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�à¨ ¤®á«÷¤¦¥­­÷ ¤¨ä¥à¥­æ÷ «ì­¨å ¯®â®ª÷¢ ­  ­¥ª®¬¯ ªâ­¨å ¬­®£®¢¨¤ å ÷áâ®â­ã
à®«ì ¢÷¤÷£à îâì ã¬®¢¨ ­  ª®¥ä÷æ÷õ­â¨ à÷¢­ï­­ï ­  ­¥áª÷­ç¥­­®áâ÷. � à®¡®â÷ à®§-
£«ï­ãâ® ¤¨ä¥à¥­æ÷ «ì­¥ à÷¢­ï­­ï ¯¥àè®£® ¯®àï¤ªã § £«®¡ «ì­® ­¥«÷¯è¨æ¥¢¨¬¨
ª®¥ä÷æ÷õ­â ¬¨ ­  ¬­®£®¢¨¤÷, é® â ª®¦ ¬®¦¥ ¬÷áâ¨â¨ ¢¨¯ ¤ª®¢÷ ç«¥­¨. �®-
ª § ­®, é® ª®à¥ªâ­¥ ¤®á«÷¤¦¥­­ï ¢ à÷ æ÷© ­¥«÷­÷©­¨å à÷¢­ï­ì ­  ¬­®£®¢¨¤ å § 
¯®ç âª®¢¨¬¨ ã¬®¢ ¬¨ â  ¯ à ¬¥âà ¬¨ ¢¨¬ £ õ ã§ £ «ì­¥­­ï ª®¢ à÷ ­â­®ù ¯®-
å÷¤­®ù �÷¬ ­ . �«ï ¢÷¤¯®¢÷¤­¨å ¢ à÷ æ÷©­¨å à÷¢­ï­ì ®âà¨¬ ­® á÷¬'î ­¥«÷­÷©­¨å
®æ÷­®ª ­  à¥£ã«ïà­÷áâì, é® á¯¨à õâìáï ­  ­¥«÷­÷©­÷ ¯à®¯®àæ÷ù ¢ à÷ æ÷©. �®á«÷¤-
¦¥­® ¢¯«¨¢ ªà¨¢¨­¨ ¬­®£®¢¨¤ã ­  à¥£ã«ïà­÷ ¢« áâ¨¢®áâ÷.

öáâ®à÷ï ¯¨â ­­ï. �  áì®£®¤­÷ ÷á­ãõ ¤¥ª÷«ìª  ¯÷¤å®¤÷¢ ¤® ª®à¥ªâ­®ù ¯®¡ã¤®¢¨
¤¨ä¥à¥­æ÷ «ì­¨å ¯®â®ª÷¢ ­  ¬­®£®¢¨¤ å. �¥§¢ ¦ îç¨ ­  ¤®¤ ­ª¨, é® ¢¨­¨ª îâì
ã ä®à¬ã«÷ öâ®, áâ®å áâ¨ç­  â¥®à÷ï ¬®¦¥ ¡ãâ¨ ã§£®¤¦¥­  § £¥®¬¥âà÷õî, ­ ¯à¨ª« ¤
§  ¤®¯®¬®£®î ¯÷¤å®¤ã �âà â®­®¢¨ç  [10, 11], á¯¥æ÷ «ì­¨å à®§è àã¢ ­ì öâ® [6, 8]
 ¡® ¯÷¤©®¬ã ¯à®æ¥á÷¢ ­  ®àâ®à¥¯¥à­÷ à®§è àã¢ ­­ï ¬­®£®¢¨¤ã [7, 12].

