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ÓÄÊ 539.3 
 
А. Ф. Улітко 
 
УЗАГАЛЬНЕНА КРАЙОВА ЗАДАЧА РІМАНА, ЩО ВИНИКАЄ ПРИ РОЗГЛЯДІ 
СТОКСОВОЇ ТЕЧІЇ В ОКОЛІ ПІВСФЕРИ, ТА ЇЇ РОЗВ’ЯЗОК 
 

Îòðèìàíî òî÷íèé ðîçâ’ÿçîê çàäà÷³ ñòîêñîâî¿ òå÷³¿ â îêîë³ ï³âñôåðè. Ïîêàçà-
íî, ùî ðîçâ’ÿçîê ö³º¿ çàäà÷³ çâîäèòüñÿ äî ïîáóäîâè ðîçâ’ÿçêó óçàãàëüíåíî¿ 
çàäà÷³ Ð³ìàíà òåîð³¿ àíàë³òè÷íèõ ôóíêö³é. Ðîçâ’ÿçîê çàäà÷³ çíàéäåíî ó 
çàìêíåíîìó âèãëÿä³. Öå äîçâîëèëî çàïèñàòè ó ÿâíîìó âèãëÿä³ ôóíêö³¿ òèñêó 
òà ôóíêö³¿ âèõîðó, ÿê³ çàäîâîëüíÿþòü ñèñòåìó óçàãàëüíåíèõ ð³âíÿíü òèïó 
Êîø³ – Ð³ìàíà. 

 
 Âñòóï. Ðîçãëÿíåìî îñåñèìåòðè÷íó çàäà÷ó Ñòîêñà ïðî îáò³êàííÿ 
æîðñòêî¿ ï³âñôåðè (ðèñ. 1) ð³âíîì³ðíèì ïîòîêîì â’ÿçêî¿ ð³äèíè ó â³ä’ºìíîìó 

íàïðÿìêó îñ³ Oz  ç³ øâèäê³ñòþ 0 0, 0zv V V∞ = − > . Çàäà÷à çâîäèòüñÿ äî 

³íòåãðóâàííÿ ð³âíÿíü Ñòîêñà [11] 

 v v1rot rot grad ,       div 0p= − =
µ

, (1) 

ïðè ãðàíè÷í³é óìîâ³ íà ïîâí³é ïîâåðõí³ ï³âñôåðè S  (óìîâ³ «ïðèëèïàííÿ») 

 0S
V=v , (2) 

äå v  – øâèäê³ñòü ðóõó ÷àñòèíîê ð³äèíè; µ  – çñóâíà â’ÿçê³ñòü; p  – ëîêàëü-
íèé òèñê ó ð³äèí³. Òàêèì ÷èíîì, ìîâà éäå ïðî 
ðîçâ’ÿçàííÿ äîñèòü ñêëàäíî¿ çîâí³øíüî¿ âåê-
òîðíî¿ çàäà÷³ Ä³ð³õëå äëÿ ï³âñôåðè. Àâòîðó 
íåâ³äîì³ òî÷í³ ðîçâ’ÿçêè òàêîãî òèïó çîâí³øí³õ 
âåêòîðíèõ çàäà÷. 
 Ó ðîáîòàõ ðÿäó àâòîð³â [12, 14, 15] ðîç-
ãëÿäàºòüñÿ ñïðîùåíà ïîñòàíîâêà çàäà÷³ (1), 
(2), äå âèëó÷åíî ç ðîçâ’ÿçêó ôóíêö³þ òèñêó p . 

Ïîçíà÷àþ÷è ÷åðåç ϕe  îäèíè÷íèé âåêòîð 

êîëîâî¿ êîîðäèíàòè ϕ  (ó öèë³íäðè÷íèõ êîîð-
äèíàòàõ r , z , ϕ ) òà âèêîðèñòîâóþ÷è ï³äñòà-
íîâêó 

 rot ( )ϕ= − Ψv e , (3) 

òîòîæíî çàäîâîëüíÿþòü äðóãå ç ð³âíÿíü (1). Çàñòîñóâàâøè ïîò³ì îïåðàö³þ 
rot ( )⋅  äî ïåðøîãî ç ð³âíÿíü (1), ç óðàõóâàííÿì (3) äëÿ ôóíêö³¿ Ψ  îòðè-
ìóþòü ð³âíÿííÿ 

 
2 2 2 2

2 2 2 2 2 2
1 1 1 0
r r r rr z r r z r

   ∂ ∂ ∂ ∂ Ψ ∂Ψ ∂ Ψ Ψ+ + − + + − =   ∂ ∂∂ ∂ ∂ ∂   
. (4) 

Ââåäåíà òóò ôóíêö³ÿ Ψ  â³äð³çíÿºòüñÿ â³ä çàãàëüíîïðèéíÿòî¿ ôóíêö³¿ òå÷³¿ 

Ñòîêñà (c)Ψ  ìíîæíèêîì 1/ r  ( (c)1
r

Ψ = Ψ ). Ãðàíè÷í³ óìîâè äëÿ ôóíêö³¿ Ψ  

çã³äíî ç (2) çàïèøóòüñÿ òàê: 

 0
10,       ( )r zS S

S S
v v r V

z r r
∂Ψ ∂= = = Ψ =
∂ ∂

. (5) 

Ó òàê³é ïîñòàíîâö³ â ðîáîò³ [15] ïîäàíî òî÷íèé çàâåðøåíèé ðîçâ’ÿçîê çàäà÷³ 
äëÿ ñôåðè÷íî¿ ë³íçè, ÷àñòêîâèì âèïàäêîì ÿêîãî º, çâè÷àéíî, ³ çàäà÷à äëÿ 
ï³âñôåðè. Ïðè öüîìó âèêîðèñòîâóâàëèñü òîðî¿äàëüí³ êîîðäèíàòè ,  ξ η  [3] 
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Рис. 1 
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sh sin

,   ,    0 ,  
ch cos ch cos

r c z c
ξ η

= = ≤ ξ < ∞ − π ≤ η ≤ π
ξ − η ξ − η

, (6) 

äå c  – ìåòðè÷íèé ïàðàìåòð ñèñòåìè êîîðäèíàò, ÿêèé ñï³âïàäàº ç ðàä³óñîì 
ñôåðè. Äîö³ëüí³ñòü âèêîðèñòàííÿ öèêë³äíèõ êîîðäèíàò ó çàäà÷àõ ìåõàí³êè 
âèïëèâàº ç ðîá³ò ðÿäó àâòîð³â [4, 9]. Ôóíêö³þ òå÷³¿ ( , )Ψ ξ η  âèçíà÷àëè çà 
äîïîìîãîþ êëàñè÷íîãî ³íòåãðàëüíîãî ïåðåòâîðåííÿ Ìåëåðà – Ôîêà [9, 10, 
13]. Áóëî çíàéäåíî ðîçïîä³ë øâèäêîñò³ ÷àñòèíîê ( , )ξ ηv  â îêîë³ ë³íçè, ñèëó 

