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ÓÄÊ 519.624.2 
 
М. В. Кутнів 
 
ТОЧНІ ТРИТОЧКОВІ РІЗНИЦЕВІ СХЕМИ  
НА НЕРІВНОМІРНІЙ СІТЦІ ДЛЯ МОНОТОННИХ ЗВИЧАЙНИХ 
ДИФЕРЕНЦІАЛЬНИХ РІВНЯНЬ ДРУГОГО ПОРЯДКУ 
 

Äëÿ íåë³í³éíî¿ ìîíîòîííî¿ êðàéîâî¿ çàäà÷³ äîâåäåíî ³ñíóâàííÿ òî÷íî¿ òðè-
òî÷êîâî¿ ð³çíèöåâî¿ ñõåìè íà íåð³âíîì³ðí³é ñ³òö³, à òàêîæ ³ñíóâàííÿ ³ ºäè-
í³ñòü ¿¿ ðîçâ’ÿçêó. Âñòàíîâëåíî äîñòàòí³ óìîâè çá³æíîñò³ ìåòîäó ïðîñòî¿ 
³òåðàö³¿ ðîçâ’ÿçóâàííÿ íåë³í³éíî¿ òî÷íî¿ òðèòî÷êîâî¿ ð³çíèöåâî¿ ñõåìè. 

 
Ó ðîáîò³ [4] äëÿ çàäà÷³ 

 1 2( ) ( , ),      (0,1),     (0) ,     (1)d duk x f x u x u u
dx dx

  = − ∈ = µ = µ  
, (1) 

ç êóñêîâî-ãëàäêèìè ( ),  ( , )k x f x u  âïåðøå çàïðîïîíîâàíî òî÷íó òðèòî÷êîâó 
ð³çíèöåâó ñõåìó (ÒÒÐÑ) íà ð³âíîì³ðí³é ñ³òö³ òà âêàçàí³ øëÿõè ¿¿ ðåàë³çàö³¿ 
÷åðåç òðèòî÷êîâ³ ð³çíèöåâ³ ñõåìè (ÒÐÑ) m -ãî ïîðÿäêó òî÷íîñò³. Ïîäàëüøèé 
ðîçâèòîê ³äå¿, âèêëàäåí³ â [4], îäåðæàëè â [3], à ó âèïàäêó íåë³í³éíèõ 
ìîíîòîííèõ çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü – ó [2]. Ó ö³é ðîáîò³ 
äîâåäåìî ³ñíóâàííÿ ÒÒÐÑ íà íåð³âíîì³ðí³é ñ³òö³ çà óìîâ [1] 

 1
1 20 ( )     0,1 ,       ( ) 0,1c k x c x k x Q< ≤ ≤ ∀ ∈ ∈[ ] [ ] , (2) 

 0 1( ) ( , ) 0,1       uf x f x u Q u≡ ∈ ∀ ∈ [ ] , 

 1( ) ( , ) ( )        0,1xf u f x u C x≡ ∈ ∀ ∈ [ ] , (3) 

 1( , ) ( )         0,1 ,     ,     0f x u g x c u x u c≤ + ∀ ∈ ∈ ≥[ ] , (4) 

 2
3( , ) ( , ) ( )      0,1f x u f x v u v c u v x− − ≤ − ∀ ∈ [ ][ ] , 

 1 2
3 1,  ,     0u v c c∈ ≤ < π , (5) 

äå 2 1 2 3( ) (0,1);  ,  ,  ,  g x L c c c c∈ – êîíñòàíòè; 0,1pQ [ ]  – êëàñ ôóíêö³é ç êóñêî-
âî-íåïåðåðâíèìè ïîõ³äíèìè äî p -ãî ïîðÿäêó âêëþ÷íî ç³ ñê³í÷åííîþ ê³ëü-
ê³ñòþ òî÷îê ðîçðèâó ïåðøîãî ðîäó. Çàçíà÷èìî, ùî óìîâè (2)–(5) ãàðàíòóþòü 
³ñíóâàííÿ ³ ºäèí³ñòü ðîçâ’ÿçêó çàäà÷³ (1).  

