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�¨¢ç õâìáï § ¤ ç  § ¥«®ª «ì¨¬¨ ã¬®¢ ¬¨ ¤«ï á¨áâ¥¬ ¤¨ä¥à¥æ÷ «ì¨å à÷¢ïì
÷§ ç áâ¨¨¬¨ ¯®å÷¤¨¬¨ ¥áª÷ç¥®£® ¯®àï¤ªã. �®¡ã¤®¢ ® á¯¥æ÷ «ì÷ ¯à®áâ®à¨
(¯à®áâ®à¨ �®¡®«õ¢  ¥áª÷ç¥®£® ¯®àï¤ªã) â  ¤®á«÷¤¦¥® ùå÷ ¢« áâ¨¢®áâ÷.
�âà¨¬ ® ã¬®¢¨ ÷áã¢ ï â  õ¤¨®áâ÷ à®§¢'ï§ªã ¥«®ª «ì®ù § ¤ ç÷ ã æ¨å ¯à®-
áâ®à å.

� ®¡« áâ÷ ΩT = (0, T )× Ω , ¤¥ Ω { p -¢¨¬÷à¨© â®à, à®§£«ï¥¬® § ¤ çã

L(∂t, D) ≡
∞∑

|ŝ|=0

Aŝ∂
s0
t Dsu(t, x) = f(t, x), (1)

∂α
t u|t=0 − µ∂α

t u|t=T = 0, α = 0, 1, . . . , (2)
¤¥ x = (x1, . . . , xp) ∈ Ω , t ∈ (0, T ) , ŝ = (s0, s) , s = (s1, . . . , sp) , |ŝ| = s0 + |s| ,
|s| = s1 + · · · + sp , ∂t = ∂/∂t , Ds = Ds1

1 · · ·Dsp
p = (−1)|s|∂|s|/∂xs1

1 · · · ∂x
sp
p ; Aŝ {

¬ âà¨æ÷ ¯®àï¤ªã m ÷§ ª®¬¯«¥ªá¨¬¨ ¥«¥¬¥â ¬¨, µ { ¥ã«ì®¢¥ ª®¬¯«¥ªá¥
ç¨á«®. �ãª ¨© à®§¢'ï§®ª u = u(t, x) ÷ § ¤   äãªæ÷ï f = f(t, x) õ ¢¥ªâ®à-
äãªæ÷ï¬¨ à®§¬÷àã m .

� ¤ ç  (1), (2) ¤«ï ¢¨¯ ¤ªã ®¤®£® ¤¨ä¥à¥æ÷ «ì®£® à÷¢ïï áª÷ç¥®£®
¯®àï¤ªã ¢¨¢ç « áï ã à®¡®â÷ [6],   ¤«ï ¥áª÷ç¥®£® ¯®àï¤ªã { ã à®¡®â÷ [7].

�áâ ®¢«¥® [2, 6], é® äãªæ÷ù vkr(t, x) = eτ(r)t+i(k,x) , ¤¥ τ(r) = − ln µ/T +
+ i2πr/T , (k, x) = k1x1 + · · ·+ kpxp ,   ln µ { £®«®¢¥ § ç¥ï «®£ à¨ä¬  ç¨á« 
µ , ¯à¨ (k, r) ∈ Zp+1 § ¤®¢®«ìïîâì ã¬®¢ã (2) ÷ ãâ¢®àîîâì ¡ §ã �÷á  ã ¯à®-
áâ®à÷ L2(ΩT ) . �®¬ã à®§¢'ï§÷áâì § ¤ ç÷ (1), (2) ¤«ï à÷¢ïï ç¨ á¨áâ¥¬¨ à÷¢ïì
áª÷ç¥®£® ¯®àï¤ªã à®§£«ï¤ õâìáï ã ¯à®áâ®à å �®¡®«õ¢  áª÷ç¥®£® ¯®àï¤ªã
W q(ΩT ) , ¤¥ q ∈ R , ïª÷ ãâ¢®àîîâìáï ¯®¯®¢¥ï¬ áª÷ç¥¨å ¢¥ªâ®à-áã¬∑

ukrvkr(t, x) §  ®à¬®î ‖u‖2q =
∑

(k̃2 + r2)qu∗krukr . �ãâ áã¬  à®§¯®¢áî¤¦ã-
õâìáï, ïª ÷ áã¬¨ ¨¦ç¥ (ïªé® ¥ ¢ª § ® ÷è¥),   ¢á÷ æ÷«®ç¨á«®¢÷ ¢¥ªâ®à¨ (k, r) ,
k̃2 = 1+k2

1 + · · ·+k2
p ,   §÷à®çª  ®§ ç õ ®¯¥à æ÷î ¥à¬÷â®¢®£® á¯àï¦¥ï ¬ âà¨æ÷.