îïîðó F  ³ âèõðîâó ñêëàäîâó òå÷³¿ ω : 

 
2 2

2 2 2
1rot
r rr z r

ϕ ϕ
∂ Ψ ∂Ψ ∂ Ψ Ψ = ω = = + + − ∂ ∂ ∂

e v e . (7) 

Ïèòàííÿ ïðî âèçíà÷åííÿ ðîçïîä³ëó òèñêó p  ó ð³äèí³ òà êîìïîíåíò òåíçîðà 
íàïðóæåíü íå ðîçãëÿäàëîñü. 
 Íèæ÷å íàâåäåíî òî÷íèé ðîçâ’ÿçîê ãðàíè÷íî¿ çàäà÷³ (1), (2) äëÿ ï³âñôå-
ðè÷íî¿ ë³íçè. ßê ³ âèùå, òîòîæíî çàäîâîëüíÿºìî äðóãå ð³âíÿííÿ (1) çà äîïî-
ìîãîþ ïðåäñòàâëåííÿ (3), à çàãàëüíèé ðîçâ’ÿçîê ð³âíÿííÿ (4) ïîäàºìî ÷åðåç 
äâ³ ãàðìîí³÷í³ ôóíêö³¿ ,  PΦ : 

 2 2,             0,          0Pz P
r r

∂Φ ∂Ψ = + ∇ Φ = ∇ =
∂ ∂

. (8) 

Ïðè öüîìó âèõîð øâèäêîñò³ òå÷³¿ ω  îá÷èñëþºìî çà ôîðìóëîþ (7) ³ âèçíà-
÷àºìî ëèøå ÷åðåç ãàðìîí³÷íó ôóíêö³þ P : 

 
2

2 P
r z

∂ω =
∂ ∂

. (9) 

Ââîäÿ÷è òèì÷àñîâî ôóíêö³þ òèñêó /pθ = µ , ç ïåðøîãî ð³âíÿííÿ (1) 
îòðèìóºìî 

 1 ( ) ,         r
r r z z r

∂ ∂θ ∂ω ∂θω = − =
∂ ∂ ∂ ∂

. (10) 

Ö³ºþ ñèñòåìîþ ð³âíÿíü òèïó Êîø³ – Ð³ìàíà âèçíà÷àþòüñÿ óçàãàëüíåí³ 
àíàë³òè÷í³ ôóíêö³¿ [5, 6]. Îñê³ëüêè ôóíêö³ÿ ω  º â³äîìîþ ç ðîçâ’ÿçàííÿ 
ñïðîùåíî¿ çàäà÷³ (4), (5), òî â³äîìîþ áóäå çã³äíî ç (9) ³ äðóãà ì³øàíà ïîõ³äíà 
â³ä ôóíêö³¿ P . Ë³â³ ÷àñòèíè â ñèñòåì³ (10) º â³äîìèìè. Íåîáõ³äíî â³äøóêàòè 
ôóíêö³þ òèñêó θ , òîáòî ïîáóäóâàòè ³íòåãðàë Øâàðöà äëÿ óçàãàëüíåíî¿ 
àíàë³òè÷íî¿ ôóíêö³¿ iθ + ω . Ïî ñóò³, íàñòóïíèé âèêëàä ïðèñâÿ÷åíî ö³é 
ïðîáëåì³. Ïåðø çà âñå, ëåãêî ïåðåñâ³ä÷èòèñü, ùî ð³âíÿííÿ (10) âèêîíóþòüñÿ 
òîòîæíî, ÿêùî θ  ïîäàòè ÷åðåç äðóãó ïîõ³äíó â³ä ãàðìîí³÷íî¿ ôóíêö³¿ P : 

 
2

2
2

p P
z

∂θ = =
µ ∂

. (11) 

Òàêèì ÷èíîì, ç ð³âíÿííÿ (9) íåîáõ³äíî â³äøóêàòè /P z∂ ∂  ³ ïîò³ì çà ôîðìó-
ëîþ (11) âèçíà÷èòè ðîçïîä³ë òèñêó p  ó ð³äèí³. 

 1. Ïîáóäîâà ñïðîùåíîãî ðîçâ’ÿçêó. ßâíèé âèðàç äëÿ ôóíêö³¿ òå÷³¿ Ψ  
çíàõîäèìî çà ôîðìóëîþ (8), âèêîðèñòîâóþ÷è äëÿ öüîãî âèâåäåí³ àâòîðîì 
ôîðìóëè êîìïëåêñíîãî ïåðåòâîðåííÿ Ìåëåðà – Ôîêà [8, § 7]. Äëÿ ïîõ³äíèõ 
çà r  â³ä ãàðìîí³÷íèõ ôóíêö³é Φ  ³ P  áåðåìî çîáðàæåííÿ 

 1
2

(1)1ch cos ( ) cos ( ) sin (ch )
c i

c i

Pc a b Q d
r i

+ ∞

− +µ
− ∞

∂ = ξ − η ⋅ µ µ µη + µ µη ξ µ
∂ π ∫ [ ] , 

 1
2

(1)1ch cos ( ) cos ( ) sin (ch )
c i

c i

c d Q d
r i

+ ∞

− +µ
− ∞

∂Φ = ξ − η ⋅ µ µ µη + µ µη ξ µ
∂ π ∫ [ ] . (12) 

Àíàë³òè÷í³ ôóíêö³¿ ( ),  ( ),  ( )a b cµ µ µ  ³ ( )d µ  ó äåÿê³é ñìóç³, ùî âêëþ÷àº óÿâíó 
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â³ñü ïëîùèíè ,  Re cµ µ < , ïîâèíí³ çàäîâîëüíÿòè óìîâè ïàðíîñò³ 

 ( ) ( ),    ( ) ( ),    ( ) ( ),    ( ) ( )a a b b c c d d−µ = µ −µ = − µ −µ = µ −µ = − µ . 