�«ï ®âà¨¬ ­­ï ÷­¢ à÷ ­â­¨å ã¬®¢ ­  à¥£ã«ïà­÷áâì ¯à®æ¥áã ­  ¬­®£®¢¨¤÷
§  ¯®ç âª®¢¨¬¨ ã¬®¢ ¬¨, ­¥®¡å÷¤­® §­ â¨ ïª ®¤¥à¦ â¨ £¥®¬¥âà¨ç­® ÷­¢ à÷ ­â­ã
á÷¬'î ¢ à÷ æ÷©­¨å à÷¢­ï­ì, §®ªà¥¬ , ïª £¥®¬¥âà¨ç­® ª®à¥ªâ­® ¯®¡ã¤ã¢ â¨ ¢ à÷ -
æ÷ù ¯à®æ¥áã. �à®â¥, æï § ¤ ç  ä ªâ¨ç­® é¥ ­¥ à®§£«ï¤ « áì. �¨ï¢«ïõâìáï, é®
âà ¤¨æ÷©­¥ § áâ®áã¢ ­­ï §¢¨ç ©­¨å ¯®å÷¤­¨å ã ­ ¯àï¬ª å ¢¥ªâ®à­¨å ¯®«÷¢  ¡®
ª« á¨ç­¨å ª®¢ à÷ ­â­¨å ¯®å÷¤­¨å ­¥ ¢¨à÷èãõ ¯à®¡«¥¬¨, ®áª÷«ìª¨ â ª÷ ¢ à÷ æ÷ù
­¥ õ £¥®¬¥âà¨ç­® ÷­¢ à÷ ­â­¨¬¨ ®¡'õªâ ¬¨ ÷ ¢÷¤¯®¢÷¤­÷ ¢ à÷ æ÷©­÷ à÷¢­ï­­ï ­¥
¬®¦ãâì ¡ãâ¨ § ¤ ­÷ ®¤­ ª®¢¨¬ ç¨­®¬ ã ª®¦­÷© ª àâ÷ (â®¡â® ¬÷áâïâì ­¥÷­¢ à÷ ­â­÷
ç«¥­¨). �®¬ã ¢÷¤®¬÷ ã¬®¢¨ ­  à¥£ã«ïà­÷áâì [6{12]  ¡® ­¥ ¬ «¨ ÷­¢ à÷ ­â­®£® §¬÷á-
âã,  ¡® ¬ «¨ «®ª «ì­¨© å à ªâ¥à, â®¡â® ¬®£«¨ ¡ãâ¨ ¯¥à¥¢÷à¥­÷ «¨è¥ §  ã¬®¢¨
£«®¡ «ì­®ù ®¡¬¥¦¥­®áâ÷ ¢á÷å ¯®å÷¤­¨å ª®¥ä÷æ÷õ­â÷¢ â  £¥®¬¥âà÷ù ¬­®£®¢¨¤ã  ¡® ­ 
ª®¬¯ ªâ­®¬ã ¬­®£®¢¨¤÷, é®  ¢â®¬ â¨ç­® ¬ õ áª÷­ç¥­­ã ª÷«ìª÷áâì ª àâ.

� æ÷© áâ ââ÷ ¯à®¢¥¤¥­® £¥®¬¥âà¨ç­® ª®à¥ªâ­ã ¯®¡ã¤®¢ã ¢ à÷ æ÷© ÷ ¢÷¤¯®¢÷¤­¨å
¢ à÷ æ÷©­¨å à÷¢­ï­ì,   â ª®¦ ®âà¨¬ ­® ÷­¢ à÷ ­â­÷ ã¬®¢¨ ­  £«®¡ «ì­÷ ®æ÷­ª¨ ùå
à®§¢'ï§ª÷¢ ã ¢¨¯ ¤ªã ­¥«÷¯è¨æ¥¢¨å ª®¥ä÷æ÷õ­â÷¢ à÷¢­ï­­ï â  § £ «ì­®£® ­¥ª®¬-
¯ ªâ­®£® ¬­®£®¢¨¤ã.

