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�  ¤®¯®¬®£®î äãªæ÷ù òà÷  ¢áâ ®¢«¥® ÷áã¢ ï à®§¢'ï§ªã ¥®¤®à÷¤®ù § ¤ ç÷
�÷à÷å«¥ ¤«ï «÷÷©®£® áâ®å áâ¨ç®£® à÷¢ïï ¤àã£®£® ¯®àï¤ªã ¯ à ¡®«÷ç®£® â¨-
¯ã § ¥¯¥à¥à¢¨¬¨ §¡ãà¥ï¬¨.

�®§¢'ï§®ª § ¤ ç÷ �÷à÷å«¥ §  ¤®¯®¬®£®î äãªæ÷ù òà÷  ¤«ï «÷÷©®£® ¯ à ¡®-
«÷ç®£® ¤¥â¥à¬÷®¢ ®£® à÷¢ïï ¯®¡ã¤®¢ ® ¢ [4],   à®§¢'ï§®ª ¡÷«ìè § £ «ì¨å
ªà ©®¢¨å § ¤ ç ¤®á«÷¤¦¥® ¢ ¯à æ÷ [8].

�¨¢ç¥î à®§¢'ï§ªã § ¤ ç÷ �®è÷ ¤«ï «÷÷©¨å ¯ à ¡®«÷ç¨å à÷¢ïì §
ª®¥ä÷æ÷õâ ¬¨, é® ¥ § «¥¦ âì ¢÷¤ ä §®¢¨å §¬÷¨å ÷ ïª÷ õ äãªæ÷ï¬¨ â¨-
¯ã ý¡÷«¨© èã¬þ, ¢áâ ®¢«¥î ã¬®¢ ÷áã¢ ï ¯¥àè®£® ÷ ¤àã£®£® ¬®¬¥â÷¢
à®§¢'ï§ª÷¢ ¯à¨á¢ïç¥  ¯à æï [2].

� áâ ââ÷ [6] à®§¢'ï§®ª § ¤ ç÷ �®è÷ ¤«ï à÷¢ïï ¯ à ¡®«÷ç®£® â¨¯ã §÷
§¬÷¨¬¨ â  ¢¨¯ ¤ª®¢¨¬¨ ª®¥ä÷æ÷õâ ¬¨ ¯à¨ ¬®«®¤è¨å ¯®å÷¤¨å ¯®¡ã¤®¢ ®
¬¥â®¤®¬ ¯®â¥æ÷ «÷¢ ÷ ¤®á«÷¤¦¥® ùå÷ ¤¨ä¥à¥æ÷ «ì÷ ¢« áâ¨¢®áâ÷.

� ¯à æ÷ [1] §  ¤®¯®¬®£®î àï¤÷¢ �ãà'õ ¢áâ ®¢«¥® ÷áã¢ ï ÷ õ¤¨÷áâì
ã§ £ «ì¥®£® à®§¢'ï§ªã § ¤ ç �÷à÷å«¥ â  �¥©¬   ¤«ï ¤¨ä¥à¥æ÷ «ì®£® à÷¢ï-
ï 2-£® ¯®àï¤ªã ¤¨¢¥à£¥â®£® ¢¨£«ï¤ã, ª®¥ä÷æ÷õâ¨ ïª®£® ¯à¨ ¬®«®¤è¨å ¯®-
å÷¤¨å ¬÷áâïâì ý¡÷«¨© èã¬þ. � ¤ ç  �÷à÷å«¥ ¤«ï ®¤®¢¨¬÷à®£® ª¢ §÷«÷÷©®£®
à÷¢ïï â¥¯«®¯à®¢÷¤®áâ÷, ïª¥ ¬÷áâ¨âì ý¡÷«¨© èã¬þ, ¢¨¢ç « áì ã [3].

�¨â ï ÷áã¢ ï à®§¢'ï§ªã § ¤ ç÷ �®è÷ ¤«ï ª¢ §÷«÷÷©®£® à÷¢ïï ¯ -
à ¡®«÷ç®£® â¨¯ã § ¥¯¥à¥à¢¨¬¨ §¡ãà¥ï¬¨ ¡÷«ï ¬®«®¤è¨å ¯®å÷¤¨å ã ¥«÷-
÷©®áâïå à®§£«ï¤ «®áì ã [5].