�®§¢'ï§÷áâì § ¤ ç÷ (1), (2) ¤«ï à÷¢ïï ¥áª÷ç¥®£® ¯®àï¤ªã ¢¨¢ç õâìáï ã
á¯¥æ÷ «ì¨å ¯à®áâ®à å W±∞{Aŝ} , ¢¢¥¤¥¨å ã à®¡®â÷ [7]. �¯¥àè¥ â ª÷ ¯à®áâ®à¨
¥áª÷ç¥®£® ¯®àï¤ªã ¢¢÷¢ ÷ ¤®á«÷¤¨¢ �. �. �ã¡÷áìª¨© [3{5] ¤«ï § ¤ ç÷ �÷à÷å«¥
â  ¯¥à÷®¤¨ç®ù § ¤ ç÷ ¤«ï à÷¢ïì ¥áª÷ç¥®£® ¯®àï¤ªã ¥«÷¯â¨ç®£® â  £÷¯¥à-
¡®«÷ç®£® â¨¯÷¢.

�«ï ¯®¡ã¤®¢¨ ¯à®áâ®à÷¢ W±∞{Aŝ} ã ¢¨¯ ¤ªã á¨áâ¥¬¨ ¤¨ä¥à¥æ÷ «ì¨å
à÷¢ïì ¥áª÷ç¥®£® ¯®àï¤ªã (1) à®§£«ï¥¬® ¤«ï ª®¦®£® ¢¥ªâ®à  (k, r) ∈
∈ Zp+1 ¬ âà¨æî Lkr = L

(
τ(r), k

)
÷ ¬ âà¨æî (L∗krLkr)1/2 , ¤¥ ®áâ ï ¯®§ ç õ

ª¢ ¤à â¨© ª®à÷ì ÷§ ¥à¬÷â®¢®ù ¥¢÷¤'õ¬® ¢¨§ ç¥®ù ¬ âà¨æ÷ L∗krLkr ÷ ¬ õ ¢« á÷
§ ç¥ï λ1(kr) ≥ · · ·λm(kr) ≥ 0 â ª÷, é® λm′

1
(kr) = ∞ > λm′

1+1(kr) ÷ λm1(kr) >
> λm1+1(kr) = 0 ¤«ï ¤¥ïª¨å ç¨á¥« m′

1 = m′
1(k, r) , m1 = m1(k, r), 0 ≤ m′

1 ≤ m1 ≤
≤ m . �÷¤ ç¨á«®¬ λj(k, r) à®§ã¬÷õ¬® £à ¨æî ¯à¨ n →∞ ¯®á«÷¤®¢®áâ÷ λjn(k, r)

¢« á¨å § ç¥ì ¬ âà¨æ÷
(

n∑
|ŝ|=0

A∗ŝ
(
τ∗(r)

)s0
ks

n∑
|ŝ|=0

Aŝ

(
τ(r)

)s0
ks

)1/2

÷ ¢¢ ¦ õ¬®,

é® λj(k, r) = ∞ , ª®«¨ ¯®á«÷¤®¢÷áâì λjn(k, r) à®§¡÷£ õâìáï. �¨á«  λj(k, r) õ
â ª®¦ ¢« á¨¬¨ § ç¥ï¬¨ ¬ âà¨æ÷ (LkrL

∗
kr)

1/2 . �®§ ç¨¬® ç¥à¥§ ωjkr â  γjkr
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®àâ®®à¬ «ì÷ ¢« á÷ ¢¥ªâ®à¨ ¬ âà¨æì L∗kr â  Lkr , é® ¢÷¤¯®¢÷¤ îâì ¢« á®-
¬ã § ç¥î λj(k, r) , j = m′