Ïðè âèõîä³ íà óÿâíó â³ñü ( iµ = τ ), ôîðìóëè (12) ïåðåòâîðþþòüñÿ ó ôîðìó-
ëè êëàñè÷íîãî ðîçâèíåííÿ Ìåëåðà – Ôîêà 

 1
2

(1)

0

ch cos th ( )ch ( )sh (ch )
i

Pc a b P d
r

∞

− + τ
∂ = ξ − η τ πτ τ τη + τ τη ξ τ
∂ ∫

[ ] , 

 1
2

(1)

0

ch cos th ( )ch ( )sh (ch )
i

c d P d
r

∞

− + τ
∂Φ = ξ − η τ πτ τ τη + τ τη ξ τ
∂ ∫

[ ] , (13) 

äå ïîçíà÷åíî 

 ( ) ( ),     ( ) ( ),     ( ) ( ),     ( ) ( )a a i b ib i c c i d id iτ = τ τ = τ τ = τ τ = τ
 

. (14) 

Ôóíêö³¿ ( )a τ


 ³ ( )c τ


 – ä³éñí³ òà ïàðí³ çà τ , à ä³éñí³ ôóíêö³¿ ( )b τ


 ³ ( )d τ


 – 
íåïàðí³ çà τ . 
 Ï³ñëÿ ï³äñòàíîâêè ðîçâèíåíü (12) ó ôîðìóëó (8) ³ ïåðåòâîðåííÿ êîíòó-
ð³â ³íòåãðóâàííÿ ó ñìóç³ ðåãóëÿðíîñò³ ï³ä³íòåãðàëüíèõ àíàë³òè÷íèõ ôóíêö³é 
îòðèìóºìî âèðàç 

 
( , )1( , )

2 ch cos

∗Ψ ξ ηΨ ξ η =
ξ − η

, (15) 

äå 

 1( , ) ( ) sin( 1) ( ) cos( 1)
i

i

A B
i

∞
∗

− ∞

Ψ ξ η = µ µ − η + µ µ − η +
π ∫ [  

 1
2

(1)( ) sin( 1) ( ) cos( 1) (ch )C D Q d
− +µ

+ µ µ + η + µ µ + η ξ µ] . (16) 

Íîâ³ àíàë³òè÷í³ ôóíêö³¿ ( ),  ( ),  ( )A B Cµ µ µ  ³ ( )D µ  ââåäåíî çà ôîðìóëàìè 

 3( ) ( 1) ( ) ( )
2

A d d a µ = µ − µ − − µ µ − µ µ 
 

, 

 3( ) ( 1) ( ) ( )
2

B c c b µ = µ − µ − − µ µ + µ µ 
 

, 

 3( ) ( 1) ( ) ( )
2

C d d a µ = µ + µ + − µ µ + µ µ 
 

, 

 3( ) ( 1) ( ) ( )
2

D c c b µ = µ − µ + − µ µ − µ µ 
 

. (17) 

Êëàñè÷íèé ³íòåãðàë Ìåëåðà – Ôîêà ( iµ = τ ) äëÿ ∗Ψ  çàïèñóºòüñÿ òàê: 

 
0

( , ) th ( )sh cos ( )ch cosA B
∞

∗Ψ ξ η = πτ τ τη η + τ τη η +∫
 

[  

 1
2

(1)( )ch sin ( )sh sin (ch )
i

C D P d
− + τ

+ τ τη η + τ τη η ξ τ
 

] . (18) 

Òóò ïîçíà÷åíî 

 ( ) ( ) ( ) ( ) ( ) 2Re ( )A A i C i A i A i A iτ = τ + τ = τ + − τ = τ


, 

 ( ) ( ) ( ) ( ) ( ) 2 Im ( )B i B i D i i B i B i B iτ = − τ + τ = − τ − − τ = τ


[ ] [ ] , 
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 ( ) ( ) ( ) ( ) ( ) 2 Im ( )C i A i C i i A i A i A iτ = τ − τ = τ − − τ = − τ


[ ] [ ] , 

 ( ) ( ) ( ) ( ) ( ) 2Re ( )D B i D i B i B i B iτ = τ − τ = τ + − τ = τ


. (19) 

Âèðàç äëÿ ââåäåíî¿ íàìè ôóíêö³¿ òå÷³¿ (15) ç óðàõóâàííÿì (18) ñï³âïà-
äàº (ç òî÷í³ñòþ äî ìíîæíèêà 1/ r ) ç ôóíêö³ºþ òå÷³¿ Ñòîêñà, ÿêà íàâåäåíà â 
ðîáîò³ [15]. Íà æàëü, çà äîïîìîãîþ ö³º¿ ôóíêö³¿ íå ìîæíà çàäîâîëüíèòè ãðà-
íè÷í³ óìîâè (5), îñê³ëüêè ñòàëà 0V  íå ìîæå áóòè ïîäàíà ó âèãëÿä³ ³íòåãðàëà  

Ìåëåðà – Ôîêà. Òîìó â ðîáîò³ [15] áóëà ââåäåíà äîäàòêîâî ôóíêö³ÿ òå÷³¿ 
â³ä «çîñåðåäæåíî¿ ñèëè», ÿêà ðîçì³ùåíà íà îñ³ îáåðòàííÿ ó äåÿê³é âíóòð³ø-
í³é òî÷ö³ ë³íçè ³ íàïðÿìëåíà âçäîâæ îñ³ Oz . Òàê ïîáóäîâàíèé ñóìàðíèé 
ðîçâ’ÿçîê äîçâîëèâ àâòîðàì ðîáîòè [15] ïîäàòè çàâåðøåíèé ðîçâ’ÿçîê 
ñïðîùåíî¿ çàäà÷³ Ñòîêñà (4), (5) äëÿ äîâ³ëüíî¿ ë³íçè. Ñïðîáà àâòîðà âè-
êîðèñòàòè îñîáëèâèé ðîçâ’ÿçîê äëÿ «çîñåðåäæåíî¿ ñèëè» ïðè ïîáóäîâ³ òî÷-
íîãî ðîçâ’ÿçêó ïîâíî¿ çàäà÷³ Ñòîêñà (1), (2) âèÿâèëàñü íåâäàëîþ. Ñïðàâà â 
òîìó, ùî âæå äëÿ ôóíêö³¿ âèõîðó ( , )ω ξ η  íåìîæëèâî çàïèñàòè ³íòåãðàë Ìå-
ëåðà – Ôîêà òèïó (18) ç³ çíà÷åííÿìè àíàë³òè÷íèõ ù³ëüíîñòåé íà óÿâí³é îñ³. 
Ó ðîçâ’ÿçîê, ÿê âèäíî ç ïîäàëüøîãî, âõîäÿòü ³ çíà÷åííÿ ù³ëüíîñòåé ïðè 
Re 1µ = ± . À ÿê â³äîìî ç òåîð³¿ êîìïëåêñíîãî ïåðåòâîðåííÿ Ìåëåðà – Ôîêà 
[8], ðîçøèðåííÿ ñìóãè ðåãóëÿðíîñò³ âèìàãàº á³ëüø øâèäêîãî ñïàäàííÿ 

ôóíêö³é ó ãðàíè÷íèõ óìîâàõ (äëÿ ñìóãè Re 1µ ≤  – ÿê 2e− ξ  ïðè ξ → ∞ , 

òîáòî â îêîë³ êóòîâèõ òî÷îê ãðàíèö³ ,  0r c z= = ). Ö³é óìîâ³ íå â³äïîâ³äàº 
îñîáëèâèé ðîçâ’ÿçîê äëÿ «çîñåðåäæåíî¿ ñèëè». Ó ðîáîò³ çà îñîáëèâèé ðîç-
â’ÿçîê âèáðàíî ðîçâ’ÿçîê äëÿ æîðñòêîãî äèñêà ðàä³óñà r c= . 