Ââåäåìî íåð³âíîì³ðíó ñ³òêó ˆ
1(0,1),  1,2, , 1,  h j j j jx j N h x x −ω = ∈ = − = − >{  

1 20,  1Nh h h> + + + = }  òàê, ùîá òî÷êè ðîçðèâó ôóíêö³é ( ),  ( , )k x f x u  çá³-

ãàëèñÿ ç âóçëàìè ñ³òêè ˆ
hω . Ìíîæèíó âñ³õ òî÷îê ðîçðèâó ïîçíà÷èìî ÷åðåç 

ρ  ³ áóäåìî ââàæàòè N  òàêèì, ùî ˆ
hρ ⊆ ω . Ó òî÷êàõ ðîçðèâó çâ’ÿæåìî 

ðîçâ’ÿçîê çàäà÷³ (1) óìîâàìè íåïåðåðâíîñò³ 

 
0 0

( 0) ( 0),    ( ) ( )      
i i

i i i
x x x x

du duu x u x k x k x x
dx dx= − = +

− = + = ∀ ∈ ρ . 

Ââåäåìî ôóíêö³þ 

 ˆ ( )
( , ) ( ) ( , ) ( , )

( )

j
j j j

jj
j

V x
Y x u u x w x u w x u

V x
α

α α α
α

= + − , 

 2 1, ,     1,2,       1,2, , 1j jx x x j N− +α − +α∈ α = = −[ ] , 

äå 
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 ˆ ( )u x = 11
1 1 2 1 1( ) ( ) ( ) ( ) ( ) ,     ,j j j

j j j j ju x V x u x V x V x x x x
−−

− −+ ∈ [ ][ ][ ] , 

 
1

1

1 2( ) ,             ( )
( ) ( )

j

j

xx
j j

x x

dt dtV x V x
k t k t

+

−

= =∫ ∫ , 

à ôóíêö³¿ ( , ),  1,2jw x uα α = , – ðîçâ’ÿçêè òàêèõ äâîõ çàäà÷ Êîø³: 

 2 1

( , ) ( , ) ( , )
,     ( , ( , )),     

( )

j j j
j

j j

dw x u x u d x u
f x Y x u x x x

dx k x dx
α α α

α − +α − +α= = − < <
 

, 

 
( 1) ( 1)

( , ) ( , ) 0,     1,2,     1,2, , 1j j

j j
w x u x u j Nα αα α+ − + −

= = α = = − . (6) 

Ëåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (2)–(5). Òîä³ çàäà÷à (6) ìàº ºäèíèé 
ðîçâ’ÿçîê, ïðè÷îìó äëÿ ðîçâ’ÿçêó êðàéîâî¿ çàäà÷³ (1) áóäå ñïðàâäæóâàòèñÿ 
çîáðàæåííÿ  

 ˆ ( )
( ) ( , ) ( ) ( , ) ( , )

( )

j
j j j

jj
j

V x
u x Y x u u x w x u w x u

V x
α

α α α
α

= = + − , 

 2 1, ,     1,2,       1,2, , 1j jx x x j N− +α − +α∈ α = = −[ ] . (7) 

 Ä î â å ä å í í ÿ. Ëåãêî ïîêàçàòè, ùî ôóíêö³ÿ ( , )jY x uα  º ðîçâ’ÿçêîì 

êðàéîâî¿ çàäà÷³ 

 2 1

( , )
( ) ( , ( , )),        

j
j

j j

dY x ud k x f x Y x u x x x
dx dx

α
α − +α − +α

  = − < < 
 

, 

 2 2 1 1( , ) ( ),    ( , ) ( ),    1,2j j
j j j jY x u u x Y x u u xα − +α − +α α − +α − +α= = α = . (8) 

Âðàõîâóþ÷è, ùî ( , )f x u  çàäîâîëüíÿº óìîâè Êàðàòåîäîð³ òà º åëåìåíòîì 

ïðîñòîðó 2 0,1L [ ]  (äèâ. [1]), ââåäåìî íåë³í³éíèé îïåðàòîð ( , )j jA x Yα α  çà äî-

ïîìîãîþ ñï³ââ³äíîøåííÿ 

 
1 1

2 2

( , )
( , ),  ( ) ( , ( , )) ( )

j j

j j

x xj
j j j

x x

dY x u dvA x Y v k x dx f x Y x u v x dx
dx dx

− +α − +α

− +α − +α

α
α α α= −∫ ∫( ) , 

ÿêå ñïðàâäæóºòüñÿ äëÿ 1 1
 2 2( , ) ( ),     ( )jY x u W e v W e

°
α α α∀ ∈ ∀ ∈ , äå eα =  

1 1
2 1 2 2 2 1( , ),   ( ) ( ) | ( ) ( ), ( ) 0, ( ) 0  j j j jx x W e v x v x W e v x v x