1 + 1, . . . , m . �¥å © ®àâ®¯à®¥ªâ®à¨ P+
0kr â  P+

∞kr

¢¨§ ç îâìáï ä®à¬ã« ¬¨ P+
0kr =

m∑
α=m1+1

ωjkrω
∗
jkr â  P+

∞kr =
m′

1+1∑
α=1

ωjkrω
∗
jkr ( P+

0kr = 0

¯à¨ m1 = m , P+
∞kr = 0 ¯à¨ m′

1 = 0 ),   ®àâ®¯à®¥ªâ®à¨ P−0kr â  P−∞kr { â ª¨¬¨
¦ ä®à¬ã« ¬¨ ÷§ § ¬÷®î ω   γ . �àâ®¯à®¥ªâ®à¨ P+

0 ÷ P+
∞ , ïª÷ ¤÷îâì ã ¯à®-

áâ®à å äãªæ÷© u =
∑

ukrvkr(t, x) , ¢¨§ ç îâìáï â ª:

P+
0 u =

∑
P+

0krukrvkr(t, x), P+
∞u =

∑
P+
∞krukrvkr(t, x).

� «®£÷ç® ¤÷îâì ®àâ®¯à®¥ªâ®à¨ P−0 ÷ P−∞ .
�§ ç¨¬® â¥¯¥à á®¡®«õ¢áìª¨© ¯à®áâ÷à ¥áª÷ç¥®£® ¯®àï¤ªã W+∞{Aŝ} ïª

¯®¯®¢¥ï ¬®¦¨¨ áª÷ç¥¨å ¢¥ªâ®à-áã¬ u(t, x) =
∑

ukrvkr(t, x) §  ®à¬®î

‖u‖2∞ = ‖(P+
∞ + P+

0 )u‖20 +
∑

u∗kr

(
L∗kr(I − P−∞kr)Lkr

)1/2
ukr. (3)

�¥© ¯à®áâ÷à õ ¥áª÷ç¥®¢¨¬÷à¨¬ ÷ é÷«ì¨¬ ã ¯à®áâ®à÷ W 0(ΩT ) , ®áª÷«ìª¨
¤«ï ¤®¢÷«ì¨å ¢¥ªâ®à÷¢ ukr ∈ R ÷ (k, r) ∈ Zp+1 äãªæ÷ï ukrvkr(t, x)  «¥¦¨âì
¤® ¯à®áâ®àã W+∞{Aŝ} .

�ªé® P+
∞ = P+

0 = 0 ÷ ¢á÷ ¬ âà¨æ÷ Lkr { ¥à¬÷â®¢÷, â® ®à¬  ã ¯à®áâ®à÷
W+∞{Aŝ} õ ¥¥à£¥â¨ç®î, â®¡â® ‖u‖2∞ =

(
L(∂t, D)u, u

)
0

=
∑

u∗krLkrukr , ¤¥
(·, ·)0 { áª «ïà¨© ¤®¡ãâ®ª ã ¯à®áâ®à÷ W 0(ΩT ) .

�¯àï¦¥¨¬ ¤® ¯à®áâ®àã W+∞{Aŝ} ¢¢ ¦ õ¬® ¯à®áâ÷à W−∞{Aŝ} , ïª¨©
ãâ¢®à¥¨© ¯®¯®¢¥ï¬ ¬®¦¨¨ áª÷ç¥¨å ¢¥ªâ®à-áã¬ f(t, x) =

∑
fkrvkr(t, x)

§  ®à¬®î

‖f‖2−∞ = ‖(P−∞ + P−0 )f‖20 +
∑

f∗kr

(
L∗]kr(I − P+

∞kr)L
]
kr

)1/2
fkr, (4)

¤¥ L]
kr ®§ ç õ ¯á¥¢¤®®¡¥à¥ã ¤® ¬ âà¨æ÷ Lkr ¬ âà¨æî [1].
�¨¡¥à¥¬® ¢¥ªâ®à¨ ωjkr â  γjkr , j = 1, . . . , m′

1, â ª, é®¡ ãâ¢®à¥÷ ¬ âà¨æ÷
Ωkr = (ω1kr, . . . , ωmkr) â  Γkr = (γ1kr, . . . , γmkr) ¡ã«¨ ã÷â à¨¬¨. �®¤÷ ç¨á«®
〈f, u〉 =

∑
u∗krΩkrΓ∗krfkr õ ¢¨§ ç¥¨¬ ¤«ï ¢á÷å ¥«¥¬¥â÷¢ u ∈ W+∞{Aŝ} , f ∈

∈ W−∞{Aŝ} , ¯à¨ç®¬ã
|〈f, u〉| ≤ ‖u‖2∞‖f‖2−∞. (5)

�â¦¥, ¥«¥¬¥â f ∈ W−∞{Aŝ} õ «÷÷©¨¬ ¥¯¥à¥à¢¨¬ äãªæ÷® «®¬  
W+∞{Aŝ} , à¥§ã«ìâ â ¤÷ù ïª®£®   ¥«¥¬¥â u ∈ W+∞{Aŝ} õ ç¨á«®¬ 〈f, u〉 .

