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� æ¨«÷­¤à¨ç­÷© ®¡« áâ÷ ¤®á«÷¤¦¥­® ª®à¥ªâ­÷áâì § ¤ ç÷ § ­¥«®ª «ì­¨¬¨ ã¬®¢ ¬¨
¤«ï á« ¡ª® ­¥«÷­÷©­¨å à÷¢­ï­ì ¢¨á®ª®£® ¯®àï¤ªã § ç áâ¨­­¨¬¨ ¯®å÷¤­¨¬¨ â  §¬÷­-
­¨¬¨ ª®¥ä÷æ÷õ­â ¬¨ ¢ «÷­÷©­÷© ç áâ¨­÷ ®¯¥à â®à . �«ï ¬ ©¦¥ ¢á÷å (áâ®á®¢­®
¬÷à¨ �¥¡¥£ ) ¯ à ¬¥âà÷¢ § ¤ ç÷ ¢áâ ­®¢«¥­® ã¬®¢¨ ª« á¨ç­®ù à®§¢'ï§­®áâ÷ § ¤ ç÷.

�áâã¯. �¥«®ª «ì­÷ ªà ©®¢÷ § ¤ ç÷ ¤«ï ¤¨ä¥à¥­æ÷ «ì­¨å ®¯¥à â®à÷¢ ÷§ ç á-
â¨­­¨¬¨ ¯®å÷¤­¨¬¨ õ, ¢§ £ «÷, ­¥ª®à¥ªâ­¨¬¨,   ¯¨â ­­ï ¯à® ùå à®§¢'ï§­÷áâì ç áâ®
¯®¢'ï§ ­¥ § ¯à®¡«¥¬®î ¬ «¨å §­ ¬¥­­¨ª÷¢. � ¤ ç÷ § ­¥«®ª «ì­¨¬¨ ªà ©®¢¨¬¨
ã¬®¢ ¬¨, é® ã§ £ «ì­îîâì ã¬®¢¨ ¯¥à÷®¤¨ç­®áâ÷, ¤«ï ­¥«÷­÷©­¨å £÷¯¥à¡®«÷ç­¨å
à÷¢­ï­ì ÷ á¨áâ¥¬ ¢¨¢ç «¨áì, §®ªà¥¬ , ¢ [1, 5, 8{10].

� ¤ ­÷© ¯à æ÷, ïª  õ à®§¢¨âª®¬ à®¡÷â [2, 11], ¢áâ ­®¢«¥­® ã¬®¢¨ ª« á¨ç­®ù
à®§¢'ï§­®áâ÷ § ¤ ç÷ § ¤¢®â®çª®¢¨¬¨ ­¥«®ª «ì­¨¬¨ ã¬®¢ ¬¨ §  ¢¨¤÷«¥­®î §¬÷­­®î
t â  ªà ©®¢¨¬¨ ã¬®¢ ¬¨ §  x = (x1, ..., xp) ¤«ï á« ¡ª® ­¥«÷­÷©­¨å ¡¥§â¨¯­¨å
à÷¢­ï­ì §÷ §¬÷­­¨¬¨ §  x ª®¥ä÷æ÷õ­â ¬¨ ¢ «÷­÷©­÷© ç áâ¨­÷ ®¯¥à â®à .

1. �¨¦ç¥ ¡ã¤¥¬® ¢¨ª®à¨áâ®¢ã¢ â¨ â ª÷ ¯®§­ ç¥­­ï: Zp ( Zp
+ ) { ¬­®¦¨­ 

â®ç®ª Rp § æ÷«¨¬¨ (­¥¢÷¤'õ¬­¨¬¨ æ÷«¨¬¨) ª®®à¤¨­ â ¬¨; x = (x1, . . . , xp) ∈ Rp ;
(t, x) = (t, x1, . . . , xp) ∈ Rp+1 ; h = (h1, . . . , hp) ∈ Zp

+ ; |h| = h1 + . . . + hp ;
G ⊂ Rp { ­®à¬ «ì­ 1 ®¡¬¥¦¥­  ®¡« áâì [3] ÷§ £« ¤ª®î ¬¥¦¥î ∂G ;
Q = {(t, x) : t ∈ (0, T ), x ∈ G} ; Ch,γ { ª« á ¢¨§­ ç¥­¨å ¢ G äã­ªæ÷©, h -â÷
¯®å÷¤­÷ ïª¨å § ¤®¢®«ì­ïîâì ¢ G ã¬®¢ã �¥«ì¤¥à  § ¯®ª §­¨ª®¬ γ , 0 < γ 6 1 ;
Ah,γ { ª« á § ¬ª­¥­¨å ®¡« áâ¥©, ¤«ï ïª¨å äã­ªæ÷ù, é® § ¤ îâì ã «®ª «ì­¨å
ª®®à¤¨­ â å à÷¢­ï­­ï ¬¥¦®¢¨å ¯®¢¥àå®­ì æ¨å ®¡« áâ¥©, ­ «¥¦ âì Ch,γ .

2. � ®¡« áâ÷ Q à®§£«ï­¥¬® § ¤ çã

P [u] ≡
n∑

s=0

as

(
∂

∂t

)2s

Ln−su(t, x) = f(t, x) + εF (t, x, ū(t, x)), (1)

Mθ[u] ≡
2n∑

l=1

n−[l/2]∑
q=0

bql
θ Lq

(
∂l−1u

∂tl−1

∣∣∣∣
t=0

− µ
∂l−1u

∂tl−1

∣∣∣∣
t=T

)
= ϕθ(x), θ = 1, . . . , 2n, (2)

Lq−1u
∣∣
∂G

= 0, q = 1, . . . , n, (3)

¤¥ as, bql
θ ∈ C , an 6= 0 , n > 2 ; ε, µ ∈ C\{0} ; L ≡ c(x)−

p∑
i,j=1

∂
∂xi

(
aij(x) ∂

∂xj

)
{

¤¨ä¥à¥­æ÷ «ì­¨© ¢¨à § ÷§ ¤÷©á­®§­ ç­¨¬¨ ª®¥ä÷æ÷õ­â ¬¨, ¥«÷¯â¨ç­¨© ¢ G ,
L0u = u , Lqu = L(Lq−1u) , q = 1, . . . , n ; ū(t, x) =

{
∂l+|h|u

∂tl∂x
h1
1 ···∂x

hp
p

, 0 6 l+|h| 6 N
}

,
¤¥ áâ «  N , 0 6 N 6 2n− 3 , ¡ã¤¥ ¢¨§­ ç¥­  ­¨¦ç¥.