°
− +α − +α α − +α − +α= = ∈ = ={ , 

1, 2α = } . Ôóíêö³ÿ ( , )jY x uα  º ñëàáêèì ðîçâ’ÿçêîì çàäà÷³ (8), ÿêùî 

1
2( , ),  0  ( )j jA x Y v v W e

°
α α α= ∀ ∈( ) . Ïîêàæåìî, ùî îïåðàòîð ( , )j jA x Yα α  îáìåæå-

íèé. Âèêîðèñòîâóþ÷è íåð³âí³ñòü Êîø³ – Áóíÿêîâñüêîãî òà âðàõîâóþ÷è (2), 
(4), îòðèìàºìî 

 
1 1

2 2

1/2 1/2
2 2( , ) ( )

( , ),  ( )
j j

j j

x xj
j j

x x

dY x u dv x
A x Y v k x dx dx

dx dx

− +α − +α

− +α − +α

α
α α

         ≤ +              
∫ ∫( )  

 
1 1

2 2

1/2 1/2

2 2( , ( , )) ( )
j j

j j

x x

j

x x

f x Y x u dx v x dx
− +α − +α

− +α − +α

α

      + ≤   
      

∫ ∫ [ ]  
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 2 0,2, 1,2,1,2,

j
e ee

c Y f v
α αα

α≤ + ≤[ ]  

 2 0,2, 1,2,1,2,
( ) j

e ee
ñ ñ Y g v

α αα
α≤ + +[ ] . 

Äåì³íåïåðåðâí³ñòü îïåðàòîðà 
 

( , )j jA x Yα α  âèïëèâàº ç óìîâè (4). Ä³éñíî 

(äèâ. [1, ñ. 113]), ÿêùî 0( , ) ( , )j j
nY x u Y x uα α→  ó ïðîñòîð³ 1

2 ( )W eα , òî 

0
0

( , )( , )
( , ( , )) ( , ( , )),   ( ) ( )

jj
j j n
n

dY x udY x u
f x Y x u f x Y x u k x k x

dx dx
αα

α α→ →  ó ïðîñòîð³ 

2( )L eα . Òàêèì ÷èíîì,  

 
1

2

( , )
lim ( , ),  lim ( )

j

j

x j
j j n

n
n n

x

dY x u dvA x Y v k x dx
dx dx

− +α

− +α

α
α α→∞ →∞

= −


∫( )  

 
1 1

2 2

0 ( , )
( , ( , )) ( ) ( )

j j

j j

x x j
j
n

x x

dY x u dvf x Y x u v x dx k x dx
dx dx

− +α − +α

− +α − +α

α
α

− = −


∫ ∫  

 
1

2

1
0 0 2( , ( , )) ( ) ( , ),    ( ) ( )

j

j

x

j j j

x

f x Y x u v x dx A x Y v v x W e
− +α

− +α

°
α α α α− = ∀ ∈∫ ( ) , 

òîáòî îïåðàòîð ( , )j jA x Yα α  äåì³íåïåðåðâíèé. 

Ïîêàæåìî, ùî îïåðàòîð ( , )j jA x Yα α  ñèëüíî ìîíîòîííèé. Âðàõîâóþ÷è 

óìîâè (2), (5) ³ íåð³âí³ñòü 0,2,
0,2,

1
e

e

dvv
dxα

α

≤
π

, äå 1
2( ) ( )v x W e

°
α∈ , ìàºìî 

 ( , ) ( , ),  j j j j j jA x Y A x Y Y Yα α α α α α− − = ( )  

 
1

2

2( , ) ( , )
( )

j

j

x j j

x

dY x u dY x u
k x dx

dx dx

− +α

− +α

α α = − − 
 ∫


 

 
1

2

( , ( , )) ( , ( , )) ( , ) ( , )
j

j

x

j j j j

x

f x Y x u f x Y x u Y x u Y x u dx
− +α

− +α

α α α α− − ⋅ − ≥∫  [ ] [ ]  

 
1

2

2

2
1 3

0,2,

( , ) ( , )
j

j

xj j
j j

xe

dY dY
c c Y x u Y x u dx

dx dx

− +α

− +αα

α α
α α≥ − − − ≥∫


[ ]  

 
2

4 0,2,
 j j

e
ñ Y Y

α
α α≥ −  , 

äå çã³äíî ç (5) 2
4 1 3 0c c c= π − > . ²ç ñèëüíî¿ ìîíîòîííîñò³ âèïëèâàº êîåðöè-

òèâí³ñòü îïåðàòîðà ( , )j jA x Yα α . 