�à®¯®®¢   à®¡®â  ¯à¨á¢ïç¥  ¯®¡ã¤®¢÷ à®§¢'ï§ î ¥®¤®à÷¤®ù § ¤ ç÷
�÷à÷å«¥ ¤«ï «÷÷©®£® áâ®å áâ¨ç®£® à÷¢ïï ¤àã£®£® ¯®àï¤ªã.

�¥å © (Ω, F, P ) { ©¬®¢÷à÷á¨© ¯à®áâ÷à, {Ft, t ≥ 0} { ¯®â÷ª ¥á¯ ¤¨å σ -
 «£¥¡à, w(t, ω) { áâ ¤ àâ¨© áª «ïà¨© ¢÷¥à÷¢áìª¨© ¯à®æ¥á, ¢¨¬÷à¨© ¢÷¤®á®
σ - «£¥¡à¨ Ft ¯à¨ ª®¦®¬ã t ∈ [0, T ) . �¨¯ ¤ª®¢  äãªæ÷ï u(t, x, ω) , ïª  ¢¨-
§ ç¥    [0, T ) × G × Ω = Q × Ω , ¤¥ G { ®¡¬¥¦¥  ®¡« áâì ¢ En § ¬¥¦¥î
S , õ Ft -¢¨¬÷à®î ¢÷¤®á® σ - «£¥¡à¨ ¡®à¥«÷¢áìª¨å ¬®¦¨ ¯à¨ ¢á÷å (t, x) ∈ Q .
�®§£«ï¥¬® § ¤ çã �÷à÷å«¥ ¤«ï «÷÷©®£® áâ®å áâ¨ç®£® à÷¢ïï 2-£® ¯®àï¤ªã
¯ à ¡®«÷ç®£® â¨¯ã

L[u(t, x, ω)] = b(t, x, ω)u(t, x, ω)dw(t, ω), (x, t) ∈ Q, ω ∈ Ω, (1)

¤¥ L[u] = dtu(t, x, ω)−

 ∑

|k|≤2

ak(t, x)Dk
xu(t, x, ω)


 dt , § ã¬®¢ ¬¨

u(t, x, ω)|t=0 = ϕ(x, ω), x ∈ G, ω ∈ Ω, (2)

u(t, x, ω)|Γ = ψ(t, z, ω), z ∈ Γ, Γ = (0, T )× S, x → z §á¥à¥¤¨¨ G. (3)

�ãâ dt { áâ®å áâ¨ç¨© ¤¨ä¥à¥æ÷ « öâ®, äãªæ÷ù ϕ , ψ(t, z, ω) , b(t, z, ω) õ Ft -
¢¨¬÷à¨¬¨, ªà÷¬ â®£®, § ÷¬®¢÷à÷áâî 1

T∫

0

|b(t, x, ω)|2dt < +∞. (4)
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�®§¢'ï§®ª § ¤ ç÷ ¡ã¤¥¬® èãª â¨ ¢ ¯à®áâ®à÷ L(G)-¢¨¬÷à¨å äãªæ÷© u(t, x, ω),
ïª÷ ¬ îâì áª÷ç¥ã ®à¬ã

‖u(t, x, ω)‖2L(G) =
∫

G

M |u(t, x, ω)|2dx, (5)

¤¥ M { ®¯¥à æ÷ï ¬ â¥¬ â¨ç®£® á¯®¤÷¢ ï.

�¥®à¥¬  1. �à¨¯ãáâ¨¬®, é®
1) à÷¢ïï (1) à÷¢®¬÷à® ¯ à ¡®«÷ç¥ ¢ ®¡« áâ÷ Q ,   ¬¥¦  ®¡« áâ÷ G

 «¥¦¨âì ª« áã C(1+α) ;
2) ª®¥ä÷æ÷õâ¨ ak(t, x) ¢¨§ ç¥÷ ¢ Q i ¥¯¥à¥à¢÷ §  t à÷¢®¬÷à® é®¤®

x, ªà÷¬ â®£®,  «¥¦ âì ª« áã C
(α)
x (Q) ;

