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�á¨¬¯â®â¨ç÷ ä®à¬ã«¨ ¤«ï ¢¥«¨ª¨å § ç¥ì ¯ à ¬¥âà  à®§¢'ï§ª÷¢ á¨£ã«ïà®£®
¤¨ä¥à¥æ÷ «ì®£® à÷¢ïï ¤®§¢®«ïîâì ®æ÷¨â¨ äãªæ÷î òà÷  ªà ©®¢®ù § ¤ ç÷.
�  ¤®¯®¬®£®î æ÷õù ®æ÷ª¨ ¯®¡ã¤®¢ ® à®§¢¨¥ï §  ¢« á¨¬¨ äãªæ÷ï¬¨ á¨£ã-
«ïà®£® ¤¨ä¥à¥æ÷ «ì®£® ®¯¥à â®à  ã ¢¨¯ ¤ªã ¯à®áâ¨å ¢« á¨å § ç¥ì.

�áâã¯. �÷÷©÷ ¤¨ä¥à¥æ÷ «ì÷ ®¯¥à â®à¨, ¯®à®¤¦¥÷ ¤¨ä¥à¥æ÷ «ì¨¬¨
¢¨à § ¬¨ § £« ¤ª¨¬¨ ª®¥ä÷æ÷õâ ¬¨, ¢¨¢ç¥® ¢ «÷â¥à âãà÷ ¤®á¨âì ¤®¡à¥ (¤¨¢.,
 ¯à¨ª« ¤, [5]). �áâ ÷¬ ç á®¬ ¯®ï¢¨«®áì ç¨¬ «® à¥§ã«ìâ â÷¢, ïª÷ â÷õî ç¨ ÷è®î
¬÷à®î ã§ £ «ìîîâì ¤®á«÷¤¦¥ï á¯¥ªâà «ì¨å ¢« áâ¨¢®áâ¥© æ¨å ®¯¥à â®à÷¢.
�®ªà¥¬ , ¬®¦  §£ ¤ â¨ ¯à¥¤áâ ¢¨ª÷¢ «ì¢÷¢áìª®ù [7] ÷ ª¨ù¢áìª®ù [2] ¬ â¥¬ â¨ç-
¨å èª÷«, ïª÷ ¤®áï£«¨ § ç¨å ãá¯÷å÷¢   æì®¬ã óàãâ÷. �¡è¨àã ¡÷¡«÷®£à ä÷î
é®¤® ¤¨ä¥à¥æ÷ «ì¨å ®¯¥à â®à÷¢ ÷§ á¨£ã«ïà®áâï¬¨ ¬®¦  § ©â¨ ¢ [1].

�«÷¤ § § ç¨â¨, é® á¯àï¦¥÷ ¤¨ä¥à¥æ÷ «ì÷ ¢¨à §¨ ¬÷áâïâì ¤®¤ ª¨ ¢¨-
£«ï¤ã (p(x)y)(n) , ïª÷ ¯à¨ ¥¤®áâ â÷© £« ¤ª®áâ÷ ª®¥ä÷æ÷õâ  p(x) ¥ ¬®¦ 
§¢¥áâ¨ n -ªà â¨¬ ¤¨ä¥à¥æ÷î¢ ï¬ ¤® §¢¨ç ©¨å ¤¨ä¥à¥æ÷ «ì¨å. øå ¯à¨-
©ïâ®  §¨¢ â¨ ª¢ §÷¤¨ä¥à¥æ÷ «ì¨¬¨. �¤¨¬ §  ©¤ ¢÷è¨å á¯®á®¡÷¢ ùå
¤®á«÷¤¦¥ï õ ¬¥â®¤ ¢¢¥¤¥ï ª¢ §÷¯®å÷¤¨å [10]. (�¢ §÷¯®å÷¤÷ { æ¥ ª®¬¯®¥â¨
¢¥ªâ®à , §  ¤®¯®¬®£®î ïª®£® §¤÷©áîõâìáï §¢¥¤¥ï ª¢ §÷¤¨ä¥à¥æ÷ «ì®£®
à÷¢ïï ¤® á¨áâ¥¬¨ ¤¨ä¥à¥æ÷ «ì¨å à÷¢ïì ¯¥àè®£® ¯®àï¤ªã.)

�®§£«ï¥¬® ¤¨ä¥à¥æ÷ «ì¨© ¢¨à §

ln(y) ≡ y(n) + p1(x)y(n−1) + p2(x)y(n−2) + . . . + pn(x)y,

¤¥ p1(x) ≡ 0 , pi = q′i , qi ∈ BV+[a, b] , i = 2, n (¯÷¤ BV+[a, b] âãâ à®§ã¬÷õ¬® ¯à®-
áâ÷à ¥¯¥à¥à¢¨å á¯à ¢  äãªæ÷© ®¡¬¥¦¥®ù   ¯à®¬÷¦ªã [a, b] ¢ à÷ æ÷ù). �âà¨å
®§ ç õ ã§ £ «ì¥¥ ¤¨ä¥à¥æ÷î¢ ï,  , ®â¦¥, pi(x) { ¬÷à¨ [9]. �ãªæ÷ù pi(x) ,
qi(x) ¢¢ ¦ â¨¬¥¬® ª®¬¯«¥ªá®§ ç¨¬¨.