�ªé® u ∈ W+∞{Aŝ} , â® L(∂t, D)u ∈ W−∞{Aŝ} ÷ á¯à ¢¤¦ãõâìáï à÷¢÷áâì

‖L(∂t, D)u‖2−∞ = ‖u‖2∞ − ‖(P+
∞ + P+

0 )u‖20.
�÷¤ à®§¢'ï§ª®¬ § ¤ ç÷ (1), (2) à®§ã¬÷õ¬® äãªæ÷î u ∈ W+∞{Aŝ} , ¤«ï ïª®ù

P+
∞ = 0 ÷ ¢¨ª®ãõâìáï à÷¢÷áâì 〈L(∂t, D)u,w〉 = 〈f, w〉 ¤«ï ¢á÷å äãªæ÷© w ∈
∈ W+∞{Aŝ} .

�¥®à¥¬  1. �®§¢'ï§®ª § ¤ ç÷ (1), (2) ÷§ ¯à®áâ®àã W+∞{Aŝ} ÷áãõ â®¤÷ ©
â÷«ìª¨ â®¤÷, ª®«¨ f ∈ W−∞{Aŝ} â  (P−∞ + P−0 )f = 0 , ¯à¨ç®¬ã

‖(I − P+
0 )u‖∞ = ‖f‖−∞ = ‖(I − P−∞ − P−0 )f‖−∞.

�ªé® P+
∞ + P+

0 = 0 , â® à®§¢'ï§®ª õ¤¨¨©.

� ® ¢ ¥ ¤ ¥   ï. �®§¢'ï§÷áâì § ¤ ç÷ (1), (2) ¥ª¢÷¢ «¥â  à®§¢'ï§®áâ÷
á¨áâ¥¬¨  «£¥¡à¨ç¨å à÷¢ïì Lkrukr = fkr ¯à¨ ã¬®¢÷ P+

∞krukr = 0 ¤«ï ¢á÷å
¢¥ªâ®à÷¢ (k, r) ∈ Zp+1 . �¥å © u { à®§¢'ï§®ª § ¤ ç÷ (1), (2). �®¤÷

f = Lu = L(I − P+
∞kr)(I − P+

0 )u = (I − P−∞kr)(I − P−0 )Lu ∈ W−∞{Aŝ}
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÷ ¤«ï ª®¦®ù äãªæ÷ù w ∈ W+∞{Aŝ} ®âà¨¬ õ¬®

〈(P−∞kr + P−0 )f, w〉 = 〈(P−∞kr + P−0 )(I − P−∞kr)(I − P−0 )L(∂t, D)u,w〉 = 0 = 〈0, w〉.
�÷¢÷áâì ®à¬ ‖(I − P+

0 )u‖∞ = ‖f‖−∞ ¢¨¯«¨¢ õ ÷§ ä®à¬ã«¨ (5). � ¢¯ ª¨, ïªé®
f ∈ W−∞{Aŝ} ÷ (P−∞ + P−0 )f = 0 , â®

ukr = (I − P+
∞kr)ukr = [(I − P−∞kr)Lkr]]fkr + P+

0krCkr,

¤¥ Ckr ∈ Cm { ¤®¢÷«ì¨© ¢¥ªâ®à, §¢÷¤ª¨ (I − P+
0 )u = (I − P−∞ − P−0 )f . �ªé®

¯à®¥ªâ®à P+
∞+P+

0 = 0 , â® ÷áãõ ¬ âà¨æï L−1
kr ÷ ukr = L−1

kr fkr . � æì®¬ã ¢¨¯ ¤ªã
‖u‖∞ = ‖f‖−∞ ÷ ®¯¥à â®à § ¤ ç÷ (1), (2) õ ¡÷õªâ¨¢¨¬ ¢÷¤®¡à ¦¥ï¬ ¯à®áâ®àã
W+∞{Aŝ}   ¯à®áâ÷à W−∞{Aŝ} . �¥®à¥¬ã ¤®¢¥¤¥®. ♦