�ã­ªæ÷ï f(t, x) ­¥¯¥à¥à¢­  §  §¬÷­­®î t ÷ ¤®á¨âì £« ¤ª  §  x ¢ ®¡« áâ÷ Q ;
äã­ªæ÷ï F (t, x, ȳ) , ¤¥ ȳ = {ylh ∈ C, 0 6 l + |h| 6 N} , ­¥¯¥à¥à¢­  §  t ÷ ¤®á¨âì
£« ¤ª  §  ÷­è¨¬¨ §¬÷­­¨¬¨ ¢ ®¡« áâ÷ DN (W ) , ¤¥ DN (W ) =

{
(t, x, ȳ) : (t, x) ∈ Q,

1�¡« áâì ­ §¨¢ õâìáï ­®à¬ «ì­®î, ïªé® ¢ æ÷© ®¡« áâ÷ à®§¢'ï§­®î õ § ¤ ç  �÷à÷å«¥ ¤«ï
à÷¢­ï­­ï � ¯« á  ¯à¨ ¤®¢÷«ì­÷© ­¥¯¥à¥à¢­÷© ¬¥¦®¢÷© äã­ªæ÷ù.
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∑
06l+|h|6N

|ylh| < W < ∞
}

, â®¡â® F ∈ C(0,ζ)(DN (W )) , ¤¥ ζ { ¤®áâ â­ì® ¢¥«¨ª¥
­ âãà «ì­¥ ç¨á«®.

�à¨¯ãáâ¨¬®, é® c(x) > 0 , x ∈ G , c ∈ C2n−2,γ , aij ∈ C2n−1,γ , i, j = 1, . . . , p ,
G ∈ A2n,γ . �®¤÷ § ¤ ç  ­  ¢« á­÷ §­ ç¥­­ï [3, 6]

LX = λX, X|∂G = 0

¬ õ ¯®¢­ã ®àâ®£®­ «ì­ã (­ ¤ «÷ ¢¢ ¦ â¨¬¥¬® ùù ®àâ®­®à¬®¢ ­®î) ¢ L2(G) á¨á-
â¥¬ã ª« á¨ç­¨å ¢« á­¨å äã­ªæ÷© X = {Xk(x), k ∈ N} ,   ¢á÷ ¢« á­÷ §­ ç¥­­ï æ÷õù
§ ¤ ç÷ λk, k ∈ N , ¬­®¦¨­ã ïª¨å ¯®§­ ç¨¬® ç¥à¥§ Λ , õ ¤®¤ â­¨¬¨. �à¨ æì®¬ã
Xk ∈ C2n(G) , k ∈ N , ÷ á¯à ¢¤¦ãîâìáï â ª÷ ®æ÷­ª¨:

C1k
2/p 6 λk 6 C2k

2/p, 0 < C1 6 C2, k ∈ N, (4)

max
x∈G

∣∣∣∣∣
∂|h|Xk(x)

∂xh1
1 · · · ∂x

hp
p

∣∣∣∣∣ 6 C3λ
p/4+|h|/2
k , C3 = C3(|h|), |h| = 0, 1, . . . , 2n, k ∈ N. (5)

�ãâ ÷ ­ ¤ «÷ Cj , j = 1, . . . , 16 , { ¤®¤ â­÷ áâ «÷, ïª÷ ­¥ § «¥¦ âì ¢÷¤ k .
�®§¢'ï§®ª § ¤ ç÷ (1){(3) èãª õ¬® ã ¢¨£«ï¤÷ àï¤ã

u(t, x) =
∞∑

k=1

uk(t)Xk(x). (6)

�¢ ¦ õ¬®, é® äã­ªæ÷ù f(t, x) , F (t, x, ū(t, x)) â  ϕθ(x) , θ = 1, . . . , 2n , à®§¢¨-
¢ îâìáï ã àï¤¨ �ãà'õ §  ®àâ®­®à¬®¢ ­®î á¨áâ¥¬®î X :

f(t, x) =
∞∑

k=1

fk(t)Xk(x), fk(t) =
∫

G

f(t, x)Xk(x)dx,

ϕθ(x) = 0
∞∑

k=1

ϕθkXk(x), ϕθk =
∫

G

ϕθ(x)Xk(x)dx, θ = 1, . . . , 2n,

F (t, x, ū(t, x)) =
∞∑

k=1

Fk(t; U)Xk(x), Fk(t; U) =
∫

G

F (t, x, ūΣ(t, x))Xk(x)dx, (7)

¤¥ U = {ūm(t)}∞m=1 , ūm(t) =
(
um(t), u′m(t), . . . , u(N)

m (t)
)

,

ūΣ(t, x) =
{ ∞∑

k=1

dluk(t)
dtl · ∂|h|Xk(x)

∂x
h1
1 ···∂x

hp
p

, 0 6 l + |h| 6 N

}
.

3. �®§£«ï­¥¬® ­¥§¡ãà¥­ã (¯à¨ ε = 0) § ¤ çã (1){(3). øù à®§¢'ï§®ª u0(t, x)
èãª õ¬® ã ¢¨£«ï¤÷ àï¤ã

u0(t, x) =
∞∑

k=1

u0
k(t)Xk(x). (8)

�®¤÷ ­  ¯÷¤áâ ¢÷ (7) ª®¦­  § äã­ªæ÷© u0
k(t) , k ∈ N , õ à®§¢'ï§ª®¬ § ¤ ç÷

Pk[uk] ≡
n∑

s=0

asλ
n−s
k u

(2s)
k (t) = fk(t), (9)

Mθk[uk] ≡
2n∑

l=1

n−[l/2]∑
q=0

bql
θ λq

k

(
u

(l−1)
k (0)− µu

(l−1)
k (T )

)
= ϕθk, θ = 1, . . . , 2n. (10)
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�ªé® àï¤ (8) ÷ àï¤¨, ®âà¨¬ ­÷ § ­ì®£® ¯®ç«¥­­¨¬ ¤¨ä¥à¥­æ÷î¢ ­­ï¬ § 
§¬÷­­®î x ¤® ¯®àï¤ªã 2n − 2 ¢ª«îç­®, à÷¢­®¬÷à­® §¡÷£ îâìáï ¢ ®¡« áâ÷ Q , â®
äã­ªæ÷ï u0(t, x) , ¢¨§­ ç¥­  ä®à¬ã«®î (8), § ¤®¢®«ì­ïõ ªà ©®¢÷ ã¬®¢¨ (3).