�¢ §÷¯®å÷¤÷ ¢ á¥á÷ á¯àï¦¥®£® ¤® ln(y) ª¢ §÷¤¨ä¥à¥æ÷ «ì®£® ¢¨à §ã

l∗n(y) ≡ (−1)ny(n) +
n∑

j=2

(−1)n−j(p̄jy)(n−j)

(âãâ à¨áª  §¢¥àåã ®§ ç õ ª®¬¯«¥ªá¥ á¯àï¦¥ï) ¢¨§ ç îâìáï ä®à¬ã« ¬¨ [8]
y{0}

df
= y , y{i} = p̄iy − (y{i−1})′ , i = 1, n .
�ä®à¬ã«îõ¬® â ªã ªà ©®¢ã § ¤ çã:

ln(y) = λy, (1)

Uν(y) = ανy(kν)(a) + βνy(kν)(b) +
kν−1∑

j=0

[
ανjy

(j)(a) + βνjy
(j)(b)

]
= 0, ν = 1, n, (2)

¤¥ λ { ª®¬¯«¥ªá¨© ¯ à ¬¥âà, n − 1 ≥ k1 ≥ k2 ≥ . . . ≥ kn ≥ 0 , ks+2 < ks ,
|αν |+ |βν | > 0 .

�÷¢ïï (1) è«ïå®¬ ¢¢¥¤¥ï ¢¥ªâ®à  Y = (y, y′, . . . , y(n−1))T §¢®¤¨âìáï
¤® á¨áâ¥¬¨ ¤¨ä¥à¥æ÷ «ì¨å à÷¢ïì ¯¥àè®£® ¯®àï¤ªã Y ′ = C ′(x)Y , ïª  õ
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ª®à¥ªâ®î [8] ¢ á«÷¤®ª â®â®¦®áâ÷ [∆C(x)]2 ≡ [C(x)− C(x− 0)]2 ≡ 0 , é® ¢¨-
ª®ãõâìáï §  à åã®ª p1(x) ≡ 0 (¢§ £ «÷ ª ¦ãç¨, ¤®áâ âì® ¢¨¬®£¨ ∆q1(x) ≡ 0 ).

�®¦  ¤®¢¥áâ¨ [8], é® à®§¢'ï§®ª à÷¢ïï (1) § ¯®ç âª®¢¨¬¨ ã¬®¢ ¬¨
y(ν)(a) = cν , ν = 0, n− 1 , ÷áãõ ÷ õ õ¤¨¨¬ ã ª« á÷  ¡á®«îâ® ¥¯¥à¥à¢¨å   [a, b]
äãªæ÷©, y(k) ∈ AC[a, b] , k = 1, n− 2 , y(n−1) ∈ BV+[a, b] (âãâ AC[a, b] ¯®§ ç õ
¯à®áâ÷à  ¡á®«îâ® ¥¯¥à¥à¢¨å   ¯à®¬÷¦ªã [a, b] äãªæ÷©). � «®£÷ç®, ÷áãõ
õ¤¨¨©  ¡á®«îâ® ¥¯¥à¥à¢¨© à®§¢'ï§®ª à÷¢ïï l∗n(y) = λ̄y § ¯®ç âª®¢¨¬¨
ã¬®¢ ¬¨ y{ν}(a) = c̃ν , ν = 0, n− 1 ,   y{k} ∈ BV+[a, b] , k = 1, n− 1 .

�¨ä¥à¥æ÷ «ì¨© ¢¨à § ln(y) ÷ ªà ©®¢÷ ã¬®¢¨ (2) ¯®à®¤¦ãîâì ¤¨ä¥à¥-
æ÷ «ì¨© ®¯¥à â®à L § ®¡« áâî ¢¨§ ç¥ï

D(L) =
{

y(x) : y(k)∈AC[a, b], k = 0, n− 2, y(n−1)∈BV+[a, b], Uν(y) = 0, ν = 1, n
}
,

ïª¨© ¤÷õ § ¯à®áâ®àã BV+[a, b] ã ¯à®áâ÷à ¬÷à.
� æ÷© áâ ââ÷ ¯®¡ã¤®¢ã à®§¢¨¥ï §  ¢« á¨¬¨ äãªæ÷ï¬¨ §¤÷©á¨¬® §  áå¥-

¬®î,   «®£÷ç®î ¤® ¢¨¯ ¤ªã ¤¨ä¥à¥æ÷ «ì®£® à÷¢ïï § £« ¤ª¨¬¨ ª®¥ä÷æ÷-
õâ ¬¨, ®¤ ª ¯à¨ æì®¬ã áãââõ¢® ¢¨ª®à¨áâ õ¬®  á¨¬¯â®â¨ç÷ ä®à¬ã«¨ «÷÷©®
¥§ «¥¦®ù á¨áâ¥¬¨ à®§¢'ï§ª÷¢ à÷¢ïï [3] ÷ ¢« áâ¨¢®áâ÷ äãªæ÷ù òà÷  [4], ¯à¨
¢áâ ®¢«¥÷ ïª¨å (ïª ÷ ¯à¨ ¤®¢¥¤¥÷ â¥®à¥¬¨ 3) ¤®¢¥«®áì ¯®¤®« â¨ ¤¥ïª÷
á¯¥æ¨ä÷ç÷ âàã¤®é÷, ¯®¢'ï§ ÷ §  ï¢÷áâî δ -äãªæ÷© ã ª®¥ä÷æ÷õâ å.

1. �¥£ã«ïà÷ ªà ©®¢÷ ã¬®¢¨. �¥å © ω1 , ω2 , . . . , ωn { ãá÷ à÷§÷ ª®à¥÷
n -£® áâ¥¯¥ï § −1 .