�¥®à¥¬  2. �à®¥ªâ®à¨ P−∞ â  P+
∞ á¯à ¢¤¦ãîâì ã¬®¢ã P−∞ = P+

∞ = 0
â®¤÷ © â÷«ìª¨ â®¤÷, ª®«¨ ¢á÷ ¥«¥¬¥â¨ ¬ âà¨æ÷ Lkr õ áª÷ç¥¨¬¨ ¤«ï ª®¦®£®
¢¥ªâ®à  (k, r) ∈ Zp+1 .

� ® ¢ ¥ ¤ ¥   ï. �¥å © ¤«ï ¤¥ïª®£® ¢¥ªâ®à  (k, r) ∈ Zp+1 ¥«¥¬¥â
(
Lkr

)
ij

=
= e∗i Lkrej ¬ âà¨æ÷ Lkr õ à®§¡÷¦¨¬ áâ¥¯¥¥¢¨¬ àï¤®¬, â®¡â®

∣∣(Lkr

)
ij

∣∣ = ∞ .
�®¤÷ ®âà¨¬ãõ¬® â ªã ®æ÷ªã:

λ2
1 = max

ω∈Cm, ω 6=0

ω∗L∗krLkrω

ω∗ω
≥ e∗jL

∗
krLkrej =

m∑
α=1

∣∣(Lkr

)
αj

∣∣2 = ∞.

�¥ © ®§ ç õ, é® P−∞ 6= 0 ÷ P+
∞ 6= 0 .

�¡¥à¥¥ â¢¥à¤¦¥ï õ ®ç¥¢¨¤¨¬. �¥®à¥¬ã ¤®¢¥¤¥®. ♦
�®§£«ï¤ õ¬®  ¤ «÷ â ª÷ ¬ âà¨ç÷ ª®¥ä÷æ÷õâ¨ Aŝ , ¤«ï ïª¨å P−∞ = P+

∞ = 0 .
� ©¤¥¬® ¢÷¤¯®¢÷¤÷áâì ¬÷¦ á®¡®«õ¢áìª¨¬¨ ¯à®áâ®à ¬¨ ¥áª÷ç¥®£® ¯®àï¤ªã
W+∞{Aŝ} ÷ W−∞{Aŝ} â  áª÷ç¥®£® ¯®àï¤ªã W q(ΩT ) . �¥å © ¬ âà¨æï an(0)
õ ª®¥ä÷æ÷õâ®¬ ¯à¨ ¯®å÷¤÷© ∂tnt ,   ¬ âà¨æ÷ an(l) , l = 1, . . . , p , { ¯à¨ ¯®å÷¤¨å
Dn

l ¢÷¤¯®¢÷¤®. �ª« ¤¥¬® ÷§ ¥«¥¬¥â÷¢ æ¨å ¬ âà¨æì ¢¥ªâ®à an à®§¬÷àã (p+1)m2 .
�®áâ âì® ¢¢ ¦ â¨, é®, é® ¢á÷ ª®¬¯®¥â¨ æì®£® ¢¥ªâ®à   «¥¦ âì ®¤¨¨ç®¬ã
ªàã£ã B ⊂ C ÷§ æ¥âà®¬ ã ¯®ç âªã ª®®à¤¨ â. �à¨ n = 0 ¢÷¤¯®¢÷¤¨© ¢¥ªâ®à
a0 ãâ¢®àîîâì ¥«¥¬¥â¨ ¬ âà¨æ÷ A0 . �à®áâ®à¨ W±∞{Aŝ} ¢¢ ¦ õ¬® § «¥¦¨¬¨
â÷«ìª¨ ¢÷¤ ¢¥ªâ®à  an ¯à¨ ¢á÷å ÷è¨å ä÷ªá®¢ ¨å ¬ âà¨æïå Aŝ ÷ ä÷ªá®¢ ®¬ã
n ≥ 0 .

