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�®§£«ïãâ® § ¤ çã ¯à® ÷áã¢ ï â ª¨å § ç¥ì ÷¬¯ã«ìá®ù ¤÷ù, ª®«¨ ¤«ï ¤®¢÷«ì®-
£® (§ ¤ ®£®) à®§¢'ï§ªã x∗(t) «÷÷©®£® ¤¨ä¥à¥æ÷ «ì®£® à÷¢ïï n -£® ¯®àï¤ªã
â  ä÷ªá®¢ ¨å ¬®¬¥â÷¢ ÷¬¯ã«ìá®ù ¤÷ù t = tk , k ∈ N , ¢¨å÷¤¥ ¤¨ä¥à¥æ÷ «ì-
¥ à÷¢ïï § ÷¬¯ã«ìá®î ¤÷õî ã ä÷ªá®¢ ÷ ¬®¬¥â¨ ç áã t = tk , k ∈ N , ¬ õ
¯¥à÷®¤¨ç¨© à®§¢'ï§®ª, § ç¥ï ïª®£® ¢ ¯®ç âª®¢¨© ¬®¬¥â ç áã t0 < t1 á¯÷¢-
¯ ¤ îâì §÷ § ç¥ï¬¨ à®§¢'ï§ªã x∗(t) ¯à¨ t = t0 .

�áâã¯. �à¨ ¢¨¢ç¥÷ ¡ £ âì®å ä÷§¨ç¨å ï¢¨é ¢¨¨ª õ ¯®âà¥¡  ¢ ¤®á«÷¤¦¥-
÷  á¨¬¯â®â¨ç¨å ¢« áâ¨¢®áâ¥© ¤¨ä¥à¥æ÷ «ì¨å à÷¢ïì § ÷¬¯ã«ìá®î ¤÷õî ã
ä÷ªá®¢ ÷ ¬®¬¥â¨ ç áã [3]. �à¨ æì®¬ã áâ ®¢¨âì § ç¨© ÷â¥à¥á   «÷§  á¨¬¯â®-
â¨ç¨å (¯à¨ t → +∞ ) ¢« áâ¨¢®áâ¥© à®§¢'ï§ª÷¢ â ª¨å ¤¨ä¥à¥æ÷ «ì¨å à÷¢ïì.

�÷§÷ § ¤ ç÷ â¥®à÷ù ¤¨ä¥à¥æ÷ «ì¨å à÷¢ïì § ÷¬¯ã«ìá®î ¤÷õî à®§£«ï¤ -
«¨áì ¡ £ âì¬   ¢â®à ¬¨, §®ªà¥¬ , ®£«ï¤ à¥§ã«ìâ â÷¢ § æì®£®  ¯àï¬ªã ¤®á«÷¤¦¥ì
¬®¦  § ©â¨ ¢ [1, 3, 4]. � à®¡®â å [6, 7] ¢¨¢ç «¨áì  á¨¬¯â®â¨ç÷ (¯à¨ t → +∞ )
¢« áâ¨¢®áâ÷ à®§¢'ï§ª÷¢ «÷÷©¨å ¤¨ä¥à¥æ÷ «ì¨å à÷¢ïì ¤àã£®£® ¯®àï¤ªã § ÷¬-
¯ã«ìá®î ¤÷õî ã ä÷ªá®¢ ÷ ¬®¬¥â¨ ç áã, ¤¥, §®ªà¥¬ , ¡ã«® ¯®ª § ®, é® ã¬®¢¨
÷¬¯ã«ìá®ù ¤÷ù (¬®¬¥â¨ â  ¢¥«¨ç¨¨ ÷¬¯ã«ìá®ù ¤÷ù) ¬®¦ãâì áãââõ¢® ¢¯«¨¢ â¨
   á¨¬¯â®â¨ç÷ (¯à¨ t → +∞ ) ¢« áâ¨¢®áâ÷ à®§¢'ï§ª÷¢ à®§£«ï¤ã¢ ¨å § ¤ ç.
�§ £ «÷ ª ¦ãç¨, § ¢¤ïª¨ ÷¬¯ã«ìá®¬ã ¢¯«¨¢ã à®§£«ï¤ã¢   § ¤ ç  áâ õ áãââõ¢®
¥«÷÷©®î. � ª,  ¯à¨ª« ¤ [1, 2, 5, 9], § ¢¤ïª¨ ÷¬¯ã«ìá®¬ã ¢¯«¨¢ã à®§£«ï¤ã¢  
§ ¤ ç  ¬®¦¥ ¬ â¨ ¯¥à÷®¤¨ç÷ à®§¢'ï§ª¨, ¢ â®© ç á, ïª ¢÷¤¯®¢÷¤¥ ¤¨ä¥à¥æ÷ «ì¥
à÷¢ïï (¡¥§ ÷¬¯ã«ìá®ù ¤÷ù) â ª¨å à®§¢'ï§ª÷¢ ¥ ¬ õ.

1. �®à¬ã«î¢ ï § ¤ ç÷. �®á«÷¤¨¬® ¢« áâ¨¢®áâ÷ à®§¢'ï§ª÷¢ «÷÷©¨å ¤¨-
ä¥à¥æ÷ «ì¨å à÷¢ïì n -£® ¯®àï¤ªã § ÷¬¯ã«ìá®î ¤÷õî ã ä÷ªá®¢ ÷ ¬®¬¥â¨
ç áã {tk}∞k=1 ÷ §'ïáãõ¬® ¯¨â ï ¯à® ÷áã¢ ï ¯¥à÷®¤¨ç¨å à®§¢'ï§ª÷¢ â ª®ù
§ ¤ ç÷ § «¥¦® ¢÷¤ ã¬®¢ ÷¬¯ã«ìá®ù ¤÷ù.