1. �à®¡«¥¬  à¥£ã«ïà­®áâ÷ ¤«ï à®§¢'ï§ª÷¢ ­¥«÷­÷©­¨å ¤¨ä¥à¥­æ÷-
 «ì­¨å à÷¢­ï­ì. �« á à÷¢­ï­ì § ¢¨¯ ¤ª®¢¨¬¨ ç«¥­ ¬¨ ­  ¬­®£®¢¨¤÷.
öá­ãõ ª« á¨ç­  áå¥¬  �®è÷ { �÷ã¢÷««ï { �÷ª à  ¤®á«÷¤¦¥­­ï à¥£ã«ïà­®áâ÷ ¤¨ä¥-
à¥­æ÷ «ì­¨å à÷¢­ï­ì §  ¯®ç âª®¢¨¬¨ ã¬®¢ ¬¨ â  ¯ à ¬¥âà ¬¨. �ï áå¥¬  á¯¨-
à õâìáï ­  ¯à®áâ÷ ¬¥â®¤¨ â¨¯ã áâ¨áªãîç¨å ¢÷¤®¡à ¦¥­ì ÷ â¥®à¥¬ ¯à® ¤¨ä¥à¥­-
æ÷©®¢­÷áâì ­¥ï¢­®ù äã­ªæ÷ù ¤«ï ¤®¢¥¤¥­­ï ÷á­ã¢ ­­ï, õ¤¨­®áâ÷ â  C∞ -à¥£ã«ïà-
­®áâ÷ à®§¢'ï§ª÷¢.

�å¥¬  �®è÷ { �÷ã¢÷««ï { �÷ª à  ¤®¡à¥ ¯à æîõ ¤«ï ª¢ §÷«÷­÷©­¨å à÷¢­ï­ì (§
£«®¡ «ì­® «÷¯è¨æ¥¢¨¬¨ ª®¥ä÷æ÷õ­â ¬¨ § ®¡¬¥¦¥­¨¬¨ ¯®å÷¤­¨¬¨), ­ ¯à¨ª« ¤,
¤«ï à÷¢­ï­­ï ¯¥àè®£® ¯®àï¤ªã

yx
t = x +

∫ t

0

F (yx
s )ds, (1)

¯à®â¥ ã ¢¨¯ ¤ªã ÷áâ®â­¨å ­¥«÷­÷©­®áâ¥© ¢÷¤¯®¢÷¤­÷ â¥å­÷ª¨ ­¥ ¯à æîîâì. �¨­¨ª õ
¯¨â ­­ï à®§à®¡ª¨ ¯àï¬¨å ¬¥â®¤÷¢ ¤®á«÷¤¦¥­­ï, ïª÷ ¡ ­¥ § áâ®á®¢ã¢ «¨ âà ¤¨-
æ÷©­®£® ¯¥à¥å®¤ã ¤® «÷¯è¨æ¥¢¨å  ¯à®ªá¨¬ æ÷©.
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�¥â®î à®¡®â¨ õ ¯®ª § â¨, é® ÷á­ãõ ­®¢¨© ª« á  ¯à÷®à­¨å ®æ÷­®ª ­  ¢ à÷ -
æ÷ù à®§¢'ï§ª÷¢ ÷áâ®â­® ­¥«÷­÷©­¨å à÷¢­ï­ì. �  £« ¤ª®¬ã §®à÷õ­â®¢ ­®¬ã §«ãç­®¬ã
à÷¬ ­®¢®¬ã ¬­®£®¢¨¤÷ M ¡¥§ £à ­¨æ÷ à®§£«ï­¥¬® ¤¨ä¥à¥­æ÷ «ì­¥ à÷¢­ï­­ï § ¢¨-
¯ ¤ª®¢¨¬¨ ç«¥­ ¬¨, é® ¬ õ ä®à¬ «ì­¨© á¨¬¢®«÷ç­¨© § ¯¨á öâ® { �âà â®­®¢¨ç 
[10, 11]

δyx
t = A0(yx

t )dt +
∑
α

Aα(yx
t )δWα

t , yx
0 = x. (2)