�¥®à¥¬  3. �¥å © 0 < ε < 1 , n ≥ 0 ÷ q < n/2 − (p + 1)/4 õ ä÷ªá®¢ ¨¬¨
ç¨á« ¬¨. �®¤÷ ¤«ï ¢á÷å ¢¥ªâ®à÷¢ an ∈ B(p+1)m2 \ Bnε , ¤¥ Bnε ⊂ B(p+1)m2 ÷
mes Bnε ≤ ε (¯à¨ n = 0 Bnε ⊂ Bm2 ), á¯à ¢¤¦ãõâìáï ¢ª« ¤¥ï ¯à®áâ®à÷¢
W−q(ΩT ) ⊂ W−∞{Aŝ} â  ®æ÷ª  ‖f‖−∞ ≤ C‖f‖−q , ¤¥ f õ ¤®¢÷«ì¨¬ ¥«¥¬¥-
â®¬ ÷§ ¯à®áâ®àã W−q(ΩT ) ,   C = C(n, q, p, m, µ, T ) > 0 { ¤¥ïª®î áâ «®î.

� ® ¢ ¥ ¤ ¥   ï. �¥å © µ 6= 1 ÷ n > 0 (÷è÷ ç áâª®¢÷ ¢¨¯ ¤ª¨ à®§£«ï¤ îâì-
áï   «®£÷ç®). �«ï ¬®¦¨¨ Bnε ¢¥ªâ®à÷¢ an ∈ B(p+1)m2 å®ç  ¡ ¤«ï ®¤®£®
¢¥ªâ®à  (k, r) ∈ Zp+1 ¢¨ª®ãõâìáï ¥à÷¢÷áâì ‖L−1

kr ‖ > mCq(k̃2 + r2)−q/
√

ε , ¤¥
Cq { ¤¥ïª  áâ « ,  ¡® ¬ âà¨æï L−1

kr ¥ ÷áãõ. �áª÷«ìª¨ ¬ âà¨æï Lkr «÷÷©®
§ «¥¦¨âì ¢÷¤ ª®¬¯®¥â ¢¥ªâ®à  an , â® ¬÷à  ¬®¦¨¨ B′

nε ¢¥ªâ®à÷¢ an ∈ Bnε ,
¤«ï ïª¨å å®ç  ¡ ¤«ï ®¤®£® ¢¥ªâ®à  (k, r) ∈ Zp+1 ¥ ÷áãõ ¬ âà¨æï L−1

kr , â®¡â®
detLkr = 0 , ¤®à÷¢îõ ã«¥¢÷.

� ä÷ªáãõ¬® ¢¥ªâ®à (k, r) ∈ Zp+1 ÷ ç¨á«  i , j â ª÷, é® 1 ≤ i, j ≤ m . �¥å ©
Bnεkrij { ¬®¦¨  ¢¥ªâ®à÷¢ an ∈ B(p+1)m2 \ B′

nε , ¤«ï ïª¨å ¥«¥¬¥â
(
L−1

kr

)
ij

®¡¥à¥®ù ¬ âà¨æ÷ L−1
kr á¯à ¢¤¦ãõ ®æ÷ªã

‖(L−1
kr

)
ij
‖ > Cq(k̃2 + r2)−q/

√
ε. (6)
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�ªé® Lij
kr {  «£¥¡à¨ç¥ ¤®¯®¢¥ï ¥«¥¬¥â 

(
Lkr

)
ij

¬ âà¨æ÷ Lkr , â®
(
L−1

kr

)
ij

=

= Lij
kr/ det Lkr ÷ detLkr =

∑m
α=1

(
Lkr

)
αj

Lαj
kr . �¥å © |kl| = max(|k1|, . . . , |kp|) .

�®¤÷ ¯÷¤ ¬®¦¨®î B′
nεkrij à®§ã¬÷õ¬® ¬®¦¨ã ç¨á¥« anji(0) ∈ B ¯à¨ |r| ≥

≥ |kl|  ¡® ç¨á¥« anji(l) ∈ B ¯à¨ |r| < |kl| , ¤«ï ïª¨å ¢¨ª®ãõâìáï (6) ¯à¨ ÷è¨å
ä÷ªá®¢ ¨å ª®¬¯®¥â å ¢¥ªâ®à  an .