�®§£«ï¥¬® ¤¨ä¥à¥æ÷ «ì¥ à÷¢ïï  áâã¯®£® ¢¨£«ï¤ã:

Lx = x(n) + a1x
(n−1) + . . . + an−1x

(1) + anx = f(t), (1)

¤¥ Lx { ¤¨ä¥à¥æ÷ «ì¨© ®¯¥à â®à ¯®àï¤ªã n § ã¬®¢ ¬¨ ÷¬¯ã«ìá®ù ¤÷ù ã ¤¥ïª÷
(ä÷ªá®¢ ÷) ¬®¬¥â¨ ç áã {tk}∞k=1 :

∆x(i)(t)|t=tk
= x(i)(tk + 0)− x(i)(tk − 0) = Iki, i = 1, . . . , n− 1. (2)

�®§¢'ï§ª®¬ § ¤ ç÷ (1), (2) ¢¢ ¦ õ¬® äãªæ÷î, ¥¯¥à¥à¢ã ¤«ï ¢á÷å t â  n
à § ¥¯¥à¥à¢® ¤¨ä¥à¥æ÷©®¢ã ¤«ï t ∈ R\{tk}k≥1 . �à¨ t = tk , k ∈ N , ¯®å÷¤÷
x(i)(t), i = 1, 2, . . . , n−1 , ¬ îâì à®§à¨¢¨ ¯¥àè®£® à®¤ã â  ¢¢ ¦ îâìáï ¥¯¥à¥à¢-
¨¬¨ §«÷¢ . �®¤® ¢¥«¨ç¨ ÷¬¯ã«ìá®ù ¤÷ù (§ ç¥ì {Iki, tk}∞k=1 ) ¯à¨¯ãáª õ¬®, é®
¢¨ª®ãîâìáï â ª÷ ã¬®¢¨:

1 ◦) ÷áãõ â ª¥ ç¨á«® δ > 0 , é® ¤«ï ¡ã¤ì-ïª®£® k ∈ N á¯à ¢¤¦ãõâìáï ¥-
à÷¢÷áâì |tk+1 − tk| > δ ;

2◦) ÷áãõ â ª¥ ç¨á«® I > 0 , é® ¤«ï ¢á÷å k ∈ N , i = 1, . . . , n − 1 , á¯à ¢-

¤¦ãõâìáï ¥à÷¢÷áâì |Iki| < I . �à¨ æì®¬ã ¢¢ ¦ õ¬®, é®
n−1∑
i=1

|Iki| 6= 0 ¤«ï ¢á÷å
k ∈ N .
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� ã¬®¢¨ 1 ◦ ¢¨¯«¨¢ õ, é® tk ¯àï¬ãõ ¤® ¥áª÷ç¥®áâ÷ ¯à¨ k → +∞ ,  
 á«÷¤ª®¬ ã¬®¢¨ 2 ◦ õ â¥, é® ¢á÷ § ç¥ï {Iki}∞k=1 õ à÷¢®¬÷à® ®¡¬¥¦¥¨¬¨.
�÷ ã¬®¢¨ é®¤® ÷¬¯ã«ìá®ù ¤÷ù (2) ¬ îâì ¯à¨à®¤¨© ä÷§¨ç¨© §¬÷áâ. � ®£«ï¤ã  
â¥, é® ¤¨ä¥à¥æ÷ «ì¥ à÷¢ïï õ «÷÷©¨¬, ®ç¥¢¨¤®, é® à®§¢'ï§®ª § ¤ ç÷ (1),
(2) ¢¨§ ç¥® ¤«ï ¢á÷å t .

�§ ç¥ï. �®§¢'ï§®ª x(t) § ¤ ç÷ (1), (2)  §¨¢ îâì ¯¥à÷®¤¨ç¨¬ § ¯¥à÷®-
¤®¬ T > 0 (¯à¨ t → +∞ ) ïªé® ÷áãõ â ª¥ t0 , é® ¤«ï ¢á÷å t > t0 ¢¨ª®ãõâìáï
à÷¢÷áâì x(t + T ) = x(t).

�¥ ®§ ç¥ï áâ®áãõâìáï, ¯¥àè §  ¢á¥, ¢« áâ¨¢®áâ¥© à®§¢'ï§ª÷¢ ¥«÷÷©¨å ¤¨-
ä¥à¥æ÷ «ì¨å à÷¢ïì ÷, §®ªà¥¬ , ¤¨ä¥à¥æ÷ «ì¨å à÷¢ïì § ÷¬¯ã«ìá®î ¤÷õî,
®áª÷«ìª¨ õ ®ç¥¢¨¤¨¬, é® à®§¢'ï§®ª «÷÷©®£® §¢¨ç ©®£® ¤¨ä¥à¥æ÷ «ì®£® à÷¢-
ïï (¡¥§ ã¬®¢ é®¤® ÷¬¯ã«ìá®ù ¤÷ù) õ  ¡® ¯¥à÷®¤¨ç¨¬ § ¤¥ïª¨¬ ¯¥à÷®¤®¬ T ,
 ¡® ¥ õ ¯¥à÷®¤¨ç¨¬.

