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Äîñë³äæåíî êîðåêòí³ñòü çàäà÷³ ç áàãàòîòî÷êîâèìè óìîâàìè çà âèä³ëåíîþ 
çì³ííîþ òà óìîâàìè ïåð³îäè÷íîñò³ çà ³íøèìè êîîðäèíàòàìè äëÿ ïñåâäîäè-
ôåðåíö³àëüíèõ ð³âíÿíü ³ç ÷àñòèííèìè ïîõ³äíèìè. Âñòàíîâëåíî óìîâè ³ñíó-
âàííÿ ³ ºäèíîñò³ ðîçâ’ÿçêó çàäà÷³, äîâåäåíî ìåòðè÷í³ òåîðåìè ïðî îö³íêè 
çíèçó ìàëèõ çíàìåííèê³â, ÿê³ âèíèêàþòü ïðè ïîáóäîâ³ ðîçâ’ÿçêó çàäà÷³. 

 
 Áàãàòîòî÷êîâ³ çàäà÷³ äëÿ ã³ïåðáîë³÷íèõ, ïàðàáîë³÷íèõ ³ áåçòèïíèõ äè-
ôåðåíö³àëüíèõ òà ïñåâäîäèôåðåíö³àëüíèõ ð³âíÿíü ³ç ÷àñòèííèìè ïîõ³äíèìè 
âèâ÷àëèñü áàãàòüìà àâòîðàìè (äèâ., íàïðèêëàä, [1–18, 20, 22–24] òà á³áë³î-
ãðàô³þ ó íèõ). Çîêðåìà, â ðîáîòàõ [3, 6] âñòàíîâëåíî êëàñè ºäèíîñò³ òà êëà-
ñè êîðåêòíî¿ ðîçâ’ÿçíîñò³ çàäà÷ ç áàãàòîòî÷êîâèìè óìîâàìè çà âèä³ëåíîþ 
çì³ííîþ t  òà óìîâàìè ðîñòó íà íåñê³í÷åííîñò³ çà ³íøèìè êîîðäèíàòàìè 
äëÿ ñèñòåì äèôåðåíö³àëüíèõ ð³âíÿíü. Äî öèõ ðîá³ò ïðèìèêàþòü ïðàö³ [12–
14], ó ÿêèõ çàñòîñîâàíî óçàãàëüíåíèé ìåòîä â³äîêðåìëåííÿ çì³ííèõ äëÿ ïî-
áóäîâè â ð³çíèõ ôóíêö³îíàëüíèõ ïðîñòîðàõ ðîçâ’ÿçê³â áàãàòîòî÷êîâèõ çàäà÷ 
ó íåîáìåæåíèõ îáëàñòÿõ. Ó ïðàöÿõ [1, 2, 7, 8, 11] âèâ÷åíî ðîçâ’ÿçí³ñòü áàãà-
òîòî÷êîâèõ çàäà÷ ó ã³ëüáåðòîâèõ ïðîñòîðàõ äëÿ äèôåðåíö³àëüíî-îïåðàòîð-
íèõ ð³âíÿíü. Áàãàòîòî÷êîâ³ çàäà÷³ äëÿ ð³âíÿíü ³ç ÷àñòèííèìè ïîõ³äíèìè â 
îáìåæåíèõ îáëàñòÿõ, ðîçâ’ÿçí³ñòü ÿêèõ ïîâ’ÿçàíà ç ïðîáëåìîþ ìàëèõ çíà-
ìåííèê³â äîñë³äæåíî â ïðàöÿõ [9, 10, 15–18, 20, 22–24]. 
 Ïðîïîíîâàíà ïðàöÿ º ðîçâèòêîì ðîá³ò [16, 22] íà âèïàäîê ïñåâäîäèôå-
ðåíö³àëüíèõ ð³âíÿíü ³ç ÷àñòèííèìè ïîõ³äíèìè ç³ çì³ííèìè çà t  êîåô³ö³ºí-
òàìè ³ ïðîäîâæóº äîñë³äæåííÿ, ðîçïî÷àò³ â [24]. Ó í³é âñòàíîâëåíî óìîâè 
êîðåêòíîñò³ çàäà÷³ ç áàãàòîòî÷êîâèìè óìîâàìè çà âèä³ëåíîþ çì³ííîþ t  ó 
êëàñ³ ïåð³îäè÷íèõ çà 1, , px x  ôóíêö³é. Ïîð³âíÿíî ç [20, 22] ó ðîáîò³ íå ëè-

øå àêñ³îìàòè÷íî íàêëàäåíî îö³íêè çíèçó íà ìàë³ çíàìåííèêè, ùî çàáåçïå-
÷óþòü ³ñíóâàííÿ ðîçâ’ÿçêó çàäà÷³, àëå é âïåðøå äëÿ çàãàëüíèõ ð³âíÿíü ç³ 
çì³ííèìè çà t  êîåô³ö³ºíòàìè äîâåäåíî ìåòðè÷í³ òåîðåìè ïðî ìîæëèâ³ñòü 
âèêîíàííÿ òàêèõ îö³íîê äëÿ ìàéæå âñ³õ âåêòîð³â, ñêëàäåíèõ ç³ çíà÷åíü 
âóçë³â ³íòåðïîëÿö³¿. Ìåòîäèêà äîâåäåííÿ ìåòðè÷íèõ òåîðåì ´ðóíòóºòüñÿ íà 
âñòàíîâëåíèõ òâåðäæåííÿõ (ëåìè 3, 4, 5) ïðî îö³íêè çâåðõó ì³ð ìíîæèí, íà 
ÿêèõ ìîäóëü ãëàäêî¿ ôóíêö³¿ îáìåæåíèé çâåðõó. 

 1. Ó ðîáîò³ âèêîðèñòîâóºìî òàê³ ïîçíà÷åííÿ: nAµ  – ì³ðà Ëåáåãà â n  

âèì³ðíî¿ ìíîæèíè ;  n
pA ⊂ Ω  – p -âèì³ðíèé òîð ( /2 ) ,  (0, ) ;p

p pQ Tπ = × Ω   

1 1 1( , , ) ,     ( , , ) ,    ,    ( , )p
p p p px x x k k k k k k k x= ∈ Ω = ∈ = + + =    

1 1 ;   ( ) : p
p pk x k x G k += + + →    – òàêà äîäàòíà ôóíêö³ÿ, ùî ( ) 1G k ≥ , 

pk ∈  , ³ äëÿ äåÿêèõ íåâ³ä’ºìíèõ ñòàëèõ ,  λ µ , ÿê³ îäíî÷àñíî íå äîð³âíþþòü 

íóëåâ³, ðÿä 
0

( ) exp ( ( ))
k

G k G k−λ

≥

−µ∑  º çá³æíèì. Çàçíà÷åí³ óìîâè çàäîâîëü-

íÿþòü, íàïðèêëàä, òàê³ ôóíêö³¿: 1) ( ) (1 )G k k= +  (ïðè ,  pλ > µ ≥ 0 ), 

2) ( ) ln (3 )G k k= +  (ïðè 0,  pλ ≥ µ > ).  

 Çà ôóíêö³ºþ ( )G k  âèçíà÷èìî ïðîñòîðè ( ),  W Gα,β α, β ≥ 0 , ÿê³ îòðèìó-

þòüñÿ â ðåçóëüòàò³ ïîïîâíåííÿ ïðîñòîðó ñê³í÷åííèõ òðèãîíîìåòðè÷íèõ ïî-
ë³íîì³â ( ) exp ( , )kx ik xϕ = ϕ∑  çà íîðìîþ  
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 2 2

0

( ); ( ) ( ; ) ,     ( ; , ) ( ) exp ( ( ))k
k

x W G w k w k G k G kα
α,β

≥

ϕ = ϕ α, β α β ≡ β∑ . 

×åðåç ( 0, ; ( ))nC T W Gα,β[ ]  ïîçíà÷èìî ïðîñò³ð n  ðàç³â íåïåðåðâíî 

äèôåðåíö³éîâíèõ çà t  íà 0,T[ ] ôóíêö³é ( , )u t x  (ç³ çíà÷åííÿìè ç ïðîñòîðó 

( )W Gα,β ). Íîðìó â ïðîñòîð³ ( 0, ; ( ))nC T W Gα,β[ ]  çàäàìî ôîðìóëîþ  

 
0,0

( , )
( , ); ( 0, ; ( )) max ; ( )

n j
n

jt Tj

u t x
u t x C T W G W G

t
α,β α,β∈=

∂=
∂

∑
[ ]

[ ] . 

 ×åðåç ( ),  0,1,nS G n =  , ïîçíà÷àòèìåìî ìíîæèíó ïñåâäîäèôåðåíö³àëü-

íèõ îïåðàö³é 1( , ),  ( / , , / )pA t D D i x i x= − ∂ ∂ − ∂ ∂ , ä³ÿ ÿêèõ íà ôóíêö³þ 

0

( , ) ( ) exp ( , )k
k

u t x u t ik x
≥

= ∑  çàäàºòüñÿ ôîðìóëîþ  

 
0

( , ) ( , ) ( , ) ( ) exp ( , )k
k

A t D u t x A t k u t ik x
≥

= ∑ , 

äå 
( )

0,0

( , )
( , ) ( 0, ; ( )),  sup max

( )p

jn
n

t Tk j

A t k
A t k C T

G k∈∈ =

 ∈ < ∞ 
 

∑



[ ]

[ ]  . Çàóâàæèìî, ùî 

îïåðàö³ÿ ( , ) ( )nA t D S G∈  íåïåðåðâíî â³äîáðàæàº ïðîñò³ð ( 0, ; ( ))nC T W Gα,β[ ]  

ó ïðîñò³ð 
1

( 0, ; ( ))nC T W Gα ,β[ ] , äå 1 1α ≤ α − . 

 2. Ðîçãëÿíåìî çàäà÷ó 

 
1

0

( , ) ( , )
, ( , ) ( , ) ( , ),   ( , )

nn j

j pn j
j

u t x u t x
L D u t x A t D F t x t x Q

t t t

−

=

∂ ∂∂  ≡ + = ∈ ∂  ∂ ∂
∑ , (1) 

 1( , ) ( ),    1, , ,    0 ,     j j n pu t x x j n t t T x= ϕ = ≤ < < ≤ ∈ Ω  , (2) 

äå ( , ),  0,1, , 1jA t D j n= − , – ïñåâäîäèôåðåíö³àëüí³ îïåðàö³¿ ç êëàñó 0 ( )S G . 

Íåõàé 1 1
0 1 0 1( , , , ) ,  ( , , , ) ,  n n

n n
+ += α α α ∈ = β β β ∈ α, β ∈     . Äîòðèìó-

þ÷èñü [20], çàäà÷ó (1), (2) áóäåìî íàçèâàòè ( ,  ,  ,  )α β   -êîðåêòíîþ, ÿêùî 

äëÿ äîâ³ëüíèõ 
0 0

( , ) ( 0, ; ( )),  ( ) ( ),  1, ,
j jjF t x C T W G x W G j nα ,β α ,β∈ ϕ ∈ = [ ] , ³ñíóº 

ºäèíèé ðîçâ’ÿçîê ( , )u t x  çàäà÷³ (1), (2), ÿêèé íàëåæèòü äî ïðîñòîðó 

( 0, ; ( ))nC T W Gα,β[ ]  ³ íåïåðåðâíî çàëåæèòü â³ä ôóíêö³é ( , ),  ( )jF t x xϕ , 

1, ,j n=  , òîáòî  

 
0 0

1

; ( 0, ; ( )) ; ( ) ; ( 0, ; ( ))
j j

n
n

j
j

u C T W G C W G F C T W Gα,β α ,β α ,β
=

 ≤ ϕ + 
 ∑[ ] [ ] , 

äå ñòàëà 0C >  íå çàëåæèòü â³ä ( , ),  ( ),  1, ,jF t x x j nϕ =  . 