3) äãªæ÷ï b(t, x, ω) { ¢¨¬÷à  ¢÷¤®á® σ - «£¥¡à¨ Ft , § ¤®¢®«ìïõ ã¬®¢ã
(4), áã¬®¢  §  ®à¬®î (5);

4) äãªæ÷ù ϕ i ψ { Ft -¢¨¬÷à÷ ¢¨¯ ¤ª®¢÷ äãªæ÷ù, áã¬®¢÷ §  ¢¢¥¤¥®î
®à¬®î (5) ¢ ®¡« áâ÷ G i   ¬¥¦÷ S ;

5) ªà ©®¢  äãªæ÷ï ψ(t, z, ω) § ÷¬®¢÷à÷áâî 1 ¤®¯ãáª õ ¯à®¤®¢¦¥ï
ψ∗(t, x, ω) § ¬¥¦÷ Γ ¢ ®¡« áâì Q , ïª  ¬ õ áâ®å áâ¨ç¨© ¤¨ä¥à¥æ÷ «, ÷
L[ψ∗(t, x, ω)] { Ft -¢¨¬÷à  â  áã¬®¢  §  ®à¬®î (5) äãªæ÷ï;

6) ¢¨¯ ¤ª®¢÷ ¢¥«¨ç¨¨ b(t, x, ω) i ψ∗(t, x, ω) õ ¥§ «¥¦¨¬¨ ¤«ï ¢á÷å
(t, x) ∈ Q .

�®¤÷ § ÷¬®¢÷à÷áâî 1 ÷áãõ à®§¢'ï§®ª § ¤ ç÷ (1){(3), ¤«ï ïª®£® á¯à ¢¤¦ãõâì-
áï ®æ÷ª 

‖u(t, x, ω)‖L(G) ≤ c

[
‖ψ‖L(Γ) + ‖ϕ‖L(G) +

( t∫

0

(
‖dτ (ψ(τ, x, ω))‖2L(Γ)+

+
∑

|k|≤2

‖Dk
xψ(τ, x, ω)‖2L(Γ)

)
dτ

)1/2

+ ‖ψ‖L(Γ)




t∫

0

‖b‖2L(Γ)dτ




1/2]
e

c20
2

t∫
0
‖b‖2dτ

, (6)

¤¥ c0 { ¤®¤ â  áâ «  § ®æ÷®ª äãªæ÷ù òà÷  [4].

� ® ¢ ¥ ¤ ¥   ï. �¢¥¤¥¬® ¥®¤®à÷¤ã § ¤ çã (1){(3) ¤® ®¤®à÷¤®ù, ¯®ª« ¤ î-
ç¨

u(t, x, ω) = ψ∗(t, x, ω) + v(t, x, ω),

¤¥ äãªæ÷ï v(t, x, ω) õ Ft -¢¨¬÷à®î ÷ § ÷¬®¢÷à÷áâî 1   ¬¥¦÷ Γ ¯¥à¥â¢®àîõâìáï
¢ ã«ì: v|Γ = 0 , t > 0 .

�¬®¢¨ 1), 2) £ à âãîâì ÷áã¢ ï äãªæ÷ù òà÷  E(t, τ, x, ξ) ®¤®à÷¤®ù
ªà ©®¢®ù § ¤ ç÷ ¤«ï ¢÷¤¯®¢÷¤®£® ¤¥â¥à¬÷®¢ ®£® à÷¢ïï L[u] = 0 . �  ùù
¤®¯®¬®£®î ¯®áâ ¢¨¬® ã ¢÷¤¯®¢÷¤÷áâì § ¤ ç÷ (1){(3) «÷÷©¥ áâ®å áâ¨ç¥ ¥®¤-
®à÷¤¥ ÷â¥£à «ì¥ à÷¢ïï

u(t, x, ω) = F (t, x, ω) +

t∫

0

E(t, τ, x, ξ)b(τ, ξ, ω)u(τ, ξ, ω)ψ∗(τ, ξ, ω)dξdω, (7)

¤¥

F (t, x, ω) = ψ∗(t, x, ω)−
t∫

0

∫

G

E(t, τ, x, ξ)L[ψ∗]dξdτ+
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+

t∫

0

∫

G

E(t, τ, x, ξ)b(τ, x, ξ)ψ∗(τ, ξ, ω)dξdw(τ) +
∫

G

E(t, 0, x, ξ)ϕ̃(ξ)dξ,

  L[ψ∗(t, x, ω)] =


dt −

∑

|k|≤2

ak(t, x)Dk
x


 ψ∗ , ϕ̃(ξ, ω) = ϕ(x)− ψ∗(0, x) .