�«ï ª®¦­®£® k ∈ N à®§£«ï¤ â¨¬¥¬® ®¤­®à÷¤­ã § ¤ çã, ïª  ¢÷¤¯®¢÷¤ õ § ¤ ç÷
(9), (10):

Pk[uk] = 0, (11)
Mθk[uk] = 0, θ = 1, . . . , 2n. (12)

�®§­ ç¨¬® ç¥à¥§ η1, . . . , ηr ­¥­ã«ì®¢÷ ª®à¥­÷ à÷¢­ï­­ï
∑n

s=0 asη
s = 0 ÷§

ªà â­®áâï¬¨ n1, . . . , nr ¢÷¤¯®¢÷¤­®; ïªé® ­ã«ì õ ª®à¥­¥¬ æì®£® à÷¢­ï­­ï ªà â-
­®áâ÷ n0 , â® ©®£® ¯®§­ ç¨¬® ç¥à¥§ η0 ( n0 +n1 + . . .+nr = n ). �®¤÷ ¤«ï ª®¦­®£®
λk ∈ Λ äã­¤ ¬¥­â «ì­  á¨áâ¥¬  à®§¢'ï§ª÷¢ à÷¢­ï­­ï (11) ¬ õ ¢¨£«ï¤

ukw(t) =
tα(w)−1

(α(w)− 1)!
exp

(√
λkβg(w)t

)
, w = 1, . . . , 2n,

¤¥ g(w) = 0 , α(w) = w ¤«ï w = 1, . . . , 2n0 ; g(w) = j , α(w) = κj ¤«ï
w = n0 + ñj + κj â  g(w) = r + j , α(w) = κj ¤«ï w = n + ñj + κj , κj =
1, . . . , nj , j = 1, . . . , r ; ñj = n0 + n1 + . . . + nj−1 ; β0 = 0 , βj = −σj , βr+j = σj ,
σj =

√|ηj | exp (i(arg ηj)/2) .
�«ï å à ªâ¥à¨áâ¨ç­®£® ¢¨§­ ç­¨ª  [7] § ¤ ç÷ (11), (12) ®âà¨¬ãõ¬® ä®à¬ã«ã

∆(λk) = B(λk)Y λd1
k

r∏

j=0

((
1− µ exp(−σj

√
λkT )

)(
1− µ exp(σj

√
λkT )

))nj

, (13)

ã ïª÷© d1 = n2 − n2
0 − (n2

1 + . . . + n2
r)/2 ,

B(λk) = det
∥∥∥∥
∑n−[l/2]

q=0
bql
θ λq

k

∥∥∥∥
2n

θ,l=1

, (14)

Y = det ‖Y0, Y1, . . . , Y2r‖ =

=
∏

06g<h62r

(βg − βh)γgγh = (−1)d2




r∏

j=1

(2σj)
n2

j





 ∏

06i<j6r

(
σ2

j − σ2
i

)2ninj


 , (15)

¤¥

Yg =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 · · · 0
βg 1 0 · · · · · ·
β2

g C1
2βg 1 · · · 0

β3
g C2

3β2
g C1

3βg · · · 1
· · · · · · · · · · · · C1

γg
βg

· · · · · · · · · · · · · · ·
β2n−1

g C2n−2
2n−1β2n−2

g C2n−3
2n−1β2n−3

g · · · C
2n−γg

2n−1 β
2n−γg
g

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, g = 0, 1, . . . , 2r,

γ0 = 2n0 , γj = γr+j = nj , j = 1, . . . , r , d2 = ((n− n0)2 − n2
1 − . . .− n2

r)/2 .
�÷ á¯÷¢¢÷¤­®è¥­ì (13){(15) ¢¨¯«¨¢ õ, é® ∆(λk) 6= 0 ¤«ï ¢á÷å λk ∈ Λ â®¤÷ ©

â÷«ìª¨ â®¤÷, ª®«¨ á¯à ¢¤¦ãîâìáï ã¬®¢¨

∀λk ∈ Λ 1− µ exp(±σj

√
λkT ) 6= 0, j = 0, 1, . . . , r, (16)

∀λk ∈ Λ B(λk) 6= 0. (17)
� ã¢ ¦¨¬®, é® ã ¢¨¯ ¤ªã ¯à®áâ¨å ª®à¥­÷¢ η1 , . . . , ηr (¯à¨ η0 = 0 ) ­¥§¡ã-

à¥­  § ¤ ç  (1){(3) õ ç áâª®¢¨¬ ¢¨¯ ¤ª®¬ § ¤ ç÷ § [9, § 12].
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�¥®à¥¬  1. �«ï õ¤¨­®áâ÷ à®§¢'ï§ªã ­¥§¡ãà¥­®ù § ¤ ç÷ (1){(3) ¢ ¯à®áâ®à÷
C2n(Q) ­¥®¡å÷¤­® â  ¤®áâ â­ì®, é®¡ ¢¨ª®­ã¢ «¨áì ã¬®¢¨ (16), (17).