Íà ï³äñòàâ³ ôîðìóëè (7) äëÿ ôóíêö³¿ âèõîðó ( , )ω ξ η  ³ ç óðàõóâàííÿì 
ð³âíîñòåé (15), (16) çíàõîäèìî 

 
2
1 1 3( , ) ch cos ( 1) ( 1) ( )

2

i

i

A A
ic

∞

− ∞

  ω ξ η = ξ − η ⋅ µ + µ + − µ − µ +  π  ∫  

 3 3( 1) ( ) ( 1) sin ( 1) ( 1) ( )
2 2

C C B B    + µ + µ − µ − µ − µη + µ + µ + − µ − µ +        
 

 1
2

(1)3( 1) ( ) ( 1) cos (ch )
2

D D Q d
− +µ

 + µ + µ − µ − µ − µη ξ µ     
. (20) 

Ï³äñòàíîâêîþ iµ = τ  öåé ðîçêëàä ïåðåòâîðþºìî äî êëàñè÷íîãî ³íòåãðà-
ëà Ìåëåðà – Ôîêà 

 


2
0

1 3( , ) ch cos th (1, )
2

A
c

∞
 ω ξ η = ξ − η πτ τ + ∫  

 
   3( ) ( ) (1, ) sh (1, ) ( )

2
A C C B B + τ − τ τ + τ τ τη + τ + τ −  

 

 
 

1
2

(1)( ) (1, ) ch (ch )
i

D D P d
− + τ

− τ τ + τ τ τη ξ τ 
. (21) 

Ï³ä³íòåãðàëüí³ ù³ëüíîñò³ íà ïðÿì³é Re 1µ =  çà àíàëîã³ºþ ç (19) îá÷èñ-
ëþþòüñÿ òàê: 

 
 
(1, ) 2Re (1 ),        (1, ) 2 Im (1 )A A i B B iτ = + τ τ = + τ , 

 
 
(1, ) 2 Im (1 ),       (1, ) 2Re (1 )C A i D B iτ = − + τ τ = + τ . (22) 

 Çàçíà÷èìî, ùî â ðîáîò³ [15] íàâåäåíî ÿâíèé âèðàç ëèøå äëÿ ù³ëüíîñ-

òåé íà óÿâí³é îñ³, òîáòî äëÿ 
 

( ),  ( ),  ( )A B Cτ τ τ  ³ ( )D τ


. 
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 2. Òî÷íèé ðîçâ’ÿçîê ñïðîùåíî¿ çàäà÷³ Ñòîêñà äëÿ ï³âñôåðè. Äîïîâíè-
ìî çàãàëüíèé ðîçâ’ÿçîê äëÿ ôóíêö³¿ òå÷³¿ (15), (16) îñîáëèâèì ðîçâ’ÿçêîì 
äëÿ êðóãîâîãî äèñêà ðàä³óñà r c= . Ðîçâ’ÿçîê äëÿ êðóãîâîãî äèñêà âèçíà÷à-
ºìî, âèêîðèñòîâóþ÷è çîáðàæåííÿ (8) ³ ïîêëàäàþ÷è 

 0 0,        /P rΦ = Φ = − ∂Φ ∂ . (23) 

Ïðîâîäÿ÷è îá÷èñëåííÿ ó òîðî¿äàëüíèõ êîîðäèíàòàõ, îòðèìóºìî 

 
2

0
0

1 sin ch cos 1 cos
1

sh 1 cos ch cos
cV

r π
∂Φ η ξ − η − η  = − − +  ∂ ξ − η ξ − η 

 

 
sh ch cos

arctg
ch cos 1 cos

ξ ξ − η + ξ − η + η 
. (24) 

Ïðè öüîìó ôóíêö³þ òèñêó (oc)p  ³ âèõðîâó ôóíêö³ÿ (oc)ω  ðîçðàõîâóºìî çà 
ôîðìóëàìè 

 
(oc)

02 1 cos ch cos
Vp
cπ= − η ⋅ ξ − η

µ
, 

 (oc) 02 sin ch cos
(ch 1)

sh 1 cos

V

cπ
η ξ − ηω = ξ −
ξ − η

. (25) 

Ôóíêö³þ òå÷³¿ (oc)Ψ  çàïèñóºìî òàê: 

 (oc)
0

1 1 2 th cos
2 2ch cos

cVπ
 ξ ηΨ = − +ξ − η 

 

 
sh ch cos

arctg
1 cosch cos

ξ ξ − η+ + ηξ − η 
. (26) 

Ïîâíèé ðîçâ’ÿçîê äëÿ ôóíêö³¿ òå÷³¿ (ïoâ)Ψ  ïîäàºòüñÿ ð³âí³ñòþ 

 (ïoâ) (oc) 11 ( , )
2 ch cos

∗Ψ = Ψ + Ψ = Ψ ξ η −
ξ − η 

 

 0
sh ch cos2 2 th cos arctg

2 2 1 cosch cos
cV−

ξ η ξ ξ − η  + π + ηξ − η  
. (27) 

 Ãðàíè÷í³ óìîâè äëÿ ôóíêö³¿ ( , )∗Ψ ξ η , ïîäàíî¿ ôîðìóëîþ (16), âèâîäèìî 
ç ãðàíè÷íèõ óìîâ äëÿ ïåðåòâîðåíèõ äî òîðî¿äàëüíèõ êîîðäèíàò ð³âíîñòåé 

(5) â³äíîñíî ïîâíî¿ ôóíêö³¿ òå÷³¿ (ïoâ)Ψ . Ï³ñëÿ â³äïîâ³äíèõ ïåðåòâîðåíü 

ãðàíè÷í³ óìîâè äëÿ ∗Ψ  ó âèïàäêó ï³âñôåðè÷íî¿ ë³íçè ( 1 2/2,  η = π η = − π ,) 
çàïèñóþòüñÿ òàê: 

 0,           0
∗

∗
η=−π

η=−π

∂ΨΨ = =
∂η

, 

 
2

2

( ),         2 ( )F Gπ
π

∗
∗

η=
η=

∂ΨΨ = ξ = ξ
∂η

, (28) 

äå ïîçíà÷åíî 

 0
sh 12( ) th arctg

2 ch ch
F cV

ξ ξ ξ =  π ξ ξ 
− , 

 0
th 11( ) th arctg

ch 2 ch ch
1G cV

ξ ξ ξ =  π ξ ξ ξ 
+ . (29) 
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Øâèäê³ñòü ñïàäàííÿ öèõ ôóíêö³é íà íåñê³í÷åííîñò³ ( ξ → ∞ ) áóäå e−ξ  

(äëÿ îñîáëèâîãî ðîçâ’ÿçêó «çîñåðåäæåíî¿ ñèëè» /2e−ξ ), ùî âèçíà÷àº ñìóãó 
ðåãóëÿðíîñò³ ï³ä³íòåãðàëüíèõ ôóíêö³é â (18) ó ïðîì³æêó Re 1/ 2µ < . Ùîá 