�¨é¥ A0, Aα ¯®§­ ç îâì £« ¤ª÷ £«®¡ «ì­® § ¤ ­÷ ¢¥ªâ®à­÷ ¯®«ï ­  M ; Wα
t

õ á÷¬'î ®¤­®¢¨¬÷à­¨å ­¥§ «¥¦­¨å ¯à®æ¥á÷¢ �÷­¥à  § ¢÷¤¯®¢÷¤­¨¬¨ ¤¨ä¥à¥­æ÷ -
« ¬¨ �âà â®­®¢¨ç  δWα , α = 1, ..., dimM . �®à¬ «ì­¥ á¨¬¢®«÷ç­¥ à÷¢­ï­­ï (2)
à®§ã¬÷õ¬® ã â ª®¬ã á¥­á÷, é® ¤«ï ¤®¢÷«ì­®ù £«®¡ «ì­® § ¤ ­®ù C3 -£« ¤ª®ù äã­ªæ÷ù
­  ¬­®£®¢¨¤÷ á¯à ¢¤¦ãõâìáï ­ áâã¯­¥ à÷¢­ï­­ï ¢ R1 :

f(yx
t ) = f(x) +

∫ t

0

(A0f)(yx
s )ds +

∑
α

∫ t

0

(Aαf)(yx
t )δWα

t .

�®ªà¥¬  [9], § ®áâ ­­ì®£® à÷¢­ï­­ï ¢¨¯«¨¢ õ ¬®¦«¨¢÷áâì «®ª «÷§ æ÷ù à÷¢­ï­­ï (2)
¤«ï ¯à®¢¥¤¥­­ï ¯÷¤à åã­ª÷¢ ã «®ª «ì­¨å ª àâ å: ¤«ï ¤®¢÷«ì­®ù ª àâ¨ ¬­®£®¢¨-
¤ã U ⊂ M â  ùù ª®®à¤¨­ â­¨å äãª­æ÷© fi(x) = xi à÷¢­ï­­ï (2) ¢¨ª®­ãõâìáï
«®ª «ì­® ¢ ®ª®«÷ U :

yi
t(x) = yi

τin
(x) +

∫ t

τin

Ai
0(y

x
s )ds +

∑
α

∫ t

τin

Aα(yx
s )δWα

s

­  ¢¨¯ ¤ª®¢®¬ã ÷­â¥à¢ «÷ t ∈ (τin, τout) . �ãâ τin, τout ¯®§­ ç îâì ¬®¬¥­â¨ ¢å®¤ã
â  ¢¨å®¤ã ¯à®æ¥áã § ®ª®«ã U , â®¡â® yx

t ∈ U ¤«ï ¢á÷å t ∈ (τin, τout) .
� ã¢ ¦¨¬®, é® à¥§ã«ìâ â¨ à®¡®â¨ â ª®¦ á¯à ¢¤¦ãîâìáï ã ¯à®áâ÷è®¬ã ¢¨-

¯ ¤ªã §¢¨ç ©­®£® ¤¨ä¥à¥­æ÷ «ì­®£® à÷¢­ï­­ï ­  ¬­®£®¢¨¤÷ (¯à¨ Aα = 0 ). � ¬¥
â®¬ã ¢¨ª®à¨áâ ­® ­¥â¨¯®¢¥ ¤«ï â¥®à÷ù áâ®å áâ¨ç­¨å à÷¢­ï­ì ¯®§­ ç¥­­ï y ¤«ï
¯à®æ¥á÷¢. �á®¡«¨¢  ã¢ £  ¯à¨¤÷«ïõâìáï ¢¯«¨¢ã £¥®¬¥âà¨ç­¨å å à ªâ¥à¨áâ¨ª ¬­®-
£®¢¨¤ã ­  à¥£ã«ïà­÷ ¢« áâ¨¢®áâ÷.