öáã¢ ï à®§¢'ï§ªã ÷â¥£à «ì®£® à÷¢ïï (7) ¤®¢¥¤¥¬® ¬¥â®¤®¬ ¯®á«÷¤®¢-
¨å  ¡«¨¦¥ì, ïª÷ ¢¨§ ç îâìáï à¥ªãà¥â¨¬ á¯÷¢¢÷¤®è¥ï¬

um(t, x, ω) = F (t, x, ω) +

t∫

0

∫

G

E(t, τ, x, ξ)b(τ, ξ, ω)um−1(τ, ξ, ω)dξdw, m = 1, 2, . . . ,

(8)
ã ïª®¬ã u0(t, x, ω) = F (t, x, ω) .

�®¡ ¢áâ ®¢¨â¨ §¡÷¦÷áâì ¯®á«÷¤®¢®áâ÷ {um}∞m=1 ã ¯à®áâ®à÷ L(G) , ®æ÷¨-
¬® §  ®à¬®î (5) ç«¥¨ ¥ª¢÷¢ «¥â®£® àï¤ã

u0 + (u1 − u0) + · · ·+ (um − um−1) + . . . . (9)

�®§£«ï¥¬® ®à¬ã ã«ì®¢®£®  ¡«¨¦¥ï

‖u0(t, x, ω)‖2L(G) =
∫

G

M
∣∣∣ψ∗(t, x, ω) +

∫

G

E(t, 0, x, ξ)ϕ̃(ξ)dξ− (10)

−
t∫

0

∫

G

E(t, τ, x, ξ)L[ψ∗(τ, ξ, ω)]dξdτ +

t∫

0

∫

G

E(t, τ, x, ξ)b(τ, ξ, ω)ψ∗(ξ, τ, ω)dξdw(τ, ω)
∣∣∣
2

dx.

�®¡à §¨¬® |E(t, τ, x, ξ)| = |E(t, τ, x, ξ)|1/2|E(t, τ, x, ξ)|1/2 . �ª®à¨áâ õ¬®áì ¥-
à÷¢®áâï¬¨ ∫

G

|E(t, τ, x, ξ)|dξ ≤ c0,

∫

G

|E(t, τ, x, ξ)|dx ≤ c0,

¢« áâ¨¢÷áâî ¤àã£®£® ¬®¬¥â  ÷â¥£à «  �÷¥à {öâ®, § áâ®áãõ¬® ¥à÷¢÷áâì �¥«ì-
¤¥à  ¤«ï ÷â¥£à «÷¢ ÷ ¤ «÷ ¯à®¤®¢¦¨¬® ®æ÷ªã (10):

1
4
‖u0(t, x, ω)‖2L(G) ≤





∫

G

M |ψ∗(t, x, ω)|2dx +
∫

G




∫

G

|E(t, 0, x, ξ)|dξ×

×
∫

G

|E(t, 0, x, ξ)|dξ ·M |ϕ̃(x)|2dξ


 dx+

+
∫

G




t∫

0

∫

G

|E(t, τ, x, ξ)|dξ

∫

G

|E(t, τ, x, ξ)|M |L[ψ∗(τ, ξ, ω)]|2dξdτ


 dx+

+
∫

G




t∫

0

∫

G

|E(t, τ, x, ξ)|dξ

∫

G

|E(t, τ, x, ξ)|M |b(τ, ξ, ω)ψ∗(τ, ξ, ω)|2dξdτ


 dx



 .

�¬÷¨¢è¨ ¯®àï¤®ª ÷â¥£àã¢ ï §  x i ξ , ¤÷áâ ¥¬®

1
4
‖u0(t, x, ω)‖2L(G)≤

{
‖ψ∗(t, x, ω)‖2L(G) + c2

0

(
‖ϕ̃‖2L(G)+
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+

t∫

0

‖L[ψ∗(τ, x, ω)]‖2L(G)dτ +

t∫

0

‖b(τ, x, ω)ψ∗(τ, x, ω)‖2Ldτ






 .