�«ï à÷¢ïï (1) ¬®¦  à®§£«ï¤ â¨ â ª÷ ¤¢÷ § ¤ ç÷: § ¤ çã 1 { ¯à® ÷áã¢ ï
¯¥à÷®¤¨ç¨å (¯à¨ t → +∞ ) à®§¢'ï§ª÷¢ § ¤ ç÷ (1), (2) ã ¬®¦¨÷ ¢á÷å à®§¢'ï§ª÷¢
§ ¤ ç÷ (1), (2) ¯à¨ § ¤ ¨å ¯¥¢¨¬ ç¨®¬ ã¬®¢ å ÷¬¯ã«ìá®ù ¤÷ù â  § ¤ çã 2 { ¯à®
÷áã¢ ï â ª¨å ã¬®¢ ÷¬¯ã«ìá®ù ¤÷ù, § ¢¤ïª¨ ïª¨¬ ¤¥ïª¨© (ä÷ªá®¢ ¨©) à®§¢'ï§®ª
§ ¤ ç÷ (1), (2) áâ õ ¯¥à÷®¤¨ç¨¬ (¯à¨ t → +∞ ). �áâ î § ¤ çã ¬®¦  ¢¨¢ç â¨
â ª®¦ ã ç áâª®¢¨å ¢¨¯ ¤ª å, ª®«¨,  ¯à¨ª« ¤, ¬®¬¥â¨ ÷¬¯ã«ìá®ù ¤÷ù ¢¨§ ç¥÷
(ä÷ªá®¢ ÷)  ¯à÷®à®,   ¢¥«¨ç¨¨ ÷¬¯ã«ìá®ù ¤÷ù ¬ îâì ¡ãâ¨ ¢¨§ ç¥÷, â  ã ¢¨-
¯ ¤ªã, ª®«¨,  ¢¯ ª¨, { ¬®¬¥â¨ ÷¬¯ã«ìá®ù ¤÷ù ¯÷¤«ï£ îâì ¢¨§ ç¥î,   ¢¥«¨-
ç¨¨ ÷¬¯ã«ìá®ù ¤÷ù õ § ¤ ® § §¤ «¥£÷¤ì. �ªé® ¯¥àè  ÷§ §£ ¤ ¨å ¢¨é¥ § ¤ ç
¤®áâ âì® ¢¨¢ç¥  (¤¨¢. [1]), â® ¤àã£  § ¤ ç , é® áâ ®¢¨âì ¯¥¢¨© ¯à ªâ¨ç¨©
÷â¥à¥á, ¯®âà¥¡ãõ ¯®¤ «ìè®£® ¤®á«÷¤¦¥ï.

2. �¥®¡å÷¤  ã¬®¢  ÷áã¢ ï ¯¥à÷®¤¨ç¨å à®§¢'ï§ª÷¢ § ¤ ç÷ (1),
(2). �«ï ®¡®å §£ ¤ ¨å ¢¨é¥ § ¤ ç ¬ õ ¬÷áæ¥ â ª  «¥¬ .

�¥¬  1. �¥å © ¢¨ª®ãîâìáï ã¬®¢¨ 1◦, 2◦ . �ªé® § ¤ ç  (1), (2) ¬ õ à®§-
¢'ï§®ª x(t) , é® õ ¯¥à÷®¤¨ç¨¬ (¯à¨ t → +∞ ) § ¤¥ïª¨¬ ¯¥à÷®¤®¬ T , â® ÷áãõ
â ª¥  âãà «ì¥ ç¨á«® m , é® ¤«ï ã¬®¢ ÷¬¯ã«ìá®ù ¤÷ù (¢¥«¨ç¨ {Iki, tk}∞k=1 )
â  ¤«ï ¢á÷å i = 1, 2, . . . , n− 1 ¢¨ª®ãîâìáï á¯÷¢¢÷¤®è¥ï

Ik+m,i = Iki, tk+m = tk + T, k ∈ N. (3)

�¬®¢  (3) é®¤® ¯¥à÷®¤¨ç®áâ÷ ¬®¬¥â÷¢ ÷¬¯ã«ìá®ù ¤÷ù ¢¨ª®ãõâìáï ¤«ï tk ≥
≥ t0 , ¤¥ t0 { § ç¥ï, é® §£ ¤ãõâìáï ¢ ®§ ç¥÷. � ¤ «÷ ¢¢ ¦ õ¬® t0 < t1 .

�®¢¥¤¥ï «¥¬¨ 1 ¬®¦  ¢¨ª® â¨   «®£÷ç® ¤® ¤®¢¥¤¥ï ¢÷¤¯®¢÷¤®ù «¥¬¨
§ [7] ¤«ï ¢¨¯ ¤ªã ¤¨ä¥à¥æ÷ «ì®£® à÷¢ïï ¤àã£®£® ¯®àï¤ªã.

�¬®¢¨ (3) õ ¥®¡å÷¤¨¬¨ ¤«ï â®£®, é®¡ § ¤ ç  (1), (2) ¬ «  ¯¥à÷®¤¨ç¨© ¯à¨
t → +∞ à®§¢'ï§®ª. �à÷¬ â®£®, ®ç¥¢¨¤®, é® ¤«ï T -¯¥à÷®¤¨ç®áâ÷ (¯à¨ t → +∞ )
à®§¢'ï§ªã § ¤ ç÷ (1), (2) â ª®¦ ¯®âà÷¡®, é®¡ f(t) ¡ã«  T -¯¥à÷®¤¨ç®î (¯à¨
t → +∞ ) äãªæ÷õî.