Îòæå, íà ï³äñòàâ³ òåîðåìè Áðàóäåðà [1, ñ. 204] ³ñíóº ºäèíèé ðîçâ’ÿçîê 

çàäà÷³ (8). Ç òîãî, ùî ôóíêö³ÿ ( , )jY x uα  º ðîçâ’ÿçêîì çàäà÷³ (8), âèïëèâàº, ùî 

âîíà º ðîçâ’ÿçêîì çàäà÷³ (1), ÿêèé çã³äíî ç óìîâàìè ëåìè ºäèíèé. ◊ 

Çà äîïîìîãîþ ëåìè äîâîäèòüñÿ  
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Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 1. Òîä³ äëÿ çàäà÷³ (1)–(5) 
³ñíóº ÒTÐÑ  

 ˆ
ˆ ˆ , 1 2( )  ( ( , )),            (0) ,       (1)x

x hxau T f u x u u= − ξ ∈ ω = µ = µ , (9) 

ÿêà ìàº ºäèíèé ðîçâ’ÿçîê ˆ( ) hu x x∀ ∈ ω , ÿêèé º òàêîæ ðîçâ’ÿçêîì çàäà÷³ (1) 

ó âóçëàõ ñ³òêè ˆ
hω , äå 

 ˆ
1 1 1

, ,,        ,        
2

j j j j j j
x j jx j

j j

u u u u h h
u u

h
− + +− − +

= = =  , 

 
1

1
1( ) ( )j

j j
j

a x V x
h

−
 =   

, 

 ˆ

1

1
1 1( ( )) ( ) ( ) ( )

j
j

j

x
x j j

j j
x

T w V x V w d

−

−ξ = ξ ξ ξ +∫[ ]  

 
1

1
2 2( ) ( ) ( )

j

j

x

j j
j j

x

V x V w d
+

−+ ξ ξ ξ∫[ ] . (10) 

Ôóíêö³ÿ ( )u ξ  ó ïðàâ³é ÷àñòèí³ (9) âèçíà÷àºòüñÿ çã³äíî ç ôîðìóëîþ (7) ³ 

çàëåæèòü ò³ëüêè â³ä ( ), 0,1, ,ju x j N=  . 

 Ä î â å ä å í í ÿ. Ïîä³ÿâøè îïåðàòîðîì 
 

jx
T  íà ð³âíÿííÿ (1), îäåðæèìî 

ð³çíèöåâó ñõåìó (9), (10), ùî ç óðàõóâàííÿì (7) äîâîäèòü ³ñíóâàííÿ ÒTÐÑ. 
Äëÿ äîâåäåííÿ ºäèíîñò³ ðîçâ’ÿçêó ÒTÐÑ (9), (10) ðîçãëÿíåìî îïåðàòîð  

 ˆ
ˆ( , )  ( ) ( ( , ))x

h x xA x u au T f u= − − ξ , 

âèçíà÷åíèé ó ñê³í÷åííîâèì³ðíîìó ã³ëüáåðòîâîìó ïðîñòîð³ ˆ
2( )hL ω  ç³ ñêàëÿð-

íèìè äîáóòêàìè 

 ˆ ˆ
ˆ ˆ

( , ) ( ) ( ) ( ),        ( , ) ( ) ( ) ( )
h h

h h

u v u v u v h u v+
+

ω ω
ξ∈ω ξ∈ω

= ξ ξ ξ = ξ ξ ξ∑ ∑  

³ íîðìàìè / /
ˆ ˆˆ , , ˆ

12 12
0,2, 0 2( , ) ,  ( , )

h hh h
u u u u u u+ +ω ωω ω

= = . Çã³äíî ç óìîâîþ (3) îïåðà-

òîð ( , )hA x u  íåïåðåðâíèé. Ïîêàæåìî, ùî îïåðàòîð ( , )hA x u  ñèëüíî ìîíî-

òîííèé. Ä³éñíî, âðàõîâóþ÷è ð³âí³ñòü  

 
ˆ

ˆ ˆ ˆ
1

1

1 0

( ) ( ( )) ( ) ( ) ( ) ( ) ( )
j

h j

xN

j x

T w g g w d g w d

−

ξ

ξ∈ω =

ξ η ξ = η η η = η η η∑ ∑ ∫ ∫ , 

 ˆ
1

1 2
1 1

1 1

( ) ( )
( ) ( ) ( ) ,       

( ) ( )