� ® ¢ ¥ ¤ ¥ ­ ­ ï â¥®à¥¬¨ ¯à®¢®¤¨âìáï  ­ «®£÷ç­® ¤® ¤®¢¥¤¥­­ï â¥®à¥¬¨ 7.5
÷§ [9] â  ¢¨¯«¨¢ õ § õ¤­®áâ÷ à®§¢¨­¥­­ï äã­ªæ÷ù § ¯à®áâ®àã L2(G) ã àï¤ �ãà'õ § 
á¨áâ¥¬®î äã­ªæ÷© X . ♦

4. � ¤ «÷ ¢¢ ¦ â¨¬¥¬®, é® ¤«ï ¢á÷å λk ∈ Λ ∆(λk) 6= 0 .
�¢¥¤¥¬® â ª÷ ¯®§­ ç¥­­ï: Bθl(λk) {  «£¥¡à¨ç­¥ ¤®¯®¢­¥­­ï ã ¢¨§­ ç­¨ªã

B(λk) ¥«¥¬¥­â  θ -£® àï¤ª  â  l -£® áâ®¢¯æï; Ylw {  «£¥¡à¨ç­¥ ¤®¯®¢­¥­­ï ã
¢¨§­ ç­¨ªã Y ¥«¥¬¥­â  l -£® àï¤ª  â  w -£® áâ®¢¯æï. �®¤÷ ¤«ï ª®¦­®£® k ∈ N
÷á­ãõ õ¤¨­  äã­ªæ÷ï òà÷­  Gk(t, τ) § ¤ ç÷ (11), (12), §  ¤®¯®¬®£®î ïª®ù à®§¢'ï§®ª
§ ¤ ç÷ (9), (10) §®¡à ¦ õâìáï ä®à¬ã«®î

u0
k(t) = Hk(t) +

T∫

0

Gk(t, τ)fk(τ)dτ, k ∈ N, (18)

¤¥

Hk(t) =
1

B(λk)

2n∑
w=1

2n∑

l=1

2n∑

θ=1

ϕθkBθl(λk)Slw(λk)ukw(t), k ∈ N, (19)

Gk(t, τ) =
1
an

2n∑
w=1

(
S2n,w(λk) +

sgn(t− τ)− 1
2

· λ−n+α(w)/2
k

Y2n,w

Y

)
ukw(t−τ), (20)

k ∈ N, 0 6 t, τ 6 T,

Slw(λk) =
γg(w)−α(w)∑

δ=0

Yl,w+δ

Y
T δ

δ! λ
α(w)+δ−l

2
k

δ∑
s=0

Ds
δ(µ exp(βg(w)

√
λkT ))s

(1−µ exp(βg(w)
√

λkT ))δ+1 , l, w = 1, ..., 2n ,

Ds
δ =

∑s
ω=0(−1)s−ωCs−ω

δ+1 ωδ , δ > 0 , s = 0, 1, . . . , δ, ( D0
0 = 1 ,

∑δ
s=0 Ds

δ = δ! ).
�à¨ æì®¬ã à®§¢'ï§®ª ­¥§¡ãà¥­®ù § ¤ ç÷ (1){(3) §®¡à ¦ õâìáï ã ¢¨£«ï¤÷

u0(t, x) =
∞∑

k=1

Hk(t)Xk(x) +
∞∑

k=1

T∫

0

Gk(t, τ)fk(τ)dτXk(x). (21)

�¡÷¦­÷áâì àï¤÷¢ ã (21), ¢§ £ «÷, ¯®¢'ï§ ­  § ¯à®¡«¥¬®î ¬ «¨å §­ ¬¥­­¨ª÷¢, ®áª÷«ì-
ª¨ ¢÷¤¬÷­­÷ ¢÷¤ ­ã«ï ¢¨§­ ç­¨ª B(λk) ÷ ¢¨à §¨ 1−µ exp(±σj

√
λkT ) , j = 1, . . . , r ,

ïª÷ ¢å®¤ïâì §­ ¬¥­­¨ª ¬¨ ã ä®à¬ã«¨ (19), (20), ¬®¦ãâì ­ ¡ã¢ â¨ ïª § ¢£®¤­®
¬ «¨å §  ¬®¤ã«¥¬ §­ ç¥­ì ¤«ï ­¥áª÷­ç¥­­®ù ª÷«ìª®áâ÷ §­ ç¥­ì λk ∈ Λ .

� ã¢ ¦¥­­ï 1. �ªé® Re σj 6= 0 , 1 6 j 6 r , â® ¢ ¡ã¤ì-ïª®¬ã ®ª®«÷
®¤¨­¨æ÷ § à ¤÷ãá®¬ θ , 0 < θ < 1 , ¬÷áâ¨âìáï «¨è¥ áª÷­ç¥­­  ª÷«ìª÷áâì ç¨á¥«
µ exp(±σj

√
λkT ) , µ ∈ C , λk ∈ Λ . �®¤÷ §  ã¬®¢ (16) ¢¨ª®­ãîâìáï ®æ÷­ª¨

∣∣∣1− µ exp(±σj

√
λkT )

∣∣∣ > C4 > 0, λk ∈ Λ.

� ã¢ ¦¥­­ï 2. �ªé® Re σj = 0 , 0 6 j 6 r , |µ| 6= 1 , â® á¯à ¢¤¦ãîâìáï
®æ÷­ª¨ ∣∣∣1− µ exp(±σj

√
λkT )

∣∣∣ > |1− |µ|| > 0, λk ∈ Λ.

� ã¢ ¦¥­­ï 3. �ªé® Re σj = 0 , 1 6 j 6 r , |µ| = 1 , â® ®âà¨¬ãõ¬® ®æ÷­ª¨
∣∣∣1−µ exp(±σj

√
λkT )

∣∣∣ = 2
∣∣∣∣sin

(
arg µ± Imσj

√
λkT

2

)∣∣∣∣ > 2
π

∣∣∣arg µ± Imσj

√
λkT −m

∣∣∣ ,

¤¥ m = m(k) ∈ Z â ª¥, é® arg µ± Im σj

√
λkT −m ∈ (−π; π] .
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�æ÷­¨¬® äã­ªæ÷ù (18) ÷ ùå­÷ ¯®å÷¤­÷.
�¨ª®à¨áâ®¢ãîç¨ ­¥à÷¢­÷áâì

∣∣∣ z
1−z

∣∣∣ 6 1 + 1
|1−z| , z ∈ C\{1} , ®âà¨¬ãõ¬®, é®

¤«ï ¤®¢÷«ì­®£® ρ ∈ C , ¤«ï ïª®£® µ exp(ρT ) 6= 1 , á¯à ¢¤¦ãîâìáï ­¥à÷¢­®áâ÷

max
(t,τ)∈KT

∣∣∣∣
(

1
1− µ exp(ρT )

+
sgn(t− τ)− 1

2

)
exp(ρ(t− τ))