3. �¥àã¢ ï  á¨¬¯â®â¨ç¨¬¨ (¯à¨ t → +∞ ) ¢« áâ¨¢®áâï¬¨ à®§-
¢'ï§ª÷¢ § ¤ ç÷ (1), (2) §  ¤®¯®¬®£®î ã¬®¢ ÷¬¯ã«ìá®ù ¤÷ù (2). �®§£«ï¥¬®
â ªã § ¤ çã: ¥å © § ¤ ® ¬®¬¥â¨ ÷¬¯ã«ìá®ù ¤÷ù {tk}∞k=1 â  ¤ ® ¤¥ïª¨© à®§-
¢'ï§®ª x∗(t) , t ≥ t0 , à÷¢ïï (1), é® ¥ õ ¯¥à÷®¤¨ç¨¬ (÷ ¯à¨ ¦®¤®¬ã T > 0 ).
�'ïáãõ¬® ¯¨â ï ¯à® â¥, ç¨ ÷áãîâì â ª÷ ¢¥«¨ç¨¨ ÷¬¯ã«ìá®ù ¤÷ù Iki , k ∈ N ,
i = 1, 2, . . . , n − 1 , ¯à¨ ïª¨å § ¤ ç  (1), (2) ¬ õ ¯¥à÷®¤¨ç¨© (¯à¨ t → +∞ )
à®§¢'ï§®ª Φ(t) , t ≥ t0 , ¯®ç âª®¢÷ ã¬®¢¨ ïª®£® á¯÷¢¯ ¤ îâì § ¯®ç âª®¢¨¬¨ ã¬®-
¢ ¬¨ ¤«ï à®§¢'ï§ªã x∗(t) , â®¡â® Φ(i)(t0) = x∗(i)(t0) = x∗i0 , i = 0, 1, . . . , n− 1 .
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�ªé® à®§¢'ï§®ª x∗(t) à÷¢ïï (1) ¢¢ ¦ â¨ (¢ ¯¥¢®¬ã á¥á÷) ¯®ç âª®¢¨¬
¤«ï § ¤ ç÷ (1), (2), â® æî § ¤ çã ¬®¦  à®§£«ï¤ â¨ ïª § ¤ çã ª¥àã¢ ï  á¨¬¯-
â®â¨ç¨¬¨ (¯à¨ t → +∞ ) ¢« áâ¨¢®áâï¬¨ à®§¢'ï§ªã x∗(t) §  ¤®¯®¬®£®î ã¬®¢
÷¬¯ã«ìá®ù ¤÷ù (2).

�«ï ¢¨¯ ¤ªã, ª®«¨ ÷¬¯ã«ìá  ¤÷ï ¬ õ ¢¨£«ï¤

∆x(i)(t)|t=tk
= Iki, i = 0, 1, . . . , n− 1, (4)

à®§£«ï¤ã¢   § ¤ ç , ®ç¥¢¨¤®, ¬ õ à®§¢'ï§®ª, ïª¨© ¬®¦  ®âà¨¬ â¨, ïªé® ¢ (4)
¯®ª« áâ¨

Iki = Φ∗(i)(t0 + T )− Φ∗(i)(t0), i = 0, 1, . . . , n− 1, (5)

¤¥ Φ∗(t) , t0 ≤ t ≤ t0+T , { à®§¢'ï§®ª ¤¨ä¥à¥æ÷ «ì®£® à÷¢ïï (1) § ¯®ç âª®¢¨-
¬¨ ã¬®¢ ¬¨ x∗i0 . �à¨ æì®¬ã èãª ¨© à®§¢'ï§®ª ¡ã¤ãõâìáï è«ïå®¬ ¯à®¤®¢¦¥ï
§  ¯¥à÷®¤¨ç÷áâî äãªæ÷ù Φ(t) ÷ ¥®¡®¢'ï§ª®¢® õ ¥¯¥à¥à¢¨¬.

�ªé® ¦ ¢¨¬ £ â¨, é®¡ à®§¢'ï§®ª Φ(t) § ¤®¢®«ìï¢ ã¬®¢ã (2) ÷, §®ªà¥¬ , ¡ã¢
¥¯¥à¥à¢¨¬, â® à®§£«ï¤ã¢   § ¤ ç  ¯à¨ ¯¥¢¨å ã¬®¢ å â ª®¦ ¬ õ à®§¢'ï§®ª ÷
¯à¨ æì®¬ã ¤®áâ âì® ¤¢®å ÷¬¯ã«ìá¨å ¤÷© §  ¯¥à÷®¤.

�¥å © ¤«ï ¬®¬¥â÷¢ ÷¬¯ã«ìá®ù ¤÷ù ¢¨ª®ãîâìáï ã¬®¢¨ ¯¥à÷®¤¨ç®áâ÷ (3) ¯à¨
¤¥ïª®¬ã T > 0 ÷ ¤¥ïª®¬ã m ∈ N . �¢ ¦ â¨¬¥¬® á¯®ç âªã, é® m = 2 .

�®§ ç¨¬® ç¥à¥§ Φ(t) à®§¢'ï§®ª § ¤ ç÷ (1), (2) § ¯®ç âª®¢¨¬¨ ã¬®¢ ¬¨ x∗i0 ,
i = 0, 1, . . . , n − 1 . �¥å © t1 , t2 , ¤¥ t0 < t1 < t2 < t0 + T , { ¬®¬¥â¨ ÷¬¯ã«ìá-
®ù ¤÷ù. � æì®¬ã ¢¨¯ ¤ªã ¬®¦  ¢¢ ¦ â¨, é® à®§¢'ï§®ª Φ(t) ¢¨§ ç¥¨© ¤«ï
¢á÷å t , ïª ¤«ï t ≥ t0 , â ª ÷ ¤«ï t < t0 , é® ¬®¦  ¤®áï£â¨ §  ¤®¯®¬®£®î ¯à®-
¤®¢¦¥ï §  ¯¥à÷®¤¨ç÷áâî. � «®£÷ç® äãªæ÷î x∗(t) ïª à®§¢'ï§®ª à÷¢ïï (1)
¢¢ ¦ õ¬® ¢¨§ ç¥®î ¤«ï ¢á÷å t ∈ R1 , ®áª÷«ìª¨ à÷¢ïï (1) õ «÷÷©¨¬. �à¨
æì®¬ã, ®ç¥¢¨¤®, Φ(t) = x∗(t) ¤«ï t2 − T ≤ t < t1 .

