′ ′τ = µ + λ τ = µ − β( ) , 

 ( ) ( ) ( ) 1
3 2 1 3 2 3 3 3 2 3 3;     ( ) ( ) ( ),     ( ) 1 2 ( )k k ke G U g x g x g x g x x

′ −= β + = = − ν[ ] , 

 3 3 3 1 2 1 1 2 2 1 1 2 2( ) 1 ( );      ,     k k k k k kg x x Y Y= − ν = η δ + η δ = η δ − η δ . 

Ðîçâ’ÿçîê ñôîðìóëüîâàíèõ çàäà÷ âèçíà÷àºìî çà äîïîìîãîþ ôóíêö³é 
Ãð³íà â³äïîâ³äíèõ êðàéîâèõ çàäà÷ äëÿ çâè÷àéíîãî äèôåðåíö³àëüíîãî ð³â-
íÿííÿ [2] ³ äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü [1]. Ç óðàõó-
âàííÿì öèõ ôóíêö³é Ãð³íà òà ñï³ââ³äíîøåíü (17) îäåðæèìî 

 ( ) 2 ( ) ( ) ( )
1 3 3 1 3 3 2 1 3 3 2 3 3 3( , ) ( , ) ( , ) ( , )k k r z

s s s r k s r kG x U x G x Y G x−ξ = β ξ η + η ξ + ξ β δ [ ]{ } , 

 ( ) 2 ( ) ( ) ( )
2 3 3 1 3 3 1 2 3 3 2 3 3 3( , ) ( , ) ( , ) ( , )k k r z

s s s r k s r kG x U x G x Y G x−ξ = β ξ η − η ξ + ξ β δ [ ]{ } , 

 
( ) 1 ( ) ( )
3 3 3 3 3 2 3 3 3( , ) ( , ) ( , )
k r z

s s z k s z kG x G x Y G x−ξ = β ξ + ξ βδ [ ] . (22) 

Òóò ³íäåêñ « s » âêàçóº, ÿêèé ³ç âàð³àíò³â ãðàíè÷íèõ óìîâ (16) çàäîâîëüíÿ-

þòü ôóíêö³¿ Ãð³íà. Ôóíêö³¿ ( ) ( ) ( )
3 3 3 3 3 3( , ),   ( , ),   ( , )r z r

s r s r s zG x G x G xξ ξ ξ   , 
( )

3 3( , )z
s zG x ξ  âèçíà÷àþòüñÿ ñï³ââ³äíîøåííÿìè, íàâåäåíèìè â [1], ó ÿêèõ íå-

îáõ³äíî çàì³íèòè ξ  íà β . Ôóíêö³¿ ( )
1 3 3( , )k

sU x ξ  îòðèìóþòüñÿ ç íàñòóïíèõ 

ñï³ââ³äíîøåíü, ó ÿêèõ òðåáà ïðèéíÿòè 1hc = −  äëÿ 1s =  ³ 5s =  òà 1hc =  

äëÿ 2s =  ³ 6s = :  

 
1

( ) ( ) ( ) ( )
1 1,1 1, 1 1, 3 3

1

( )
n

k k k k
s s s q s q q

q

U U U U S x x
−

+
=

= + − −∑ [ ] ,  

 
1

( ) ( ) ( ) ( )
1, 1, ,1 1, , 1 1, , 3 3

1

( )
n

k k k k
s i s i s i q s i q q

q

U U U U S x
−

+
=

= + − ξ −∑ [ ] , 

 3 3( )( ) 1
1,1,1 3 3 3 3

1
( , ) ( )

2
xk k

s

Y
U x e S x−β ξ −ξ = ξ − +

βµ
[  
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 3 3 31 3 3( ) (2 )1 1
3 3

1
( )

2
x x xk nY L

e S x e
M

−
−β −ξ −β − −ξ+ − ξ −

βµ
] , 

 3 3 3 3 3

2
(2 ) ( )( ) 1

1,1, 3 3

2
( , ) p

p
x x xk k

s p np np
p

Y
U x L e L e

M

−
−β − −ξ −β ξ −− +ξ = − +

βµ
[ ] , 

 ( ) ( )
1, ,1 3 3 1,1, 3 3( , ) ( , , )k k

s p s pU x U xξ = ξ , 

 3 3 3 3( ) ( )( ) 1
1, , 3 3 3 3 3 3( , ) ( ) ( )