∣∣∣∣ 6 MZ(ρT ), (22)

max
(t,τ)∈KT

∣∣∣∣∣∣∣∣

δ∑
s=0

Ds
δ(µ exp(ρT ))s

(1− µ exp(ρT ))δ+1
exp(ρ(t− τ))

∣∣∣∣∣∣∣∣
6 Mδ!Zδ+1(ρT ), δ = 1, . . . , 2n, (23)

¤¥ M = max{|µ|, |µ|−1} , Z(ω) = 1+ |1−µ exp(ω)|−1 , KT = {(t, τ) : 0 6 t, τ 6 T} .
ö§ (18){(20) ­  ¯÷¤áâ ¢÷ (22), (23) ¤«ï q = 0, 1, . . . , 2n ®âà¨¬ãõ¬® ®æ÷­ª¨

max
t∈[0,T ]

∣∣∣∣∣
∂q

∂tq

∫ T

0

Gk(t, τ)dτ

∣∣∣∣∣ 6 C5λ
−n+q/2
k Ω(λk), (24)

max
t∈[0,T ]

∣∣∣∣∣
2n∑

w=1

Slw(λk)u(q)
kw(t)

∣∣∣∣∣ 6 C6λ
(q−l)/2
k Ω(λk), l = 1, . . . , 2n, (25)

max
t∈[0,T ]

∣∣∣∣
dqu0

k(t)
dtq

∣∣∣∣ 6 C7




2n∑

l,θ=1

|ϕθk|
∣∣∣∣
Bθl(λk)
B(λk)

∣∣∣∣ λ
−l/2
k + f̄kλ−n

k


 λ

q/2
k Ω(λk), (26)

¤¥ f̄k = max
t∈[0,T ]

|fk(t)| , Ω(λk) =
2r∑

g=0
λ

γg/2
k Zγg (βg

√
λkT ) , C5 =

M

|an| · max
16l,w62n

∣∣∣∣
Ylw

Y

∣∣∣∣×

× (max{1, T})n̄ ·max{1, σ1, . . . , σr} ·
(
max{1, λ

−1/2
1 }

)n̄

, n̄ = max{2n0, n1, . . . , nr} .
�à¨¯ãáâ¨¬®, é® ¤«ï ¢á÷å (ªà÷¬ áª÷­ç¥­­®ù ª÷«ìª®áâ÷) ç¨á¥« λk ∈ Λ ¢¨ª®­ã-

îâìáï ®æ÷­ª¨
|B(λk)| > C8λ

−δ
k , C8 > 0, δ > 0. (27)

�®¤÷ ­  ¯÷¤áâ ¢÷ (26), (27) ¤«ï q = 0, 1, . . . , 2n ®âà¨¬ãõ¬®

max
t∈[0,T ]

∣∣∣∣
dqu0

k(t)
dtq

∣∣∣∣ 6
(

C9

2n∑

θ=1

|ϕθk|λn2+δ
k + C10f̄k

)
λ
−n+q/2
k Ω(λk). (28)

5. �«ï ¢áâ ­®¢«¥­­ï ã¬®¢ ÷á­ã¢ ­­ï à®§¢'ï§ªã ­¥§¡ãà¥­®ù § ¤ ç÷ (1){(3)
¢¨ª®à¨áâ õ¬® ­ áâã¯­¥ â¢¥à¤¦¥­­ï.

�¥¬  1. �«ï ¬ ©¦¥ ¢á÷å (áâ®á®¢­® ¬÷à¨ �¥¡¥£  ¢ R ) ç¨á¥« T > 0 ÷ ¤«ï
¤®¢÷«ì­¨å ä÷ªá®¢ ­¨å a ∈ R â  µ ∈ C , |µ| = 1 , ­¥à÷¢­®áâ÷

∣∣∣1− µ exp(ia
√

λkT )
∣∣∣ > C11λ

−d
k , C11 > 0, (29)

¢¨ª®­ãîâìáï ¯à¨ d > p/2 ¤«ï ¢á÷å (ªà÷¬ áª÷­ç¥­­®ù ª÷«ìª®áâ÷) §­ ç¥­ì λk ∈ Λ .

� ® ¢ ¥ ¤ ¥ ­ ­ ï  ­ «®£÷ç­®£® â¢¥à¤¦¥­­ï ¬÷áâ¨âìáï ¢ [9, á. 62]. ♦
� ã¢ ¦¨¬®, é® §  ¢¨ª®­ ­­ï ã¬®¢ (16) ­¥à÷¢­®áâ÷ (29) á¯à ¢¤¦ãîâìáï ¤«ï

¢á÷å §­ ç¥­ì λk ∈ Λ . �à¨ æì®¬ã C11 = inf
λk∈Λ

{
λd

k |1− µ exp(ia
√

λkT )|} > 0 .
�®§­ ç¨¬® J = {j, 1 6 j 6 r : Re σj = 0, Im σj 6= 0} . � ¤ «÷ ¢¢ ¦ â¨¬¥¬®,

é® ζ0 = p+[p/2]+1+max
{

(p+1) max
16j6r,j∈J

γj ; max
06j6r,j /∈J

γj

}
6 2n ÷ N = 2n−ζ0 .
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�¥®à¥¬  2. �¥å © á¯à ¢¤¦ãîâìáï ã¬®¢¨ (16), (17), (27). �à¨¯ãáâ¨¬®, é®
|µ| = 1 ÷ á¥à¥¤ ç¨á¥« ρj , j = 1, . . . , r , õ ¤÷©á­÷ ¢÷¤'õ¬­÷. �ªé® f ∈ C(0,ζ0)(Q) ,
ϕθ ∈ Cψ(G) , θ = 1, . . . , 2n , aij ∈ Cψ−1(G), i, j = 1, . . . , p , c ∈ Cψ−2(G) , ¤¥
ψ = ζ0 + 2n2 + 2δ , â® ¤«ï ¬ ©¦¥ ¢á÷å (áâ®á®¢­® ¬÷à¨ �¥¡¥£  ¢ R ) ç¨á¥« T > 0
÷á­ãõ õ¤¨­¨© à®§¢'ï§®ª u0 ∈ C2n(Q) § ¤ ç÷ (1){(3) ¯à¨ ε = 0 , ïª¨© ­¥¯¥à¥à¢­®
§ «¥¦¨âì ¢÷¤ äã­ªæ÷© f(t, x) â  ϕθ(x) , θ = 1, . . . , 2n .