ðîçøèðèòè ñìóãó ðåãóëÿðíîñò³ äî çíà÷åíü Re 1µ = ± , ïîñòóïàºìî íàñòóï-
íèì ÷èíîì. Ï³ñëÿ ï³äñòàíîâêè â ãðàíè÷í³ ð³âíîñò³ (28) äëÿ âêàçàíèõ çíà÷åíü 

η  âèðàçó äëÿ ∗Ψ  ³ç (16) îòðèìóºìî ñèñòåìó ÷îòèðüîõ ôóíêö³îíàëüíèõ ð³â-

íÿíü â³äíîñíî ( ),  ( ),  ( )A B Cµ µ µ  ³ ( )D µ . Äî ë³âèõ ³ ïðàâèõ ÷àñòèí öèõ ð³âíÿíü 

çàñòîñîâóºìî îïåðàòîð 1 sh ( )
sh

d
d

ξ ⋅
ξ ξ

 ³ âèêîðèñòîâóºìî ð³âíÿííÿ äëÿ ôóíê-

ö³é Ëåæàíäðà [1] 

 11
22

(1) 21 1sh (ch ) (ch )
sh 4

d Q Q
d − +µ− +µ

  ξ ξ = µ − ξ   ξ ξ  
. (30) 

Ôóíêö³¿ ó ïðàâèõ ÷àñòèíàõ ð³âíîñòåé (28) äîïóñêàþòü òàêå ïåðåòâîðåííÿ. 
Âèêîíàâøè îáåðíåíå ïåðåòâîðåííÿ Ìåëåðà − Ôîêà îòðèìàíèõ ôóíêö³î-
íàëüíèõ ð³âíîñòåé, ìàºìî ñèñòåìó àëãåáðè÷íèõ ð³âíÿíü 

 
( )

( ) ( )tg
2

cos
2

f
C D

πµ µ− µ + µ =
πµ

  , 

 
( )

( ) ( ) tg ( ) ( )
2

cos
2

g
C A D B

πµ µµ µ − µ µ µ − µ =
πµ

+   [ ] , 

 ( ) tg ( ) 0,       ( ) ( ) ( ) ( ) tg 0A B A C B Dµ πµ − µ = µ µ − µ + µ µ − µ πµ =    [ ] , (31) 

äå ÷åðåç ( ),  ( ),  ( ),  ( )A B C Dµ µ µ µ    ïîçíà÷åíî âèðàçè 

 ( ) ( ) ( ),         ( ) ( ) ( )A A C B B Dµ = µ + µ µ = µ + µ  , 

   ( ) ( ) ( ),        ( ) ( ) ( )C A C D B Dµ = µ − µ µ = µ − µ  , (32) 

à ÷åðåç ( )f µ  ³ ( )g µ  – àíàë³òè÷í³ ôóíêö³¿ 

 1
2

2 1
04

1( ) sh ( ) (ch ) sh
sh

df F P d
d

∞

− +µ

µµ = ξ ξ ξ ξ ξ
ξ ξµ − ∫ [ ] , 

 1
2

2 1
04

1( ) sh ( ) (ch ) sh
sh

dg G P d
d

∞

− +µ

µµ = ξ ξ ξ ξ ξ
ξ ξµ − ∫ [ ]  (33) 

ç ïðîñòèìè ïîëþñàìè â òî÷êàõ 1/2µ = ± . 
Ðîçâ’ÿçîê àëãåáðè÷íèõ ð³âíÿíü (31) ïîäàºòüñÿ ôîðìóëàìè 

 
( )cos ( )1( ) (cos 2 cos ) (cos 2 cos )

2 ( )
cos sin

2 2

f g
A

 µ µπµ µ µ = πµ + πµ + πµ − πµ
∆ µ πµ πµ  

 , 

 231( ) ( ) sin cos sin ( ) cos
( ) 2 2 2

D f g
πµ πµ πµ  µ = µ πµ − µ − µ µ  ∆ µ   

 , 

 
( )

( ) tg ( ),         ( ) tg ( )
2

cos
2

f
B A C D

πµ µµ = πµ µ µ = µ −
πµ

   , 

 2 23
( ) sin

2
πµ∆ µ = − µ . (34) 
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²íòåãðàëè â ïðàâèõ ÷àñòèíàõ (33) îá÷èñëþþòüñÿ ó çàìêíåíîìó âèãëÿä³, 
ÿêùî ñêîðèñòàòèñÿ ðîçâèíåííÿìè 

 0 1
1

1 12sh ( ) ( 1)
sh (ch )3 1

2 2

n
n

n

d nF cV
d

n n

∞

+
=

ξ ξ = − ⋅
ξ ξ π     ξ+ −   

   

∑[ ] ,  

 0 1
1

1 11sh ( ) ( 1)
sh (ch )1 3

2 2

n
n

n

d nG cV
d

n n

∞

+
=

ξ ξ = − ⋅
ξ ξ π     ξ+ −   

   

∑[ ]  (35) 

³ çíà÷åííÿìè â³äïîâ³äíèõ ³íòåãðàë³â â³ä äîáóòêó åëåìåíòàðíèõ ôóíêö³é íà 
ôóíêö³¿ Ëåæàíäðà 1

2

(ch )P
− +µ

ξ  [7]. 

 Â ðåçóëüòàò³ îòðèìóºìî òàê³ çíà÷åííÿ àíàë³òè÷íèõ ôóíêö³é ( )f µ  ³ ( )g µ  

íà êîíòóð³ 1 ,  iµ = + τ − ∞ < τ < ∞ : 

 0 0

sh ch
1 2 2(1 ) 2 ,    (1 ) 2
2 ch ch

if i cV g i cV
i

πτ πτ
+ τ+ τ − ⋅ ⋅ + τ ⋅
+ τ τ πτ πτ

= = , (36) 

³ íà óÿâí³é îñ³ ,  iµ = τ − ∞ < τ < ∞ :  

 0 02

ch sh
2 2( ) 2 ,      ( ) 2

ch ch1
f i i cV g i i cV

πτ πτ
ττ = ⋅ ⋅ τ = − ⋅

πτ πττ +
 . (37) 

Êîìïëåêñí³ çíà÷åííÿ ù³ëüíîñòåé ( ), , ( )A Dµ µ   íà ïðÿì³é 1 iµ = + τ  ³ íà 

óÿâí³é îñ³ iµ = τ  çíàõîäèìî, ï³äñòàâèâøè íàâåäåí³ âèùå ôóíêö³¿ ó ð³âíîñò³ 
(34). Åëåìåíòàðíèìè ïåðåòâîðåííÿìè îòðèìóºìî 

 ( ) ( ),       ( ) ( ),       ( ) ( ),       ( ) ( )A i A B i iB C i iC D i Dτ = τ τ = τ τ = − τ τ = τ
     ; 