�§ ç¥ï. �«ï n ¥¯ à®£® ( n = 2µ − 1 ) ªà ©®¢÷ ã¬®¢¨ (2)  §¢¥¬®
à¥£ã«ïà¨¬¨ ¤«ï § ¤ ç÷ (1), (2), ïªé® ç¨á«  θ0 ÷ θ1 , é® ¢¨§ ç îâìáï
á¯÷¢¢÷¤®è¥ï¬

θ0 + θ1s =

∣∣∣∣∣∣∣∣∣∣

α1ω
k1
1 · · · α1ω

k1
µ−1 (α1 + sβ1)ωk1

µ β1ω
k1
µ+1 · · · β1ω

k1
n

α2ω
k2
1 · · · α2ω

k2
µ−1 (α2 + sβ2)ωk2

µ β2ω
k2
µ+1 · · · β2ω

k2
n

· · · · · · · · · · · · · · · · · · · · ·
αnωkn

1 · · · αnωkn
µ−1 (αn + sβn)ωkn

µ βnωkn
µ+1 · · · βnωkn

n

∣∣∣∣∣∣∣∣∣∣

, (3)

õ ¢÷¤¬÷¨¬¨ ¢÷¤ ã«ï. �«ï n ¯ à®£® ( n = 2µ ) ®à¬®¢ ÷ ªà ©®¢÷ ã¬®¢¨ (2)
 §¢¥¬® à¥£ã«ïà¨¬¨ ¤«ï æ÷õù § ¤ ç÷, ïªé® ¡ã¤ãâì ¢÷¤¬÷¨¬¨ ¢÷¤ ã«ï ç¨á« 
θ−1 ÷ θ1 , é® ¢¨§ ç îâìáï à÷¢÷áâî θ−1/s + θ0 + θ1s = D , ¤¥ ¢¨§ ç¨ª D
¢÷¤à÷§ïõâìáï ¢÷¤ ¯®¯¥à¥¤ì®£® â¨¬, é® (µ + 1) -© áâ®¢¯¥æì ã ì®¬ã áª« ¤ õâìáï
§ ¥«¥¬¥â÷¢ (αj + βj/s)ωkj

µ+1 , j = 1, n .

2. �æ÷ª  äãªæ÷ù òà÷ . �ã¤¥¬® ¢¢ ¦ â¨, ¥ ¢âà ç îç¨ § £ «ì®áâ÷,
é® Ly = 0 «¨è¥ ¯à¨ y = 0 . �÷©á®, ¢ ¯à®â¨«¥¦®¬ã ¢¨¯ ¤ªã ¤®á¨âì § ¬÷¨â¨
ln(y) ¢¨à §®¬ ln(y)−cy , ¤¥ c { ¤®¢÷«ì¥ ç¨á«®, ¢÷¤¬÷¥ ¢÷¤ ãá÷å ¢« á¨å § ç¥ì
ªà ©®¢®ù § ¤ ç÷ (1), (2). � ª¥ ç¨á«® ÷áãõ, ®áª÷«ìª¨  á¨¬¯â®â¨ç÷ ä®à¬ã«¨ [3] á¢÷¤-
ç âì, é® ªà ©®¢  § ¤ ç  (1), (2) ¬ õ «¨è¥ §«÷ç¥ã ¬®¦¨ã ¢« á¨å § ç¥ì.
�¥å © ¢á÷ ¢« á÷ § ç¥ï ªà ©®¢®ù § ¤ ç÷ (1), (2) õ ¯à®áâ¨¬¨, ®¯¥à â®à L ¬ õ
äãªæ÷î òà÷  G(x, s) = G(x, s, 0) .

�®ª« ¤¥¬® â¥¯¥à λ = −ρn ÷ à®§÷¡'õ¬® ¢áî ª®¬¯«¥ªáã ρ -¯«®é¨ã   2n
á¥ªâ®à÷¢ Sq , q = 0, 2n− 1 , ¤¥ Sq = {ρk : qπ/n ≤ arg ρ ≤ (q + 1)π/n} . �¥à¥§ Tq

¯®§ ç¨¬® á¥ªâ®à § ¢¥àè¨®î ¢ â®çæ÷ ρ = −c , é® ãâ¢®àîõâìáï § Sq è«ïå®¬
§áã¢ã ρ → ρ + c .

�®§£«ï¥¬® ¢ ª®¬¯«¥ªá÷© λ -¯«®é¨÷ ¯®á«÷¤®¢÷áâì ª÷« Γk , k = 1, 2, . . . ,
§÷ á¯÷«ì¨¬ æ¥âà®¬ ã ¯®ç âªã ª®®à¤¨ â, é® ¬ îâì  áâã¯÷ ¢« áâ¨¢®áâ÷:
1 ) à ¤÷ãá Rk ª®«  Γk ¥®¡¬¥¦¥® §à®áâ õ ¯à¨ k →∞ ; 2 ) ÷áãõ ¤®¤ â¥ ç¨á«®
δ , â ª¥, é® ¯à®®¡à §¨ ρk ¢ S0 ∪S1 ¢« á¨å § ç¥ì ªà ©®¢®ù § ¤ ç÷ (1), (2) ¯à¨
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¢÷¤®¡à ¦¥÷ λ = −ρn à®§¬÷é¥÷ ¤«ï ¤®á¨âì ¢¥«¨ª¨å k   ¢÷¤áâ ÷, ¥ ¬¥è÷©
÷¦ δ , ¢÷¤ ¯à®®¡à §÷¢ ª®¦®£® § ª÷« Γk .