�'ïáãõ¬® ¯¨â ï ¯à® § ç¥ï ¢¥«¨ç¨ I1i , I2i ã (2), ¯à¨ ïª¨å ¡ã¤¥ ¢¨ª®-
ã¢ â¨áì à÷¢÷áâì

Φ(i)(t0 + T ) = Φ(i)(t0), i = 0, 1, . . . , n− 1, (6)

â®¡â® à®§¢'ï§®ª Φ(t) ¡ã¤¥ T -¯¥à÷®¤¨ç¨¬ (¯à¨ t → +∞ ).
�®§£«ï¥¬® ®¤®à÷¤¥ ¤¨ä¥à¥æ÷ «ì¥ à÷¢ïï ¢¨£«ï¤ã

x(n) + a1x
(n−1) + . . . + an−1x

(1) + anx = 0, (7)

é® ¢÷¤¯®¢÷¤ õ à÷¢ïî (1). �à¨¯ãáâ¨¬®, é® à÷¢ïï (7) ¬ õ à®§¢'ï§®ª x0(t) §
¯®ç âª®¢¨¬¨ ¤ ¨¬¨ �®è÷

x0(t1) = 0, x
(i)
0 (t1) = xi0, i = 1, 2, . . . , n− 1, (8)

¤«ï ïª®£® ¢¨ª®ãõâìáï ã¬®¢  x0(t2) 6= 0 . �¨§ ç¨¬® § ç¥ï ÷¬¯ã«ìá®ù ¤÷ù I1i

ã ¬®¬¥â ç áã t1 §  ¤®¯®¬®£®î ä®à¬ã«¨

I1i = I1xi0, i = 1, 2, . . . , n− 1, (9)

¤¥ I1x0(t2) = x∗(t2 − T )− x∗(t2). �à¨ æì®¬ã, ®ç¥¢¨¤®,
n−1∑
i=1

|I1i| > 0 .
�áª÷«ìª¨ à÷¢ïï (1) õ «÷÷©¨¬, â® ¢ á«÷¤®ª ¯à¨æ¨¯ã áã¯¥à¯®§¨æ÷ù à®§-

¢'ï§ª÷¢ ¤«ï «÷÷©¨å ®¤®à÷¤¨å ¤¨ä¥à¥æ÷ «ì¨å à÷¢ïì ¬ õ¬®, é®   ¯à®-
¬÷¦ªã [t1, t2) ¤«ï äãªæ÷ù Φ(t) { à®§¢'ï§ªã § ¤ ç÷ (1), (2), (9) á¯à ¢¤¦ãõâìáï
§®¡à ¦¥ï Φ(t) = x∗(t) + x0(t)I1, ¤¥ x∗(t) { à®§£«ï¤ã¢ ¨© à®§¢'ï§®ª, x0(t) {
à®§¢'ï§®ª ®¤®à÷¤®£® ¤¨ä¥à¥æ÷ «ì®£® à÷¢ïï (7) § ¯®ç âª®¢¨¬¨ ã¬®¢ ¬¨
(8). �à å®¢ãîç¨, é® à®§¢'ï§®ª § ¤ ç÷ (1), (2) õ ¥¯¥à¥à¢® ¤¨ä¥à¥æ÷©®¢¨¬
§«÷¢ , ¯à¨ t = t2 § å®¤¨¬®

Φ(t2) = x∗(t2) + I1x0(t2) = x∗(t2 − T ). (10)
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�¢÷¤á¨ ÷ § ã¬®¢ ¯®¡ã¤®¢¨ äãªæ÷ù Φ(t)   ¯à®¬÷¦ªã [t1, t2) ¢¨¯«¨¢ õ, é®
Φ(t2) = Φ(t2 − T ) . � ç¥ï ÷¬¯ã«ìá®ù ¤÷ù I2i ¢¨¡¥à¥¬® â ª, é®¡ ¢¨ª®ã¢ « áì
ã¬®¢ 

Φ(i)(t2 + 0) = x∗(i)(t2 − T ), i = 1, 2, . . . , n− 1. (11)

�ç¥¢¨¤®, é® â ª÷ § ç¥ï I2i, i = 1, 2, . . . , n − 1 , ¤«ï ïª¨å ¢¨ª®ãîâìáï
ã¬®¢¨

Φ(i)(t2 + 0)− Φ(i)(t2 − 0) = I2i, i = 1, 2, . . . , n− 1,

÷ äãªæ÷ï Φ(t) õ ¥¯¥à¥à¢®î ¯à¨ t = t1 , ÷áãîâì   ¯÷¤áâ ¢÷ á¯÷¢¢÷¤®è¥ì
(10), (11) â   ¯à÷®à®ù T -¯¥à÷®¤¨ç®áâ÷ äãªæ÷ù Φ(t) . �à¨ æì®¬ã ®ç¥¢¨¤®, é®
n−1∑
i=1

(|I1i|+ |I2i|) > 0, â®¡â® ÷¬¯ã«ìá  ¤÷ï ¥ ¤®à÷¢îõ ã«¥¢÷. � ç¥ï ÷¬¯ã«ì-
á®ù ¤÷ù Iki , k ≥ 3 , ¬®¦  ¢¨§ ç¨â¨ §  ¤®¯®¬®£®î ã¬®¢ ¯¥à÷®¤¨ç®áâ÷ (3).