2
x xk k

s j j
j

Y
U x e S x e S x−β ξ − −β −ξξ = ξ − + − ξ −

βµ
[ ]  

 3 3 3, 1 3 3 3( 2 (2 )( 1) ( 1)1
2 12

j jx x x xj jk
nj

j

Y
M L e M e

M
−−β ξ + − −β −ξ −− + − − − + + βµ 

 

 3 3 3 3(2 ) (2 )( 1)
2

j jh x h xj
njM e e L

−β + −ξ −β − +ξ− − + +  
( ) , 

 3 3 3
1

(2 )( ) ( 1)1
1, , 3 3 1

2
( , ) p

p j
x xk jk

s j p
p

Y
U x M e

M

− −
−β − −ξ−ξ = − +βµ

(  

 3 3, 1 3 3(2 2 )( 1)
2

p jx x xj
npM e L−−β − + −ξ− −+ −)  

 3 3 3, 1 3 3
( 2 ) ( )( 1) ( 1)

2 1
jx x xj j

npM e M e L−−β +ξ − −β ξ −− − + − + 
( ) , 

 ( ) ( )
1, , 3 3 1, , 3 3( , ) ( , )k k

s p j s j pU x U xξ = ξ ; 

 12( 1) ( 1) ( 1) ( 1) ( 1)
1 2 1 1 2 1,  ( 1) ,  n jhn n j j i j

h i j j
j

M M c M e M N N −− β− − − − −
− −

µ
= + = γ − − γ =

µ
, 

 
2(1) ( ) ( 1) ( 1)

1 21,     ( 1) ,      1,2,   2,jhj j i j
i i M M e i j n

− β− −γ = γ = − − = = ; 

 2(11 ) (23 ) (12 ) (24 )
1 1 1 1 ,      1, 1nhp p p p

np n n h n nL V V c V V e p n− β
− − − −= + = −  [ ] ; 

 (1 ) (1 ) (2 )
1 1 1 1,     1;      ( 1)ip p i p

nn h nn p m p m p m p mL c L V N− +
+ − + − + − + −= = = − −æ æ , 

 12 2( ) ( ) (11 ) (12 )
1 1 11 ( 1) ,   ( 1) ,   1, 2p p mh hip i ip p i p

p p m p m p me V V e i+ +− β − β
+ + + − + −= − − = − − =æ æ ; 

 12(2 ) (3 ) (4 ) ( )
1 1 1 1 1

1
( 1) ,   1 ( 1) phpip p i p ip i

p m p m p m p m p
p

V N e +− β
+ − + − + − + − +

+

µ
= − − = + −

µ
[ ]æ æ æ , 

 
2( ) (23 ) (24 )

1 1( 1) ,      3, 4,   2,p mhip p i p
p m p m p mV V e i m n p+− β

+ + − + −= − − = = −æ . 

Ç ïîáóäîâàíèõ ôóíêö³é Ãð³íà ëåãêî îòðèìàòè ôóíêö³¿ Ãð³íà ( )m k
s iG  äëÿ 

îáìåæåíî¿ øàðóâàòî¿ îáëàñò³ ç ( 1)n − -þ ñêëàäîâîþ ÷àñòèíîþ ç òàêèìè æ 
âàð³àíòàìè ãðàíè÷íèõ óìîâ íà çîâí³øí³õ ïîâåðõíÿõ, ÿê íà ïîâåðõí³ íàï³â-
áåçìåæíî¿ øàðóâàòî¿ îáëàñò³. Äëÿ öüîãî ïîòð³áíî âèêëþ÷èòè ç ðîçãëÿäó 

ï³äîáëàñòü ç ³íäåêñîì «1», à ó ôîðìóëàõ äëÿ ( ) ( )
3 3 3 3( , ),   ( , )r z

s r s rG x G xξ ξ  , 
( ) ( )

3 3 3 3( , ),  ( , )r z
s z s zG x G xξ ξ   òà ( )

1 3 3( , )k
sU x ξ  íàäàòè 1,  1,6P =  , òà (1) (1)

1 2,  M M  
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çàëåæíî â³ä âàð³àíòó ãðàíè÷íèõ óìîâ íà ïîâåðõí³ 3 0x =  òàê³ çíà÷åííÿ: 