�®§£«ï¥¬® â ª®¦ ÷â¥£à « Ik = 1
2πi

∮
Γk

G(x,s,λ)
λ dλ , § áâ®áã¢ ¢è¨ ¤® ïª®£®

â¥®à¥¬ã ¯à® «¨èª¨, ®âà¨¬ õ¬®

Ik = G(x, s) +
mk∑
ν=1

Qν(x, s)
λν

, (4)

¤¥ Qν(x, s) { «¨è®ª äãªæ÷ù G(x, s, λ) ¢÷¤®á® ùù ¯®«îá  λν (ïª¨© ¯à¨¯ãáª õ¬®
¯à®áâ¨¬),   mk { ç¨á«® æ¨å ¯®«îá÷¢ ã ªàã§÷ Γk .

�¥®à¥¬  1. � ¢¨¯ ¤ªã à¥£ã«ïà¨å ªà ©®¢¨å ã¬®¢   ª®« å Γk äãªæ÷ï
G(x, s, λ) § ¤®¢®«ìïõ ¥à÷¢÷áâì

|G(x, s, λ)| ≤ M |λ|
1−n

n , (5)

¤¥ M { ¤¥ïª  áâ « .

� ® ¢ ¥ ¤ ¥   ï §¤÷©á¨¬® §  áå¥¬®î, § ¯à®¯®®¢ ®î ¢ [5, á. 93{97]. � 
¢÷¤¯®¢÷¤®£® ¢¨¡®àã arg ρ ¯à¨ ¢÷¤®¡à ¦¥÷ λ = −ρn ª®«® Γk ¯¥à¥å®¤¨âì ã
¤ã£ã γk ª®«  § æ¥âà®¬ ã ¯®ç âªã ª®®à¤¨ â ÷ æ¥âà «ì¨¬ ªãâ®¬ 2π/n , é®
¯à®å®¤¨âì ã ¤¢®å áãá÷¤÷å ®¡« áâïå S0 , S1 ª®¬¯«¥ªá®ù ρ -¯«®é¨¨.

�®§£«ï¥¬® ¢¨¯ ¤®ª ¥¯ à®£® n , n = 2µ−1 . �¥å © ç¨á«  ω1 , ω2 , . . . , ωn

§ ã¬¥à®¢ ® â ª, é® ¤«ï ρ ∈ S0 ¢¨ª®ãõâìáï « æî£ ¥à÷¢®áâ¥© Re (ρω1) ≤
≤ Re(ρω2) ≤ . . . ≤ Re(ρωn) (¤¨¢. [5, á. 53]). �®¤÷ ¬®¦  ¯®ª § â¨ [5, á. 75], é®
¯à¨ ρ ∈ S0

Re(ρω1) ≤ 0, . . . , Re(ρωµ−1) ≤ 0, Re(ρωµ+1) ≥ 0, . . . , Re(ρωn) ≥ 0. (6)

�¥å © γ′k { â  ç áâ¨  ¤ã£¨ γk , ïª  § å®¤¨âìáï ¢ ®¡« áâ÷ S0 ÷   ïª÷©
Re(ρωµ) ≤ 0 ,   γ′′k { â  ùù ç áâ¨  § æ÷õù ¦ ®¡« áâ÷,   ïª÷© Re(ρωµ) ≥ 0 . �æ÷¨¬®
äãªæ÷î òà÷  G(x, s, λ)   ¤ã§÷ γ′k , áª®à¨áâ ¢è¨áì ä®à¬ã« ¬¨ [4]

G(x, s, λ) = (−1)n Q(x, s, λ)
∆(λ)

, (7)

¤¥

Q(x, s, λ) =

∣∣∣∣∣∣∣∣

K(x, a, λ) · · · K{n−1}(x, a, λ) P (x, s, λ)
U1(K(x, a, λ)) · · · U1(K{n−1}(x, a, λ)) U1(P (x, s, λ))

· · · · · · · · · · · ·
Un(K(x, a, λ)) · · · Un(K{n−1}(x, a, λ)) Un(P (x, s, λ))

∣∣∣∣∣∣∣∣
, (8)

∆(λ) = det
∥∥∥Uν(K{k−1}(x, a, λ)

∥∥∥
n

ν,k=1
, P (x, s, λ) =

{
K(x, s, λ), x > s,
0, x < s,

(9)

K(x, s, λ) { äãªæ÷ï �®è÷ à÷¢ïï (1) (§  ¯¥àè®î §¬÷®î ¢®  § ¤®¢®«ìïõ
æ¥ à÷¢ïï, ªà÷¬ â®£®, K(i)(s, s) = 0 , i = 0, n− 2 , K(n−1)(s, s) = 1 ).