 3. Ðîçâ’ÿçîê çàäà÷³ (1), (2) øóêàºìî ó âèãëÿä³ ðÿäó 

 
0

( , ) ( ) exp ( , )k
k

u t x u t ik x
≥

= ∑ . (3) 

Êîæíà ôóíêö³ÿ ( ),  p
ku t k ∈  , º ðîçâ’ÿçêîì òàêî¿ áàãàòîòî÷êîâî¿ çàäà÷³: 

 
1

0

( ) ( )
( , ) ( ),  ( , ) 0, ,   0,1, , 1

n jn
k k

j k jn j
j

d u t d u t
A t k F t A t k C T j n

dt dt

−

=

+ = ∈ = −∑ [ ] , (4) 
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 1( ) ,      1, , ,      0k j jk nu t j n t t T= ϕ = ≤ < < ≤  , (5) 

äå ( ),  ,  p
k jkF t kϕ ∈  , – êîåô³ö³ºíòè ðîçâèíåíü ôóíêö³é ( , ),  ( )jF t x xϕ , 

1, ,j n=  , ó ðÿäè Ôóð’º çà çì³ííèìè 1, , px x . Ïîçíà÷èìî ÷åðåç ( , )qf t k{ , 

1, ,q n=  }  òàêó ôóíäàìåíòàëüíó ñèñòåìó ðîçâ’ÿçê³â îäíîð³äíîãî äèôåðåí-

ö³àëüíîãî ð³âíÿííÿ, ÿêå â³äïîâ³äàº (4), ùî ( 1) (0, ) ,  1, ,j
q jqf k j n− = δ =  , äå 

jqδ – ñèìâîë Êðîíåêåðà. Íåõàé ( , )W t k  – âðîíñê³àí ñèñòåìè ôóíêö³é 

( , ),  1, , ; ( , ),  1, , q qf t k q n W t k q n= = { } , – àëãåáðè÷íå äîïîâíåííÿ åëåìåí-

òà ( 1) ( , )n
qf t k−  ó âèçíà÷íèêó 

1

( , )
( , );    ( , ) ( , ) ;    ( )

( )

n
q

q
q

W k
W t k H t k f t k k

W k=

τ
τ, = ∆ =

τ,∑  

, 1
det ( , ) ;  ( ),  , 1, ,

n

q j jqj q
f t k k j q n

=
= ∆ =  , – àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà 

( , )q jf t k  ó âèçíà÷íèêó ( )k∆ . 

 Òåîðåìà 1. Íåõàé 0( , ) ( ),  0,1, , 1jA t D S G j n∈ = − . Äëÿ ºäèíîñò³ ðîç-

â’ÿçêó çàäà÷³ (1), (2) ó ïðîñòîð³ ( 0, ; ( ))nC T W Gα,β[ ]  íåîáõ³äíî é äîñòàòíüî, 

ùîá âèêîíóâàëàñü óìîâà 

      ( ) 0pk k∀ ∈ ∆ ≠ . (6) 

 Ä î â å ä å í í ÿ ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 5.3 ç [15, 

ðîçä. 2] ç óðàõóâàííÿì òîãî, ùî çàäà÷à (4), (5) äëÿ âñ³õ pk ∈   íå ìîæå ìàòè 
äâîõ ð³çíèõ ðîçâ’ÿçê³â òîä³ é ò³ëüêè òîä³, êîëè ñïðàâäæóºòüñÿ óìîâà (6). ◊ 

 Çàóâàæåííÿ 1. ßêùî ó ð³âíÿíí³ (1) 2 2
0( / , ) / ( , )L t D t A t D∂ ∂ ≡ ∂ ∂ + , äå 

0 ( , ) 0  0, ,  pA t k t T k≤ ∀ ∈ ∀ ∈[ ]  , òî óìîâà (6) âèêîíóºòüñÿ äëÿ äîâ³ëüíèõ 

1 20 t t T≤ < ≤  ç îãëÿäó íà òåîðåìó ç [28]. 

 Ëåìà 1 [21]. Íåõàé ( ) ( , ; )nt C a bϕ ∈ [ ]   ³ ( )tϕ  â³äì³ííà â³ä òîòîæíîãî 

íóëÿ. ßêùî ( ) ( )n tϕ ≤ α  ³ ( )tϕ  ìàº íà ,a b[ ]  ïðèíàéìí³ n  ð³çíèõ íóë³â, òî  

 
1( )

( )
( 1) !

b n

a

b a
t dt

n

+−ϕ < α
+∫ . 

 Ëåìà 2. Íåõàé ó äèôåðåíö³àëüíîìó ð³âíÿíí³  

 ( ) ( 1)
1 1( ) ( ) ( ) ( ) ( ) ( ) ( ) 0,    2n n

n ny t p t y t p t y t p t y t n−
−

′+ + + + = ≥ ,  (7) 

êîåô³ö³ºíòè ( )jp t  º êîìïëåêñíîçíà÷íèìè ôóíêö³ÿìè âèãëÿäó ( )jp t =  

( ) ( )j jq t ir t= + , äå ( ),  ( )j jq t r t  – ä³éñíîçíà÷í³ íåïåðåðâí³ íà ,a b[ ]  ôóíêö³¿, ³ 

íåõàé 
,

max ( ) ,  1, ,j j
t a b

L p t j n
∈

= = 
[ ]

. ßêùî 0h  – äîäàòíèé êîð³íü ð³âíÿííÿ 

 
1

1 1 1 0
! ( 1) ! 1!

n n

n n
h h hL L L
n n

−

−+ + + − =
−

 , 

òî äëÿ äîâ³ëüíèõ n  òî÷îê 1, , na a  òàêèõ, ùî 1 na a a b≤ < < ≤ , 

1 0na a h h− = ≤ , ³ñíóº ºäèíèé (íóëüîâèé) ðîçâ’ÿçîê ð³âíÿííÿ (7), ÿêèé ïðî-

õîäèòü ÷åðåç ö³ òî÷êè. 

Ä î â å ä å í í ÿ. Ïðèïóñòèìî, ùî ³ñíóº íåíóëüîâèé ðîçâ’ÿçîê ( )u t  ð³â-

íÿííÿ (7), ÿêèé ïåðåòâîðþºòüñÿ ó íóëü â òî÷êàõ 1, , na a , òàêèé, ùî 
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( ) ( ) ( ),  ( ), ( ) ( , ; )nu t v t iw t v t w t C a b= + ∈ [ ]  . Ëåãêî ïåðåâ³ðèòè íàñòóïí³ ñï³ââ³ä-
íîøåííÿ:  

 ( ) ( ) ( )

1 1

( ) ( ) ( ) ( ) ( ) 0
n n

n n j n j
j j

j j

v t q t v t r t w t− −

= =

+ − =∑ ∑ , 

 ( ) ( ) ( )

1 1

( ) ( ) ( ) ( ) ( ) 0
n n

n n j n j
j j

j j

w t q t w t r t v t− −

= =

+ + =∑ ∑ .  (8) 

 Îáèäâ³ ôóíêö³¿ ( )v t  ³ ( )w t  ìàþòü n  íóë³â ó òî÷êàõ 1, , na a . Òîìó 

ôóíêö³¿ ( )v t′  ³ ( )w t′  ìàþòü íà 1, na a[ ]  ïðèíàéìí³ 1n −  íóë³â, ( )v t′′  ³ ( )w t′′  

– ïðèíàéìí³ 2n −  íóë³, …, ( 2)( )nv t−  ³ ( 2)( )nw t−  – ïðèíàéìí³ äâà íóë³. Íå-

õàé 
1 1

( 1) ( 1)

, ,
max ( ) ,  max ( )

n n

n n

t a a t a a
v t w t− −

∈ ∈
λ = η =

[ ] [ ]
. Çà ëåìîþ 1 ìàºìî 

 

1 1

( ) ( )( ) ,     ( ) ,      2, ,
! !

n na aj j
n j n j

a a

h hv t dt w t dt j n
j j

− −< λ < η =∫ ∫  . (9) 

Íåõàé ôóíêö³ÿ ( 1)nv −  ïåðåòâîðþºòüñÿ ó íóëü â òî÷ö³ 1 1, nt a a∈ [ ] , à ( 1)nw −  – 

ó òî÷ö³ 1 1, na aξ ∈ [ ] . Ïîçíà÷èìî ÷åðåç 0 1 0 1, ,  ,n nt a a a a∈ ξ ∈[ ] [ ]  òî÷êè, â ÿêèõ 

ôóíêö³¿ ( 1) ( 1),  n nv w− −  íàáóâàþòü çíà÷åíü ,  λ η  â³äïîâ³äíî. Òîä³ ç ð³â-
íÿíü (8) ìàºìî  

 
1 1 1

0 0 0

( ) ( ) ( )

1 1

( ) ( ) ( ) ( ) ( )
t t tn n

n n j n j
j j

j jt t t

v t dt q t v t dt r t w t dt− −

= =

λ = = −∑ ∑∫ ∫ ∫ , 

 
1 1 1

0 0 0

( ) ( ) ( )

1 1

( ) ( ) ( ) ( ) ( )
n n

n n j n j
j j

j j

w t dt q t w t dt r t v t dt
ξ ξ ξ

− −

= =ξ ξ ξ

η = = +∑ ∑∫ ∫ ∫ . 

Ç óðàõóâàííÿì íåð³âíîñòåé (9) çâ³äñè îäåðæèìî 

1

( ) ( )

1 1 1 1

( ) ( )
! !

na n n n nj j
n j n j

j j j j
j j j ja

h hL v t L w t dt L L
j j

− −

= = = =

 λ ≤ + < λ + η  
∑ ∑ ∑ ∑∫ , 

1

( ) ( )

1 1 1 1

( ) ( )
! !

na n n n nj j
n j n j

j j j j
j j j ja

h hL w t L v t dt L L
j j

− −

= = = =

 η ≤ + < η + λ  
∑ ∑ ∑ ∑∫ . 

Äîäàþ÷è îñòàíí³ äâ³ íåð³âíîñò³, ä³ñòàíåìî 
1

( ) ( ) / !
n

j
j

j

L h j
=

λ + η < λ + η ∑ , àáî 

1

1 / !
n

j
j

j

L h j
=

< ∑ , ùî ñóïåðå÷èòü óìîâ³ ëåìè. ◊ 

 Çàóâàæèìî, ùî ëåìà 2 óçàãàëüíþº â³äîìó òåîðåìó Âàëëå Ïóññåíà [21] 
íà âèïàäîê äèôåðåíö³àëüíèõ ð³âíÿíü ³ç êîìïëåêñíèìè êîåô³ö³ºíòàìè. 