 Re (1 ) (1 ) (1, ),     Im (1 ) (1 ) (1, )A i C i A B i D i B+ τ + + τ = τ + τ + + τ = τ
   [ ] [ ] , 

 Im (1 ) (1 ) (1, ),   Re (1 ) (1 ) (1, )A i C i C B i D i D+ τ + + τ = − τ + τ + + τ = τ
   [ ] [ ] . (38) 

Â ðåçóëüòàò³ ìàºìî çàâåðøåíèé ðîçâ’ÿçîê ñïðîùåíî¿ çàäà÷³ Ñòîêñà äëÿ ï³â-

ñôåðè. Ôóíêö³ÿ òå÷³¿ ( , )∗Ψ ξ η  ³ âèõðîâà ôóíêö³ÿ ( , )ω ξ η  ïîäàþòüñÿ ôîðìó-
ëàìè (18) ³ (21), äî ÿêèõ íåîáõ³äíî äîäàòè îñîáëèâ³ ñêëàäîâ³ çàãàëüíîãî ðîç-
â’ÿçêó (25) ³ (26). 

 3. Ïðîáëåìà Ð³ìàíà, ÿêà âèíèêàº ïðè âèçíà÷åíí³ ôóíêö³¿ òèñêó p. ßê 
çàçíà÷àëîñü âèùå, âèçíà÷åííÿ ôóíêö³¿ òèñêó ( , )  ( )pθ ξ η = µθ  áàçóºòüñÿ íà 

ðîçâ’ÿçàíí³ ñèñòåìè ð³âíÿíü òèïó Êîø³ − Ð³ìàíà (10). Çàãàëüíèé ðîçâ’ÿçîê 
öèõ ð³âíÿíü çã³äíî ç (9) ³ (11) çàïèñóºìî ÷åðåç ãàðìîí³÷íó ôóíêö³þ P . 
Ïðè÷îìó ôóíêö³ÿ ëîêàëüíîãî òèñêó â ð³äèí³ p  ìîæå áóòè ïîäàíà ó âèãëÿä³ 

 
2

2
1

2
p P Pr

r r rz
∂ ∂ ∂ = = −  µ ∂ ∂ ∂

. (39) 

Ùîá ñêîðèñòàòèñÿ ö³ºþ ôîðìóëîþ, íåîáõ³äíî çíàéòè àáî ïîõ³äíó /P z∂ ∂ , 
àáî ïîõ³äíó /P r∂ ∂ . Îñê³ëüêè ïåðøîþ ç ôîðìóë (12) ïîäàíî çàãàëüíèé ðîç-

â’ÿçîê äëÿ P r∂ ∂  ç íåâ³äîìèìè ù³ëüíîñòÿìè ( )a µ  ³ ( )b µ , òî çàäà÷à çâîäèòü-
ñÿ äî çíàõîäæåííÿ öèõ àíàë³òè÷íèõ ôóíêö³é. Äëÿ âèçíà÷åííÿ àíàë³òè÷íèõ 
ôóíêö³é âèêîðèñòîâóºìî ôîðìóëó (9) ç â³äîìèì çíà÷åííÿì âèõðîâî¿ ôóíê-
ö³¿ ( , )ω ξ η . Ïðîñòèìè îá÷èñëåííÿìè çíàõîäèìî 

 
2

2 2( , ) 2 Pc c
r z

∂ω ξ η = =
∂ ∂

 



58 

 21 3ch cos ( 1) ( 1) 2 ( )
2

i

i

a a
i

∞

− ∞

  = − ξ − η ⋅ µ + µ + µ + − µ µ +  π  ∫  

 23 3( 1) ( 1) sin ( 1) ( 1) 2 ( )
2 2

a b b    + µ − µ − µ − µη − µ + µ + µ + − µ µ +        
 

 1
2

(1)3( 1) ( 1) cos (ch )
2

b Q d
− +µ

  + µ − µ − µ − µη ξ µ    
. (40) 

Ïðèð³âíþþ÷è öåé âèðàç äî ðàí³øå çíàéäåíîãî çíà÷åííÿ ( , )ω ξ η  çà ôîðìó-
ëîþ (20), îòðèìóºìî ñèñòåìó ôóíêö³îíàëüíèõ ð³âíÿíü â³äíîñíî àíàë³òè÷íèõ 
ôóíêö³é ( )a µ  ³ ( )b µ : 

 23 3( 1) ( 1) 2 ( ) ( 1) ( 1) ( )
2 2

a a a   µ + µ + µ + − µ µ + µ − µ − µ − = α µ   
   

, 

 23 3( 1) ( 1) 2 ( ) ( 1) ( 1) ( )
2 2

b b b   µ + µ + µ + − µ µ + µ − µ − µ − = β µ   
   

, (41) 

äå 

 3 3( ) ( 1) ( 1) ( ) ( 1) ( ) ( 1)
2 2

A A C C    α µ = − µ + µ + − µ − µ + µ + µ − µ − µ −        
, 

 3 3( ) ( 1) ( 1) ( ) ( 1) ( ) ( 1)
2 2

B B D D   β µ = µ + µ + − µ − µ + µ + µ − µ − µ −   
   

 (42) 

− â³äîì³ àíàë³òè÷í³ ôóíêö³¿ ç óìîâàìè ïàðíîñò³ ( ) ( )α −µ = α µ , ( ) ( )β −µ = − β µ . 
Îäíîòèïí³ ôóíêö³îíàëüí³ ð³âíÿííÿ (41) àâòîð ðîáîòè ââàæàº çà äîö³ëüíå 
íàçâàòè óçàãàëüíåíîþ êðàéîâîþ çàäà÷åþ Ð³ìàíà. Ñâîºð³äí³ñòü ö³º¿ çàäà÷³ 
ïîëÿãàº ó òîìó, ùî àíàë³òè÷íà ôóíêö³ÿ âèçíà÷àºòüñÿ ç ð³âíÿííÿ, ó ÿêîìó 
ïîâ’ÿçàí³ ¿¿ çíà÷åííÿ íà òðüîõ êîíòóðàõ â îáëàñò³ ðåãóëÿðíîñò³ (â íàøîìó 
âèïàäêó íà óÿâí³é îñ³ iµ = τ  òà íà ïðÿìèõ Re 1µ = ± ). Íàïåâíå, â çàãàëü-
íîìó âèïàäêó öÿ êðàéîâà çàäà÷à íå ìàº ðîçâ’ÿçêó, àëå ç óðàõóâàííÿì óìîâ 
ïàðíîñò³ äëÿ øóêàíèõ ôóíêö³é ( )a µ  ³ ( )b µ  ïðè â³äïîâ³äíèõ óìîâàõ ïàðíîñò³ 