� ® ¢ ¥ ¤ ¥ ­ ­ ï. �«ï ª®¥ä÷æ÷õ­â÷¢ �ãà'õ äã­ªæ÷ù f ∈ C(0,ζ0)(Q) ¢¨ª®­ãîâìáï
®æ÷­ª¨

f̄k 6 C12(ζ)λ−ζ0/2+p/4
k ‖f‖C(0,ζ0)(Q) , k ∈ N, (30)

  ¤«ï ª®¥ä÷æ÷õ­â÷¢ �ãà'õ äã­ªæ÷© ϕθ ∈ C(0,ψ)(G) , θ = 1, . . . , 2n , ¬ õ¬®

|ϕθk| 6 C12(ψ)λ−ψ/2+p/4
k ‖ϕθ‖Cψ(G) , k ∈ N, θ = 1, . . . , 2n. (31)

ö§ ®æ÷­®ª (30), (31) ­  ¯÷¤áâ ¢÷ (4), (5) â  (28), ¢¨ª®à¨áâ®¢ãîç¨ «¥¬ã 1,
®âà¨¬ãõ¬®

‖u‖C2n(Q) 6 C13

2n∑

θ=1

‖ϕ‖Cψ(G) + C14 ‖f‖C(0,ζ0)(Q) ,

§¢÷¤ª¨ ¢¨¯«¨¢ õ ¤®¢¥¤¥­­ï â¥®à¥¬¨. ♦

�¥®à¥¬  3. �¥å © (|µ| 6= 1)∨ (J = Ø) ÷ ­¥å © á¯à ¢¤¦ãîâìáï ã¬®¢¨ (16),
(17), (27). �ªé® f ∈ C(0,ζ0)(Q) , ϕθ ∈ Cψ(G) , θ = 1, . . . , 2n , aij ∈ Cψ−1(G) ,
i, j = 1, . . . , p , c ∈ Cψ−2(G) , â® ¤«ï ¢á÷å ç¨á¥« T > 0 ÷á­ãõ õ¤¨­¨© à®§¢'ï§®ª
u0 ∈ C2n(Q) ­¥§¡ãà¥­®ù § ¤ ç÷ (1){(3), ïª¨© ­¥¯¥à¥à¢­® § «¥¦¨âì ¢÷¤ äã­ªæ÷©
f(t, x) â  ϕθ(x) , θ = 1, . . . , 2n .

� ® ¢ ¥ ¤ ¥ ­ ­ ï ¯à®¢®¤¨âìáï  ­ «®£÷ç­® ¤® ¤®¢¥¤¥­­ï â¥®à¥¬¨ 2. ♦
� ã¢ ¦¥­­ï 4. �ªé® bql

θ =
{

δθl, q = 0,
0, q > 0,

¤¥ δθl { á¨¬¢®« �à®­¥ª¥à ,

â®¡â® ¬ âà¨æï
∥∥∥

n−[l/2]∑
q=0

bql
θ λq

k

∥∥∥
2n

θ,l=1
õ ®¤¨­¨ç­®î, â® â¥®à¥¬¨ 2 ÷ 3 á¯à ¢¤¦ã¢ â¨-

¬ãâìáï, ïªé®

ϕθ∈Cζ0+2n−θ(G), θ = 1, . . . , 2n; aij ∈Cζ0+2n−2(G), i, j = 1, . . . , p; c ∈ Cζ0+2n−3(G).

6. �®§£«ï­¥¬® â¥¯¥à §¡ãà¥­ã ( ε 6= 0) § ¤ çã (1){(3). øù à®§¢'ï§®ª èãª õ¬®
ã ¢¨£«ï¤÷ àï¤ã (6).

�¢¥¤¥¬® â ª÷ ¯®§­ ç¥­­ï: Θ(u0, R) = {u ∈ C2n(Q) :
∥∥u− u0

∥∥
C2n(Q)

6 R} , ¤¥
u0 = u0(t, x) { à®§¢'ï§®ª ­¥§¡ãà¥­®ù § ¤ ç÷ (1) { (3); F̃ζ = ‖F (t, x, ȳ)‖C(0,ζ)(DN (W )) ;
Φ = 1 + R +

∥∥u0
∥∥

C2n(Q)
. � ¤ «÷ ¡ã¤¥¬® ¢¢ ¦ â¨, é® W >

∥∥u0
∥∥

C2n(Q)
+ R .

�à å®¢ãîç¨ ä®à¬ã«ã (6), ®âà¨¬ãõ¬®, é® § ¤ ç  (1){(3) ¥ª¢÷¢ «¥­â­  ­¥«÷-
­÷©­®¬ã ÷­â¥£à «ì­®¬ã à÷¢­ï­­î

u(t, x) = u0(t, x) + ε

∫

Q

K(t, x, τ, ξ)F (τ, ξ, ū(τ, ξ))dτdξ (32)

§  ã¬®¢¨, é® àï¤
∞∑

k=1

Gk(t, τ)Xk(x)Xk(ξ) (33)

à÷¢­®¬÷à­® §¡÷£ õâìáï ¢ ®¡« áâ÷ Q×Q ¤® äã­ªæ÷ù K(t, x, τ, ξ) .
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ö§ ®æ÷­®ª (4), (5), (22), (23) â  «¥¬¨ 1 ¢¨¯«¨¢ õ à÷¢­®¬÷à­  §¡÷¦­÷áâì àï¤ã
(33) ¢ ®¡« áâ÷ Q × Q ¯à¨ ζ0 6 2n ¤«ï ¬ ©¦¥ ¢á÷å (áâ®á®¢­® ¬÷à¨ �¥¡¥£  ¢ R)
ç¨á¥« T > 0 .

�®¤ ¬® à÷¢­ï­­ï (32) ã ¢¨£«ï¤÷ ®¯¥à â®à­®£® à÷¢­ï­­ï

u(t, x) = Au0 u(t, x), (34)

¤¥ ®¯¥à â®à Av § ¤ ­¨© â ª: Avu(t, x) = v(t, x)+ε
∞∑

k=1

Xk(x)
T∫
0

Gk(t, τ)Fk(τ ; U)dτ .