�ãªæ÷ù K(x, a, λ) , K{1}(x, a, λ) , . . . , K{n−1}(x, a, λ) ãâ¢®àîîâì äã¤ ¬¥-
â «ìã á¨áâ¥¬ã à®§¢'ï§ª÷¢ à÷¢ïï (1). � â®© ¦¥ ç á ùå ¬®¦  ¯®¤ â¨ ïª «÷÷©ã
ª®¬¡÷ æ÷î ¤¥ïª®ù ÷è®ù «÷÷©® ¥§ «¥¦®ù á¨áâ¥¬¨ à®§¢'ï§ª÷¢ (1). �¥å © y1 ,
y2 , . . . , yn { â  «÷÷©® ¥§ «¥¦  á¨áâ¥¬  à®§¢'ï§ª÷¢ à÷¢ïï (1), ¤«ï ïª®ù
á¯à ¢¤¦ãîâìáï  á¨¬¯â®â¨ç÷ ä®à¬ã«¨ (¤¨¢. [3])

y
(n)
k = ρνeρωk(x−a)[ων

k ], ν = 0, n− 1, k = 1, 2, . . . , (10)
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¤¥ [a] = a + O
(

1
ρ

)
. �®¤÷ K{k−1}(x, a, λ) =

∑n
j=1 ckj(λ)yj(x, λ) , k = 1, n .

� á«÷¤®ª «÷÷©®áâ÷ ä®à¬ Uν(y) ÷ ¢« áâ¨¢®áâ÷ ¢¨§ ç¨ª÷¢, ®âà¨¬ õ¬®, é®
∆(λ) = ∆̃(λ)C(λ) , Q(x, s, λ) = Q̃(x, s, λ)C(λ) , ¤¥ ∆̃(λ) = det ‖Uν(yk)‖n

ν,k=1 ,
C(λ) = det ‖ckj‖n

k,j=1 ,   ¢¨§ ç¨ª Q̃(x, s, λ) ¢÷¤à÷§ïõâìáï ¢÷¤ (8) «¨è¥ â¨¬, é®
§ ¬÷áâì K(x, a, λ) , . . . , K{n−1}(x, a, λ) ã ì®¬ã ä÷£ãàãîâì y1(x, λ) , . . . , yn(x, λ)
( P (x, s, λ) âãâ õ â¨¬ á ¬¨¬, é® © ã (9)). �®¤÷ ä®à¬ã«ã (7) ¯¥à¥¯¨è¥¬® ã ¢¨£«ï¤÷

G(x, s, λ) = (−1)n Q̃(x, s, λ)
∆̃(λ)

. (11)

�æ÷¨¬® á¯®ç âªã K(j)(x, s, λ) , j = 0, n− 1 , áª®à¨áâ ¢è¨áì  á¨¬¯â®â¨ç¨-
¬¨ ä®à¬ã« ¬¨ (10) ÷ ä®à¬ã«®î ¯à® §®¡à ¦¥ï äãªæ÷ù �®è÷

K(j)(x, s) =
1

W (s)

∣∣∣∣∣∣∣∣∣

y1(s) · · · yn(s)
· · · · · · · · ·

y
(n−2)
1 (s) · · · y

(n−2)
n (s)

y
(j)
1 (x) · · · y

(j)
n (x)

∣∣∣∣∣∣∣∣∣
, W (s) = det

∥∥∥y
(j−1)
i (s)

∥∥∥
n

i,j=1
,

¤¥ yk(x) , k = 1, n , { äã¤ ¬¥â «ì  á¨áâ¥¬  à®§¢'ï§ª÷¢ à÷¢ïï (1) [6].
�÷¤áâ ¢¨¢è¨ ä®à¬ã«¨ (10) § ¬÷áâì y

(ν)
k (s) ã ¢¨à § ¤«ï K(j)(x, s, λ) , à®§¯¨á ¢è¨

ç¨á¥«ì¨ª §  ¥«¥¬¥â ¬¨ ®áâ ì®£® àï¤ª , áª®à®â¨¢è¨ ¢ ª®¦®¬ã § ¤®¤ ª÷¢ ç¨-
á¥«ì¨ª ÷ § ¬¥¨ª   ρ , ρ2 , . . . , ρn−2 ÷   eρω1(s−a) , eρω2(s−a) , . . . , eρωn(s−a) ,
  â ª®¦ ¯®¢â®à¨¢è¨ ¬÷àªã¢ ï § [5, á. 94] é®¤® ¢÷¤®è¥ï ¢¨§ ç¨ª÷¢, ¡ã¤¥¬®
¬ â¨

K(j)(x, s, λ) =
n∑

k=1

y
(j)
k (x, λ)zk(s, λ),

¤¥
zk(s, λ) = − 1

nρn−1
e−ρωk(s−a)[ωk], k = 1, n. (12)

�÷¤áâ ¢¨¢è¨ ¢¨à §¨ (10) ã ®à¬®¢ ÷ ä®à¬¨ Uν(y) , ®âà¨¬ õ¬®   ¯÷¤áâ ¢÷
¥à÷¢®áâ¥© (6)

Uν(yj) =





(ρωj)kν [αν ], j = 1, µ− 1,
(ρωj)kν{[αν ] + eρωj(b−a)[βν ]}, j = µ,
(ρωj)kν eρωj(b−a)[βν ], j = µ + 1, n.