�à åã¢ ¢è¨ ã¬®¢ã 6) § ä®à¬ã«î¢ ï â¥®à¥¬¨ â  ¢¢÷¢è¨ ¯®§ ç¥ï

sup
0<τ<t

‖ψ∗(τ, x, ω)‖2L(G) = ψ0(t),

t∫

0

‖L[ψ∗(τ, x, ω)]‖2L(G)dτ = ψ1(t),

t∫

0

‖b(s, x, ω)]‖2L(G)ds = b0(t),

®áâ â®ç® ¤÷áâ ¥¬® 1
4
‖u0(t, x, ω)‖2L(G) ≤

≤ {‖ψ∗(t, x, ω)‖2L(G) + c2
0(‖ϕ̃‖2L(G) + ψ1(t) + ψ0(t)

t∫

0

‖b(τ, x, ω)‖2L(G)dτ)} =

= {‖ψ∗(t, x, ω)‖2L(G) + c2
0(‖ϕ̃‖2L(G) + ψ1(t) + ψ0(t)b0(t))}. (100)

�à å®¢ãîç¨ ¥à÷¢÷áâì ( 100 ), ®æ÷¨¬® ¤ «÷

1
4
‖u1 − u0‖2L(G) ≤

1
4
c2
0

t∫

0

‖b‖2L(G)‖u0(τ, x, ω)‖2L(G)dτ) ≤

≤ 1
4

(
c2
0‖ψ∗‖2L(G) + (c2

0)
2

(
‖ϕ̃‖2L(G)b0(t) + ψ1(t)b0(t) +

1
2
ψ0(t)b2

0(t)
))

, (101)

¤¥
t∫

0

b0(t)‖b(τ, x, ω)‖2Ldτ =

t∫

0

d

dτ

b2
0(τ)
2

dτ =
1
2
b2
0(t) .

�à®¢®¤ïç¨   «®£÷ç÷ ¬÷àªã¢ ï ÷ ¢¨ª®à¨áâ®¢ãîç¨ ®æ÷ªã ( 101 ), ¬ õ¬®

1
4
‖u2 − u1‖2L(G) ≤

1
4

(
(c2

0)
2‖ψ∗‖2L(G)b0(t)+

+(c2
0)

3

(
‖ϕ̃‖2L(G) + ψ1(t)

b2
0(t)
2

+ ψ0(t)
b3
0(t)
2 · 3

))
,

(102)

1
4
‖u3 − u2‖2L(G) ≤

1
4

(
(c2

0)
3‖ψ∗‖2L(G)

b2
0(t)
2

+

+(c2
0)

4

(
‖ϕ̃‖2L(G) + ψ1(t)

b3
0(t)
2 · 3 + ψ0(t)

b4
0(t)

2 · 3 · 4
))

.

(103)

�  ÷¤ãªæ÷õî ¯à®¢¥¤¥¬® ®æ÷ªã § £ «ì®£® ç«¥ :

1
4
‖um − um−1‖2L(G) ≤

≤ 1
4

(
‖ψ∗‖2L(G)·

(c2
0b0(t))m−1

(m− 1)!
+c2

0

(
‖ϕ̃‖2L(G)+ψ1(t)+

1
m + 1

b0(t)ψ0(t)

)
(c2

0b0(t))m

m!

)
≤

≤ 1
4
c2
0

(
‖ψ∗‖2L(G) + ‖ϕ̃‖2L(G) + ψ1(t) + b0(t)ψ0(t)

) (c2
0b0(t))m

m!
. (10m)
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�â¦¥, ¤«ï áã¬¨ àï¤ã (9) á¯à ¢¤¦ãõâìáï ®æ÷ª 

‖u(t, x, ω)‖2L(G) ≤ ‖u0‖2L(G) +
∞∑

n=1

‖um − um−1‖2L(G) ≤

≤ ‖ψ∗‖2L(G) + c2
0

(
‖ϕ̃‖2L(G) + ψ1(t) + ψ0(t)b0(t)

)
+

+c2
0

(
‖ψ∗‖2L(G) + ‖ϕ̃‖2L(G) + ψ1(t) + ψ0(t)b0(t)