 Òåîðåìà 2. Íåõàé 0( , ) ( ),  0,1, , 1jA t D S G j n∈ = − . Äëÿ ìàéæå âñ³õ 

(ñòîñîâíî ì³ðè Ëåáåãà â  ) âåêòîð³â 1( , , ) 0, n
nt t T= ∈t  [ ]  çàäà÷à (1), (2) íå 

ìîæå ìàòè á³ëüøå îäíîãî ðîçâ’ÿçêó â ïðîñòîð³ ( 0, ; ( ))nC T W Gα,β[ ] .  

Ä î â å ä å í í ÿ. Âðàõîâóþ÷è òåîðåìó 1, äîñèòü ïîêàçàòè, ùî äëÿ âñ³õ 

   [ 0, ] : ( ) 0 0p n
nk T k∈ µ ∈ ∆ = =t{ } .  
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 Íåõàé 1( ; , , ),  0,1, , 1j
n jk t t j n−∆ = −  , – âèçíà÷íèê, ÿêèé îòðèìóºòüñÿ 

³ç âèçíà÷íèêà ( )k∆  âèêðåñëþâàííÿì îñòàíí³õ j  ðÿäê³â ³ îñòàíí³õ j  ñòîâï-

ö³â. Òîä³ 
1

0
0, : ( ) 0

n
n

j
j

T k E
−

=
∈ ∆ = ⊂t [ ]{ } , äå 1

1 10, : ( ; ) 0n n
nE T k t−

− = ∈ ∆ =t [ ]{ } , 

1
1 1 10, : ( ; , , ) 0,  ( ; , , ) 0 ,  0,1, , 2n j j

j n j n jE T k t t k t t j n+
− − −= ∈ ∆ = ∆ ≠ = −t   [ ]{ } . 

 Îñê³ëüêè 
1

1 1
1 11

0

( ; , , )
( ; , , ) 0

n j

n j j
n j j

n jn j
n j t

k t t
k t t

t
−

− −
− +

− −− −
− =

∂ ∆
= ∆ ≠

∂


 , êîëè jE∈t , 

0,1, , 2j n= − , ³ 
1

1
1 10

( ; ) (0, ) 1n

t
k t f k−

=
∆ = = , òî âèçíà÷íèê 1( ; , , )j

n jk t t −∆  , 

0,1, , 1j n= − , ÿê ôóíêö³ÿ çì³ííî¿ n jt −  ïðè ô³êñîâàíèõ 1 1, , n jt t − −  (òàêèõ, 

ùî jE∈t ) º íåíóëüîâèì ðîçâ’ÿçêîì ð³âíÿííÿ 1, ( ; , , ) 0j
n j

n j

d
d

L k k t t
t −

−

  ∆ = 
 

 . 

Òîìó çà ëåìîþ 2 íà â³äð³çêó [0, ]T  âèçíà÷íèê 1( ; , , ), 0,1, , 1j
n jk t t j n− = −∆   , 

ÿê ôóíêö³ÿ çì³ííî¿ n jt −  ïðè ô³êñîâàíèõ 1 1, , n jt t − −  (òàêèõ, ùî jE∈t ) ìàº 

ñê³í÷åííó ê³ëüê³ñòü íóë³â. Îòæå, 0n jEµ = , 0,1, , 1j n= − , à òîä³ é nµ ∈t{  

0, : ( ) 0 0nT k∈ ∆ = =[ ] } . ◊ 
 4. Íàäàë³ ââàæàòèìåìî, ùî óìîâà (6) ñïðàâäæóºòüñÿ. Íåõàé ( )kF t ∈ 

0,C T∈ [ ] . Âèêîðèñòîâóþ÷è ìåòîä âàð³àö³¿ äîâ³ëüíèõ ñòàëèõ, îòðèìóºìî, ùî 

ðîçâ’ÿçîê çàäà÷³ (4), (5) ç êëàñó 0,nC T[ ]  çîáðàæàºòüñÿ ôîðìóëîþ 

 
1 0

( ) ( , ) ( , ) ( )
tn

k kq q k
q

u t C f t k H t k F d
=

= + τ, τ τ∑ ∫ , (10) 

äå ñòàë³ ,  1, ,kqC q n=  , âèçíà÷àþòüñÿ ³ç ñèñòåìè ë³í³éíèõ ð³âíÿíü 

 
1 0

( , ) ( , ) ( ) ,    1, ,
jtn

kq q j jk j k
q

C f t k H t k F d j n
=

= ϕ − τ, τ τ =∑ ∫  . (11) 

Âèçíà÷íèê ñèñòåìè (11) ñï³âïàäàº ç ( )k∆ . Çàñòîñîâóþ÷è äëÿ çíàõîäæåííÿ 

ñòàëèõ ,  1, ,kqC q n=  , ïðàâèëî Êðàìåðà, íà ï³äñòàâ³ (3) òà (10) îòðèìóºìî 

ôîðìàëüíå çîáðàæåííÿ ðîçâ’ÿçêó çàäà÷³ (1), (2) ó âèãëÿä³ ðÿäó 

 
0 , 1 0

( )
( , ) ( , ) ( , ) ( )

jtn
jq

q jk j k
k j q

k
u t x f t k H t k F d

k≥ =

∆  = ϕ − τ, τ τ +  ∆( )  
∑ ∑ ∫  

 
0

( , ) ( ) exp ( , )
t

kH t k F d ik x
+ τ, τ τ 
∫ . (12) 

 Çá³æí³ñòü ðÿäó (12), âçàãàë³ êàæó÷è, ïîâ’ÿçàíà ³ç ïðîáëåìîþ ìàëèõ 
çíàìåííèê³â, îñê³ëüêè ( )k∆ , áóäó÷è â³äì³ííèì â³ä íóëÿ, ìîæå íàáóâàòè ÿê 

çàâãîäíî ìàëèõ çíà÷åíü äëÿ íåñê³í÷åííî¿ ìíîæèíè âåêòîð³â pk ∈  . 

 Çàóâàæåííÿ 2. ßêùî ñïðàâäæóºòüñÿ óìîâà (6), à ( ) ( )j x ′ϕ ∈   , 

1, , ,  ( , ) ( 0, ; )( ( 0, ; ))j n F t x C T C T ′= ∈ [ ] [ ]  , òî ³ñíóº ºäèíèé ðîçâ’ÿçîê çàäà÷³ 

(1), (2), ÿêèé íàëåæèòü äî êëàñó ( 0, ; )( ( 0, ; ))n nC T C T ′[ ] [ ]  , äå ,  ′   – ïðî-
ñòîðè òðèãîíîìåòðè÷íèõ ïîë³íîì³â ³ ôîðìàëüíèõ òðèãîíîìåòðè÷íèõ ðÿä³â 
â³äïîâ³äíî [11, ðîçä. 2, § 6.2]. 
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 Ïîçíà÷èìî 
1/2

2 1

[0, ]1

sup 1 max | ( , ) | ( )
p

n

j
t Tk j

A A t k G k−

∈∈ =

  = +  
  

∑


. Íèæ÷å â ðîáîò³ 

ô³ãóðóþòü äîäàòí³ ñòàë³ ,  1, ,24jC j =  , ÿê³ íå çàëåæàòü â³ä k . 

Òåîðåìà 3. Íåõàé 0( , ) ( ),  0,1, , 1jA t D S G j n∈ = − , ñïðàâäæóºòüñÿ 

óìîâà (6) ³ íåõàé äëÿ âñ³õ (êð³ì ñê³í÷åííî¿ ê³ëüêîñò³) âåêòîð³â pk ∈   
âèêîíóºòüñÿ íåð³âí³ñòü  

 ( ) ( ) exp ( ( )),        ,  k G k G k−γ∆ > − δ γ δ ∈  . (13) 

ßêùî 1 1
0 1 0 1,  0,  ( , , , ) ,  ( , , , )n n

n n
+ +α β ≥ = α α α ∈ = β β β ∈    , äå jα ≥  

0 01,  ,  1, , ;  1,  ( 1)j nAT j n n AT≥ α + γ + β ≥ β + δ + = α ≥ α + γ + β ≥ β + δ + + , 

òî çàäà÷à (1), (2) º ( ,  ,  ,  )α β   -êîðåêòíîþ ³ ¿¿ ðîçâ’ÿçîê çîáðàæàºòüñÿ 
ðÿäîì (12). 

 Ä î â å ä å í í ÿ. Ç òåîðåìè ïðî îö³íêè ðîçâ’ÿçêó çàäà÷³ Êîø³ [26] âè-
ïëèâàº, ùî 

( )
1

0,
max ( , ) (1 ( )) exp ( ( )),     0,1, ,j

q jn
t T

f t k C G k ATG k j n
∈

≤ + δ = 
[ ]

, (14) 

2
0,

0

max ( , , ) ( ) (1 ( )) exp ( ( )),  0,1, ,
tj

k k jnjt T

d H t k F d C F G k ATG k j n
dt∈

τ τ τ ≤ + δ =∫ 
[ ]

, (15) 

3( ) exp (( 1) ( )),      , 1, ,jq k C n ATG k j q n∆ ≤ − =  , (16) 

äå 
1/2

2

0

( ) ,  
T

p
k kF F t dt k

 = ∈ 
 ∫  . Òîä³ ç íåð³âíîñòåé (13)–(16) ³ ôîðìóëè (12) 

îòðèìóºìî, ùî ïðè 0,1, , 1r n= −  âèêîíóþòüñÿ îö³íêè 

2 2( ) 2 2
4

0, 1

max ( ) ( ; ) ( ; ( 1) )
n

r
k jk k

t T j

u t C w k nAT F w k n AT
∈ =

 ≤ ϕ γ, δ + + γ, δ + + 
 ∑

[ ]
,  (17) 

³ 

2 2( ) 2 2
4

0, 1

max ( ) ( ; 1, ) ( ; 1 ( 1) ) .
n

n
k jk k

t T j

u t C w k nAT F w k n AT
∈ =

+ + + + + + ≤ ϕ γ δ γ , δ 
 ∑

[ ]
(18) 

Âðàõîâóþ÷è åëåìåíòàðí³ ñï³ââ³äíîøåííÿ  

 ( ; , ) ( ; 1, ) ( ; 1, ) ( ; , )j jw k w k nAT w k nAT w kα β γ + δ + = α + γ + β + δ + ≤ α β , 

 0 0( ; , ) ( ; 1, ( 1) ) ( ; 1, ( 1) ) ( ; , )w k w k n AT w k n AT w k+ + + + + + + +α β γ δ = α γ β δ ≤ α β  

òà íåð³âí³ñòü òðèêóòíèêà äëÿ íîðì, ç ôîðìóë (3), (17), (18) ä³ñòàºìî 

 
2( ) 2

,
0,0 0

( , ); 0, ; ( ) max ( ) ( ; , )
n

n r
k

t Tr k

u t x C T W G u t w kα β ∈= ≥

= α β ≤∑ ∑
[ ]

[ ]  

 2 2 2
5

1 0

( ; ) ( ; )
n

jk
j k

C w k w k nAT
= ≥

≤ ϕ α, β γ + 1, δ + +


∑ ∑  

 2 2 2

0

( ; ) ( ; ( 1) )k
k

F w k w k n AT
≥

+ α, β γ + 1, δ + + ≤


∑  
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 2 2 2 2
5 0 0

1 0 0

( ; ) ( ; )
n

jk j j k
j k k

C w k F w k
= ≥ ≥

 ≤ ϕ α , β + α , β ≤ 
 

∑ ∑ ∑  

 
0 06

1

( ); ( ) ( , ); ([0, ]; ( ))
j j

n

j
j

C x W G F t x C T W Gα ,β α ,β
=

 ≤ ϕ + 
 

∑ . (19) 

Ç íåð³âíîñò³ (19) âèïëèâàº äîâåäåííÿ òåîðåìè. ◊ 
 5. Íàñòóïí³ òâåðäæåííÿ âèêîðèñòàºìî äëÿ äîâåäåííÿ ìåòðè÷íèõ òåî-
ðåì ïðî îö³íêè çíèçó ìàëèõ çíàìåííèê³â çàäà÷³ (1), (2). 