�æ÷¨¬® ¬÷àã ¬®¦¨¨ B′
nεkrij . �ªé® Lji

kr = 0 , â® ¥à÷¢÷áâì (6) ¥ ¢¨ª®-
ãõâìáï ÷ mes B′

nεkrij = 0 , ÷ ªè¥

(
L−1

kr

)
ij

=
((

Lkr

)
ji

+
m∑

α=1, α 6=j

(
Lkr

)
αi

Lαi
kr/Lji

kr

)−1

÷ ¥à÷¢÷áâì (6) ¥ª¢÷¢ «¥â  ¥à÷¢®áâ÷ |θnaji(β)+∆krji(β)| < √
ε(k̃2+r2)q/Cq , ¤¥

θ = τ(r) , β = 0 ¯à¨ |r| ≥ |kl| , θ = τ(r) , β = 0 ¯à¨ |r| < |kl| ,   ç¨á«  ∆krji(β)
¥ § «¥¦ âì ¢÷¤ aji(β) . �®¬ã ¬÷à  ¬®¦¨¨ B′

nεkrij ¥ ¯¥à¥¢¨éãõ  ©¡÷«ìè®£®
÷§ ç¨á¥« πε(k̃2 + r2)2q|τ(r)|−2n/C2

q â  πε(k̃2 + r2)2q|kl|−2n/C2
q :

mes B′
nεkrij = πε(p + 2n)

(
max(|2π − arg µ|, | ln µ|)/T

)−2n(k̃2 + r2)2q−n|kl|−2n/C2
q .

� ªã ®æ÷ªã ®âà¨¬ õ¬® ÷ ¤«ï ¬÷à¨ ¬®¦¨¨ Bnεkrij , ÷â¥£àãîç¨ ¯® ®¡« áâ÷ ¢á÷å
ä÷ªá®¢ ¨å ª®¬¯®¥â ¢¥ªâ®à  an . � ã¢ ¦¨¢è¨, é® Bnε ⊂

⋃ m⋃
i,j=1

Bnεkrij

⋃
B′

nε ,

®âà¨¬ õ¬® ®æ÷ªã mes Bnε ≤
∑ m∑

i,j=1

mes Bnεkrij = ε ,  «¥¦¨¬ ç¨®¬ ¢¨¡à ¢è¨

áâ «ã Cq .
�â¦¥, ¤«ï ¢á÷å an ∈ B(p+1)m2 \Bnε á¯à ¢¤¦ãõâìáï ¯à®â¨«¥¦  ¥à÷¢÷áâì

‖L−1
kr ‖ ≤ mCq(k̃2 + r2)−q/

√
ε, (k, r) ∈ Zp+1. (7)

�à å®¢ãîç¨ (7) ÷ â¥, é® ¬ âà¨æï Skr =
(
LkrL

∗
kr

)−1/2
L∗−1

kr õ ã÷â à®î, ¤«ï ¢á÷å
an ∈ B(p+1)m2 \Bnε ®âà¨¬ õ¬® ¯à¨ C2 = mCq/

√
ε èãª ã ¥à÷¢÷áâì:

‖f‖2−∞ =
∑

f∗krSkrL
−1
kr fkr ≤ mCq√

ε

∑
(k̃2 + r2)−qf∗krfkr = C2‖f‖2−q.

�¥®à¥¬ã ¤®¢¥¤¥®. ♦
�ªé® ¢¨ª®ãîâìáï ã¬®¢¨ â¥®à¥¬¨ 3, â® á¯à ¢¤¦ãîâìáï â ª÷ âà¨  á«÷¤ª¨.

� á«÷¤®ª 1. �à®áâ÷à W+∞{Aŝ} ¢ª« ¤ õâìáï ã ¯à®áâ÷à W q(ΩT ) ÷ ¢¨ª®-
ãõâìáï ¥à÷¢÷áâì ‖u‖q ≤ C‖u‖∞ ¤«ï ¢á÷å äãªæ÷© u ∈ W+∞{Aŝ} .

� ® ¢ ¥ ¤ ¥   ï. �¥å © u ∈ W+∞{Aŝ} . �®¤÷ ‖u‖2q =
∑

(k̃2+r2)qy∗krL
−1
kr S∗krykr ,

¤¥ ykr =
(
L∗krLkr

)−1
ukr . �¨ª®à¨áâ ¢è¨ ¥à÷¢÷áâì (7) ÷ ã÷â à÷áâì ¬ âà¨æ÷ Skr

®âà¨¬ õ¬®, é® ‖u‖2q ≤ C2
∑

y∗krykr = C2‖u‖2∞ . � á«÷¤®ª ¤®¢¥¤¥®. ♦
� áâã¯÷ ¤¢   á«÷¤ª¨ áâ®áãîâìáï à®§¢'ï§®áâ÷ § ¤ ç÷ (1), (2) ã ¯à®áâ®à å

�®¡®«õ¢  áª÷ç¥®£® ¯®àï¤ªã â  ¢¨¯ ¤ªã á¨áâ¥¬¨ (1) áª÷ç¥®£® ¯®àï¤ªã.