�á®æ÷©®¢ ­  § ¯à®æ¥á®¬ (2) ­ ¯÷¢£àã¯ 
(e−tHf)(x) = E f(yx

t ) (3)

§ ¤ õ §®¡à ¦¥­­ï à®§¢'ï§ª÷¢ ¯ à ¡®«÷ç­®ù § ¤ ç÷ �®è÷ ∂

∂t
u(t, x) = Hu(t, x) §

®¯¥à â®à®¬ ¤àã£®£® ¯®àï¤ªã
H =

1
2

∑
α

∇2
Aα

+∇A0 (4)

â  ¬ õ è¨à®ª¨© á¯¥ªâà § áâ®áã¢ ­ì ¤®  ªâã «ì­¨å § ¤ ç áãç á­®£® ­¥áª÷­ç¥­­®-
¢¨¬÷à­®£® äã­ªæ÷®­ «ì­®£® â  ­¥«÷­÷©­®£®  ­ «÷§ã, áâ®å áâ¨ª¨, ¬ â¥¬ â¨ç­®ù ä÷-
§¨ª¨, ¤¨ä¥à¥­æ÷ «ì­®ù £¥®¬¥âà÷ù ÷ â¥®à÷ù ®¯¥à â®à÷¢. �¥à¥§ E ¯®§­ ç¥­® ¬ â¥¬ -
â¨ç­¥ á¯®¤÷¢ ­­ï §  ¬÷à®î �÷­¥à .

2. �¥«÷­÷©­÷  ¯à÷®à­÷ ®æ÷­ª¨ ­  ¢ à÷ æ÷ù. �­ «®£÷ç­®, ïª ¢ [1, 4, 5], § -
¯¨è¥¬® á÷¬'î ¢ à÷ æ÷©­¨å à÷¢­ï­ì ¤® à÷¢­ï­­ï (1)

y
(n)
t = ∂(n)

x yx
t = ∂(n)

x x +
∫ t

0

∂(n)
x F (yx

s )ds =

= ∂(n)
x x +

∫ t

0

∑

j1+...+js=n, s=1,..,n

F (s)(yx
s )y(j1)

t ...y
(js)
t ds.

�â¦¥, ¢ à÷ æ÷ï y
(n)
t ã «÷¢÷© ç áâ¨­÷ õ ¯à®¯®àæ÷©­®î ¯¥àè÷© ¢ à÷ æ÷ù y

(1)
t ã n -¬ã

áâ¥¯¥­÷ ¢ ¯à ¢÷© ç áâ¨­÷ (ª®«¨ ¢á÷ ji = 1 ), â®¡â® n

√
y
(n)
t ∼ y

(1)
t . �ªé® ¢¯à®¢ ¤¨â¨

®¤­®à÷¤­¨© §  æ÷õî ¯à®¯®àæ÷õî ¢¨à §

ρn(y, t) =
∑

j=1,..,n

pj(yx
t ) |y(j)

t |m/j
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÷ ­ ª« áâ¨ ã¬®¢¨ ­  ¯®¢¥¤÷­ªã ­¥«÷­÷©­®áâ÷ F ÷ ¢ £ pj , â® ¬®¦­  ¢áâ ­®¢¨â¨
[4, 5] ­¥«÷­÷©­ã  ¯à÷®à­ã ®æ÷­ªã ­  à¥£ã«ïà­÷áâì à®§¢'ï§ªã yx

t §  ¯®ç âª®¢¨¬¨
ã¬®¢ ¬¨ ¤«ï x :

∃K ρn(y, t) ≤ eKtρn(y, 0).