 Ëåìà 3. Íåõàé ôóíêö³ÿ ([0, ]; ( ))nf C T∈    íà â³äð³çêó [0, ]T  º ðîçâ’ÿç-
êîì äèôåðåíö³àëüíîãî ð³âíÿííÿ  

1
( ) ( )

0

( ) ( , ) ( ) 0,   ( , ) ( 0, ; ( )),   ,  0,1, , 1
n

n j p
j j

j

f t p t k f t p t k C T k j n
−

=

+ = ∈ ∈ = −∑ [ ]   , 

³ íåõàé 
1/21

2( )
1

0, 0,0 0

max ( ) ,     ( ) 1 max ( , )
n n

j
j

t T t Tj j

f t M G k p t k
−

∈ ∈= =

 ≤ = + 
 ∑ ∑

[ ] [ ]
. ßêùî 

( 1)

1
max (0)j

j n
f −

≤ ≤
≥ δ > 0 , òî äëÿ äîâ³ëüíîãî 1exp ( ( ))

,  0
2

TG k

n

δ −
ε < ε < ,  

 1
1 7 10, : ( ) exp ( )

1
n

n
nt T f t C M TG k

n
− ε µ ∈ < ε ≤ ⋅ −  δ

[ ]{ } . 

 Ä î â å ä å í í ÿ. Ç òåîðåìè ïðî îö³íêè ðîçâ’ÿçêó çàäà÷³ Êîø³ âèïëèâàº, 
ùî 

 ( 1) 1

1

exp ( ( ))
0,     max ( )j

j n

TG k
t T f t

n
−

≤ ≤

δ −
∀ ∈ ≥ ≡ λ[ ] . (20) 

Âèêîðèñòàºìî ïîáóäîâè, çä³éñíåí³ ïðè äîâåäåíí³ ëåìè 4 ó [19]. Ðîç³á’ºìî 

0,T[ ]  íà â³äð³çêè jI  òàê, ùî 1 / ,   1, , ,    / 1jI M j m m TMµ < λ = = λ + [ ] . Ñå-

ðåäèíó â³äð³çêà jI  ïîçíà÷èìî ÷åðåç jη . Äî ìíîæèíè 0, : ( )t T f t∈ < ε[ ]{ }  

ìîæóòü âõîäèòè òî÷êè ò³ëüêè òèõ jI , äëÿ ÿêèõ ( )jf η < λ . Ä³éñíî, ÿêùî 

( )rf η ≥ λ  äëÿ äåÿêîãî r , òî ç ð³âíîñò³ 
0

0( ) ( ) ( )

r

t

rf t f f d
η

′= η + τ τ∫  ä³ñòàºìî, 

ùî 0 0( ) ( ) /(2 ) /2r rf t f M t M M≥ η − − η ≥ λ − λ = λ > ε  ïðè 0 rt I∈ , ³ òîìó 

0 0, : ( )t t T f t∉ ∈ < ε[ ]{ } . ßêùî æ ( )rf η < λ , òî ç îãëÿäó íà óìîâó (20) 

³ñíóº ,  1 1j j n≤ ≤ − , òàêå, ùî â òî÷ö³ rη  àáî ( )Re ( ) / 2j
rf η ≥ λ , àáî 

( )Im ( ) / 2j
rf η ≥ λ . Òîä³ ç òåîðåìè ïðî ñê³í÷åííèé ïðèð³ñò âèïëèâàº, ùî 

íà âñüîìó â³äð³çêó rI  àáî 

 ( ) ( )Re ( ) Re ( ) ( 2 1) /2j j
r rf t f M t≥ η − − η ≥ − λ ,  

àáî 

 ( ) ( )Im ( ) Im ( ) ( 2 1) /2j j
r rf t f M t≥ η − − η ≥ − λ .  

Âðàõîâóþ÷è î÷åâèäí³ âêëþ÷åííÿ : ( ) : Re ( )r rt I f t t I f t∈ < ε ⊂ ∈ < ε{ } { } , 

: ( ) : Im ( )r rt I f t t I f t∈ < ε ⊂ ∈ < ε{ } { } , çà ëåìîþ 2 ç [5] ïðè /2ε < λ  

ìàºìî 1/( 1)
1 8: ( ) ( / ) n

rt I f t C −µ ∈ < ε ≤ ε λ{ } . Îòæå, ïðè /2ε < λ  îòðèìóºìî  

1/( 1)
1 1 8

1

0, : ( ) : ( ) ( / )
m

n
j

j

t T f t t I f t mC −

=

µ ∈ < ε ≤ µ ∈ < ε ≤ ε λ∑[ ]{ } { } . ◊ 
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 Ëåìà 4. Íåõàé 
1

1 ( )

0,0

( 0, ; ( )),    max ( ) ,    ( , )
n

n j
j

t Tj

f C T f t M p t k
+

+

∈=

∈ ≤ ∈∑
[ ]

[ ]    

 1
0 1 [0, ]

( 0, ; ( )),  0,1, , 1,  ( ) 1 max max ( , ) ,  pn j
j

j n t T
C T j n G k p t k k−

≤ ≤ − ∈
∈ = − = + ∈[ ]   . 

ßêùî äëÿ âñ³õ [0, ]t T∈  âèêîíóºòüñÿ íåð³âí³ñòü  

 
1

( ) ( )

0

( ) ( , ) ( )
n

n j
j

j

f t p t k f t
−

=

+ ≥ δ > 0∑ , 

òî äëÿ äîâ³ëüíîãî 
1

,  0
2( 1) ( )nn G k

δε < ε <
+

, 

 1 9 1 1
0, : ( ) ( )n n

n
t T f t C MG k +

εµ ∈ < ε ≤ ⋅
δ

[ ]{ } . 

 Ä î â å ä å í í ÿ. Ç óìîâ ëåìè 4 âèïëèâàº, ùî  

 ( )
1

0
0,      ( 1) max ( ) ( )n j j

j n
t T n G k f t−

≤ ≤
∀ ∈ + ≥ δ[ ] . (21) 

Ðîç³á’ºìî 0,T[ ]  íà â³äð³çêè jI  òàê, ùî 1 / ,  1, , ,  / 1jI M j m m TMµ < λ = = λ + [ ] , 

äå 1/(( 1) ( ))nn G kλ = δ + . Ñåðåäèíó â³äð³çêà jI  ïîçíà÷èìî ÷åðåç jη . ßêùî 

( )rf η ≥ λ  äëÿ äåÿêîãî r , òî ç ð³âíîñò³ 
0

0( ) ( ) ( )

r

t

rf t f f d
η

′= η + τ τ∫  îòðèìàºìî, 

ùî 0 0( ) ( ) /(2 ) /2r rf t f M t M M≥ η − − η ≥ λ − λ = λ > ε  ïðè 0 rt I∈ , ³ òîìó 

0 0, : ( )t t T f t∉ ∈ < ε[ ]{ } . Îòæå, äî ìíîæèíè 0, : ( )t T f t∈ < ε[ ]{ }  ìîæóòü 

âõîäèòè òî÷êè ò³ëüêè òèõ rI , äëÿ ÿêèõ ( )rf η < λ . ßêùî æ ( )rf η < λ , òî 

ç óìîâè (21) âèïëèâàº, ùî ³ñíóº ,  1 1j j n≤ ≤ − , òàêå, ùî â òî÷ö³ rη  àáî 

( )

1

Re ( )
2 ( 1) ( )

j
r n j

f
n G k−

δη ≥
+

, àáî ( )

1

Im ( )
2 ( 1) ( )

j
r n j

f
n G k−

δη ≥
+

. Òîä³ ç 

òåîðåìè ïðî ñê³í÷åííèé ïðèð³ñò âèïëèâàº, ùî íà âñüîìó â³äð³çêó rI  àáî 

( ) ( )

1 1

Re ( ) Re ( )   
2 ( 1) ( ) 2( 1) ( )

j j
r r n j n

f t f M t
n G k n G k−

δ δ≥ η − − η ≥ − =
+ +

 

1

1 1

2 ( ) 1 2 1

2( 1) ( ) 2( 1) ( )

j

n n j

G k

n G k n G k−

− δ − δ
= ≥

+ +

( ) ( )
 (îñê³ëüêè 1( ) 1G k ≥ ), àáî ( )Im ( )jf t ≥  

( ) 1

1 1 1

2 ( ) 1
Im ( )

2( 1) ( ) 2( 1) ( ) 2( 1) ( )

j
j

r r n j n n

G k
f M t

n G k n G k n G k−

− δδ δ≥ η − − η ≥ − = ≥
+ + +

( )
 

1

2 1

2( 1) ( )n jn G k−

− δ
≥

+

( )
. Âðàõîâóþ÷è î÷åâèäí³ âêëþ÷åííÿ : ( )rt I f t∈ < ε ⊂{ }  

: Re ( ) ,  : ( ) : Im ( )r r rt I f t t I f t t I f t⊂ ∈ < ε ∈ < ε ⊂ ∈ < ε{ } { } { } , çà ëå-

ìîþ 2 ç [5] ïðè /2ε < λ  ìàºìî 1/
1 10: ( ) } ( / ) n

rt I f t Cµ ∈ < ε ≤ ε δ{ . Îòæå, ïðè 

/2ε < λ  ä³ñòàºìî  

1/
1 1 10

1

0, : ( ) : ( ) ( / )
m

n
j

j

t T f t t I f t mC
=

µ ∈ < ε ≤ µ ∈ < ε ≤ ε δ∑[ ]{ } { } . ◊ 

 Ëåìà 5 [25]. Íåõàé ( 0, ; ),   ( , ) ( 0, ; ),  1, ,n n j
jf C T b t k C T j n−∈ ∈ = [ ] [ ]  , 

1
1 [0, ]

( ) max max ( , )j
j n t T

G k b t k
≤ ≤ ∈

= . ßêùî âèêîíóºòüñÿ íåð³âí³ñòü 
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 1( / ( , )) ( / ( , )) ( ) ,       0,nd dt b t k d dt b t k f t t T− − ≥ δ ∈ [ ] ,  

òî äëÿ äîâ³ëüíîãî 0ε >   

 1 11 10, : ( ) exp ( ( ) ) nt T f t C G k T εµ ∈ < ε ≤ ⋅
δ

[ ]{ } . ◊ 

 6. Âèÿñíèìî, íàñê³ëüêè «áàãàòà» ìíîæèíà çàäà÷ (1), (2), äëÿ ÿêèõ âèêî-
íóºòüñÿ íåð³âí³ñòü (13). 

 Òåîðåìà 4. ßêùî 0( , ) ( ),  0,1, , 1jA t D S G j n∈ = − , òî äëÿ ìàéæå âñ³õ 

(ñòîñîâíî ì³ðè Ëåáåãà â n ) âåêòîð³â 1( , , ) 0, n
nt t T= ∈t  [ ]  íåð³âí³ñòü (13) 

âèêîíóºòüñÿ äëÿ âñ³õ (êð³ì ñê³í÷åííî¿ ê³ëüêîñò³) âåêòîð³â pk ∈   ïðè 
1 2( 1)( 1),  ( 1) (2 )/( 1)n n nn n AT n n n n+γ ≥ λ + − δ ≥ − µ + − − − . 