)
ec2

0b0(t) ≤

≤ 2c2
0

(
‖ψ∗‖2L(G) + ‖ϕ̃‖2L(G) + ψ1(t) + ψ0(t)b0(t)

)
ec2

0b0(t). (11)

�à¨¯ãáâ¨¬®, é® ¢¨ª®ãîâìáï ¥à÷¢®áâ÷

‖ψ∗‖2L(G) ≤ c‖ψ‖2L(Γ), ‖ϕ̃‖2L(G) ≤ ‖ϕ‖2L(G) + ‖ψ(0, t)‖2L(Γ),

‖L[ψ∗]‖2L(G) ≤ c1‖L[ψ]‖2L(Γ),

¤¥ c1 , c2 { ¤®¤ â÷ áâ «÷.
�®¤÷

‖u‖2L(G) ≤ 2c2
0


c2‖ψ‖2L(Γ) + ‖ϕ‖2L(G) + c1

t∫

0

(
‖dτψ(τ, x, ω)‖2L(Γ)+

+
∑

|k|≤2

‖Dk
xψ(τ, x, ω)‖2L(Γ)


 dτ + c1‖ψ‖2L(Γ)

t∫

0

‖b‖2L(G)dτ


 ec2

0b0(t).

�®§ ç¨¢è¨ max(2c2
0c1, 2c2

0c1) = c2 , § ¯¨è¥¬®

‖u‖2L(G) ≤ c2


‖ψ‖2L(Γ) + ‖ϕ‖2L(G) +

t∫

0

(
‖dτψ(τ, x, ω)‖2L(Γ)+

+
∑

|k|≤2

‖Dk
xψ(τ, x, ω)‖2L(Γ)


 dτ + ‖ψ‖2L(Γ)

t∫

0

‖b‖2L(G)dτ


 ec2

0b0(t).

�®¡ ®âà¨¬ â¨ â¢¥à¤¦¥ï â¥®à¥¬¨, áª®à¨áâ õ¬®áï ¢÷¤®¬®î ¥à÷¢÷áâî ¤«ï
ç¨á¥« (a2

1 + a2
2 + · · ·+ a2

n)1/2 ≤ |a1|+ |a2|+ · · ·+ |an| . �áâ â®ç® ¤÷áâ ¥¬®

‖u‖L(G) ≤ c



‖ψ‖L(Γ) + ‖ϕ‖L(G) +




t∫

0

(
‖dτψ(τ, x, ω)‖2L2(Γ)+

+
∑

|k|≤2

‖Dk
xψ(τ, x, ω)‖2L(Γ)dτ




1/2

+ ‖ψ‖L(Γ)




t∫

0

‖b‖2L(G)dτ




1/2




e
1
2 c2

0b0(t).♦

�â¦¥, ¯®¡ã¤®¢ ® â  ®æ÷¥® à®§¢'ï§®ª § ¤ ç÷ �÷à÷å«¥ ¤«ï à÷¢ïï, ª®¥ä÷-
æ÷õâ¨ ïª®£® § § îâì ¥¯¥à¥à¢¨å §¡ãà¥ì â¨¯ã ý¡÷«¨© èã¬þ, §  ¤®¯®¬®£®î
äãªæ÷ù òà÷  ¢÷¤¯®¢÷¤®ù ®¤®à÷¤®ù ¤¥â¥à¬÷®¢ ®ù § ¤ ç÷ ¤«ï à÷¢ïï ¤àã£®£®
¯®àï¤ªã ¯ à ¡®«÷ç®£® â¨¯ã ¢ ¯à®áâ®à÷ áã¬®¢¨å ÷§ ª¢ ¤à â®¬ äãªæ÷©.
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� ¯®¬®éìî äãªæ¨¨ �à¨  ¤®ª § ® áãé¥áâ¢®¢ ¨¥ à¥è¥¨ï ¥®¤®à®¤®© § ¤ ç¨
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¢®§¬ãé¥¨ï¬¨.

DIRICHLET PROBLEM FOR LINEAR STOCHASTIC EQUATION
OF PARABOLIC TYPE WITH CONTINUOUS PERTURBATIONS

With the help of Green's function the existence of solution to the non-homogeneous Dirichlet
problem for the linear second-order parabolic type equation with continuous perturbations is
established.
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