� ª¨¬ ç¨®¬, ¬ õ ¬÷áæ¥ â ª¥ â¢¥à¤¦¥ï.

�¥¬  2. �¥å © § ¤ ® ¬®¬¥â¨ ÷¬¯ã«ìá®ù ¤÷ù {tk}∞k=1 , ¤«ï ïª¨å ¢¨ª®ã-
îâìáï ã¬®¢¨ ¯¥à÷®¤¨ç®áâ÷ (3) ¯à¨ ¤¥ïª®¬ã T > 0 ÷ m = 2 . �à¨¯ãáâ¨¬®, é®
®¤®à÷¤¥ ¤¨ä¥à¥æ÷ «ì¥ à÷¢ïï (7) ¬ õ à®§¢'ï§®ª x0(t) , t > t1 , ¤«ï ïª®£®
¢¨ª®ãõâìáï ã¬®¢  x0(t1) = 0 â  ¥à÷¢÷áâì x0(t2) 6= 0 . �®¤÷ ¤«ï ¡ã¤ì-ïª®£®
à®§¢'ï§ªã x∗(t) à÷¢ïï (1) ÷áãîâì â ª÷ § ç¥ï ÷¬¯ã«ìá®ù ¤÷ù Iki , k ∈ N ,
i = 1, 2, . . . , n−1 , é® § ¤ ç  (1), (2) ¬ õ T -¯¥à÷®¤¨ç¨© (¯à¨ t → +∞ ) à®§¢'ï§®ª
Φ(t) § ¯®ç âª®¢¨¬¨ ã¬®¢ ¬¨ Φ(i)(t0) = x∗(i)(t0) , i = 0, 1, . . . , n − 1 , ¯à¨ç®¬ã
¤«ï ã¬®¢ ÷¬¯ã«ìá®ù ¤÷ù ¢¨ª®ãîâìáï ã¬®¢¨ ¯¥à÷®¤¨ç®áâ÷ (3) ÷ ¥à÷¢÷áâì

n−1∑

i=1

(|I2k−1,i|+ |I2k,i|) > 0, k ∈ N.

öè¨¬¨ á«®¢ ¬¨, ¯à¨ ÷áã¢ ÷ à®§¢'ï§ªã x0(t) , t > t1 , ÷§ §£ ¤ ¨¬¨ ¢¨é¥
¢« áâ¨¢®áâï¬¨ ¡ã¤ì-ïª¨© à®§¢'ï§®ª x∗(t) à÷¢ïï (1) §  ¤®¯®¬®£®î ¥ ¡÷«ìè
÷¦ ¤¢®å ã¬®¢ ÷¬¯ã«ìá®ù ¤÷ù ¢¨£«ï¤ã (2) ã  ¯¥à¥¤ ä÷ªá®¢ ÷ ¬®¬¥â¨ ç áã
{tk}∞k=1 ¬®¦  §à®¡¨â¨ T -¯¥à÷®¤¨ç¨¬ (¯à¨ t → +∞ ).

4. �¬®¢¨ ÷áã¢ ï à®§¢'ï§ªã x0(t) ®¤®à÷¤®£® ¤¨ä¥à¥æ÷ «ì®£®
à÷¢ïï (7) § ã¬®¢ ¬¨ x0(t1) = 0 , x0(t2) 6= 0 . �'ïáãõ¬® ã¬®¢¨, ¯à¨ ïª¨å
®¤®à÷¤¥ ¤¨ä¥à¥æ÷ «ì¥ à÷¢ïï (7) ¬ õ à®§¢'ï§®ª x0(t), ¤«ï ïª®£® á¯à ¢¤¦ã-
îâìáï á¯÷¢¢÷¤®è¥ï x0(t1) = 0 , x0(t2) 6= 0 . �÷ ã¬®¢¨ §àãç® áä®à¬ã«î¢ â¨
¢ â¥à¬÷ å ¢« áâ¨¢®áâ¥© à®§¢'ï§ª÷¢ å à ªâ¥à¨áâ¨ç®£® à÷¢ïï ¤«ï ¤¨ä¥à¥æ÷-
 «ì®£® à÷¢ïï (1), é® § ¯¨áãõâìáï â ª¨¬ ç¨®¬:

λn + a1λ
n−1 + . . . + an−1λ + an = 0. (12)

�  ¤®¯®¬®£®î ¯àï¬¨å ®¡ç¨á«¥ì ¬®¦  ¤®¢¥áâ¨ â ªã «¥¬ã.

�¥¬  3. �¨ä¥à¥æ÷ «ì¥ à÷¢ïï (7) ¬ õ à®§¢'ï§®ª x0(t) , é® § ¤®¢®«ìïõ
ã¬®¢ã x0(t1) = 0 â  ¥à÷¢÷áâì x0(t2) 6= 0 , ïªé® ¢¨ª®ãõâìáï ®¤  §  áâã¯-
¨å ã¬®¢:

1◦) å à ªâ¥à¨áâ¨ç¥ à÷¢ïï (12) ¬ õ ¯à¨ ©¬÷ ¤¢  à÷§÷ ¤÷©á÷ ª®à¥÷;
2◦) å à ªâ¥à¨áâ¨ç¥ à÷¢ïï (12) ¬ õ ª®à÷ì ªà â®áâ÷ 2  ¡® ¡÷«ìè¥;
3◦) å à ªâ¥à¨áâ¨ç¥ à÷¢ïï (12) ¬ õ ¯à®áâ¨© ª®¬¯«¥ªá¨© ª®à÷ì λ =