– äëÿ  
( ) ( ) ( )
33 32 31 0          ( 1)k k k

s s s mτ = τ = τ = = : 

 (1) (1)
11 31 41 51 61 21 1 20,      1,      1P P P P P P M M= = = = = = = = ; 

– äëÿ  ( ) ( ) ( )
1 2 3 0         ( 2)k k k

s s sG G G m= = = = : 

 (1) (1)
21 31 41 51 61 11 1 20,       1,      1,      1P P P P P P M M= = = = = = = = − ; 

– äëÿ 
( ) ( ) ( )
3 32 310,   0      ( 5)
k k k

s s sG m= τ = τ = = : 

 (1) (1)
11 21 31 41 51 61 1 20,      2,      1P P P P P P M M= = = = = = = = ; 

– äëÿ ( ) ( ) ( )
1 2 330,    0     ( 6)k k k

s s sG G m= = τ = = : 

 (1) (1)
11 21 31 41 61 51 1 20,      2,     1,     1P P P P P P M M= = = = = = = = − . 

²íäåêñ « m » òóò âêàçóº íà íîìåð âàð³àíòó ãðàíè÷íèõ óìîâ íà ïîâåðõí³, 
ïðîòèëåæí³é äî ïîâåðõí³, íà ÿê³é çàäàíèé s -é âàð³àíò ãðàíè÷íèõ óìîâ. 

Äëÿ íåîáìåæåíî¿ øàðóâàòî¿ îáëàñò³ ó ôîðìóëàõ (22) òðåáà ñïðÿìóâàòè 

nh  äî íåñê³í÷åííîñò³. 

Âàæëèâî â³äì³òèòè, ùî ó âñ³õ ðîçãëÿíóòèõ âèïàäêàõ ôóíêö³¿ Ãð³íà 
ñèìåòðè÷í³ ³ íå ì³ñòÿòü åêñïîíåíò ³ç äîäàòíèì àðãóìåíòîì. 

Âèêîðèñòîâóþ÷è ïîáóäîâàí³ ôóíêö³¿ Ãð³íà, à òàêîæ âñòàíîâëåíó òî-
òîæí³ñòü 

 1 1 1 2 3 1 1 1 2 3 2 2 1 2 3( , , ) ( , , ) ( , , )V D U U U U D V V V V D U U U− + −  

 2 2 1 2 3 3 3 1 2 3 3 3 1 2 3( , , ) ( , , ) ( , , )U D V V V V D U U U U D V V V− + − =  

 3 1 1 1 1 2 2 2 2 3 3 3 3
3

( )( ) ( ) 2 ( ) (d x V U U V V U U V x x V U
dx

′ ′ ′ ′ ′= µ − + − + λ + µ −{ [ ]  

 3 3 3 3 1 3 1 3 1 2 3 2 3 2) ( ) ( ) ( ) ( )U V x x V U U V V U U V′− + λ + µ η − − η −[ ][ ]} , 

ìîæåìî òåïåð çàïèñàòè ðîçâ’ÿçêè â³äïîâ³äíèõ êðàéîâèõ çàäà÷ äëÿ ñèñòåìè 

ð³âíÿíü (13). Çàñòîñóºìî öþ òîòîæí³ñòü äî ôóíêö³é ( )
3 3( , )k

i iV G x= ξ  ³ äî 

øóêàíîãî ðîçâ’ÿçêó 3( )iu x . Â ðåçóëüòàò³ îòðèìàºìî 

 1 3 1 3 3 2 3 2 3 3 1 3 3 3 3( ) ( ) ( ) ( ) ( ) ( )k k ku x u x u xξ δ δ − ξ + ξ δ δ − ξ + ξ δ δ − ξ =  

 ( ) ( ) ( ) ( ) ( ) ( )
1 31 1 31 2 32 2 32 3 33 3 33

3

k k k k k kd G u G u G u
dx

= σ − τ − σ + τ + σ − τ +[ ]  

 
1

( ) ( )
2 2 3 3 1 1 3 3 3

1

2 ( 0, ) ( 0, ) ( 0)
n

k k
q q q q

q

G x G x x
−

=

′+ µ η + ξ − η + ξ Φ − +∑  {[ ]  

 2 ( )
3 3 3 3 3 3( 0, ) ( 0) ( )k

q q qG x x x x+ β + ξ Φ − δ − +}  

 ( ) ( ) ( )
1 3 3 1 3 2 3 3 2 3 3 3 3 3 3( , ) ( ) ( , ) ( ) ( , ) ( )k k kG x X x G x X x G x X x+ ξ + ξ + ξ . 