j j

j j j jj j
j j

V V
g g x g x x x

V x V x

−

− −
η η

η = + ≤ η ≤ , 

ìàºìî  

 ˆ
ˆ

ˆ ˆ( ( , ) ( , )),  ( ) ( ( , ) ( , )) ( ) ( )
h

h

xT f u f v u v T f x u f x v u vξ
ω

ξ∈ω

η − η − = ξ − ξ − ξ =∑( ) [ ]  

 ˆ ˆ
1

0

( ) ( ) ( , ( )) ( , ( ))u v f u f v d= η − η ⋅ η η − η η η∫ [ ] [ ] , 

äå ôóíêö³¿ ( ),  ( )u x v x  âèçíà÷àþòüñÿ çà ôîðìóëàìè âèãëÿäó (7). Òîä³, âèêî-
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ðèñòîâóþ÷è (5), ìàºìî 

 ˆ
ˆ

1

0

( ( , ) ( , )),  ( ) ( ) ( , ( )) ( , ( ))
h

xT f u f v u v u v f u f v dωη − η − = η − η ⋅ η η − η η η +∫( ) [ ] [ ]  

 ˆ ˆ
1

0

( ) ( ) ( )+ ( ) ( , ( )) ( , ( ))u v u v f u f v d+ η − η − η η ⋅ η η − η η η ≤∫ [ ] [ ]  

 ˆ ˆ
1

0

 ( ) ( ) ( ) ( ) ( )d du v k u v d
d d

 ≤ − η − η η η − η η + η η ∫ [ ] [ ]  

 
1

2
3 0,2,(0,1)

0

( ) ( ) ( ) ( ) ( )d du v k u v d c u v
d d

 + η − η η η − η η + − = η η ∫ [ ] [ ]  

 ˆ ˆ
1

2
3 0,2,(0,1)

1

( ) ( ) ( ) ( ) ( )
j

j

xN

j x

d du v k u v d c u v
d d

−=

 = − η − η η η − η η + − − η η 
∑ ∫ [ ] [ ]  

 
ˆ ˆ

1

21

10

( ) ( ) ( ) ( )
j

j

xN

j x

d du dv du dvk u v d k d
d d d d d

−=

     − η η − η η ≤ η − ⋅ − η −        η η η η η 
∑∫ ∫[ ]  

 
2

2
1 3 0,2,(0,1)

0,2,(0,1)

du dvc c u v
dx dx

− − + − . 

Îòæå, 

 ˆ ˆ
ˆ ( ( , ( )) ( , ( ))),  ( ),  

h h

x
x x x xT f u f v u v a u v u v +ω ω

η η − η η − ≤ − − −( ) ( )  

 
2

2
1 3 0,2,(0,1)

0,2,(0,1)

du dvc c u v
dx dx

− − + − . 

Ç óðàõóâàííÿì íåð³âíîñò³ 0,2,(0,1)
0,2,(0,1)

1 dvv
dx

≤
π

, äå 1
2 (0,1)v W

°
∈ , à òà-

êîæ óìîâè (5) îòðèìóºìî 

 ˆ ˆ
( , ) ( , ),  ( ),  

h h
h h x x x xA x u A x v u v a u v u v +ω ω

− − = − − −( ) ( )  

 ˆ
ˆ

2

1
0,2,(0,1)

( ( , ) ( , )),  
h

x du dvT f u f v u v c
dx dxω− η − η − ≥ − −( )  

 
2

2 4
3 1,2,(0,1) 2

0,2,(0,1)

c du dvc u v
dx dx

− − ≥ −
π

, 

äå 2
4 1 3 0c c c= π − > . Îñê³ëüêè  

 ˆ ˆ
21

0

( ) ( ) ( ) ( ) ( )dk u v u v d
d

 η η − η − η + η η = η ∫ [ ]  

 
21

2
, ,

1 0

( )( ) ( ) ( ) ( )
N

j j x j x j
j

dh a x u v k u v d
d=

 = − − + η η − η η = η 
∑ ∫ [ ]  

 
ˆ

( ),  ,  0
h

x x x x
du dv du dva u v u v k
dx dx dx dx+ω

  = − − − + − − ≥    
( ) , 
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òî 

 
ˆ

2

0,2,(0,1) 2

1 ( ), 
h

x x x x
du dv a u v u v
dx dx c +ω

− ≥ − −( ) . 

