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� áá¬ âà¨¢ îâáï ¤¨ää¥à¥­æ¨ «ì­ë¥ ¢ª«îç¥­¨ï ¯®àï¤ª  α ∈ (0, 1), á®¤¥à¦ é¨¥
¤à®¡­ãî ¯à®¨§¢®¤­ãî �¨¬ ­  { �¨ã¢¨««ï, ¢ ¯à®áâà ­áâ¢¥ áã¬¬¨àã¥¬ëå äã­ª-
æ¨©. �®ª § ­® áãé¥áâ¢®¢ ­¨¥ ¨å à¥è¥­¨©.

�§ãç¥­¨î ãá«®¢¨© áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨© ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨© ¤à®¡­®£® ¯®àï¤ª  á ¤à®¡­®© ¯à®¨§¢®¤­®© �¨¬ ­  { �¨ã¢¨«-
«ï ¢ ¯à®áâà ­áâ¢¥ áã¬¬¨àã¥¬ëå äã­ªæ¨© ¯®á¢ïé¥­ë à ¡®âë [2, 6]. �¨¦¥ à¥çì
¨¤¥â ®¡ ãá«®¢¨ïå áãé¥áâ¢®¢ ­¨ï à¥è¥­¨© ¤¨ää¥à¥­æ¨ «ì­®£® ¢ª«îç¥­¨ï ¯®àï¤-
ª  α ∈ (0, 1) ¢ ¯à®áâà ­áâ¢¥ áã¬¬¨àã¥¬ëå äã­ªæ¨©. �ãé¥áâ¢®¢ ­¨¥ à¥è¥­¨© ¢
¯à®áâà ­áâ¢¥ ­¥¯à¥àë¢­ëå äã­ªæ¨© ¤«ï â ª¨å ¢ª«îç¥­¨© à áá¬®âà¥­® ¢ [1].

1. �ãáâì Rn { ¯à®áâà ­áâ¢® n-¬¥à­ëå ¢¥ªâ®à®¢ á ­®à¬®© ‖·‖ ,   θ { ­ã«¥-
¢®© ¢¥ªâ®à; compRn (convRn) { ¬­®¦¥áâ¢® ­¥¯ãáâëå ¨ ª®¬¯ ªâ­ëå (¢ë¯ãª«ëå ¨
ª®¬¯ ªâ­ëå) ¯®¤¬­®¦¥áâ¢ Rn á ¬¥âà¨ª®© � ãá¤®àä  h (·, ·) ; ρ (z, A) { à ááâ®ï-
­¨¥ ¬¥¦¤ã â®çª®© z ∈ Rn ¨ ¬­®¦¥áâ¢®¬ A ⊂ Rn ; R+ = [0, +∞) . �ãáâì
T { ¨­â¥à¢ « ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨, L1 (T,Rn) { ¬­®¦¥áâ¢® ¨­â¥£à¨àã¥¬ëå
¯® �¥¡¥£ã äã­ªæ¨© f : T → Rn á ­®à¬®© ‖f (x)‖1 =

∫
T

‖f (x)‖ dx.

�­®£®§­ ç­®¥ ®â®¡à ¦¥­¨¥ F : T → Rn ­ §ë¢ ¥¬ ¨§¬¥à¨¬ë¬, ¥á«¨ ¬­®¦¥á-
â¢® {x ∈ T : F (x) ∩ E 6= ∅} ¨§¬¥à¨¬® ¯® �¥¡¥£ã ¤«ï «î¡®£® ®âªàëâ®£® ¬­®¦¥áâ-
¢  E ⊂ Rn . �¥à¥§ A (T,Rn) ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¨­â¥£à¨àã¥¬ëå ¯® �ã¬ ­ã
[5] ¬­®£®§­ ç­ëå ®â®¡à ¦¥­¨© F : T → compRn . �â®¡à ¦¥­¨¥ d : A (T,Rn) ×
×A (T,Rn) → R+ , £¤¥ ¤«ï «î¡ëå F, G ∈ A (T,Rn)

d (F,G) =
∫

T

h (F (x) , G (x)) dx

ï¢«ï¥âáï ¬¥âà¨ª®©, ¯à¨ç¥¬ (A (T,Rn) , d) { ¯®«­®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® [8].
�ãáâì J = (0, a] , f ∈ L1 (J,Rn) , α ∈ (0, 1) . �®£¤ 