Ä î â å ä å í í ÿ. Ïîçíà÷èìî ÷åðåç ( , ),  1C n m m n≤ ≤ , ìíîæèíó âñ³õ íà-

áîð³â 1( , , )mi iω =  , ñêëàäåíèõ ç m  íàòóðàëüíèõ ÷èñåë 1, , mi i  òàêèõ, ùî 

11 mi i n≤ < < ≤ . Äëÿ íàáîðó 1( , , ) ( , )mi i C n mω = ∈  ïðèéìåìî, ùî set ω =  

1, , ord ( ),  mi i q sω= ={ } , ÿêùî setq ∈ ω  ³ sq i=  äëÿ äåÿêîãî 1, ,s m∈ { } . 

Íà ìíîæèí³ 
1

( , )
n

m
C n m

=
  âñ³õ íàáîð³â ââåäåìî á³íàðíå â³äíîøåííÿ   çà ïðà-

âèëîì: 21ω ω  äëÿ 1 2
1

, ( , )
n

m
C n m

=
ω ω ∈  , ÿêùî 1 2set setω ⊂ ω . Äëÿ íàáîðó 

1( , , ) ( , )mi i C n mω = ∈  ïîêëàäåìî 

 

1

1

1

1 1

2 2
1

( , ) ( , )

( , ) ( , )
( ; , , )

( , ) ( , )

m

m

m

i i

i i
m

i m i m

f t k f t k

f t k f t k
k t t

f t k f t k

ω∆ =

 
 


   

 

, 

 
1

1 1
1 1 11

0

( ; , , , )
( ) ( ; , , ) max

m

j
m m

m jj n
m t

k t t t
k k t t

t

−
ω −

ω ω − −≤ ≤
=

∂ ∆
ξ ≡ ξ =

∂


 . 

Êîæíèé âèçíà÷íèê 1( ; , , ),  ( , ),  2, ,mk t t C n m m nω∆ ω ∈ =  , ðîçêëàäåìî çà 

åëåìåíòàìè îñòàííüîãî ðÿäêà ³ çíàéäåìî éîãî ïîõ³äí³ çà çì³ííîþ mt  äî 

( 1)n − -ãî ïîðÿäêó âêëþ÷íî: 

 
1

( ) 11
( ) 1 11

( , 1),
    

( ; , , )
( 1) ( , ) ( ; , , )

r
h rm

q m mr
C n mm

k t t
f t k k t t

t

−
σ ( − )ω

σ σ −−
σ∈ −

σ ω

∂ ∆
= − ∆

∂
∑



 , 

 1, , ,   ( ) set \set ,  ( ) ord ( ( ))r n q h m qω= σ = ω σ σ = + σ . (22)  

Çã³äíî ç âèáîðîì ñèñòåìè ôóíêö³é ( , ),  1, ,qf t k q n= { }  ³ç ôîðìóë (22) 

ä³ñòàºìî, ùî âèçíà÷íèê 1( ; , , ),  ( , ),  2, ,mk t t C n m m nω∆ ω ∈ =  , ÿê ôóíêö³ÿ 

çì³ííî¿ mt  (ïðè ô³êñîâàíèõ 1 1, , mt t − ) º ðîçâ’ÿçêîì äèôåðåíö³àëüíîãî ð³â-

íÿííÿ 1( / , ) ( ; , , ) 0m mL d dt k k t tω∆ =  ³ ñïðàâäæóº òàê³ ïî÷àòêîâ³ óìîâè: 

 
1

1
1

0

( ; , , )

m

r
m

r
tm

k t t

t

−
ω

−
=

∂ ∆
=

∂


 

 
( )

1 1( 1) ( ; , , ), set ,  ( , 1),  set set \ ,
0, set .

h
mk t t r C n m r

r

σ
σ − − ∆ ∈ ω σ∈ − σ = ω=  ∉ ω

 { }  (23) 
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²ç ñï³ââ³äíîøåíü (23) îòðèìóºìî, ùî äëÿ ( , ),  2, ,C n m m nω ∈ =  ,  

 1 1 1 1
( , 1),

     

( ) ( ; , , ) max ( ; , , )m m
C n m

k k t t k t tω ω − σ −σ∈ −
σ ω

ξ ≡ ξ = ∆


  . (24) 

²ç ôîðìóë (24) âèïëèâàº ñïðàâåäëèâ³ñòü òàêèõ âêëþ÷åíü:  

 1 1( , ),   2, , ,   0, : ( ; , , )n
mÑ n m m n T k t tω −∀ω ∈ = ∈ ξ < α ⊂t [ ]{ }  

 1 1
( , 1),

0, : ( ; , , ) ,   0n
m

C n m
T k t tσ −

σ∈ −
σ ω

⊂ ∈ ∆ < α α >t



 [ ]{ } . (25) 

 Ðîçãëÿíåìî òàê³ ìíîæèíè: 10, : ( ; , , )n
k n nB T k t t= ∈ ∆ < νt [ ]{ } , 

1 1 1 1( ) 0, : ( ; , , ) ,  ( ; , , )n
k m m m mB T k t t k t tω ω − −ω = ∈ ∆ < ν ξ ≥ νt  [ ]{ } , äå ω ∈  

( , ),      1, , ,       ( ) ( ) exp ( ( )),       m
m m m mC n m m n k G k G k− ρ∈ = ν ≡ ν = − η ρ =  

 
1

  ( 1)( 1), ( 1) (2 ( 2) )/( 1), 0,1, , .m m m
mn n AT n m n m n m n+= λ + − η = − µ + − + + − = 

Âðàõîâóþ÷è âêëþ÷åííÿ (25), ëåãêî ïåðåâ³ðèòè, ùî 
1 ( , )

( )
n

k k
m C n m

B B
= ω∈

⊂ ω  .  

 Îñê³ëüêè 0( , ) ( ),  0,1, , 1jA t D S G j n∈ = − , òî ç ôîðìóë (14), (22) âèïëè-

âàº, ùî äëÿ äîâ³ëüíèõ 1, , 0,mt t T∈ [ ]  âèêîíóºòüñÿ íåð³âí³ñòü 

 1 12
0,0

max ( ; , , ) /( ) ( ) exp ( ( ))
m

n
j j

m m
t Tj

k t t t C G k mATG kω∈=

∂ ∆ ∂ ≤∑ 
[ ]

. 

Òîä³ íà ï³äñòàâ³ òâåðäæåííÿ ëåìè 3 îòðèìàºìî, ùî 

 1 1 1 1 13( ; , , , , , ) ( ) exp (( /( 1)) ( ))k m m nB t t t t C G k m n n ATG k− +µ ω ≤ + − ×   

 11 ( ) /( 1)1/( 1)
1 13( / ) ( )m mn nn n

m m C G k−+ ρ −ρ −−
−× ν ν = ×  

 1exp ( /( 1) ( )/( 1)) ( )m mmAT n n AT n n G k−× + − + η − η − =( )  

 13 ( ) exp( ( )),        ( , ),    1, ,C G k G k C n m m n−λ= −µ ω ∈ =  , (26) 

äå 1 1 1( , , , , , ),   ( , ),  1, ,k m m nB t t t t C n m m n− +ω; ω ∈ =   , ïîçíà÷àº ìíîæèíó 

1 1 10, : ( , , , , , , ) ( )m m m m n kt T t t t t t B− +∈ ∈ ω [ ]{ } . ²íòåãðóþ÷è îö³íêè (26) çà 

çì³ííèìè 1 1 1, , , , ,m m nt t t t− +   ó êóá³ 10, nT −[ ] , ä³ñòàºìî 

 1
13( ) ( ) exp ( ( )),    ( , ),  1, ,n

n kB C T G k G k C n m m n− −λµ ω ≤ − µ ω ∈ = … . (27) 

Ç íåð³âíîñòåé (27) âèïëèâàº, ùî 
0 1 ( , ) 0

( )
n

n k n k
k m C n m k

B B
≥ = ω∈ ≥

µ ≤ µ ω < ∞∑ ∑ ∑ ∑ . 

Çà ëåìîþ Áîðåëÿ – Êàíòåëë³ [15] ì³ðà Ëåáåãà â n  ìíîæèíè òèõ âåêòîð³â 
t , ÿê³ íàëåæàòü äî íåñê³í÷åííî¿ ê³ëüêîñò³ ìíîæèí kB , äîð³âíþº íóëåâ³. ◊ 
 Ç òåîðåì 2, 3, 4 âèïëèâàº íàñòóïíå òâåðäæåííÿ ïðî êîðåêòí³ñòü çàäà÷³ 

(1), (2) äëÿ ìàéæå âñ³õ âåêòîð³â 0, nT∈t [ ] . 

 Òåîðåìà 5. Íåõàé 0( , ) ( ),  0,1, , 1jA t D S G j n∈ = − , ³ íåõàé ,  0α β ≥ , 

1 1
0 1 0 1( , , , ) ,  ( , , , )n n

n n
+ += α α α ∈ = β β β ∈    , äå 1,  j jα ≥ α + γ + β ≥ β +  

  0 0 ,  1, , ,   1,  ( 1) ,   ( 1)nnAT j n n AT n+ δ + = α ≥ α + γ + β ≥ β + δ + + δ ≥ − µ +  
1 2(2 )/( 1),  ( 1)( 1)n nAT n n n n n++ − − − γ ≥ λ + − . Äëÿ ìàéæå âñ³õ (ñòîñîâíî 
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ì³ðè Ëåáåãà â n ) âåêòîð³â 0, nT∈t [ ]  çàäà÷à (1), (2) º ( ,  ,  ,  )α β   -êîðåêò-
íîþ ³ ¿¿ ðîçâ’ÿçîê çîáðàæàºòüñÿ ðÿäîì (12). 

 7. Ðîçãëÿíåìî ÷àñòêîâèé âèïàäîê çàäà÷³ (1), (2), êîëè îïåðàòîð 
( / , )L t D∂ ∂  ó ð³âíÿíí³ (1) ìàº âèãëÿä 

 1 1( / , ) ( / ( , )) ( / ( , )) ( / ( , ))n nL t D t B t D t B t D t B t D−∂ ∂ = ∂ ∂ − ∂ ∂ − ∂ ∂ − , (28) 

äå ( , ) ( ( )),  1, ,n j
jB t D S G k j n−∈ =  , òîáòî ( / , )L t D∂ ∂  º êîìïîçèö³ºþ îïåðà-

òîð³â ïåðøîãî ïîðÿäêó (ä³ÿ îïåðàòîð³â ó ôîðìóë³ (28) âèçíà÷àºòüñÿ ñïðàâà 
íàë³âî). Äëÿ êîæíîãî ,  1j j n≤ ≤ , ïîçíà÷èìî 

 1( / , ) ( / ( , )) ( / ( , ))j jL t D t B t D t B t D∂ ∂ = ∂ ∂ − ∂ ∂ − ,  

 1 0
0

( , ) ( ) ,    ( , ) exp ( ( , ) ( , )),   ( , ) 0
t

j j j j jt k B k d I t k t k t k t k−λ = τ, τ = λ − λ λ ≡∫ . 