Îòæå, 

 ˆ ˆ
, 4

2
2

( , ) ( ),  ( ),  
h h

h h x x x x

c
A x u A x v u v a u v u v

c
+ω ω

− − ≥ − − ≥
π

( ) ( )  

 ˆˆ  
24 1 4 1
0,2,2 2

2 2

 8
hhx x

c c c c
u v u v

c c
+ ωω≥ − ≥ −

π π
, (11) 

òîáòî îïåðàòîð ( , )hA x u  ñèëüíî ìîíîòîííèé. Çâ³äñè âèïëèâàº (äèâ. [5, 

ñ. 461]), ùî ð³âíÿííÿ ( , ) 0hA x u =  ìàº ºäèíèé ðîçâ’ÿçîê. ◊ 
Ëåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 1 òà óìîâà Ë³ïøèöÿ 

 1( , ) ( , )      0,1 ,      ,f x u f x v L u v x u v− ≤ − ∀ ∈ ∈ [ ] . 

Òîä³ ³òåðàö³éíèé ìåòîä 

 ˆ( )
( ) ( 1)

( 1), 0,      
n n

n
h h h

u uB A x u x
−

−− + = ∈ ω
τ

, 

 ( ) ( )
1 2(0) ,        (1) ,      1,2,n nu u n= µ = µ =  , 

 ˆ,(0) 2 1
1 2

1 1

( ) ( )
( )      ( )

(1) (1) h x x

V x V x
u x B u au

V V
= µ + µ = − , 

 ˆ
22

4
0 2

1 1 42

( , ) ( ( , ( ))),      1
2 2

x
h h

c L LA x u B u T f u
c c cc

−
 = − ξ ξ τ = τ = + + 
 π

, (12) 

çá³ãàºòüñÿ â åíåðãåòè÷íîìó ïðîñòîð³ 
hBH  ³ äëÿ ïîõèáêè âèêîíóºòüñÿ 

îö³íêà 

 ( ) (0)

h h

n n

B B
u u q u u− ≤ − , (13) 

äå  

 /
ˆ
1224

0 4 1 32
2

1 ,       0,      ,  
h hhB

c
q c c c u B u u

c ω= − τ = π − > =
π

( ) . 

 Ä î â å ä å í í ÿ. ²ç íåð³âíîñò³ (11) âèïëèâàº 

 ˆ, 24
2

2

( , ) ( ),  
h hh h B

c
A x u A x v u v u v

c
ω− − ≥ −

π
( ) . (14) 

Âèêîðèñòîâóþ÷è íåð³âí³ñòü Êîø³ – Áóíÿêîâñüêîãî, ïîñë³äîâíî çíàõîäèìî 

 ˆ ˆ( , ) ( , ),  ,  
h hh h h hA x u A x v z B u B v zω ω− = − −( ) ( )  

 ˆ
1

0

( , ( )) ( , ( )) ( )
h hB Bf u f v z d u v z− η η − η η η η ≤ − +∫ [ ]  

 

/ /

ˆ
12 121 1

2 2

0 0

( , ( )) ( , ( )) ( )f u f v d z d
      + η η − η η η η η ≤   
      
∫ ∫[ ] [ ]  

 ˆ
0,2,(0,1) 0,2,(0,1)h hB Bu v z L u v z≤ − + − . 
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Îñê³ëüêè 1
1 1 2 1 1( ) ( ),  ( ) ( )  ,j j j j

j j j jV x V x V x V x x x x−
−≤ ≤ ∀ ∈ [ ] , òî 

 ˆ
1

21
2 1 2

10,2,(0,1)
1 1 1

( ) ( )

( ) ( )

j

j

x j jN

j jj j
j j jx

V x V x
z z z dx

V x V x
−

−

−
=

 = + ≤  
∑ ∫  

 ˆ
1

2 21
22 21 2

1 0,2,
1 1 1

( ) ( )
2 4

( ) ( )

j

h

j

x j jN

j jj j
j j jx

V x V x
z z dx z

V x V x
−

−

− ω
=

    ≤ + ≤         
∑ ∫ . (15) 