Äàë³ íåîáõ³äíî ïðî³íòåãðóâàòè öþ ð³âí³ñòü ó ìåæàõ îáëàñò³, ùî ðîç-
ãëÿäàºòüñÿ, ³ ñêîðèñòàòèñü ïðè öüîìó ñèìåòðè÷í³ñòþ â³äïîâ³äíèõ ôóíêö³é 
Ãð³íà.  

Ó âèïàäêó áåçìåæíî¿ ³ íàï³âáåçìåæíî¿ øàðóâàòî¿ îáëàñò³ äëÿ s -ãî âà-
ð³àíòó ãðàíè÷íèõ óìîâ (14) ³ (16) â³äïîâ³äíî îäåðæèìî 
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1
(2)

1 3 1 2 3 2 3 3 3 3 3 2
1

( ) ( ) ( ) 2 ( , 0)
n

k k k q k q
q

u x u x u x G x x
−

=

δ + δ + δ = µ + η −∑  [{  

 (1) (3) 2
3 3 1 3 3 3 3( , 0) ( 0) ( , 0) ( 0)k q q k q qG x x x G x x x′− + η Φ − + + β Φ − +] }  

 (1) (2) (3)
3 3 1 3 3 3 2 3 3 3 3 3 3( , ) ( ) ( , ) ( ) ( , ) ( )k k kG x X G x X G x X d

∞

−∞

+ ξ ξ + ξ ξ + ξ ξ ξ∫ [ ] , 

1 3 1 2 3 2 3 3 3 3 3( ) ( ) ( ) ( ) ( )s k s k s k s k s ku x u x u x A x C xδ + δ + δ = + +  

 
3

(1) (2) (3)
3 3 1 3 3 3 2 3 3 3 3 3 3( , ) ( ) ( , ) ( ) ( , ) ( )

nx

s k s k s kG x X G x X G x X d
−∞

+ ξ ξ + ξ ξ + ξ ξ ξ∫ [ ] , 

äå ( )i
kG  – ôóíêö³ÿ Ãð³íà äëÿ íåîáìåæåíî¿ øàðóâàòî¿ îáëàñò³; 

 
1

(2) (1)
3 3 3 2 3 3 1 3

1

( ) 2 ( , 0) ( , 0) ( 0)
n

s k q s k q s k q q
q

C x G x x G x x x
−

=

′= µ + η − + η Φ − +∑  [ ]{   

 (3) 2
3 3 3( , 0) ( 0)s k q qG x x x+ + β Φ − } , 

 
(2)(1)

1 3 1 3 3 31 1 3 1 3 3 32( ) ( , ) 2 ( ) ( , )kk k n n n n n nA x G x x x G x x∗ ∗′= σ + µ η Φ − σ +[ ] [  

 (3) 2
2 3 1 3 3 33 32 ( ) ( , ) 2 ( )n n k n n n nx G x x x∗′+ µ η Φ + σ − µ β Φ] [ ] , 

 ( ) ( )
2 3 2 1 3 3 1 1 3 2 2 3 3 2( ) ( , ) ( ) ( , )k k

k n n n n n n nA x G x x u x G x x u
′ ′∗ ∗= − µ + η Φ − µ +[ ] [  

 ( )
2 3 2 3 3 3 3 3( ) ( , ) ( )k

n n n n nx G x x u x
′ ∗+ η Φ − Λ − Φ] [ ] , 

 (1) (2)
5 3 5 3 3 31 1 3 5 3 3 32( ) ( , ) 2 ( ) ( , )k k n n n n k n nA x G x x x G x x∗ ∗′= σ + µ η Φ − σ +[ ] [  

 ( )
2 3 5 3 3 3 3 32 ( ) ( , ) ( )k

n n n n n nx G x x u x
′ ∗′ ′+ µ η Φ − Λ − Φ] [ ] , 

 ( ) ( )
6 3 6 1 3 3 1 1 3 6 2 3 3 2( ) ( , ) ( ) ( , )k k

k n n n n n n nA x G x x u x G x x u
′ ′∗ ∗= − µ + η Φ − µ +[ ] [  

 (3) 2
2 3 6 3 3 33 3( ) ( , ) 2 ( )n k n n n nx G x x x∗+ η Φ + σ − µ β Φ] [ ] , 

 2j j jΛ = λ + µ . 