Â³äîìî [15], ùî ôóíêö³¿ 

 1 1( , ) ( , )g t k I t k= , 

 2 1 2 1 1
0

( , ) ( , ) ( , )
t

g t k I t k I t k dt= ∫ , 

 
1

3 1 2 1 3 2 2 1
0 0

( , ) ( , ) ( , ) ( , ) ,
tt

g t k I t k I t k I t k dt dt =  
 ∫ ∫  

  , 

 
21

1 2 1 3 2 1 1 2 1
0 0 0

( , ) ( , ) ( , ) ( , ) ( , )
nttt

n n n ng t k I t k I t k I t k I t k dt dt dt
−

− −
   =    
   ∫ ∫ ∫   (29) 

óòâîðþþòü íà â³äð³çêó 0,T[ ]  ôóíäàìåíòàëüíó ñèñòåìó ðîçâ’ÿçê³â äèôåðåí-

ö³àëüíîãî ð³âíÿííÿ ( / , ) ( ) 0L d dt k y t = , ïðè÷îìó ( 1) (0, ) ,  1, ,j
q jqg k j q− = δ =  , ³ 

äëÿ äîâ³ëüíîãî ,  2, ,j j n=  , âèêîíóþòüñÿ ð³âíîñò³ 

 1( / , ) ( , ) exp ( ( , )),     0, ,   1, ,j q jq jL d dt k g t k t k t T q j− = δ λ ∈ = [ ] . (30) 

 Íåõàé 1 , 1
( ) ( ; , , ) det ( , ) ,   ( ),   , 1, ,

n

n q j jqj q
k k t t g t k k j q n

=
Γ ≡ Γ = Γ =  , –

àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà ( , )q jg t k  ó âèçíà÷íèêó ( )kΓ ,  

 1
1 0,
max sup max Re ( , ) / ( )

p
j

j n t Tk

b B t k G k
≤ ≤ ∈∈

=
 [ ]

{ } ,  

 2
1 0,

min 0 ; min inf min Re ( , ) / ( )
p j

j n t Tk
b B t k G k

≤ ≤ ∈∈
= −

[ ]
{ }


. 

 Òåîðåìà 6. Íåõàé ( , ) ( ), ( , ) ( 0, ; ),  0, , 1.n j n j
j jB t D S G B t k C T j n− − = −∈ ∈ [ ]   

Äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â n ) âåêòîð³â 0, nT∈t [ ]  íåð³âí³ñòü  

 ( ) ( ) exp ( ( ))k G k G k−γΓ > − δ  (31) 

âèêîíóºòüñÿ ïðè 1 2( 1)/2,   ( 1)( )/2n n n n b T nb Tγ ≥ λ − δ ≥ − + µ +  äëÿ âñ³õ 

(êð³ì ñê³í÷åííî¿ ê³ëüêîñò³) âåêòîð³â pk ∈  . 

 Ä î â å ä å í í ÿ. Íåõàé 1( ) ( ; , , ),  1, ,j jk k t t j nΓ ≡ Γ =  , – âèçíà÷íèê, 

ÿêèé îòðèìóºòüñÿ ç 1( ; , , )nk t tΓ   âèêðåñëþâàííÿì îñòàíí³õ n j−  ðÿäê³â 
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òà îñòàíí³õ n j−  ñòîâïö³â; 1 1( ; , ,jr jk t t −Γ )  – àëãåáðè÷íå äîïîâíåííÿ åëå-

ìåíòà ( , ),  1, ,r jg t k r j=  , ó âèçíà÷íèêó 1( ; , , )j jk t tΓ  . Ðîçêëàäàþ÷è âè-

çíà÷íèê 1( ; , , )j jk t tΓ   çà åëåìåíòàìè îñòàííüîãî ðÿäêà, ä³ñòàíåìî ð³âíîñò³  

 1 1 1
1

( ; , , ) ( , ) ( ; , , ),      2, ,
j

j j r j jr j
r

k t t g t k k t t j n−
=

Γ = Γ =∑   . (32) 

 ²ç ôîðìóë (30), (32) äëÿ 2, ,j n=   âèïëèâàþòü òàê³ ñï³ââ³äíîøåííÿ: 

 1 1 1 1 1( / , ) ( ; , , ) exp ( ( , )) ( ; , , )j j j j j j j jL t k k t t t k k t t− − −∂ ∂ Γ = λ Γ  . (33) 

Ðîçãëÿíåìî òàê³ ìíîæèíè: 

1 1 1 1 1( ) 0, : ( ; , , ) ,    ( ) 0, : ( ; )n n
n nM k T k t t M k T k t= ∈ Γ < ν = ∈ Γ < νt t[ ] [ ]{ } { } , 

1 1 1 1 1( ) 0, : ( ; , , ) ,  ( ; , , ) ,  2, ,n
j j j j j j jM k T k t t k t t j n− − −= ∈ Γ < ν Γ ≥ ν =t   [ ]{ } , 

äå 2 1( ) ( ) exp ( ( )),   ( 1)/2,  j
j j j j j j jk G k G k j j jb T b T

−λρ
ν ≡ ν = − η ρ = − η = + ρ + ρ µ , 

1, ,j n=  . 

 ßêùî ( ),  ,  2, ,p
jM k k j n∈ ∈ =t  , òî ç ð³âíîñòåé (33) âèïëèâàº, ùî  

 1 1 1 1 1
0,

( / , ) ( ; , , ) min exp ( ( , ))
j

j j j j j j j j
t T

L t k k t t t k− − −∈
∂ ∂ Γ ≥ λ ν ≥ ν ν

[ ]
. (34) 

Îñê³ëüêè 1( ; , , )j jk t tΓ   – ä³éñíîçíà÷íà ôóíêö³ÿ, òî ç ëåìè 5 ³ íåð³âíîñòåé 

(34) îòðèìóºìî, ùî äëÿ âñ³õ pk ∈   

 1
1 1 1 14 1 1 1( , , , , , ) exp ( ( )) /( )j

j j j n j jM k t t t t C b TG k −
1 − + −µ ; ≤ ν ν ν =   

 
1

1 2 1 141
14 ( )

exp (( ( 1) ) ( ))

( ) exp ( ( ))( )j j

j jj
b T j b T G k C

C
G k G kG k−

−−
λ ρ −ρ λ

η − η + + −
= =

µ
, (35) 

äå 1 1 1 1 1 1( ; , , , , , ) 0, : ( , , , , , ) ( ) ,  j j j n j j j n jM k t t t t t T t t t t M k j− + − += ∈ ∈ =   [ ]{ }  

2, ,n=  . ²íòåãðóþ÷è îö³íêè (35) çà çì³ííèìè 1 1 1, , , , ,j j nt t t t− +   ó êóá³ 

10, nT −[ ] , ä³ñòàíåìî, ùî äëÿ âñ³õ pk ∈   

 1
14( ( ) exp ( ( )),     2, ,n

n jM k C T G k G k j n− −λµ ) ≤ − µ =  . (36) 

Îñê³ëüêè 1 2exp ( ( , )) exp ( ( )) ( ),  0,t k b TG k k t T1λ ≥ − = ν ∈ [ ] , òî 1( )M k = ∅ , ³, 

îòæå, 
2

( ) ( )
n

j
j

M k M k
=

=  . Ç íåð³âíîñòåé (36) âèïëèâàº çá³æí³ñòü ðÿäó 

0

( )n
k

M k
≥

µ∑ . Çà ëåìîþ Áîðåëÿ – Êàíòåëë³ ì³ðà Ëåáåãà â n  ìíîæèíè òèõ 

âåêòîð³â t , ÿê³ íàëåæàòü äî íåñê³í÷åííî¿ ê³ëüêîñò³ ìíîæèí ( ),  pM k k ∈  , 

äîð³âíþº íóëåâ³. ◊ 

 Òåîðåìà 7. Íåõàé ( , ) ( ),  ( , ) ( 0, ; )n j n j
j jB t D S G B t k C T− −∈ ∈ [ ]   ³ íåõàé 

1 3 0Re ( , ) Re ( , ) ( ),    0, ,    1, , ,   ( , ) 0j jB t k B t k b G k t T j n B t k−− ≤ ∈ = ≡[ ] . Äëÿ 

ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â n ) âåêòîð³â 0, nT∈t [ ]  íåð³âí³ñòü (31) 
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âèêîíóºòüñÿ äëÿ âñ³õ (êð³ì ñê³í÷åííî¿ ê³ëüêîñò³) âåêòîð³â pk ∈   ïðè 
1 1

2 3
1 1

! !( ! 1) ! 2 1 2 ,   ( ! 1) ,   !
! !

n n

n n n
q q

n nn n n n s b T r b T s n
q q

− −

= =

γ ≥ − λ + − + + δ ≥ − µ + + = +∑ ∑ , 

2

0

3
!

2 !

n

n
q

q
r n

q

−

=

+
= ∑ . 

 Ä î â å ä å í í ÿ. Âèêîðèñòàºìî ñõåìó äîâåäåííÿ òåîðåìè 6 ³ ââåäåí³ òàì 
ïîçíà÷åííÿ. Ðîçãëÿíåìî òàê³ ìíîæèíè:  

1 1 1 1 1( ) 0, : ( ; , , ) ,    ( ) 0, : ( ; )n n
n nM k T k t t M k T k t= ∈ Γ < ξ = ∈ Γ < ξt t[ ] [ ]{ } { } , 

1 1 1 1 1( ) 0, : ( ; , , ) ,  ( ; , , ) ,  2, ,n
j j j j j j jM k T k t t k t t j n− − −= ∈ Γ < ξ Γ ≥ ξ =t   [ ]{ } , 

äå 
1

1

  
!

( ) exp ( ( )), 1, , ,   ( ! 1) ! 2 1 2
!

j
j

j j j
q

j
G k G k j n j j j

q

−
−ρ

=

ξ = − η = ρ = − λ + − + + ∑ , 

1 2

2 3
1 0

3!
( ! 1) ,      ! ,    ! ,    2, ,

! 2 !

j j

j j j j j
q q

qj
j s b T r b T s j r j j n

q q

− −

= =

+
η = − µ + + = + = =∑ ∑  , 

1 1 10,   1,   0s rρ = = = . 