= α + iω § ¢« áâ¨¢÷áâî (t2 − t1)ω 6= pπ , ¤¥ p ∈ N ;
4◦) å à ªâ¥à¨áâ¨ç¥ à÷¢ïï (12) ¬ õ ¤¢  ¯à®áâ÷ ª®¬¯«¥ªá÷ ª®à¥÷ ¢¨-

£«ï¤ã λ1 = α1 + iω1 , λ2 = α2 + iω2 , ¤¥ α1 6= α2 , â  ùå÷ ãï¢÷ ç áâ¨¨ § ¤®-
¢®«ìïîâì à÷¢÷áâì (t2 − t1)ωk = pkπ , ¤¥ pk ∈ N , k = 1, 2 ;
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5◦) å à ªâ¥à¨áâ¨ç¥ à÷¢ïï (12) ¬ õ ¤¢  ¯à®áâ÷ ª®¬¯«¥ªá÷ ª®à¥÷ ¢¨-
£«ï¤ã λ1 = α + iω1 , λ2 = α + iω2 , ãï¢÷ ç áâ¨¨ ïª¨å â ª÷, é® ç¨á«  (t2−t1)ω1

π

÷ (t2−t1)ω2
π æ÷«÷ â  ¬ îâì à÷§ã ¯ à÷áâì;
6◦) å à ªâ¥à¨áâ¨ç¥ à÷¢ïï (12) ¬ õ ¯à®áâ¨© ª®¬¯«¥ªá¨© ª®à÷ì ¢¨-

£«ï¤ã λ1 = α + iω â  ¯à®áâ¨© ¤÷©á¨© ª®à÷ì λ2 6= α , ¤¥ ç¨á«® ω § ¤®¢®«ìïõ
ã¬®¢ã (t2−t1)ω

π ∈ N ;
7◦) å à ªâ¥à¨áâ¨ç¥ à÷¢ïï (12) ¬ õ ¯à®áâ¨© ª®¬¯«¥ªá¨© ª®à÷ì ¢¨-

£«ï¤ã λ1 = α + iω â  ¯à®áâ¨© ¤÷©á¨© ª®à÷ì λ2 = α , ÷ ¯à¨ æì®¬ã (t2−t1)ω
2π 6∈ N

 ¡® ¦ (t2−t1)ω
π õ æ÷«¨¬ ¥¯ à¨¬ ç¨á«®¬.

�®áâ â÷ ã¬®¢¨ ¥÷áã¢ ï §£ ¤ ®£® ¢¨é¥ à®§¢'ï§ªã x0(t) ¤ îâì  áâã¯÷
â¢¥à¤¦¥ï.

�¢¥à¤¦¥ï 1. �¥å © λ1 , λ2 , . . . , λn { ª®à¥÷ å à ªâ¥à¨áâ¨ç®£® à÷¢-
ïï (12) ÷ ç¨á«® n õ ¯ à¨¬. �¨ä¥à¥æ÷ «ì¥ à÷¢ïï (7) ¥ ¬ õ à®§¢'ï§ªã
x0(t) , é® § ¤®¢®«ìïõ ã¬®¢ã x0(t1) = 0 â  ¥à÷¢÷áâì x0(t2) 6= 0 , â®¤÷ © «¨è¥
â®¤÷, ª®«¨ ¢¨ª®ãîâìáï â ª÷ ã¬®¢¨:

1◦) ¢á÷ ª®à¥÷ å à ªâ¥à¨áâ¨ç®£® à÷¢ïï (12) õ ¯à®áâ¨¬¨ ª®¬¯«¥ªá¨¬¨
ç¨á« ¬¨;

2◦) ¤÷©á÷ ç áâ¨¨ ª®à¥÷¢ λ1 , λ2 , . . . , λn õ ®¤ ª®¢¨¬¨, â®¡â® Re λj =
= Re λs , j, s = 1, 2, . . . , n ;

3◦) ç¨á«  (t2−t1)
π Im λk , k = 1, 2, . . . , n , õ ®¤®ç á® ¯ à¨¬¨  ¡® ®¤®ç á®

¥¯ à¨¬¨.

�¢¥à¤¦¥ï 2. �¥å © λ1 , λ2 , . . . , λn { ª®à¥÷ å à ªâ¥à¨áâ¨ç®£® à÷¢-
ïï (12) ÷ ç¨á«® n õ ¥¯ à¨¬. �¨ä¥à¥æ÷ «ì¥ à÷¢ïï (7) ¥¬ õ à®§¢'ï§ªã
x0(t) , é® § ¤®¢®«ìïõ ã¬®¢ã x0(t1) = 0 â  ¥à÷¢÷áâì x0(t2) 6= 0 , â®¤÷ © «¨è¥
â®¤÷, ª®«¨ ¢¨ª®ãîâìáï â ª÷ ã¬®¢¨:

1◦) ¢á÷ ª®à¥÷ å à ªâ¥à¨áâ¨ç®£® à÷¢ïï (12) õ ¯à®áâ¨¬¨ ç¨á« ¬¨;
2◦) å à ªâ¥à¨áâ¨ç¥ à÷¢ïï (12) ¬ õ à÷¢® ®¤¨ ¤÷©á¨© ª®à÷ì;
3◦) ¤÷©á÷ ç áâ¨¨ ª®à¥÷¢ λ1 , λ2 , . . . , λn õ ®¤ ª®¢¨¬¨, â®¡â® Re λj =

= Re λs , j, s = 1, 2, . . . , n ;
4◦) ç¨á«  (t2−t1)

π Im λk , ¤¥ Im λk 6= 0 , k = 1, 2, . . . , n , õ ®¤®ç á® ¯ à-
¨¬¨.

�÷¤áã¬®¢ãîç¨, áä®à¬ã«îõ¬® â ª¥ â¢¥à¤¦¥ï.