ßêùî â êðàéîâèõ çàäà÷àõ äëÿ áàãàòîøàðîâî¿ îáìåæåíî¿ îáëàñò³ âè-
áðàòè s -é âàð³àíò ãðàíè÷íèõ óìîâ (14) íà ïîâåðõí³ 3 3nx x=  ³ m -é – íà 

ïîâåðõí³ 3 0x = :  

 
3

3 3 0 1 20
( , ),       1,2,3i ix

i∗ ∗
=

σ = σ η η = , äëÿ 1m = ; 

  
3

0 1 20
( , ),        1,2,3i ix

u u i∗ ∗
=

= η η = , äëÿ 2m = ; 

 
3

3 3 0 1 20
( , ),        1,2i ix

i∗ ∗
=

σ = σ η η = ,  

 
3

3 30 1 20
( , )

x
u u∗ ∗

=
= η η   äëÿ 5m = ; 

 
3

0 1 20
( , ),          1,2i ix

u u i∗ ∗
=

= η η = , 

 
3

33 330 1 20
( , )

x

∗ ∗
=

σ = σ η η  äëÿ 6m = , 
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òî äëÿ òðàíñôîðìàíò ïåðåì³ùåíü 3( )m
s iu x  îòðèìàºìî 

 1 3 1 2 3 2 3 3 3 3( ) ( ) ( ) ( )m m m m
s k s k s k s ku x u x u x A xδ + δ + δ = −  

 
3

(1)
3 3 3 3 1 3

0

( ) ( ) ( , ) ( )
nx

m m m
s k s k s kB x C x G x X− + + ξ ξ +∫ [  

 (2) (3)
3 3 2 3 3 3 3 3 3( , ) ( ) ( , ) ( )m m

s k s kG x X G x X d+ ξ ξ + ξ ξ ξ] , 

äå 

 
1

(2)
3 3 3 2

2

( ) 2 ( 0, )
n

m m
s k q s k q

q

C x G x
−

=

= µ + ξ η −∑  [{  

 (1) (3) 2
3 3 1 3 3 3 3( 0, ) ( 0) ( 0, ) ( 0)m m

s k q q s k q qG x x G x x′− + ξ η Φ − + + ξ β Φ −] } , 

 (1) (2)
1 3 1 3 3 31 1 3 1 3 3 32( ) ( , ) 2 ( ) ( , )m m m

k k n n n n k n nA x G x x x G x x∗ ∗′= σ + µ η Φ − σ +[ ] [  

 (3) 2
2 3 1 3 3 33 32 ( ) ( , ) 2 ( )m

n n k n n n nx G x x x∗′+ µ η Φ + σ − µ β Φ[ ] , 

 ( ) ( )
2 3 2 1 3 3 1 1 3 2 2 3 3 2( ) ( , ) ( ) ( , )m m k m k

k n n n n n n nA x G x x u x G x x u
′ ′∗ ∗= − µ + η Φ + µ +[ ] [  

 ( )
2 3 2 3 3 3 3 3( ) ( , ) ( )m k

n n n n nx G x x u x
′ ∗ ′+ η Φ − Λ − Φ] [ ] , 

 (1) (2)
5 3 5 3 3 31 1 3 5 3 3 32( ) ( , ) 2 ( ) ( , )m m m

k k n n n n k n nA x G x x x G x x∗ ∗′= σ + µ η Φ − σ +[ ] [  

 ( )
2 3 2 3 3 3 3 32 ( ) ( , ) ( )m k

n n n n n nx G x x u x
′ ∗′ ′+ µ η Φ − Λ − Φ[ ] , 

 ( ) ( )
6 3 6 1 3 3 1 1 3 6 2 3 3 2( ) ( , ) ( ) ( , )m m k m k

k n n n n n n nA x G x x u x G x x u
′ ′∗ ∗= − µ + η Φ − µ +[ ] [  

 (3) 2
2 3 6 3 3 33 3( ) ( , ) 2 ( )m

n k n n n nx G x x x∗′+ η Φ + σ − µ β Φ] [ ], 

 1 1 (1) 1 (2)
3 3 310 2 1 3 320( ) ( , 0) 2 (0) ( , 0)s k s k s kB x G x G x∗ ∗′= σ + µ η Φ − σ +[ ] [  