(Iα
0 f) (x) =

1
Γ (α)

x∫

0

(x− t)α−1
f (t) dt,

£¤¥ Γ (·) { £ ¬¬ -äã­ªæ¨ï �©«¥à , ­ §ë¢ ¥¬ [3] «¥¢®áâ®à®­­¨¬ ¨­â¥£à «®¬ �¨-
¬ ­  { �¨ã¢¨««ï ¯®àï¤ª  α . �ãáâì f1−α (x) =

(
I1−α
0 f

)
(x) . �®£¤  (Dα

0 f) (x) =
= f

′
1−α (x) ­ §ë¢ ¥¬ «¥¢®áâ®à®­­¥© ¯à®¨§¢®¤­®© �¨¬ ­  { �¨ã¢¨««ï ¯®àï¤ª  α .
2. � áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ¢ª«îç¥­¨¥

(Dα
0 y) (x) ∈ F (x, y (x)) (1)

á ­ ç «ì­ë¬ ãá«®¢¨¥¬
y1−α (0) = γ. (2)

�à¥¤¯®«®¦¨¬, çâ® ¬­®£®§­ ç­®¥ ®â®¡à ¦¥­¨¥ F : J ×D → convRn , £¤¥

D =
{

u ∈ L1 (J,Rn) :
∥∥∥∥u (x)− xα−1γ

Γ (α)

∥∥∥∥
1

≤ b

}
,
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ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬:
1 ) ¤«ï u (x) ∈ D ¬­®£®§­ ç­®¥ ®â®¡à ¦¥­¨¥ F (x, u (x)) ï¢«ï¥âáï ¨§¬¥à¨¬ë¬;
2 ) |F (x, u (x))| = h (F (x, u (x)) , {θ}) ≤ m (x) , u(x) ∈ D, m(x) ∈ L1 (J,R+) ;
3 ) ¤«ï «î¡ëå u (x) , v (x) ∈ D , d (F (x, u (x)) , F (x, v (x))) ≤ K ‖u (x)− v (x)‖1 .

�®¤ à¥è¥­¨¥¬ § ¤ ç¨ (1), (2) ¯®­¨¬ ¥¬ â ªãî äã­ªæ¨î y(x) ∈ L1 (J,Rn) ,
ª®â®à ï ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (2) ¨ ¤«ï ¯®çâ¨ ¢á¥å x ∈ J ¤¨ää¥à¥­æ¨ «ì­®¬ã
¢ª«îç¥­¨î (1).

�¥®à¥¬  1. �ãáâì ¬­®£®§­ ç­®¥ ®â®¡à ¦¥­¨¥ F : J ×D → convRn ã¤®¢-
«¥â¢®àï¥â ãá«®¢¨ï¬ 1){3). �á«¨ ¤«ï w (x) ∈ D áãé¥áâ¢ã¥â ¯®çâ¨ ¢áî¤ã ­ 
J ¯à®¨§¢®¤­ ï (Dα

0 w) (x), ¯à¨ç¥¬

ρ ((Dα
0 w) (x) , F (x,w (x))) ≤ λ (x) , λ (x) ∈ L1 (J,R+) ,

â® ¤«ï x ∈ (0, a] , £¤¥ a â ª®¥, çâ®

aα ‖m (x)‖1
Γ (α + 1)

≤ b, δ =
aα ·K

Γ (α + 1)
< 1, (3)

áãé¥áâ¢ã¥â â ª®¥ à¥è¥­¨¥ y (x) § ¤ ç¨ (1), (2), çâ®

‖y (x)− w (x)‖1 ≤
δ ‖λ (x)‖1
(1− δ)K

.

� ® ª   §   â ¥ « ì á â ¢ ®. �®áâà®¨¬ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {vn (x)} , {un (x)} ,
n = 0, 1, 2, ... , ¯®« £ ï v0 (x) = (Dα

0 w) (x) , u0 (x) = w (x) . �ãé¥áâ¢ã¥â [8, á. 49]
â ª®© ¨§¬¥à¨¬ë© á¥«¥ªâ®à v1 (x) ¬­®£®§­ ç­®£® ®â®¡à ¦¥­¨ï F (x, u0 (x)) , çâ®
¤«ï ¯®çâ¨ ¢á¥å x ∈ J

‖v1 (x)− v0 (x)‖ = ρ (v0 (x) , F (x, u0 (x))) .

�®« £ ¥¬ u1 (x) = µ (x) + (Iα
0 v1) (x) , £¤¥ µ (x) =

(
γxα−1

)
/Γ (α) . �á¯®«ì§ãï â¥®-

à¥¬ã �ã¡¨­¨, ¯®«ãç¨¬

‖u1 (x)− u0 (x)‖1 ≤
1

Γ (α)

a∫

0

x∫

0

(x− t)α−1 ‖v1 (t)− v0 (t)‖ dtdx ≤

≤ 1
Γ (α)

a∫

0

(a− t)α

α
λ (t) dt ≤ aα ‖λ (x)‖1

Γ (α + 1)
,

‖u1 (x)− µ (x)‖1 ≤
aα ‖m (x)‖1
Γ (α + 1)

.