(13)

�®¤÷ ¢¨§ ç¨ª ∆̃(λ)  ¡ã¤¥ ¢¨£«ï¤ã

∆̃(λ) =
n∏

ν=1

ρkν

n∏

j=µ+1

eρωj(b−a)([θ0] + eρωµ(b−a)[θ1]). (14)

�®§£«ï¥¬® Q̃(x, s, λ) ¤«ï x > s (ã ¢¨¯ ¤ªã x < s ¬÷àªã¢ ï ¡ã-
¤ãâì   «®£÷ç¨¬¨). �®¤÷ ®áâ ÷¬ ¥«¥¬¥â®¬ ¯¥àè®£® àï¤ª  ã ¢¨§ ç¨ªã ¡ã¤¥
K(x, s, λ) . �®¬®¦¨¬® (µ+1) -©, (µ+2) -©, . . . , n -© áâ®¢¯æ÷ ¢¨§ ç¨ª  Q̃(x, s, λ)
  −zµ+1(s) , −zµ+2(s) , . . . , −zn(s) ¢÷¤¯®¢÷¤® â  ¤®¤ ¬® ¤® ®áâ ì®£® áâ®¢¯æï.
�¨§ ç¨ª ¢ á«÷¤®ª æì®£® ¥ §¬÷¨âìáï. �®¤÷ ¥«¥¬¥â ¬¨ ®áâ ì®£® áâ®¢¯ç¨ª 
¢ Q̃(x, s, λ) ¡ã¤ãâì, ¢à å®¢ãîç¨ (10), (12) ÷ (13),

1
nρn−1

P0 = − 1
nρn−1

µ∑

j=1

eρωj(x−s)[ωj],
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ρkν

nρn−1
Pν = − ρkν

nρn−1

{
µ∑

j=1

eρωj(b−s)[βνωkν+1
j ]−

n∑

j=µ+1

e−ρωj(s−a)[ανωkν+1
j ]

}
, ν = 1, n.

�÷¤áâ ¢¨¬® â¥¯¥à (10), (12), (13), (14),   â ª®¦ ¢¨à §¨ ¤«ï ®áâ ì®£® áâ®¢¯æï
Q̃(x, s, λ) ¢ (11) ÷ à®§¯®¤÷«¨¬® ¬®¦¨ª¨ § ¬¥¨ª  ∆̃(λ)  áâã¯¨¬ ç¨®¬.
�  ρkν à®§¤÷«¨¬® (ν + 1) -© àï¤®ª,   eρωj(b−a) { j -© áâ®¢¯¥æì ( j = µ + 1, n ) ÷
  [θ0 + θ1e

ρωµ(b−a)] { µ -© áâ®¢¯¥æì. �®¤÷ ä®à¬ã«  (11)  ¡ã¤¥ ¢¨£«ï¤ã

G(x, s, λ) = − A

nρn−1
, (15)

¤¥ ¯¥àè¨© àï¤®ª ¢¨§ ç¨ª  (n+1) -£® ¯®àï¤ªã A ¬ õ ¢¨£«ï¤
(
eρω1(x−a)[1] , . . . ,

eρωµ−1(x−a)[1] , eρωµ(x−a)[1]/[θ0 + θ1e
ρωµ(b−a)] , eρωµ+1(x−b)[1] , . . . , eρωn(x−b)[1] ,

P0

)
,   (ν + 1) -© àï¤®ª ¯®¡ã¤®¢ ®  áâã¯¨¬ ç¨®¬:

(
[ανωkν

1 ] , . . . , [ανωkν
µ−1] ,

ωkν
µ [αν + βνeρωµ(b−a)]/[θ0 + θ1e

ρωµ(b−a)] , [βνωkν
µ+1] , . . . , [βνωkν

n ] , Pν

)
.

�®¦  â ª á ¬®, ïª ã [5, á. 78], ¯®ª § â¨, é® § ®£«ï¤ã   à¥£ã«ïà÷áâì ªà -
©®¢¨å ã¬®¢ § ¬¥¨ª [θ0 + θ1e

ρωµ(b−a)] ®¡¬¥¦ãõâìáï §¨§ã ®¤¨¬ ÷ â¨¬ á ¬¨¬
ç¨á«®¬. �®¤÷ ¢ á«÷¤®ª ã¬®¢ (6) ¢á÷ ¥«¥¬¥â¨ ¢¨§ ç¨ª  (15)   ¤ã§÷ γ′k ®¡¬¥¦¥÷
§¢¥àåã, ®áª÷«ìª¨ ¥ªá¯®¥â¨ â ¬ ¬ îâì ¥¤®¤ âã ¤÷©áã ç áâ¨ã. �â¦¥,  
¤ã£ å γ′k á¯à ¢¤¦ãõâìáï ¥à÷¢÷áâì |G(x, s, λ)| ≤ M |ρ|1−n , ¤¥ M { ¤¥ïª  áâ « .
� «®£÷ç® ¢áâ ®¢«îõâìáï â ª  ¦ ¥à÷¢÷áâì ÷   ¤ã£ å γ′′k . �áª÷«ìª¨ æ÷ á ¬÷
¬÷àªã¢ ï § áâ®á®¢÷ ¤® ¡ã¤ì-ïª®ù ®¡« áâ÷ Sq , ¢®¨ ¤ îâì â®© á ¬¨© à¥§ã«ì-
â â   ¤ã§÷ γk ÷ ¢ á¥ªâ®à÷ S1 . �¥à¥å®¤ïç¨ ¢÷¤ ρ ¤® λ , ®âà¨¬ãõ¬® â¢¥à¤¦¥ï
â¥®à¥¬¨ ¤«ï ¢¨¯ ¤ªã ¥¯ à®£® n .