�¥®à¥¬ . �¥å © § ¤ ® ¬®¬¥â¨ ÷¬¯ã«ìá®ù ¤÷ù {tk}∞k=1 , ¤«ï ïª¨å ¢¨ª®-
ãîâìáï ã¬®¢¨ ¯¥à÷®¤¨ç®áâ÷ (3) ¯à¨ ¤¥ïª®¬ã T > 0 ÷ m = 2 . �ªé® ª®à¥÷
å à ªâ¥à¨áâ¨ç®£® à÷¢ïï (12) ¥ § ¤®¢®«ìïîâì ã¬®¢¨  ¡® â¢¥à¤¦¥ï 1
(¯à¨ n = 2l ),  ¡® â¢¥à¤¦¥ï 2 (¯à¨ n = 2l + 1 ), â® ¤«ï ¡ã¤ì-ïª®£® à®§¢'ï§ªã
x∗(t) à÷¢ïï (1) ÷áãîâì â ª÷ § ç¥ï ÷¬¯ã«ìá®ù ¤÷ù Iki , k ∈ N , i =
= 1, 2, . . . , n−1 , é® § ¤ ç  (1), (2) ¬ õ T -¯¥à÷®¤¨ç¨© (¯à¨ t → +∞ ) à®§¢'ï§®ª
Φ(t) § ¯®ç âª®¢¨¬¨ ã¬®¢ ¬¨ Φ(i)(t0) = x∗(i)(t0) , i = 0, 1, . . . , n − 1 , ¯à¨ç®¬ã
¤«ï ã¬®¢ ÷¬¯ã«ìá®ù ¤÷ù ¢¨ª®ãîâìáï ã¬®¢¨ ¯¥à÷®¤¨ç®áâ÷ (3) ÷ ¥à÷¢÷áâì

n−1∑

i=1

(|I2k−1,i|+ |I2k,i|) > 0, k ∈ N.

� «®£÷ç¨¬ ç¨®¬ ¬®¦  à®§£«ïãâ¨ ¢¨¯ ¤®ª m ≥ 3 .
�¨á®¢ª¨. �ªé® § ¤ ® ¤¥ïª¨© à®§¢'ï§®ª x∗(t) «÷÷©®£® ¤¨ä¥à¥æ÷ «ì-

®£® à÷¢ïï n -£® ¯®àï¤ªã ¢¨£«ï¤ã (1) ÷ ¬®¬¥â¨ ÷¬¯ã«ìá®ù ¤÷ù t = tk , k ∈ N ,
â® ¯à¨ ¯¥¢¨å ã¬®¢ å   å à ªâ¥à¨áâ¨ç÷ ª®à¥÷ ®¤®à÷¤®£® ¤¨ä¥à¥æ÷ «ì®£®
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à÷¢ïï, é® ¢÷¤¯®¢÷¤ õ à÷¢ïî (1), ÷áãîâì â ª÷ § ç¥ï ÷¬¯ã«ìá®ù ¤÷ù Iki ,
k ∈ N , i = 1, 2, . . . , n − 1 , ¯à¨ ïª¨å ¢¨å÷¤¥ ¤¨ä¥à¥æ÷ «ì¥ à÷¢ïï (1) §
÷¬¯ã«ìá®î ¤÷õî (2) ¬ õ ¯¥à÷®¤¨ç¨© à®§¢'ï§®ª, ¯®ç âª®¢÷ § ç¥ï ïª®£® ¢ ¯®-
ç âª®¢¨© ¬®¬¥â ç áã t0 < t1 á¯÷¢¯ ¤ îâì §÷ § ç¥ï¬¨ à®§¢'ï§ªã x∗(t) ¯à¨
t = t0 .
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��������������� �������� �������
����������������� ��������� n -�� �������
� ���������� ������������

� áá¬®âà¥  § ¤ ç  ® áãé¥áâ¢®¢ ¨¨ â ª¨å ¢¥«¨ç¨ ¨¬¯ã«ìá®£® ¢®§¤¥©áâ¢¨ï, çâ®
¤«ï ¯à®¨§¢®«ì®£® (ä¨ªá¨à®¢ ®£®) à¥è¥¨ï x∗(t) «¨¥©®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢-
¥¨ï n -£® ¯®àï¤ª  ¨ ¤ ëå (ä¨ªá¨à®¢ ëå) ¬®¬¥â®¢ ¨¬¯ã«ìá®£® ¢®§¤¥©áâ¢¨ï
t = tk , k ∈ N , ¨áå®¤®¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ á ¨¬¯ã«ìáë¬ ¢®§¤¥©áâ¢¨¥¬ ¢
¬®¬¥âë ¢à¥¬¥¨ t = tk , k ∈ N , ¨¬¥¥â ¯¥à¨®¤¨ç¥áª®¥ à¥è¥¨¥, § ç¥¨¥ ª®â®à®£®
¢  ç «ìë© ¬®¬¥â ¢à¥¬¥¨ t0 < t1 á®¢¯ ¤ ¥â á® § ç¥¨ï¬¨ à¥è¥¨ï x∗(t) ¯à¨
t = t0 .

ASYMPTOTIC PROPERTIES OF SOLUTIONS TO THE n -TH ORDER
DIFFERENTIAL EQUATION WITH IMPULSES

We study the problem on existence of such impulse values, that for given (�xed) solution
x∗(t) to the n -th order linear di�erential equation and �xed moments of impulses t = tk ,
k ∈ N , the original linear di�erential equation with impulses at the �xed moment of time
t = tk , k ∈ N , has a periodic solution, the initial values of which at the initial moment
t0 < t1 coincide with values of solution x∗(t) at t = t0 .
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