� £ ¤ õ¬®, é® y
(n)
t = ∂

(n)
x yx

t ÷ ¢¨à § ρn ¬÷áâïâì à÷§­÷ áâ¥¯¥­÷ m/j .
�à®â¥ ¤«ï à÷¢­ï­­ï ­  ¬­®£®¢¨¤÷ (2) ¢¨­¨ª õ äã­¤ ¬¥­â «ì­  ¯à®¡«¥¬ :

ïª £¥®¬¥âà¨ç­® ª®àà¥ªâ­® § ¤ â¨ ¢ à÷ æ÷ù ¢¨é¨å ¯®àï¤ª÷¢ ­  ¬­®£®¢¨¤÷.
3. �§ £ «ì­¥­­ï ª®¢ à÷ ­â­®ù ¯®å÷¤­®ù �÷¬ ­   ¡® ÷­¢ à÷ ­â­÷áâì

¢ à÷ æ÷© §  ª®®à¤¨­ â®î ¯à®æ¥áã (yx
t ) . �®§£«ï­¥¬® ¢ à÷ æ÷î ¯¥àè®£® ¯®-

àï¤ªã ∂(yx
t )m

∂xk
§  ¯®ç âª®¢¨¬¨ ã¬®¢ ¬¨, é® õ ¢¥ªâ®à­¨¬ ¯®«¥¬ §  ÷­¤¥ªá®¬ m

áâ®á®¢­® ª®®à¤¨­ â­¨å ¯¥à¥â¢®à¥­ì (y) → (y′) ¢ ®ª®«÷ V , ªã¤¨ ¯à¨©è®¢ ¯à®æ¥á,
÷ ª®¢¥ªâ®à­¥ ¯®«¥ §  ÷­¤¥ªá®¬ k ¢÷¤­®á­® ª®®à¤¨­ â­¨å ¯¥à¥â¢®à¥­ì (x) → (x′)
¢ ®ª®«÷ U , §¢÷¤ª¨ ¢÷­ áâ àâã¢ ¢. � £ «ì­÷ â¥­§®à¨ §  ª®®à¤¨­ â®î (x) ÷ §¬÷­­®î
(yx

t ) ¢¢®¤ïâìáï ­ áâã¯­¨¬ ç¨­®¬: ®¡'õªâ u
(i/α)
(j/β) õ â¥­§®à®¬ §  ª®®à¤¨­ â®î (x) ÷

§  §¬÷­­®î (yx
t ) , ïªé® ¢÷­ õ T p,q

x M -â¥­§®à®¬ §  ÷­¤¥ªá ¬¨ (i) = (i1, ..., ip) , (j) =
= (j1, ..., jq) é®¤® ¯¥à¥â¢®à¥­­ï «®ª «ì­¨å ª®®à¤¨­ â (xk) ¢ ®ª®«÷ U ÷ T r,s

yx
t

M -
â¥­§®à®¬ §  ÷­¤¥ªá ¬¨ (α), (β) é®¤® ¯¥à¥â¢®à¥­­ï «®ª «ì­¨å ª®®à¤¨­ â (ym) ¢
®ª®«÷ V . ö­è¨¬¨ á«®¢ ¬¨, ¯÷á«ï ®¤­®ç á­®ù § ¬÷­¨ «®ª «ì­¨å ª®®à¤¨­ â (xk) →
→ (xk′) â  (ym) → (ym′

) ¬ õ¬® âà ­áä®à¬ æ÷©­¨© § ª®­

u
(i/α)
(j/β) =

∂x(i)

∂x(i′)

∂x(j′)

∂x(j)
(
∂y(α)

∂y(α′)

∂y(β′)

∂y(β)
◦ yx

t )u
(i′/α′)
(j′/β′)

§ ïª®¡÷ ­ ¬¨ ∂x(i)

∂x(i′) =
∂xi1

∂xi′1
...

∂xip

∂xi′p
. �à¨ª« ¤®¬ â ª®£® â¥­§®à  õ u

(i)
(j)(x)v(α)

(β) (y
x
t ) .