�ªé® F ∈ C(0,ζ)(DN (W )) , ζ 6 ζ0 , â® ¤«ï ¤®¢÷«ì­®£® ¥«¥¬¥­â  u ∈ Θ(u0, R)
á¯à ¢¤¦ãîâìáï ®æ÷­ª¨

|Fk(τ ; U)| 6 C15λ
−ζ/2+p/4
k

(
1 + ‖u‖C2n(Q)

)ζ

F̃ζ 6 C15λ
−ζ/2+p/4
k ΦζF̃ζ . (35)

�ªé®, ªà÷¬ â®£®, F ∈ C(0,ζ+1)(DN (W )) , â® ¤«ï ¤®¢÷«ì­¨å u1, u2 ∈ Θ(u0, R)
¢¨ª®­ãîâìáï ®æ÷­ª¨

|Fk(τ ; U2)− Fk(τ ;U1)| 6 2ζ0C15λ
−ζ/2+p/4
k ΦζF̃ζ+1 ‖u2 − u1‖C2n(Q) , (36)

¤¥ C15 = 2ζ2
0 ζ0!C3λ̃

(
‖c‖C2n−2(G)+2

p∑
i,j=1

‖aij‖C2n−1(G)

)n

mesG , C3 = max
06q62r

{C3(q)} ,

C3(q) { áâ «÷ § ®æ÷­®ª (5). �®¤÷ § (20), (24), (35), (36) ¯à¨ q = 0, 1, . . . , 2n ®âà¨-
¬ãõ¬® â ª÷ ®æ÷­ª¨:

max
t∈[0,T ]

∣∣∣∣∣∣
dq

dtq

T∫

0

Gk(t, τ)Fk(τ ; U)dτ

∣∣∣∣∣∣
6 C16λ

−n+(q−ζ)/2+p/4
k Ω(λk), (37)

max
t∈[0,T ]

∣∣∣∣∣∣
dq

dtq

T∫

0

Gk(t, τ) (Fk(τ ; U2)− Fk(τ ; U1)) dτ

∣∣∣∣∣∣
6

6 C17λ
−n+(q−ζ)/2+p/4
k Ω(λk) ‖u2 − u1‖C2n(Q) , (38)

¤¥ C16 = C5C15ΦζF̃ζ , C17 = 2ζ0C5C15ΦζF̃ζ+1 .
�¥å © ε0 = R|an|

(
(2r + 1)Cp+1

2n+p+1MŶ (C3)2T̃ n̄
(
max{1, C

−1/2
1 })n̄+1

σ̃ mes G×

×(‖c‖C2n−2(G)+2
p∑

i,j=1

‖aij‖C2n−1(G)

)n
ζ0!2ζ0(ζ0+1)Φζ0 F̃ζ0+1S

)−1

, ¤¥ S = (1+C̃−1
4 )n̄×

×(
max{C2, C2/C1}

)−ζ0/2+p/4+n̄/2 ∞∑
k=1

k−1− 1
2p , ïªé® J = Ø , ÷ S = (1 + C−1

1 +

+C̃−1
4 +C̃−1

11 )n̄
(
max{C2, C2/C1}

)−ζ0/2+p/4+(d+1/2)n̄ ∞∑
k=1

k−1− 1
2p + 2d−p

p , ïªé® J 6= Ø ;

C̃4 = inf
λk∈Λ,j /∈J

∣∣1−µ exp(±σj

√
λkT )

∣∣ > 0 , C̃11 = inf
λk∈Λ,j∈J

{λd
k

∣∣1−µ exp(±σj

√
λkT )

∣∣} > 0 ,
d ∈ (p/2, p/2 + 1/4) .

�¥®à¥¬  4. �¥å © ¢¨ª®­ãîâìáï ã¬®¢¨ â¥®à¥¬¨ 2. �ªé®

F ∈ C(0,ζ0+1)(DN (W )),

â® ¯à¨ |ε| < ε0 ¤«ï ¬ ©¦¥ ¢á÷å (áâ®á®¢­® ¬÷à¨ �¥¡¥£  ¢ R) ç¨á¥« T > 0 ÷á­ãõ
õ¤¨­¨© à®§¢'ï§®ª § ¤ ç÷ (1){(3) § ¯à®áâ®àã C2n(Q) , ïª¨© ­¥¯¥à¥à¢­® § «¥¦¨âì
¢÷¤ f(t, x) , ϕθ(x) , θ = 1, . . . , 2n .
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� ® ¢ ¥ ¤ ¥ ­ ­ ï. �®ª ¦¥¬®, é® ¤«ï |ε| 6 ε0 ®¯¥à â®à Au0 ¯¥à¥¢®¤¨âì ªã«î
Θ(u0, R) ¢ á¥¡¥. �÷©á­®, ¤«ï u ∈ Θ(u0, R) ÷§ (34), (37) ®âà¨¬ãõ¬®

∥∥u0 −Au0u
∥∥

C2n(Q)
6

∥∥∥∥∥ε

∞∑

k=1

Xk(x)
∫ T

0

Gk(t, τ)Fk(τ ; ū)dτ

∥∥∥∥∥
C2n(Q)

6

6 |ε|C16

∑

06l+|h|62n

∞∑

k=1

C3(|h|)λ−n+(l+|h|−ζ0)/2+p/4
k Ω(λk) 6 R.

�®ª ¦¥¬® â¥¯¥à, é® ¯à¨ |ε| < ε0 ®¯¥à â®à Au0 õ ®¯¥à â®à®¬ áâ¨áªã. �÷©á-
­®, ïªé® u1, u2 ∈ Θ(u0, R) , â® ­  ¯÷¤áâ ¢÷ (34), (38) ®âà¨¬ãõ¬®

‖Au0u2 −Au0u1‖C2n(Q) 6 |ε|
∥∥∥∥∥∥

∞∑

k=1

Xk(x)

T∫

0

Gk(t, τ) (Fk(τ ; ū2)−Fk(τ ; ū1)) dτ

∥∥∥∥∥∥
C2n(Q)

6

6 ‖u2 − u1‖C2n(Q) ε−1
0 |ε|.