 1 (3) 2
2 2 3 330 22 (0) ( ,0) 2 (0)s kG x ∗′+ µ η Φ + σ − µ β Φ] [ ] , 

 2 2 ( ) 2 ( )
3 1 3 2 10 1 2 3 2 20( ) (0, ) (0) (0, )k k

s k s sB x G x u G x u∗ ∗′ ′= − µ + η Φ − µ +[ ] [  

 2 ( )
2 3 3 2 30(0) (0, ) (0)k

sG x u
′ ∗ ′+ η Φ − Λ − Φ] [ ], 

 5 5 (1) 5 (2)
3 3 310 2 1 3 320( ) ( , 0) 2 (0) ( ,0)s k s k s kB x G x G x∗ ∗′= σ + µ η Φ − σ +[ ] [  

 2 ( )
2 2 3 3 2 302 (0) (0, ) (0)k

sG x u
′ ∗′ ′+ µ η Φ − Λ − Φ] [ ] , 

 6 6 ( ) 6 ( )
3 1 3 2 10 1 2 3 2 20( ) (0, ) (0) (0, )k k

s k s sB x G x u G x u∗ ∗= − µ + η Φ − µ +[ ] [  

 6 (3) * 2
2 3 330 2(0) ( ,0) 2 (0)s kG x+ η Φ + σ − µ β Φ] [ ] . 

Òóò 
3

3
1 2 0

0

1 ( ) ( , , ) ;   
2

nx
x

it e d u−β −ζ ∗Φ = − γ ζ η η ζ ζ
β ∫  ³ 3 0i

∗σ  – òðàíñôîðìàíòè çàäà-

íèõ ïåðåì³ùåíü ³ íàïðóæåíü íà ïîâåðõí³ 3 0x = . 
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Íàïðóæåííÿ ij
∗σ  âèçíà÷àºìî çà ôîðìóëàìè t

ij ij ij
∗σ = σ + σ , äå 

 11σ =  

 3 2 3
3 3 1 1 3 2 2 3 1 1 2 2 1 2

0 0

4 ( ) ( )
( ) ( )( ) cos ( ) cos ( )

x g x
g x u x u u x x d d

∞ ∞µ ′= η − ν η − η η η η
π ∫ ∫ [ ] ,  

 22σ =  

 3 2 3
3 3 2 2 3 1 1 3 1 1 2 2 1 2

0 0

4 ( ) ( )
( ) ( )( ) cos ( ) cos ( ) ,

x g x
g x u x u u x x d d

∞ ∞µ ′= − η + ν η + η η η η
π ∫ ∫ [ ]  

 33σ =  

 3 2 3
3 3 3 3 1 1 2 2 1 1 2 2 1 2

0 0

4 ( ) ( )
( ) ( )( ) cos ( ) cos ( )

x g x
g x u x u u x x d d

∞ ∞µ ′= + ν η − η η η η η
π ∫ ∫ [ ] , 

 3
12 1 2 2 1 1 1 2 2 1 2

0 0

2 ( )
( ) sin ( ) sin ( )

x
u u x x d d

∞ ∞µ
σ = η − η η η η η

π ∫ ∫ , 

 3
13 1 1 3 1 1 2 2 1 2

0 0

2 ( )
( ) sin ( ) cos ( )

x
u u x x d d

∞ ∞µ ′σ = − η η η η η
π ∫ ∫ , 

 3
23 2 2 3 1 1 2 2 1 2

0 0

2 ( )
( ) cos ( ) sin ( )

x
u u x x d d

∞ ∞µ ′σ = − + η η η η η
π ∫ ∫ . 