Ïîêàæåìî, ùî 

 ˆ0,2,(0,1) 0,2,
4

2 1
h

Lu v u v
c ω

 − ≤ + − 
 

. (16) 

Äëÿ öüîãî çà äîïîìîãîþ çàì³íè ˆ
2 1( ) ( ) ( ),  j ju x u x u x x x x− +α − +α= + ≤ ≤ , çâåäåìî 

çàäà÷ó 

 2 1( ) ( , ( )),          ( , )j j
d duk x f x u x x x x
dx dx − +α − +α

  = − ∈  
 

 2 2 1 1( ) ,        ( ) ,     1,2j j j ju x u u x u− +α − +α − +α − +α= = α = , 

äî âèãëÿäó 

 ˆ, 2 1( ) ( ( ) ( )),       ( , )j j
d duk x f x u x u x x x x
dx dx − +α − +α

  = − + ∈  
  , 

 2 1( ) 0,       ( ) 0,       1,2j ju x u x− +α − +α= = α =  . 

Òîä³ çã³äíî ç óìîâàìè (2), (5) òà óìîâîþ Ë³ïøèöÿ 1
 2( ), ( ) ( )u x v x W e

°
α∀ ∈   ìà-

òèìåìî 

 
1

2

2
22

1 0,2, ( )
j

j

x

e
x

du dvc u v k x dx
dx dx

− +α

α
− +α

 π − ≤ − =  ∫
    

 ˆ ˆ
1

2

( , ) ( , ) ( ) ( )
j

j

x

x

f x u u f x v v u x v x dx
− +α

− +α

= + − + − =∫    [ ][ ]  

 ˆ ˆ
1

2

( , ) ( , ) ( ) ( )
j

j

x

x

f x u u f x v u u x v x dx
− +α

− +α

= + − + − +∫    [ ][ ]  

 ˆ ˆ
1

2

2
3 0,2,( , ) ( , ) ( ) ( )   

j

j

x

e
x

f x v u f x v v u x v x dx c u v
− +α

α
− +α

+ + − + − ≤ − +∫      [ ][ ]  

 

/ /

ˆ ˆ
1 1

2 2

12 12

2 2( , ) ( , ) ( ) ( )
j j

j j

x x

x x

f x v u f x v v dx u x v x dx
− +α − +α

− +α − +α

      + + − + − ≤   
      

∫ ∫   [ ] [ ]  

 , ,ˆ ˆ 2
30 2 0,2,0,2, e eeL u v u v c u v

α αα
≤ − − + −    . 

Çâ³äñè âèïëèâàº 

 ˆ ˆ
1,2, 0,2,

4
e e

Lu v u v
cα α

− ≤ −  . 
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Îòæå, 

 ˆ ˆ
0,2,(0,1) 0,2,(0,1) 0,2,(0,1)u v u v u v− ≤ − + − ≤   

 ˆˆ ˆ
0,2,0,2,(0,1)

4 4

1 2 1
h

L Lu v u v
c c ω

   ≤ + − ≤ + −   
   

. 

Âðàõîâóþ÷è íåð³âíîñò³ (15), (16), îòðèìóºìî  

 ˆ( , ) ( , ),  
hh hA x u A x v z ω− ≤( )  

 ˆ ˆ0,2, 0,2,
4

4 1
h h h hB B

Lu v z L u v z
c ω ω

 ≤ − + + − ≤ 
 

 

 ˆ ˆ0,2, 0,2,
4

1
2h h h hx x xB B
L Lu v z u v z

c
+ +ω ω

 ≤ − + + − ≤ 
 

 

 
2

1 1 4
1

2 2 h hB B
L L u v z
c c c

 ≤ + + − 
 

. 

Ïîêëàâøè 1 ( , ) ( , )h h hz B A x u A x v−= −( ) , áóäåìî ìàòè  

 
2

1

1 1 4
( , ) ( , ) 1

2 2 hh
h h h BB

L LB A x u A x v u v
c c c

−  − ≤ + + − 
 

( ) . (17) 

²ç îö³íîê (17), (14) âèïëèâàº 

 ˆ
1( , ) ( , ),  ( , ) ( , )

hh h h h hA x u A x v B A x u A x v−
ω− − ≤( )( )  

 
22

2

1 1 4
1

2 2 hB
L L u v
c c c

 ≤ + + − ≤ 
 

 

 ˆ

2 22
2

4 1 1 4

1 ( , ) ( , ),  
2 2 hh h

c L L A x u A x v u v
c c c c ω

π  ≤ + + − − 
 

( ) . 