�â¦¥, §  ã¬®¢ â¥®à¥¬¨ § ¤ ç  (1){(3) ¥ª¢÷¢ «¥­â­  à÷¢­ï­­î (34). �¨ª®à¨á-
â®¢ãîç¨ ¯à¨­æ¨¯ � çç®¯¯®«÷{� ­ å  ¯à® ­¥àãå®¬ã â®çªã [4, à®§¤. 16], ®âà¨-
¬ãõ¬®, é® à÷¢­ï­­ï (34) ¬ õ õ¤¨­¨© à®§¢'ï§®ª;   ®áª÷«ìª¨ ®¯¥à â®à Au0 õ ­¥¯¥-
à¥à¢­¨¬ §  u0, â® © à®§¢'ï§®ª à÷¢­ï­­ï (34) ­¥¯¥à¥à¢­® § «¥¦¨âì ¢÷¤ u0(t, x) .
� áâ®á®¢ãîç¨ â¢¥à¤¦¥­­ï â¥®à¥¬¨ 2, ®âà¨¬ãõ¬®, é® ÷á­ãõ õ¤¨­¨© à®§¢'ï§®ª § -
¤ ç÷ (1){(3), ïª¨© ­¥¯¥à¥à¢­® § «¥¦¨âì ¢÷¤ f(t, x) , ϕθ(x) , θ = 1, . . . , 2n .

�¥®à¥¬ã ¤®¢¥¤¥­®. ♦
�¥®à¥¬  5. �¥å © ¢¨ª®­ãîâìáï ã¬®¢¨ â¥®à¥¬¨ 3. �ªé®

F ∈ C(0,ζ0)(DN (W )),

â® ¯à¨ |ε| < ε0 ¤«ï ¢á÷å ç¨á¥« T > 0 ÷á­ãõ õ¤¨­¨© à®§¢'ï§®ª § ¤ ç÷ (1){(3) §
¯à®áâ®àã C2n(Q) , ïª¨© ­¥¯¥à¥à¢­® § «¥¦¨âì ¢÷¤ f(t, x) , ϕθ(x) , θ = 1, . . . , 2n .

� ® ¢ ¥ ¤ ¥ ­ ­ ï ¯à®¢®¤¨âìáï §  áå¥¬®î ¤®¢¥¤¥­­ï â¥®à¥¬¨ 4. ♦
�'ïáãõ¬® ã¬®¢¨, §  ïª¨å ¢¨ª®­ãõâìáï ®æ÷­ª  (27). �¨§­ ç­¨ª B(λk) õ ¬­®£®-

ç«¥­®¬ áâ¥¯¥­ï 4n2 ¢÷¤­®á­® λk , ÷ ©®£® ¬®¦­  ¯®¤ â¨ ã ¢¨£«ï¤÷

B(λk) =
4n2∑

Ψ=0

BΨλΨ
k =

4n2∑

Ψ=0

ReBΨλΨ
k + i

4n2∑

Ψ=0

ImBΨλΨ
k . (39)

�®§­ ç¨¬® ç¥à¥§ wR ∈ R4n2+1 â  wI ∈ R4n2+1 ¢¥ªâ®à¨, áª« ¤¥­÷ ¢÷¤¯®¢÷¤­®
÷§ ª®¥ä÷æ÷õ­â÷¢ ReBΨ â  ImBΨ ¬­®£®ç«¥­  (39).

�¥®à¥¬  6. �«ï ¬ ©¦¥ ¢á÷å (áâ®á®¢­® ¬÷à¨ �¥¡¥£  ¢ R4n2+1) ¢¥ªâ®à÷¢
wR â  ¤®¢÷«ì­®£® ä÷ªá®¢ ­®£® wI ( ¡® ¤«ï ¬ ©¦¥ ¢á÷å wI â  ¤®¢÷«ì­¨å ä÷ªá®-
¢ ­¨å wR) ­¥à÷¢­÷áâì (27) ¢¨ª®­ãõâìáï ¯à¨ δ > p/2 ¤«ï ¢á÷å (ªà÷¬ áª÷­ç¥­­®ù
ª÷«ìª®áâ÷) ç¨á¥« λk ∈ Λ .

� ® ¢ ¥ ¤ ¥ ­ ­ ï. � ã¢ ¦¨¬®, é®

|B(λk)| > max {|Re B(λk)| , |Im B(λk)|} , λk ∈ Λ.

�ã¯¨­¨¬®áï ­  à®§£«ï¤÷ Re B(λk) , ¯à¨¯ãáâ¨¢è¨, ­¥ ®¡¬¥¦ãîç¨ § £ «ì­®áâ÷,
é® áâ¥¯÷­ì æì®£® ¬­®£®ç«¥­  ¢÷¤¬÷­­¨© ¢÷¤ ­ã«ï.

�ªé® ¢÷«ì­¨© ç«¥­ ¬­®£®ç«¥­  Re B(λk) ¢÷¤¬÷­­¨© ¢÷¤ ­ã«ï, â® ¤®¢¥¤¥­­ï
â¥®à¥¬¨ ¯à®¢®¤¨âìáï §  áå¥¬®î ¤®¢¥¤¥­­ï â¥®à¥¬¨ 3.4 ÷§ [9],   ïªé® ¢÷­ ¤®à÷¢­îõ
­ã«¥¢÷, â® ¤®¢¥¤¥­­ï ¡ §ãõâìáï ­  â¥®à¥¬ å 3.2 â  3.3 ÷§ [9]. ♦
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C2n(Q) ¤«ï è¨àè¨å ª« á÷¢ äã­ªæ÷© f(t, x) , F (t, x, ȳ) , ϕθ(x) , θ = 1, . . . , 2n .
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PROBLEM WITH NON-LOCAL CONDITIONS FOR
WEAK-NONLINEAR EQUATIONS WITH VARIABLE
COEFFICIENTS IN MAIN PART OF OPERATOR

Correctness of the problem with non-local boundary conditions for high-order weakly nonli-
near partial di�erential equations with variable coe�cients in the linear part of operator in
the cylindrical domain is investigated. Conditions of classical solvability of the problem are
established for almost all (concerning Lebesgue's measure) parameters of the problem.
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