�á«¨ v2 (x) { â ª®© ¨§¬¥à¨¬ë© á¥«¥ªâ®à ¬­®£®§­ ç­®£® ®â®¡à ¦¥­¨ï
F (x, u1 (x)) , çâ®

‖v2(x)− v1 (x)‖ = ρ (v1 (x) , F (x, u1 (x))) ,

â® ¯®« £ ¥¬ u2 (x) = µ (x) + (Iα
0 v2) (x) , ¯à¨ç¥¬

‖v2 (x)− v1 (x)‖1 =

a∫

0

‖v2 (x)− v1 (x)‖ dx =

a∫

0

ρ (v1 (x) , F (x, u1 (x))) dx ≤

≤
a∫

0

h (F (x, u0 (x)) , F (x, u1 (x))) dx ≤ K ‖u1 (x)− u0 (x)‖1 ≤
aα ·K ‖λ (x)‖1

Γ (α + 1)
.
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�­ «®£¨ç­®, ª ª ¨ ¢ëè¥, ­ å®¤¨¬, çâ®

‖u2 (x)− u1 (x)‖1 ≤
(

aαK

Γ (α + 1)

)2

· ‖λ (x)‖1
K

,

‖u2 (x)− u1 (x)‖1 ≤
aα · ‖m (x)‖1

Γ (α + 1)
.

�á¯®«ì§ãï ¨­¤ãªæ¨î, ¯®«ãç¨¬

‖un (x)− un−1 (x)‖1 ≤
δn · ‖λ (x)‖1

K
, (4)

‖vn (x)− vn−1 (x)‖1 ≤ δn · ‖λ (x)‖1 , (5)

‖un (x)− µ (x)‖1 ≤
aα · ‖m (x)‖1

Γ (α + 1)
. (6)

�§ ®æ¥­®ª (4){(6) ¢ á¨«ã (3) á«¥¤ã¥â, çâ® un (x) ∈ D ,   ¯®á«¥¤®¢ â¥«ì­®áâ¨
{un (x)} , {vn (x)} ï¢«ïîâáï äã­¤ ¬¥­â «ì­ë¬¨ ¢ L1 (J,Rn) . �ãáâì u , v ∈
∈ L1 (J,Rn) â ª¨¥, çâ® ‖un (x)− u (x)‖1 → 0, ‖vn (x)− v (x)‖1 → 0 ¯à¨ n →∞ .
�«¥¤®¢ â¥«ì­®, áãé¥áâ¢ãîâ ¨å ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ (á®åà ­¨¬ ¤«ï ­¨å â¥ ¦¥
®¡®§­ ç¥­¨ï) â ª¨¥, çâ® un(x) → u(x), vn(x) → v(x) ¯à¨ n → ∞ ¯®çâ¨ ¢áî¤ã
­  J . � ª ª ª un (x) = µ (x) + (Iα

0 vn) (x) , â® á®£« á­® â¥®à¥¬¥ ® ¬ ¦®à ­â­®©
áå®¤¨¬®áâ¨ ¯®«ãç ¥¬, çâ® u (x) = µ (x) + (Iα

0 v) (x) .
�¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï¥¬, çâ® (Dα

0 u) (x) = v (x) ¤«ï ¯®çâ¨ ¢á¥å x ∈ J ,
  u1−α (0) = γ . �®ª ¦¥¬, çâ® u (x) ¤«ï ¯®çâ¨ ¢á¥å x ∈ J ã¤®¢«¥â¢®àï¥â ¢ª«î-
ç¥­¨î (1). �®á¯®«ì§ã¥¬áï á«¥¤ãîé¨¬ á®®â­®è¥­¨¥¬ [7]. �«ï «î¡ëå p, q ∈ Rn ¨
A,B ∈ compRn

ρ (p,A) ≤ ‖p− q‖+ ρ (q, B) + h (A,B) . (7)

� ­ è¥¬ á«ãç ¥ ¢ á¨«ã (7) ¤«ï ¯®çâ¨ ¢á¥å x ∈ J ¨¬¥¥¬

ρ ((Dα
0 u) (x) , F (x, u (x))) ≤

≤ ‖v (x)− vm (x)‖+ ρ (vm (x) , F (x, um (x))) + h (F (x, u (x)) , F (x, um (x))) . (8)

� ª ª ª ρ (vm (x) , F (x, um (x))) = 0 ¢ á¨«ã ¢ë¡®à  vm (x) , â® á®£« á­® (8)
¯®«ãç ¥¬

a∫

0

ρ ((Dα
0 u) (x) , F (x, u (x))) dx ≤

≤ ‖v (x)− vm (x)‖1 +

a∫

0

h (F (x, u (x)) , F (x, um (x))) dx ≤

≤ ‖v (x)− vm (x)‖1 + K ‖u (x)− um (x)‖1 .