�¥å © n { ¯ à¥, n = 2µ . �áª÷«ìª¨ Uν(yµ) = (ρωµ)kν{[αν ] + eρωµ(b−a)[βν ]} ,
Uν(yµ+1) = (ρωµ+1)kν{[αν ] + eρωµ(b−a)[βν ]} , æ¥© ¢¨¯ ¤®ª ¢÷¤à÷§ïõâìáï ¢÷¤ ¯®¯¥-
à¥¤ì®£® «¨è¥ â¨¬, é® ∆̃(λ) ¬÷áâ¨âì ¢¨à § [θ0 + θ1e

ρωµ(b−a) + θ−1e
ρωµ+1(b−a)] =

= θ1[eρωµ(b−a)− ξ′][eρωµ(b−a)− ξ′′] . �ãâ µ -© ÷ (µ+1) -© áâ®¢¯æ÷ ¯®âà÷¡® ¯®¤÷«¨â¨
  [eρωµ(b−a) − ξ′] ÷ [eρωµ(b−a) − ξ′′] ¢÷¤¯®¢÷¤®. �¥èâ  ¬÷àªã¢ ì ã ¤®¢¥¤¥÷
â¥®à¥¬¨ ¡ã¤ãâì   «®£÷ç¨¬¨ ¤® ¢¨¯ ¤ªã ¤ã£¨ γ′k . �¥®à¥¬ã ¤®¢¥¤¥®.♦

� ¤®¢¥¤¥ï ¢¨¯«¨¢ õ, é® ¥à÷¢÷áâì (5) á¯à ¢¤¦ãõâìáï ¤«ï ¢¥«¨ª¨å |λ| ÷ ¢
®¡« áâ÷ Oδ , ®âà¨¬ ÷© § λ -¯«®é¨¨ ¢÷¤ª¨¤ ï¬ ®¡à §÷¢ ª÷« |ρ− ρk| < δ ¯à¨
¢÷¤®¡à ¦¥÷ λ = −ρn .

3. �á®¢÷ à¥§ã«ìâ â¨. �®à¨áâãîç¨áì â¥®à¥¬®î 1 ÷ § ã¢ ¦¥ï¬, ®âà¨-
¬ õ¬® ®æ÷ª¨

|Ik| ≤ M

R
n−1

n
k

,

∣∣∣∣
Qk(x, s)

λk

∣∣∣∣ =

∣∣∣∣∣
n

2πλk

∫

|ρ−ρk|=δ

ρn−1G(x, s,−ρn)dρ

∣∣∣∣∣ ≤
nMδ

|λk| ,

§ ïª¨å ¢¨¯«¨¢ õ, é® «÷¢  ç áâ¨  à÷¢®áâ÷ (4) ÷ § £ «ì¨© ç«¥ àï¤ã § (4) ¯àï-
¬ãîâì ¤® ã«ï ¤«ï k → ∞ , ¯à¨ç®¬ã à÷¢®¬÷à® ¢÷¤®á® x ÷ s § [a, b] .
� á«÷¤ª®¬ æì®£® õ

�¥®à¥¬  2. �ãªæ÷ï òà÷  G(x, s) ¤¨ä¥à¥æ÷ «ì®£® ®¯¥à â®à  L , ¯®à®¤-
¦¥®£® à¥£ã«ïà¨¬¨ ªà ©®¢¨¬¨ ã¬®¢ ¬¨, à®§¢¨¢ õâìáï ã à÷¢®¬÷à® §¡÷¦¨©
àï¤

G(x, s) = −
∞∑

ν=1

Qν(x, s)
λν

. (16)

�¥®à¥¬  3. �¥å © ¢á÷ ¢« á÷ § ç¥ï ªà ©®¢®ù § ¤ ç÷ (1), (2) § à¥£ã«ïà¨-
¬¨ ªà ©®¢¨¬¨ ã¬®¢ ¬¨ (2) õ ¯à®áâ¨¬¨. �®¤÷ ¡ã¤ì-ïª  äãªæ÷ï f(x) § ®¡« áâ÷
¢¨§ ç¥ï ¤¨ä¥à¥æ÷ «ì®£® ®¯¥à â®à  L à®§¢¨¢ õâìáï ã à÷¢®¬÷à® §¡÷¦¨©
àï¤ §  ©®£® ¢« á¨¬¨ äãªæ÷ï¬¨

92



f(x) =
∞∑

ν=1

dνyν(x), (17)

¤¥

dν =

b∫

a

f(s)zν(s)ds

§  ¢¨ª® ï ã¬®¢¨ ®à¬®¢ ®áâ÷
b∫

a

yν(x)zν(x)dx = 1, (18)

  yν(x) , zν(x) { ¢« á÷ äãªæ÷ù ®¯¥à â®à÷¢ L ÷ á¯àï¦¥®£® ¤® ì®£® L∗ , é®
¢÷¤¯®¢÷¤ îâì ¢« á¨¬ § ç¥ï¬ λν ÷ λ̄ν .

� ® ¢ ¥ ¤ ¥   ï. �®ª« ¤¥¬® Lf = ϕ′ , L∗zν = ψ′ν , ¤¥ ϕ ÷ ψν õ äãªæ÷ï¬¨
®¡¬¥¦¥®ù   [a, b] ¢ à÷ æ÷ù, ¥¯¥à¥à¢¨¬¨ á¯à ¢ . �®¤÷

f(x) =

b∫

a

G(x, s)dϕ(s), zν(x) =

b∫

a

H(x, s)dψν(s), (19)