 ßêùî ( ),  ,  2, ,p
jM k k j n∈ ∈ =t  , òî ç (30), (32) âèïëèâàº, ùî  

 1 1 1 1 1
0,

( / , ) ( ; , , ) min exp (Re ( , ))
j

j j j j j j j j
t T

L t k k t t t k− − −∈
∂ ∂ Γ ≥ λ ξ ≥ ξ ξ

[ ]
. (37) 

²ç ôîðìóë (29) òà óìîâ òåîðåìè 7 âèïëèâàþòü íàñòóïí³ îö³íêè: 

 ( )
15 3

0,
    max ( , ) ( ) exp ( ( )/2), 0,1, , , 1, ,j j

q
t T

g t k C G k qb TG k j n q n
∈

≤ = = 
[ ]

. (38) 

Ç íåð³âíîñòåé (38) âèïëèâàº, ùî äëÿ äîâ³ëüíèõ 1, , 0,jt t T∈ [ ] 

 1 16 3( ; , , ) /( ) ( ) exp ( ( 1) ( )/2),  0,1, ,r r j
j j jk t t t C G k j j b TG k r j∂ Γ ∂ ≤ + =  . (39) 

Îñê³ëüêè ( , ) ( ),  1, ,n j
jB t D S G j n−∈ =  , òî ìàêñèìóì íà 0,T[ ]  ìîäóëÿ êîåô³-

ö³ºíòà äèôåðåíö³àëüíîãî âèðàçó 1( / , )j jL t k− ∂ ∂  ïðè ïîõ³äí³é ( / )qjt∂ ∂ , 

0,1, , 1q j= − , íå ïåðåâèùóº 1
17 ( ),  j q pC G k k− − ∈  . Òîä³ çà ëåìîþ 4 ç íåð³â-

íîñòåé (37)–(39) îòðèìóºìî, ùî äëÿ âñ³õ pk ∈   

 2 1
1 1 1 18 3( , , , , , ) ( ) exp ( ( 1) ( )/2)j

j j j nM k t t t t C G k j j b TG k−
1 − +µ ; ≤ + ×   

 12 1 ( ) /( 1)1/( 1)
1 1 18( /( )) ( )j jj j jj j j

j j C G k−− + ρ −ρ −−
−× ξ ξ ξ = ×  

 3 1 2exp (( ( 1) /2 ( )/( 1)) ( ))j jj j b T j jb T j G k−× + + η + − η − =  

 18 ( ) exp ( ( )),     2, ,C G k G k j n−λ= − µ =  ,  (40) 

äå 1 1 1 1 1 1( ; , , , , , ) 0, : ( , , , , , ) ( ) ,  j j j n j j j n jM k t t t t t T t t t t M k j− + − += ∈ ∈ =   [ ]{ }  

2, ,n=  . ²íòåãðóþ÷è îö³íêè (40) çà çì³ííèìè 1 1 1, , , , ,j j nt t t t− +   ó êóá³ 

10, nT −[ ] , ä³ñòàíåìî, ùî äëÿ âñ³õ pk ∈   

 1
18( ( ) exp ( ( )),     2, ,n

n jM k C T G k G k j n− −λµ ) ≤ − µ =  . (41) 

Îñê³ëüêè 1 2exp ( ( , )) exp ( ( )) ( ),  0,t k b TG k k t T1λ ≥ − = ξ ∈ [ ] , òî 1( )M k = ∅ , ³, 
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îòæå, 
2

( ) ( )
n

j
j

M k M k
=

=  . Ç ôîðìóë (41) âèïëèâàº, ùî 
0

( )n
k

M k
≥

µ ≤∑  

19
0 2 0

( ) ( ) exp ( ( ))
n

n j
k j k

M k C G k G k−λ

≥ = ≥

≤ µ ≤ −µ < ∞∑ ∑ ∑ . Çà ëåìîþ Áîðåëÿ – 

Êàíòåëë³ ì³ðà Ëåáåãà â n  ìíîæèíè òèõ âåêòîð³â t , ÿê³ íàëåæàòü äî íå-

ñê³í÷åííî¿ ê³ëüêîñò³ ìíîæèí ( ),  pM k k ∈  , äîð³âíþº íóëåâ³. ◊ 

 Òåîðåìà 8. Íåõàé 1 3( , ) ( ),  Re ( , ) Re ( , ) ( )n j
j j jB t D S G B t k B t k b G k−

−∈ − ≤ , 

01, , ,  ( , ) 0j n B t k= ≡ . Íåõàé 1 2( 1)/2,  ( 1)( )/2n n n n b T nb Tγ = λ − δ = − + µ + , 

êîëè ( , ) ( 0, ; ),   1, ,n j
jB t k C T j n−∈ = [ ]  , ³ íåõàé ( ! 1) ! 2 1n n nγ = − λ + − + +  

1 1 2

2 3
1 1 0

3! !2 ,   ( ! 1) ,  ! ,   !
! ! 2 !

n n n

n n n n
q q q

qn nn s b T r b T s n r n
q q q

− − −

= = =

+
+ δ = − µ + + = + =∑ ∑ ∑ , êîëè 

( , ) ( 0, ; ),    1, ,n j
jB t k C T j n−∈ = [ ]  . ßêùî 0,  0,    , , , )n1α β ≥ = (α α α , 

0 , , , )n1= (β β β , äå 3,    ( 1) /2,   1, ,j jn n n b T j nα ≥ α + + γ β ≥ β + δ + + =  , 

0 0 32 ,   ( 3) / 2n n n b Tα ≥ α + + γ β ≥ β + δ + + , òî äëÿ ìàéæå âñ³õ (ñòîñîâíî 

ì³ðè Ëåáåãà â n ) âåêòîð³â 0, nT∈t [ ]  çàäà÷à (1), (2), (28) º ( ,  ,  ,  )α β   -êî-
ðåêòíîþ. 

 Ä î â å ä å í í ÿ. Äëÿ êîåô³ö³ºíò³â Ôóð’º ( ),  p
ku t k ∈  , ðîçâ’ÿçêó çàäà÷³ 

(1), (2), (28) ñïðàâåäëèâ³ íàñòóïí³ çîáðàæåííÿ: 

 
, 1 0 0

( )
( ) ( , ) ( , ) ( ) ( , ) ( )

jt tn
jq

k q jk j k k
j q

k
u t g t k h t k F d h t k F d

k=

Γ  = ϕ − τ, τ τ + τ, τ τ Γ( )  
∑ ∫ ∫ , (42) 

äå ( , , ) ( , )nh t k g t kτ = − τ . Ç íåð³âíîñòåé (38) âèïëèâàº, ùî 

 20 3
0,

0

max ( , , ) ( ) ( ) exp ( ( )),  0,1, ,
tj

j
k kjt T

d h t k F d C F G k nb TG k j n
dt∈

τ τ τ ≤ =∫ 
[ ]

, (43) 

 21 3( ) exp (( ( 1)/2 ) ( )),    , 1, ,jq k C n n qb TG k j q nΓ ≤ + − =  . (44) 

Òîä³ ç íåð³âíîñòåé (31), (38), (43), (44) òà ôîðìóë (3), (42) îòðèìóºìî, ùî äëÿ 

ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â n ) âåêòîð³â 0, nT∈t [ ]  

 ( , ); ( 0, ; ( ))nu t x C T W Gα,β ≤[ ]  

 2 2
22 3

1 0

( ; , ( 1) /2)
n

jk
j k

C w k n n n b T
= ≥

≤ ϕ α + + γ β + δ + + +
 ∑ ∑  

 2 2
3

0

( ; 2 , ( 3) /2)k
k

F w k n n n b T
≥

+ α + + γ β + δ + + ≤
∑  

 
0 023

1

( ); ( ) ( , ); ([0, ]; ( ))
j j

n

j
j

C x W G F t x C T W Gα ,β α ,β
=

 ≤ ϕ + 
 ∑ . 

Ç îñòàííüî¿ íåð³âíîñò³ âèïëèâàº äîâåäåííÿ òåîðåìè. ◊ 
 8. Ó òåîðåìàõ 6, 7 âêàçàíî îö³íêè çíèçó äëÿ ,  γ δ , ïðè ÿêèõ íåð³âí³ñòü 

(31) âèêîíóºòüñÿ äëÿ ìàéæå âñ³õ âåêòîð³â 0, nT∈t [ ]  äëÿ âñ³õ (êð³ì ñê³í÷åí-

íî¿ ê³ëüêîñò³) âåêòîð³â pk ∈  . Îäíàê ìîæóòü ³ñíóâàòè òàê³ âåêòîðè 

0, nT∈t [ ] , ùî íåð³âí³ñòü (31) íå âèêîíóºòüñÿ äëÿ áåçìåæíî¿ ê³ëüêîñò³ âåê-
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òîð³â pk ∈   ïðè ÿê çàâãîäíî âåëèêèõ ,  γ δ . Ïîêàæåìî öå íà ïðèêëàä³ òàêî¿ 
çàäà÷³: 
 2 1 1( / ( , / )) ( / ( , / )) ( , ) 0,    ( , )t i B t i x t i B t i x u t x t x Q∂ ∂ − − ∂ ∂ ∂ ∂ − − ∂ ∂ = ∈ , 

 1 2 1(0, ) ( ),     ( , ) ( ),       u x x u t x x x1= ϕ = ϕ ∈ Ω , (45) 

äå 2 1
2 1 1( ),  1, 2,   ( , ) ( , ) 2 ,  ,  ( , ) ( 0, ; )j

jB S G j B t k B t k k k B t k C T−∈ = ≡ + ∈ ∈ [ ]  . 

Äëÿ çàäà÷³ (45) 1
1( ) sin ( ) ,  \ 0k k kt k−Γ = ∈ { } . Çà òåîðåìîþ Õ³í÷è-

íà [27, ñ. 48] äëÿ äîâ³ëüíèõ ,  0γ δ >  ³ñíóº òàêå ³ððàö³îíàëüíå ÷èñëî 1 0t > , 

ùî íåð³âí³ñòü 1 ( ) exp ( ( ))kt m k G k G k−γ− π < − δ  ìàº íåñê³í÷åííó ìíîæèíó 

ðîçâ’ÿçê³â ó ö³ëèõ ÷èñëàõ ,  k m . Îñê³ëüêè 1 1sin ( ) sin ( )kt kt m= − π ≤  

1kt m≤ − π , äå m ∈  , òî íåð³âí³ñòü ( ) ( ) exp ( ( ))k G k G k−γΓ < − δ  ìàº áåç-

ìåæíó ê³ëüê³ñòü ðîçâ’ÿçê³â ó ö³ëèõ ÷èñëàõ k . 
 Íèæí³ ìåæ³ äëÿ ,  γ δ  ó íåð³âíîñò³ (31) â îêðåìèõ âèïàäêàõ º òî÷í³øè-

ìè, í³æ ó òåîðåì³ 6. Ðîçãëÿíåìî çàäà÷ó ç óìîâàìè 2 (ó ÿê³é 1t > θ > 0 ) äëÿ 

ð³âíÿííÿ 1( / ( , / )) ( , ) 0,    ( , )nt B t i x u t x t x Q∂ ∂ − − ∂ ∂ = ∈ , äå ( , / )B t i x− ∂ ∂ ∈  
1

0,
( ),  min Re ( , ) ( ),  0,  n

t T
S G B t k bG k b k−

∈
∈ ≥ > ∈

[ ]
 . Âèçíà÷íèê ( )kΓ  òàêî¿ çàäà-

÷³ îá÷èñëþºòüñÿ çà ôîðìóëîþ 

 
1 1

1

1 10 0

( ) exp ( , ) ( , ) ( !) ( )
ntt n

j q
j n j q

k B k d B k d j t t
−

−

= ≥ > ≥

 Γ = τ τ + + τ τ − 
 

∏ ∏∫ ∫ . (46) 

Ç ð³âíîñò³ (46) âèïëèâàº, ùî 24 24 24( ) exp ( ( )),  ( , ) 0k C n bG k C C nΓ ≥ θ = >t . Ó 
ö³é çàäà÷³ ïðîáëåìà ìàëèõ çíàìåííèê³â â³äñóòíÿ. 
 
 1. Àáäî Ñ. À., Þð÷óê Í. È. Ìíîãîòî÷å÷íûå êðàåâûå çàäà÷è äëÿ íåêîòîðûõ äèôôå-

ðåíöèàëüíî-îïåðàòîðíûõ óðàâíåíèé. I. Àïðèîðíûå îöåíêè // Äèôôåðåíö. óðàâ-
íåíèÿ. – 1985. – 21, ¹ 3. – Ñ. 417–425. 