� á«÷¤®ª 2. �«ï ¤®¢÷«ì®ù äãªæ÷ù f ∈ W−q(ΩT ) ÷áãõ õ¤¨¨© à®§¢'ï§®ª
§ ¤ ç÷ (1), (2) ÷§ ¯à®áâ®àã W q(ΩT ) .

� ® ¢ ¥ ¤ ¥   ï. �ªé® f ∈W−q(ΩT ), â® §  â¥®à¥¬®î 3 äãªæ÷ï f ∈W−∞{Aŝ} .
ö§ â¥®à¥¬¨ 1 ¢¨¯«¨¢ õ ÷áã¢ ï ÷ õ¤¨÷áâì à®§¢'ï§ªã § ¤ ç÷ (1), (2) ÷§ ¯à®áâ®àã
W+∞{Aŝ} , ïª¨© §   á«÷¤ª®¬ 1  «¥¦¨âì â ª®¦ ¤® ¯à®áâ®àã W q(ΩT ) . ♦
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� á«÷¤®ª 3. �¥å © Aŝ = 0 ¯à¨ |ŝ| > n ÷ f ∈ W l(ΩT ) ¯à¨ l > (p + 1)/2 .
�®¤÷ ÷áãõ õ¤¨¨© à®§¢'ï§®ª § ¤ ç÷ (1), (2) ÷§ ¯à®áâ®àã Wn(ΩT ) .

� ® ¢ ¥ ¤ ¥   ï. �®§ ç¨¬® f̃(t, x) =
∑

(k̃2 + r2)n/4+l/4fkrvkr(t, x) . �®¤÷,
®ç¥¢¨¤®, äãªæ÷ï f̃ ∈ W l/2−n/2(ΩT ) . �   á«÷¤ª®¬ 2 ÷áãõ õ¤¨¨© à®§¢'ï§®ª
ũ(t, x) =

∑
(k̃2 + r2)n/4−l/4ukrvkr(t, x) § ¤ ç÷ (1), (2) ÷§ ¯à ¢®î ç áâ¨®î f̃ , â®¬ã

§   á«÷¤ª®¬ 2 ¬ õ¬® ‖u‖2n = ‖ũ‖2n/2−l/2 ≤ C2‖f̃‖2l/2−n/2 = ‖f‖2l , é® © âà¥¡ 
¤®¢¥áâ¨. ♦
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����������� ������ ��� ������ ���������
� �������� ������������ � �������������
�������� ������������ �������

�§ãç ¥âáï § ¤ ç  á ¥«®ª «ìë¬¨ ãá«®¢¨ï¬¨ ¤«ï á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥-
¨© á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ ¡¥áª®¥ç®£® ¯®àï¤ª . �®áâà®¥ë á¯¥æ¨ «ìë¥ ¯à®-
áâà áâ¢  (¯à®áâà áâ¢  �®¡®«¥¢  ¡¥áª®¥ç®£® ¯®àï¤ª ) ¨ ¨áá«¥¤®¢ ë ¨å á¢®©áâ¢ .
�®«ãç¥ë ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï ¥«®ª «ì®© § ¤ ç¨ ¢
íâ¨å ¯à®áâà áâ¢ å.

NON-LOCAL BOUNDARY-VALUE PROBLEMS FOR
PARTIAL DIFFERENTIAL SYSTEMS IN SOBOLEV
SPACES OF INFINITE ORDER

In the paper the boundary-value problem with non-local conditions for partial di�erential
systems of in�nite order is considered. We construct some special spaces (the Sobolev spaces
of in�nite order) and investigate their properties. Conditions of existence and uniqueness of
solution to the non-local problem in the Sobolev spaces of in�nite order have been obtained.

� æ. ã-â ý�ì¢÷¢. ¯®«÷â¥å÷ª þ, �ì¢÷¢ �¤¥à¦ ®
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