Òîä³ (äèâ. [6, ñ. 502]) ³òåðàö³éíèé ìåòîä (12) çá³ãàºòüñÿ â 
hBH  ³ äëÿ ïîõèáêè 

ñïðàâäæóºòüñÿ îö³íêà (13). ◊ 

Ëåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 2. Òîä³ ìåòîä ïîñë³äîâíèõ 
íàáëèæåíü (12) çá³ãàºòüñÿ ³, êð³ì îö³íêè (13), áóäå âèêîíóâàòèñÿ îö³íêà  

 
ˆ

ˆ

( )
( )

1,2,
0,2, h

h

n
n ndu duk k M u u Mq

dx dx ω
ω

− ≤ − ≤ , 

äå 
/

ˆ ˆ ˆ

12
22

1,2, 0,2, 0,2,h h h
xu u u +ω ω ω

 = + 
 

. 

 Ä î â å ä å í í ÿ  º àíàëîã³÷íèì äî äîâåäåííÿ, íàâåäåíîãî ó ðîáîò³ [2]. ◊ 

Îòæå, â ðîáîò³ äîâåäåíî ³ñíóâàííÿ ³ ºäèí³ñòü ðîçâ’ÿçêó ÒÒÐÑ çà ñëàá-
øèõ óìîâ (2)–(5), í³æ ó [2]. Îá´ðóíòóâàííÿ çá³æíîñò³ ìåòîäó ïðîñòî¿ ³òåðà-
ö³¿ äëÿ ðîçâ’ÿçóâàííÿ ÒÒÐÑ íàâåäåíî çà óìîâ, ùî ( , )f x u  çàäîâîëüíÿº äî-

äàòêîâî óìîâó Ë³ïøèöÿ, îäíàê íà êîíñòàíòó Ë³ïøèöÿ L  íå íàêëàäàþòüñÿ 
í³ÿê³ îáìåæåííÿ. Íàäàë³ ïîòð³áíî ðîçðîáèòè òà îá´ðóíòóâàòè àëãîðèòì³÷íó 
ðåàë³çàö³þ ÒÒÐÑ íà íåð³âíîì³ðí³é ñ³òö³ ÷åðåç ÒÐÑ äîâ³ëüíîãî ïîðÿäêó òî÷-
íîñò³. Ó âèïàäêó ð³âíîì³ðíî¿ ñ³òêè òà ìîíîòîííèõ êðàéîâèõ çàäà÷ öå áóëî 
çðîáëåíî â ðîáîò³ [2]. 
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ТОЧНЫЕ ТРЕХТОЧЕЧНЫЕ РАЗНОСТНЫЕ СХЕМЫ НА НЕРАВНОМЕРНОЙ 
СЕТКЕ ДЛЯ МОНОТОННЫХ ОБЫКНОВЕННЫХ ДИФФЕРЕНЦИАЛЬНЫХ 
УРАВНЕНИЙ ВТОРОГО ПОРЯДКА 
 
Äëÿ íåëèíåéíîé ìîíîòîííîé êðàåâîé çàäà÷è äîêàçàíî ñóùåñòâîâàíèå òî÷íîé 
òðåõòî÷å÷íîé ðàçíîñòíîé ñõåìû íà íåðàâíîìåðíîé ñåòêå, à òàêæå ñóùåñòâîâà-
íèå è åäèíñòâåííîñòü åå ðåøåíèÿ. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè 
ìåòîäà ïðîñòîé èòåðàöèè ðåøåíèÿ íåëèíåéíîé òî÷íîé òðåõòî÷å÷íîé ðàçíîñò-
íîé ñõåìû.  
 
EXACT THREE-POINT DIFFERENCE SCHEMES ON IRREGULAR GRID 
FOR SECOND-ORDER MONOTONE ORDINARY DIFFERENTIAL EQUATIONS 
 
For nonlinear monotone boundary-value problem, the existence of exact three-point 
difference scheme on the irregular grids and the existence and uniqueness of its solution 
is proved. The sufficient conditions for convergence of the method of simple iteration to 
solve the nonlinear exact three-point difference scheme are established.  
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