ßêùî òåìïåðàòóðíå ïîëå íåñòàö³îíàðíå, òî ó ôîðìóëàõ ³ç òðàíñôîð-
ìàíòàìè òåìïåðàòóðè òà òåðìîïðóæíîãî ïîòåíö³àëó çàì³íþºìî 1 2 3( , , )t xη η , 

1 2 3( , , )xΦ η η  â³äïîâ³äíî íà 1 2 3 1 2 3( , , , ),  ( , , , )t x xη η τ Φ η η τ , äå τ  – ÷àñ. 
Äëÿ âèçíà÷åííÿ òåìïåðàòóðíèõ ïîë³â ìîæíà âèêîðèñòàòè, ÿê ³ â îñåñè-

ìåòðè÷íîìó âèïàäêó, ðåçóëüòàòè ðîá³ò [2, 3]. 
Îòæå, ïîáóäîâàíî ñèìåòðè÷í³ ôóíêö³¿ Ãð³íà êðàéîâèõ çàäà÷ äëÿ ñèñòå-

ìè òðüîõ çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü äëÿ øàðóâàòèõ íåîáìåæåíî¿ 
îáëàñò³, íàï³âáåçìåæíî¿ òà îáìåæåíî¿ îáëàñòåé ç ÷îòèðìà âàð³àíòàìè ãðà-
íè÷íèõ óìîâ íà êîæí³é ³ç ãðàíèöü. Îñê³ëüêè ôîðìóëè äëÿ ôóíêö³é Ãð³íà º 
îäíîòèïíèìè, òî ðîçâ’ÿçêè â³äïîâ³äíèõ çàäà÷ òåðìîïðóæíîñò³ çà â³äîìèõ 
ôàêòîð³â çáóðåííÿ çàïèñàíî ç âèêîðèñòàííÿì îäíèõ ³ òèõ ñàìèõ êëþ÷îâèõ 
ñï³ââ³äíîøåíü. Êð³ì òîãî, íåçàëåæíî â³ä ê³ëüêîñò³ øàð³â, ñòðóêòóðà öèõ 
ôîðìóë º òàêîþ, ùî â íèõ âèä³ëåíî äîäàíêè àáî ëåãêî âèä³ëèòè â ðàç³ íåîá-
õ³äíîñò³ äîäàòêîâî äîäàíêè, ÿê³ º àáî ìîæóòü áóòè ñï³âìíîæíèêàìè â «ïî-
â³ëüíî çá³æíèõ» ÷àñòèíàõ ïîäâ³éíèõ íåâëàñíèõ ³íòåãðàë³â. Ïðè÷îìó îñòàíí³, 
ÿê ïðàâèëî, îá÷èñëþþòüñÿ òî÷íî. 

Ïîáóäîâàí³ ôóíêö³¿ Ãð³íà ìîæóòü áóòè òàêîæ âèêîðèñòàí³ äëÿ ïîáóäîâè 
ôóíêö³é ïåðåì³ùåíü Ãð³íà äëÿ â³äïîâ³äíèõ øàðóâàòèõ îáëàñòåé, òîáòî äëÿ 
â³äøóêàííÿ ðîçâ’ÿçê³â òðèâèì³ðíèõ çàäà÷ ïðóæíîñò³ çà ä³¿ çîñåðåäæåíèõ 
ñèë ó íàïðÿìêàõ, ïàðàëåëüíèõ äî îñåé êîîðäèíàò. Êîëè òî÷êè ïðèêëàäàííÿ 
çîñåðåäæåíèõ ñèë ³ ñïîñòåðåæåííÿ çíàõîäÿòüñÿ âñåðåäèí³ ï³äîáëàñò³, òî 
ôóíêö³¿ ïåðåì³ùåíü Ãð³íà äëÿ öèõ îáëàñòåé îòðèìàºìî â³äðàçó ç âèä³-
ëåíèìè ñèíãóëÿðíîñòÿìè. ßêùî æ ö³ òî÷êè âèõîäÿòü íà ïîâåðõíþ ï³ä-
îáëàñò³, òî ñèíãóëÿðíîñò³, ÿê³ ïðè öüîìó ïîÿâëÿþòüñÿ, âèä³ëÿþòüñÿ åëåìåí-
òàðíî. Çàóâàæèìî, ùî ³íø³ ï³äõîäè äî ïîáóäîâè ñèíãóëÿðíèõ ðîçâ’ÿçê³â 
íàâåäåí³ â [4–9].  
 



 

106 

 1. Ïðîöþê Á. Â. Ñòàòè÷í³ òà êâàç³ñòàòè÷í³ îñåñèìåòðè÷í³ çàäà÷³ òåðìîïðóæíîñò³ 
äëÿ øàðóâàòèõ ò³ë ç ïëîñêîïàðàëåëüíèìè ãðàíèöÿìè // Ìàò. ìåòîäè òà ô³ç.- 
ìåõ. ïîëÿ. – 2001. – 44, ¹ 4. – Ñ. 103–112. 