äëÿ ïðàâèõ ÷àñòèí ìàº ºäèíèé îáìåæåíèé íà íåñê³í÷åííîñò³ ( µ → ∞ , 

Re 1µ ≤ ) ðîçâ’ÿçîê. Òîìó, ìàáóòü, íåäîö³ëüíî ïåðåòâîðþâàòè ñôîðìóëüî-
âàíó êðàéîâó çàäà÷ó äî â³äîìî¿ êðàéîâî¿ çàäà÷³ Êàðëåìàíà ç³ çñóâîì [2]. 
 Äîêëàäíî ðîçïèøåìî ðîçâ’ÿçîê ïåðøîãî ð³âíÿííÿ (41). Ââåäåìî íîâó 
àíàë³òè÷íó ôóíêö³þ ( ) ( )a aµ = µ µ  ³ â³äíîñíî íå¿ çàïèøåìî ð³âíÿííÿ Ð³ìàíà ó 
âèãëÿä³ 

 3 3( 1) ( ) ( ) ( 1) ( )
2 2

a a a a   µ + µ + − µ − µ − µ − µ − = α µ   
   

   ( ) ( ) . (43) 

Ð³çíèö³ àíàë³òè÷íèõ ôóíêö³é íà ð³çíèõ êîíòóðàõ (ôàêòè÷íî – íà óÿâí³é îñ³ 
òà ãðàíèö³ ñìóãè àíàë³òè÷íîñò³) òàêîæ º àíàë³òè÷íèìè ôóíêö³ÿìè. Ïîäàìî 
¿õ ÷åðåç àíàë³òè÷íó ôóíêö³þ ( )ϕ µ , ÿêà çì³íþºòüñÿ ó ñìóç³ 1/2 Re− ≤ µ ≤  

1/2≤ − , çã³äíî ç ð³âíîñòÿìè 

 1 1( 1) ( ) ,        ( ) ( 1)
2 2

a a a a   µ + − µ = ϕ µ + µ − µ − = ϕ µ −   
   

    . (44) 

Ôóíêö³ÿ ( )α µ  ó ïðàâ³é ÷àñòèí³ (43) º ïàðíîþ ôóíêö³ºþ àðãóìåíòó, à ôóíê-

ö³ÿ ( ) ( )a aµ = µ µ  – íåïàðíîþ ôóíêö³ºþ çà µ . Òîä³ ç (44) âèïëèâàº óìîâà 

ïàðíîñò³ ôóíêö³¿ ( )ϕ µ : 

 1 1
2 2

   ϕ µ − = ϕ − µ   
   

. (45) 
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Ð³âíÿííÿ (43) ïåðåòâîðþºòüñÿ ó ôóíêö³îíàëüíå ð³âíÿííÿ 

 3 1 3 1 ( )
2 2 2 2

       µ + ϕ µ + − µ − ϕ − µ = α µ       
       

. (46) 

Ùîá óíèêíóòè ðîçâ’ÿçàííÿ êðàéîâî¿ çàäà÷³ Ã³ëüáåðòà [2], ïðîâåäåìî ðåãó-

ëÿðèçàö³þ ð³âíÿííÿ (46), ââîäÿ÷è íîâó àíàë³òè÷íó ôóíêö³þ ( )z∗ϕ  çà ôîð-
ìóëîþ 

 
( )

( ) ,          ( ) ( )
(1 )(1 )

z
z z z

z z z

∗
∗ ∗ϕϕ = ϕ − = − ϕ

+ −
. (47) 

Â³äíîñíî ( )z∗ϕ  ìàºìî ð³âíÿííÿ 

 21 1 1 ( )
2 2 4

∗ ∗     ϕ µ + + ϕ − µ = − µ − α µ     
     

, (48) 

ÿêå íà óÿâí³é îñ³ iµ = τ  ïåðåòâîðþºòüñÿ ó ð³âí³ñòü 

 21 1 1 12Re ( )
2 2 2 4

i i i i∗ ∗ ∗       ϕ + τ + ϕ − τ = ϕ + τ = τ + α τ       
       

. (49) 

Öå º çàäà÷à Ä³ð³õëå äëÿ ä³éñíî¿ ÷àñòèíè àíàë³òè÷íî¿ ôóíêö³¿ ∗ϕ  ó ñìóç³ 

Re 1/2µ ≤ . Îñê³ëüêè âîíà º íåïàðíîþ, òî ÿâíèé âèðàç äëÿ íå¿ ïîäàºòüñÿ ó 
âèãëÿä³ ³íòåãðàë³â Ôóð’º: 

 ( ) ( ) ( , ) ( , )z i u iv∗ ∗ϕ = ϕ σ + τ = σ τ + σ τ =  

 
0 0

( )sh cos ( )ch sind i d
∞ ∞

= γ λ λσ ⋅ λτ λ + γ λ λσ ⋅ λτ λ∫ ∫ , (50) 

äå 

 2

0
2

1 1 1( ) ( ) cos ,         ( ) ( )
2sh

x x x dx i
∞

λ
 γ λ = ⋅ + α λ α τ = α τ π  ∫

 
. (51) 

Çàçíà÷èìî, ùî íà ìåæ³ ñìóãè ðåãóëÿðíîñò³ 1/2σ =  óÿâíà ÷àñòèíà 1( , )
2

v τ  

ôóíêö³¿ ∗ϕ  âèçíà÷àºòüñÿ çà ôîðìóëîþ Ã³ëüáåðòà [2] ç ñèíãóëÿðíèì ÿäðîì 

cth ( )xπ − τ . Íà óÿâí³é îñ³ ( 0σ = ) (0, ) 0u τ = , à óÿâíà ÷àñòèíà âèçíà÷àºòüñÿ 
çà ôîðìóëîþ 

 2

0

( )1(0, ) sh 2
4 ch 2 ch 2

x dx
v x

x

∞ α τ = πτ +  π + πτ ∫


. (52) 

Ï³ä³íòåãðàëüíó ôóíêö³þ ( ) ( )x ixα = α


 âèçíà÷àºìî ç ïåðøî¿ ç ð³âíîñòåé (42). 
Âèêîðèñòîâóþ÷è ïîçíà÷åííÿ (19) ³ (22), çàïèøåìî 

 3( ) (1, ) ( ) ( ) (1, )
2

x A x A x xC x xC x α = − + − +  
  

, (53) 

òîáòî îòðèìóºìî çíà÷åííÿ ù³ëüíîñò³ ïåðøîãî äîäàíêó â ³íòåãðàë³ Ìåëåðà – 
Ôîêà (21) äëÿ âèõðîâî¿ ôóíêö³¿ ( , )ω ξ η  ç ïðîòèëåæíèì çíàêîì.  