�§ ¯®á«¥¤­¥£® á®®â­®è¥­¨ï á«¥¤ã¥â, çâ®
a∫
0

ρ ((Dα
0 u) (x) , F (x, u (x))) dx = 0 , â.¥.

¤«ï ¯®çâ¨ ¢á¥å x ∈ J (Dα
0 u) (x) ∈ F (x, u (x)) .

� ª ª ª u0 (x) = w (x) , â® ¢ á¨«ã (4)

‖un (x)− w (x)‖1 ≤
δ ‖λ (x)‖1

K

(
1 + δ + · · ·+ δn−1

) ≤ δ ‖λ (x)‖1
(1− δ) K

.

�âáî¤  ¯à¨ n →∞ ¨¬¥¥¬ ‖u (x)− w (x)‖1 ≤ (δ ‖λ (x)‖1) / ((1− δ) K) . ♦
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�«¥¤áâ¢¨¥. �ãáâì w (x) =
(
γxα−1

)
/Γ (α) . �®£¤  w (x) ∈ D ¨

ρ ((Dα
0 w) (x) , F (x,w (x))) =

= ρ ({θ}, F (x,w (x))) ≤ h (F (x,w (x)) , {θ}) ≤ m (x) .

�«¥¤®¢ â¥«ì­®, ¬­®¦¥áâ¢® à¥è¥­¨© § ¤ ç¨ (1),(2) ­¥ ¯ãáâ®.
�á«¨ F : J×G → convRn, G ⊂ Rn , ï¢«ï¥âáï ®â®¡à ¦¥­¨¥¬ â¨¯  � à â¥®¤®-

à¨ [8],   y : J → G { ¨§¬¥à¨¬ ï äã­ªæ¨ï, â® ®â®¡à ¦¥­¨¥ F (x, y(x)) ¡ã¤¥â [4,
á. 99] ¨§¬¥à¨¬ë¬. �«¥¤®¢ â¥«ì­®, ¤«ï ®â®¡à ¦¥­¨ï F : J × G → convRn â¨¯ 
� à â¥®¤®à¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï 1 ), 2 ).

�¥®à¥¬  2. �ãáâì ¬­®£®§­ ç­®¥ ®â®¡à ¦¥­¨¥ F (x, y) ã¤®¢«¥â¢®àï¥â ãá-
«®¢¨ï¬ â¥®à¥¬ë 1. �«ï â®£® çâ®¡ë äã­ªæ¨ï u(x) ∈ L1 (J,Rn) ¡ë«  à¥è¥­¨¥¬
§ ¤ ç¨ (1), (2), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¤«ï «î¡ëå x, x+ τ ∈ J, τ > 0 ,

u1−α(x + τ)− u1−α(x) ∈
∫ x+τ

x

F (t, u(t)) dt.

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2 ¨§ [1].♦
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�®§£«ï¤ îâìáï ¤¨ä¥à¥­æ÷ «ì­÷ ¢ª«îç¥­­ï ¯®àï¤ªã α ∈ (0, 1) , é® ¬÷áâïâì ¤à®¡®-
¢ã ¯®å÷¤­ã �÷¬ ­  { �÷ã¢÷««ï, ¢ ¯à®áâ®à å áã¬®¢­¨å äã­ªæ÷©. �®¢¥¤¥­® ÷á­ã¢ ­­ï ùå
à®§¢'ï§ª÷¢.

EXISTENCE OF SOLUTIONS OF DIFFERENTIAL INCLUSIONS
OF FRACTIONAL ORDER IN THE SPACE OF SUMMABLE FUNCTIONS

Di�erential inclusions of fractional order α ∈ (0, 1) containing the Riemann { Liouville
fractional derivative, are considered in the space of summable functions. The existence of
their solutions is proved.

�­-â ¬ â¥¬ â¨ª¨, íª®­®¬¨ª¨ ¨ ¬¥å ­¨ª¨ �®«ãç¥­®
�¤¥á. ­ æ. ã­-â  ¨¬. �. �. �¥ç­¨ª®¢ , �¤¥áá  01.09.03
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