 2. Ïðîöþê Á. Â. Ôóíêö³¿ Ãð³íà ñòàö³îíàðíèõ çàäà÷ òåïëîïðîâ³äíîñò³ äëÿ òðàíñâåð-
ñàëüíî-³çîòðîïíèõ áàãàòîøàðîâèõ ò³ë // Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. – 2000. – 
43, ¹ 3. – Ñ. 80–88. 

 3. Ïðîöþê Á. Â., Ñèíþòà Â. Ì. Ôóíêö³¿ Ãð³íà òðèâèì³ðíèõ íåñòàö³îíàðíèõ çàäà÷ 
òåïëîïðîâ³äíîñò³ äëÿ áàãàòîøàðîâèõ ïëàñòèí // Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. 
– 1999. – 42, ¹ 3. – Ñ. 144–148. 

 4. Benitez F. G., Lu L., Rosakis A. J. A boundary element formulation based on the 
three-dimensional elastostatic fundamental solution for the infinite layer // Int. J. 
Numer. Meth. Eng. – 1993. – 36. – Part I. Theoretical and numerical development. 
– P. 3097–3130; Part II. Three-dimensional examples. – P. 3131–3159. 

 5. Benitez F. G., Rosakis A. J. Three-dimensional elastostatics of a layer and a layered 
medium // J. Elasticity. – 1987. – 18. – P. 3–50. 

 6. Benitez F. G., Wideberg F. G. The boundary element method based on the three-
dimensional elastostatic fundamentsl solution for the orthotropic multilayered spa-
ce: Application to composite materials // Comput. Mech. – 1996. – 18. – P. 24–45. 

 7. Linkov A., Filippov N. Difference equations approach to the analysis of layered 
systems // Meccanica. – 1991. – 26. – P. 195–209. 

 8. Linkov A. M., Linkova A. A., Savitski A. A. An effective method for multi-layered 
media with cracks and cavities // Int. J. Damage Mech. – 1994. – 3. – P. 338–356. 

 9. Yue Z. Q. On generalized Kelvin solutions in a multilayered elastic medium // J. 
Elasticity. – 1995. – 40. – P. 1–43. 

 
ТРЕХМЕРНЫЕ СТАТИЧЕСКИЕ И КВАЗИСТАТИЧЕСКИЕ ЗАДАЧИ ТЕРМОУПРУГОСТИ 
ДЛЯ СЛОИСТЫХ ТЕЛ С ПЛОСКОПАРАЛЛЕЛЬНЫМИ ГРАНИЦАМИ  
 
Ñ èñïîëüçîâàíèåì ôóíêöèé Ãðèíà êðàåâûõ çàäà÷ äëÿ ñèñòåìû òðåõ îáûêíîâåííûõ 
÷àñòè÷íî âûðîæäåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ðàçðûâíûìè êîýôôèöè-
åíòàìè ïîëó÷åíû ïðè èçâåñòíûõ âîçìóùàþùèõ ôàêòîðàõ ðåøåíèÿ òðåõìåðíûõ 
ñòàòè÷åñêèõ è êâàçèñòàòè÷åñêèõ çàäà÷ òåðìîóïðóãîñòè äëÿ ñëîèñòûõ ïðî-
ñòðàíñòâà, ïîëóïðîñòðàíñòâà è ñëîÿ ñ ÷åòûðüìÿ âàðèàíòàìè ãðàíè÷íûõ óñëî-
âèé íà êàæäîé èç îãðàíè÷èâàþùèõ ïîâåðõíîñòåé íà îñíîâàíèè îäíèõ è òåõ æå 
êëþ÷åâûõ ñîîòíîøåíèé. 
 
THREE-DIMENSIONAL STATIC AND QUASI-STATIC THERMOELASTICITY PROBLEMS 
FOR LAYERED BODIES WITH PLANE-PARALLEL BOUNDARIES  
 
Using Green’s functions of the problems for a system of three ordinary partially dege-
nerate differential equations with discontinuous coefficients, the solutions are obtained 
(when perturbation factors are known) to three-dimensional static and quasi-static 
thermoelasticity problems for a layered space, half-space and a layer with four variants 
of boundary conditions on each limiting surface on the basis of the same key relations.  
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