¤¥ H(x, s) { äãªæ÷ï òà÷  ®¯¥à â®à  L∗ . �÷¤áâ ¢¨¬® ¢ ä®à¬ã«ã (19) § ¬÷-
áâì äãªæ÷ù G(x, s) ùù à®§¢¨¥ï (16) § ãà åã¢ ï¬ ä®à¬ã«¨ ¤«ï «¨èª÷¢
−Qν(x, s) = yν(x)zν(s) , ïª  ¤®¢®¤¨âìáï   «®£÷ç® ¤® [5, á. 48, 49] §  ¢¨ª® ï
ã¬®¢¨ (18) ÷ ¯à®áâ®â¨ ¢« á¨å § ç¥ì. � á«÷¤®ª à÷¢®¬÷à®ù §¡÷¦®áâ÷ àï¤ã,
©®£® ¬®¦  ÷â¥£àã¢ â¨ ¯®ç«¥®. �â¦¥, ¯à ¢¨«ì®î õ ä®à¬ã«  (17), ¤¥

dν =
1
λν

b∫

a

zν(s)dϕ(s). (20)

�áª÷«ìª¨ G(x, s) = H(s, x) [4], ¡ã¤¥ ¢¨ª®ã¢ â¨áì ÷ à÷¢÷áâì

b∫

a

dψν(x)

b∫

a

G(x, s)dϕ(s) =

b∫

a

dψν(x)

b∫

a

H(s, x)dϕ(s),

§¢÷¤ª¨, ¢à å®¢ãîç¨ (19), ®âà¨¬ õ¬® á¯÷¢¢÷¤®è¥ï

b∫

a

dψν(x)f(x) =

b∫

a

zν(x)dϕ(x). (21)

� ÷è®£® ¡®ªã, L∗zν = λ̄νzν . �®¤÷ ψν(x) =
x∫
a

λνzν(s)ds . �÷¤áâ ¢¨¢è¨ ®áâ î

à÷¢÷áâì ã (21), § (20) ®âà¨¬ õ¬®, é®

dν =
1
λν

b∫

a

dψν(x)f(x) =
1
λν

b∫

a

(
λ̄νzν(x)

)
f(x)dx =

b∫

a

zν(x)f(x)dx,

é® © ¯®âà÷¡® ¡ã«® ¤®¢¥áâ¨.♦
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� ª¨¬ ç¨®¬, ã ¢¨¯ ¤ªã à¥£ã«ïà¨å ªà ©®¢¨å ã¬®¢ ÷ ¯à®áâ¨å ¢« á¨å
§ ç¥ì §  ¤®¯®¬®£®î ®æ÷ª¨ äãªæ÷ù òà÷  ÷ ¢¨ª®à¨áâ ï ùù ¢« áâ¨¢®áâ¥© ®âà¨-
¬ ® à®§¢¨¥ï ã àï¤ §  ¢« á¨¬¨ äãªæ÷ï¬¨ ¤¨ä¥à¥æ÷ «ì®£® ®¯¥à â®à 
¤®¢÷«ì®ù äãªæ÷ù § ®¡« áâ÷ ¢¨§ ç¥ï æì®£® ®¯¥à â®à  (â®¡â® § ¬®¦¨¨ äãª-
æ÷©, ïª÷ à §®¬ §÷ á¢®ù¬¨ ¯®å÷¤¨¬¨ ¤® ¯®àï¤ªã n − 2 õ  ¡á®«îâ® ¥¯¥à¥à-
¢¨¬¨   [a, b] ,   (n − 1) -è  ¯®å÷¤   «¥¦¨âì ¤® ¯à®áâ®àã BV+[a, b] , ÷ ïª÷,
ªà÷¬ â®£®, § ¤®¢®«ìïîâì ªà ©®¢÷ ã¬®¢¨ (2)). �âà¨¬ ÷ à¥§ã«ìâ â¨ ¯®«¥£èãîâì
¤®á«÷¤¦¥ï ª®«¨¢ ì ÷ áâ÷©ª®áâ÷ ¡ã¤÷¢¥«ì¨å ª®áâàãªæ÷©. �¥§ã«ìâ â¨ ¯à® à®§¢¨-
¥ï ã àï¤ ¬®¦  ®âà¨¬ â¨ ÷ ¤«ï ¤®¢÷«ì®ù äãªæ÷ù § L2 ,   â ª®¦ ¤«ï à÷¢ïï
§ ¢ £®î ¯à¨ ¯ à ¬¥âà÷, é® ¡ã¤¥ ¢÷¤®¡à ¦¥® ¢  áâã¯¨å ¯ã¡«÷ª æ÷ïå.
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�á¨¬¯â®â¨ç¥áª¨¥ ä®à¬ã«ë ¯à¨ ¡®«ìè¨å § ç¥¨ïå ¯ à ¬¥âà  ¤«ï à¥è¥¨© á¨£ã-
«ïà®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï ¯®§¢®«ïîâ ®æ¥¨âì äãªæ¨î �à¨  ªà ¥¢®©
§ ¤ ç¨. � ¯®¬®éìî íâ®© ®æ¥ª¨ ¯®áâà®¥® à §«®¦¥¨¥ ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬
á¨£ã«ïà®£® ¤¨ää¥à¥æ¨ «ì®£® ®¯¥à â®à  ¢ á«ãç ¥ ¯à®áâëå á®¡áâ¢¥ëå § ç¥¨©.

EXPANSION OF SINGULAR DIFFERENTIAL
OPERATOR BY EIGEN-FUNCTIONS

The asymptotic formulas for large values of parameter of the solutions to the singular dif-
ferential equation allow one to value Green's function of the boundary-value problem. With the
help of this estimation the expansion of the singular di�erential operator by eigen-functions
in the case of simple eigen-values is constructed.
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