 2. Àáäî Ñ. À., Þð÷óê Í. È. Ìíîãîòî÷å÷íûå êðàåâûå çàäà÷è äëÿ íåêîòîðûõ äèôôå-
ðåíöèàëüíî-îïåðàòîðíûõ óðàâíåíèé. II. Ðàçðåøèìîñòü è ñâîéñòâà ðåøåíèé // 
Äèôôåðåíö. óðàâíåíèÿ. – 1985. – 21, ¹ 5. – Ñ. 806–815. 

 3. Àíòûïêî È. È., Ïåðåëüìàí Ì. À. Î êëàññàõ åäèíñòâåííîñòè ðåøåíèÿ íåëîêàëü-
íîé ìíîãîòî÷å÷íîé êðàåâîé çàäà÷è â áåñêîíå÷íîì ñëîå // Òåîðèÿ ôóíêöèé, 
ôóíêöèîí. àíàëèç è èõ ïðèëîæåíèå. – 1972. – Âûï. 16. – C. 98–109. 

 4. Áåðåçàíñêèé Þ. Ì. Ðàçëîæåíèå ïî ñîáñòâåííûì ôóíêöèÿì ñàìîñîïðÿæåííûõ 
îïåðàòîðîâ. – Êèåâ: Íàóê. äóìêà, 1965. – 800 ñ. 

 5. Áåðíèê Â. È., Ïòàøíèê Á. È., Ñàëûãà Á. Î. Àíàëîã ìíîãîòî÷å÷íîé çàäà÷è äëÿ 
ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè // Äèôôåðåíö. 
óðàâíåíèÿ. – 1977. – 13, ¹ 4. – Ñ. 637–645. 

 6. Áîðîê Â. Ì., Ïåðåëüìàí Ì. À. Î êëàññàõ åäèíñòâåííîñòè ðåøåíèÿ ìíîãîòî÷å÷-
íîé êðàåâîé çàäà÷è â áåñêîíå÷íîì ñëîå // Èçâ. âóçîâ. Ìàòåìàòèêà. – 1973. – 
¹ 8. – C. 29–34. 

 7. Âàëèöêèé Þ. Í. Êîððåêòíîñòü çàäà÷è äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïðè 
çàäàííûõ çíà÷åíèÿõ ôóíêöèè è åå ïðîèçâîäíûõ â íåñêîëüêèõ òî÷êàõ // Ñèá. 
ìàò. æóðí. – 1996. – 37, ¹ 2. – C. 251–258. 

 8. Âàëèöêèé Þ. Í. Êîððåêòíîñòü ìíîãîòî÷å÷íîé çàäà÷è äëÿ óðàâíåíèÿ ñ îïåðà-
òîðíûìè êîýôôèöèåíòàìè // Ñèá. ìàò. æóðí. – 1988. – 29, ¹ 4. – C. 44–53. 

 9. Âàñèëèøèí Ï. Á. Áàãàòîòî÷êîâ³ çàäà÷³ äëÿ äèôåðåíö³àëüíèõ ð³âíÿíü òà ñèñòåì 
ð³âíÿíü ³ç ÷àñòèííèìè ïîõ³äíèìè: Àâòîðåô. äèñ. … êàíä. ô³ç.-ìàò. íàóê. – 
×åðí³âö³, 2001. – 20 ñ. 

 10. Âàñèëèøèí Ï. Á., Êëþñ ². Ñ., Ïòàøíèê Á. É. Áàãàòîòî÷êîâà çàäà÷à äëÿ ã³ïåðáî-
ë³÷íèõ ðiâíÿíü ç³ çì³ííèìè êîåô³ö³ºíòàìè // Óêð. ìàò. æóðí. – 1996. – 48, ¹ 11. 
– C. 1468–1476. 

 11. Ãîðáà÷óê Â. È., Ãîðáà÷óê Ì. Ë. Ãðàíè÷íûå çàäà÷è äëÿ äèôôåðåíöèàëüíî-îïå-
ðàòîðíûõ óðàâíåíèé. – Êèåâ: Íàóê. äóìêà, 1984. – 284 ñ. 



41 

 12. Êàëåíþê Ï. È., Áàðàíåöêèé ß. Å., Íèòðåáè÷ Ç. Í. Îáîáùåííûé ìåòîä ðàçäåëå-
íèÿ ïåðåìåííûõ. – Ê.: Íàóê. äóìêà, 1993. – 232 ñ. 

 13. Êàëåíþê Ï. ²., Íèòðåáè÷ Ç. Ì., Ïëåø³âñüêèé ß. Ì. Áàãàòîòî÷êîâà çàäà÷à äëÿ 
íåîäíîð³äíî¿ ïîë³ë³í³éíî¿ ñèñòåìè ð³âíÿíü ³ç ÷àñòèííèìè ïîõ³äíèìè // Â³ñí. 
Ëüâ³â. óí-òó. Ñåð. ìåõ.-ìàò. – 2000. – Âèï. 58. – C. 144–152. 

 14. Êëþñ ². Ñ., Íèòðåáè÷ Ç. Ì. Áàãàòîòî÷êîâà çàäà÷à äëÿ äèôåðåíö³àëüíîãî ð³â-
íÿííÿ ³ç ÷àñòèííèìè ïîõ³äíèìè, ùî ðîçêëàäàºòüñÿ â äîáóòîê ë³í³éíèõ â³äíîñíî 
äèôåðåíö³þâàííÿ ìíîæíèê³â // Â³ñí. íàö. óí-òó «Ëüâ³â. ïîë³òåõí³êà». Ñåð. 
Ïðèêë. ìàòåìàòèêà. – 2000. – ¹ 407. – C. 220–226. 

 15. Ïòàøíèê Á. È. Íåêîððåêòíûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñ-
òíûìè ïðîèçâîäíûìè. – Êèåâ: Íàóê. äóìêà, 1984. – 264 ñ. 

 16. Ïòàøíèê Á. É., Êëþñ ². Ñ. Áàãàòîòî÷êîâà çàäà÷à äëÿ ïñåâäîäèôåíöiàëüíèõ 
ðiâíÿíü // Óêð. ìàò. æóðí. – 2003. – 55, ¹ 1. – C. 22–29. 

 17. Ïòàøíèê Á. É., Ñèëþãà Ë. Ï. Áàãàòîòî÷êîâà çàäà÷à äëÿ áåçòèïíèõ ôàêòîðèçî-
âàíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç³ ñòàëèìè êîåô³ö³ºíòàìè // Óêð. ìàò. æóðí. – 
1996. – 48, ¹ 1. – C. 66–79. 

 18. Ïòàøíèê Á. É., Øòàáàëþê Ï. ². Áàãàòîòî÷êîâà çàäà÷à äëÿ ã³ïåðáîë³÷íèõ 
ðiâíÿíü ó êëàñ³ ôóíêö³é, ìàéæå ïåð³îäè÷íèõ ïî ïðîñòîðîâèõ çì³ííèõ // Ìàò. 
ìåòîäû è ôèç.-ìåõ. ïîëÿ. – 1992. – Âûï. 35. – Ñ. 210–215. 

 19. Ïÿðòëè À. Ñ. Äèîôàíòîâû ïðèáëèæåíèÿ íà ïîäìíîãîîáðàçèÿõ åâêëèäîâà ïðî-
ñòðàíñòâà // Ôóíêöèîí. àíàëèç è åãî ïðèëîæåíèÿ. – 1969. – 3, ¹ 4. – C. 59–62. 

 20. Ñàéäàìàòîâ Ý. Ì. Î êîððåêòíîñòè íåîäíîðîäíûõ ãðàíè÷íûõ çàäà÷ äëÿ ïñåâäî-
äèôôåðåíöèàëüíûõ óðàâíåíèé // Óçá. ìàò. æóðí. – 1995. – ¹ 2. – C. 77–88. 

 21. Càíñîíå Äæ. Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ: Â 2 ò. – Ì.: Èçä-âî 
èíîñòð. ëèò., 1953. – Ò. 1. – 346 ñ. 

 22. Ñèëþãà Ë. Ï. Áàãàòîòî÷êîâà çàäà÷à äëÿ ë³í³éíèõ ïàðàáîë³÷íèõ òà áåçòèïíèõ äè-
ôåíöiàëüíèõ ðiâíÿíü ³ ñèñòåì ð³âíÿíü ³ç ÷àñòèííèìè ïîõ³äíèìè: Àâòîðåô. äèñ. … 
êàíä. ô³ç.-ìàò. íàóê. – Ëüâ³â, 1996. – 20 ñ. 

 23. Ñèëþãà Ë. Ï. Áàãàòîòî÷êîâà çàäà÷à äëÿ ïàðàáîë³÷íèõ ð³âíÿíü ç³ ñòàëèìè êîåô³-
ö³ºíòàìè // Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. – 2000. – 43, ¹ 4. – C. 42–48. 

 24. Ñèìîòþê Ì. Ì. Çàäà÷à ç äâîòî÷êîâèìè óìîâàìè äëÿ ð³âíÿííÿ ç ïñåâäîäèôå-
ðåíö³àëüíèìè îïåðàòîðàìè // Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. – 2000. – 43, ¹ 1. 
– C. 29–35. 

 25. Ñèìîòþê Ì. Ì. Ïðî îö³íêó ì³ð ìíîæèí, íà ÿêèõ ìîäóëü ãëàäêî¿ ôóíêö³¿ îáìå-
æåíèé çâåðõó // Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. – 1999. – 42, ¹ 4. – C. 90–95. 

 26. Õàðòìàí Ô. Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ. – Ì.: Ìèð, 1970. – 
720 ñ. 

 27. Õèí÷èí À. ß. Öåïíûå äðîáè. – Ì.: Íàóêà, 1978. – 112 ñ. 

 28. Mikusinski J. Sur l’équation ( ) ( ) ( ) ( ) 0nx t A t x t+ =  // Ann. Pol. Math. – 1955. – 
No. 1-2. – P. 207–221. 

 
МНОГОТОЧЕЧНАЯ ЗАДАЧА ДЛЯ ПСЕВДОДИФФЕРЕНЦИАЛЬНЫХ  
УРАВНЕНИЙ С ЧАСТНЫМИ ПРОИЗВОДНЫМИ 
 
Èññëåäîâàíà êîððåêòíîñòü çàäà÷è ñ ìíîãîòî÷å÷íûìè óñëîâèÿìè ïî âûäåëåííîé 
ïåðåìåííîé è óñëîâèÿìè ïåðèîäè÷íîñòè çà îñòàëüíûìè êîîðäèíàòàìè äëÿ ïñåâ-
äîäèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè. Óñòàíîâëåíû óñëîâèÿ 
ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è, äîêàçàíû ìåòðè÷åñêèå òåîðå-
ìû îá îöåíêàõ ñíèçó ìàëûõ çíàìåíàòåëåé, âîçíèêàþùèõ ïðè ïîñòðîåíèè ðåøåíèÿ 
çàäà÷è. 
 
MULTIPOINT PROBLEM FOR PSEUDO-DIFFERENTIAL EQUATIONS 
 
The correctness of the problem with multipoint conditions on temporary variable and 
conditions of periodicity on spatial coordinates for partial pseudo-differential equations 
is investigated. The conditions of existence and uniqueness of the solution of the 
problem are established. The metric theorems of estimation of small denominators of the 
problem are proved. 
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