 Àíàë³òè÷íó ôóíêö³þ ( ) ( )a aµ = µ µ  çíàõîäèìî ç ð³âíÿíü (44). Ïî-

êëàäàþ÷è â ïåðøîìó ç íèõ 1
2

iµ = − + τ , îòðèìóºìî 

 
2 2

( ) (0, )1 1
2 2 ( 1) ( 1)

i v
a i a i

i

∗ϕ τ τ   + τ + − τ = =   
    τ τ + τ τ +

  . (54) 

Öå ð³âíÿííÿ, ïî ñóò³, òîòîæíå ðîçãëÿíóòîìó âèùå ð³âíÿííþ (48). Éîãî 
ðîçâ’ÿçîê íà óÿâí³é îñ³ ïîäàºòüñÿ ôîðìóëîþ 
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2

0

(0, )
( ) sh 2

ch2 ch 2( 1)

v y dy
a i i

yy y

∞

τ = πτ
π + πτ+∫ . (55) 

Ï³äñòàâèâøè ñþäè çíà÷åííÿ äëÿ (0, )v y  ³ç (52) ³ îá÷èñëèâøè ³íòåãðàë  

 
2

0

sh 21
(ch2 ch 2 ) (ch 2 ch 2 )( 1)

y dy
y y xy y

∞ π
⋅ =

π + πτ π + π+∫  

 
2 2

2 2

11
2 ch 2 ch 21 1

4 4

x
x

x

− τ= ⋅
π − πτ   τ + +   

   

, (56) 

îñòàòî÷íî ìàºìî òàêèé ðîçâ’ÿçîê äëÿ øóêàíî¿ ôóíêö³¿ ( )a τ


: 

 2 2

2
0

11( ) ( ) ( ) cth ( )
2 1

4

a x x x dx
∞

τ τ = − − τ α π + τ −
τ +

∫


 

 
2 2

0

( ) sh 2
( )

ch 2 ch 2
x x dx

x
x

∞ − τ π − α π − πτ ∫


. (57) 

Àíàëîã³÷íèì ñïîñîáîì çíàõîäèìî ³ ôóíêö³þ ( )b iτ  ç äðóãîãî ð³âíÿííÿ (41). 

Äëÿ ( )b τ  ìàºìî ðîçâ’ÿçîê 

 
2 2

2
0

( ) sh 211( ) ( )
2 1 ch 2 ch 2

4

x x dx
b x

x

∞ − τ π
τ τ = − β

π − πττ +
∫


, (58) 

äå 

 3( ) (1, ) ( ) ( ) (1, )
2

x B x B x xD x xD xβ = + − +
    

. (59) 

Öåé âèðàç ñï³âïàäàº ç³ ù³ëüí³ñòþ äðóãîãî äîäàíêó ó âèðàç³ äëÿ âèõîðó (21). 
 Â ðåçóëüòàò³ ôóíêö³þ /P r∂ ∂  âèçíà÷àºìî çà ïåðøîþ ç ôîðìóë (13), à 
ðîçïîä³ë òèñêó â ð³äèí³ ( , )p ξ η  îá÷èñëþºìî çà ôîðìóëîþ (39), âèêîðèñòî-

âóþ÷è îïåðàö³þ ( ) / r∂ ⋅ ∂  ó òîðî¿äàëüíèõ êîîðäèíàòàõ. 
 Îñòàòî÷íî ôóíêö³ÿ òèñêó ïîäàºòüñÿ êëàñè÷íèì ³íòåãðàëîì Ìåëåðà – 
Ôîêà 

 2

0

1
2

( , )
ch cos th ( )

2
p

c
∞ξ η  = ξ − η πτ τ α τ − µ ∫


 

 
0

( )
sh2 ch

ch2 ch2
x dx

x

∞ α − πτ τη −π − πτ ∫


 

 1
20

( ) sh2
( ) sh (ch )

ch2 ch2 i

x x dx
P d

x

∞

− + τ

β π  − τ β τ − τη ξ τ π − πτ  
∫


.  (60) 

Ôóíêö³¿ ( )xα


 ³ ( )xβ


 ïîäàþòüñÿ ôîðìóëàìè (53) ³ (59). ¯õ àñèìïòîòèêà íà 
íåñê³í÷åííîñò³ (x → ∞ ) 

 0 03 3( ) ,        ( )
ch ch2 2

cV cV
x x

x x
α ⋅ β − ⋅

π π
     (61) 

çàáåçïå÷óº çá³æí³ñòü ³íòåãðàë³â ó ðîçâ’ÿçêàõ óçàãàëüíåíèõ çàäà÷ Ð³ìàíà 
(57), (58) ³ ñèíãóëÿðíèõ ³íòåãðàë³â ó âèðàç³ äëÿ ôóíêö³¿ òèñêó (60). Ôóíêö³ÿ 
âèõîðó ( , )ω ξ η  ³ç (21) òà îòðèìàíèé âèðàç (60) äëÿ ôóíêö³¿ òèñêó 

( , )p = µθ ξ η  º øóêàíèì ðîçâ’ÿçêîì óçàãàëüíåíèõ ð³âíÿíü Êîø³ – Ð³ìàíà äëÿ 
çîâí³øíüî¿ îáëàñò³ ïîçà ï³âñôåðîþ ó òîðî¿äàëüíèõ êîîðäèíàòàõ. 
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ОБОБЩЕННАЯ КРАЕВАЯ ЗАДАЧА РИМАНА, ВОЗНИКАЮЩАЯ ПРИ РАССМОТРЕНИИ 
СТОКСОВОГО ТЕЧЕНИЯ В ОКРЕСТНОСТИ ПОЛУСФЕРЫ, И ЕЕ РЕШЕНИЕ  
 
Ïîëó÷åíî òî÷íîå ðåøåíèå çàäà÷è ñòîêñîâîãî òå÷åíèÿ â îêðåñòíîñòè ïîëóñôåðû. 
Ïîêàçàíî, ÷òî ðåøåíèå ýòîé çàäà÷è ñâîäèòñÿ ê ïîñòðîåíèþ ðåøåíèÿ îáîáùåííîé 
çàäà÷è Ðèìàíà òåîðèè àíàëèòè÷åñêèõ ôóíêöèé. Ðåøåíèå ýòîé çàäà÷è íàéäåíî â 
çàìêíóòîì âèäå. Ýòî ïîçâîëèëî çàïèñàòü â ÿâíîì âèäå ôóíêöèè äàâëåíèÿ è 
ôóíêöèè âèõðÿ, óäîâëåòâîðÿþùèå ñèñòåìó îáîáùåííûõ óðàâíåíèé òèïà Êîøè − 
Ðèìàíà. 
 
GENERALIZED BOUNDARY-VALUE RIEMANN PROBLEM, ARISING UNDER CONSIDERING 
THE STOKES FLOW NEAR A HALF-SPHERE, AND ITS SOLUTION 
 
The exact solution of the Stokes flow problem near a half-sphere is obtained. It is 
shown that the solution of this problem is reduced to construction of the solution to the 
generalized Riemann problem of the theory of analytical functions. The solution of the 
boundary-value Riemann problem is obtained in a closed form. This allows us to 
determine the explicit form for the pressure function and the vorticity function 
satisfying a system of generalized equations of the Cauchy – Riemann type. 
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