�  áå®¦¨¬¨ ¤® ª« á¨ç­®ù ¤¨ä¥à¥­æ÷ «ì­®ù £¥®¬¥âà÷ù  à£ã¬¥­â ¬¨, ¯®¢'ï§ -
­¨¬¨ § ¯®¡ã¤®¢®î ª®¢ à÷ ­â­®ù ¯®å÷¤­®ù, £¥®¬¥âà¨ç­® ÷­¢ à÷ ­â­  ª®¢ à÷ ­â­ 
¯®å÷¤­  â ª¨å â¥­§®à÷¢ ¯®¢¨­­  ¬÷áâ¨â¨ ¤®¤ ­ª¨ §÷ §¢'ï§­÷áâî Γ(x) ÷ Γ(y) , é®¡
ó à ­âã¢ â¨ â¥­§®à­¨© å à ªâ¥à é®¤® ¯¥à¥â¢®à¥­ì ª®®à¤¨­ â ¢ ®¡à §÷ (y) → (y′)
÷ ¯à®®¡à §÷ (x) → (x′) ¢÷¤®¡à ¦¥­­ï x → yx

t .
�§­ ç¥­­ï. ö­¢ à÷ ­â­  ¯®å÷¤­  ã§ £ «ì­¥­®£® â¥­§®à  u

(i/α)
(j/β) ¬ õ ¢¨£«ï¤

∇∇x
ku

(i/α)
(j/β) =

∂

∂xk
u

(i/α)
(j/β) +

∑

s∈(i)

Γ s
k h(x)u(i/α)|s=h

(j/β) −
∑

s∈(j)

Γ h
k s(x)u(i/α)

(j/β)|s=h
+

+
∑

ρ∈(α)

Γ ρ
γ δ(y

x
t )u(i/α)|ρ=δ

(j/β)

∂yδ

∂xk
−

∑

ρ∈(β)

Γ γ
ρ δ(y

x
t )u(i/α)

(j/β)|ρ=γ

∂yδ

∂xk
.

�¥àè¨© àï¤®ª ¢÷¤¯®¢÷¤ õ ª®¢ à÷ ­â­÷© ¯®å÷¤­÷© §  ª®®à¤¨­ â ¬¨ (xk) , ¤àã£¨©
àï¤®ª à®¡¨âì ¢¥áì ¢¨à § â¥­§®à®¬ ¢÷¤­®á­® ª®®à¤¨­ â ¯à®æ¥áã (ym) . �§­ ç¥­ 
â ª¨¬ ç¨­®¬ ­®¢  ª®¢ à÷ ­â­  ¯®å÷¤­  õ (x, yx

t ) -â¥­§®à®¬ ¡÷«ìè®ù ¢ «¥­â­®áâ÷
[1], â®¡â® ¬ õ ¬÷áæ¥ § ª®­ ¯¥à¥â¢®à¥­­ï

∇∇ku
(i/α)
(j/β) =

∂xk′

∂xk

∂x(i)

∂x(i′)

∂x(j′)

∂x(j)

∂y(α)

∂y(α′)

∂y(β′)

∂y(β)
∇∇k′u

(i′/α′)
(j′/β′).

� ¦«¨¢  ¢« áâ¨¢÷áâì ­®¢®ù ¯®å÷¤­®ù â ª®¦ ¯®«ï£ õ ã « ­æî¦ª®¢®¬ã § ª®­÷ ¤«ï
áã¯¥à¯®§¨æ÷ù:

∇∇ku
(α)
(β)(y

x) = (∇`u
(α)
(β))(y

x)
∂y`

∂xk
. (5)

�¥¯¥à ¬ õ¬® á¯®á÷¡ ¯®¡ã¤®¢¨ ÷­¢ à÷ ­â­¨å ¢ à÷ æ÷© ¢¨é¨å ¯®àï¤ª÷¢.
4. �¥®¬¥âà¨ç­® ª®à¥ªâ­÷ ¢ à÷ æ÷ù §  ¯®ç âª®¢¨¬¨ ã¬®¢ ¬¨. �÷áæ¥

ªà¨¢¨­¨ ¢ § ¤ ç å à¥£ã«ïà­®áâ÷. �áª÷«ìª¨ ¢ à÷ æ÷ï ¯¥àè®£® ¯®àï¤ªã ∇∇x
kym =

= ∂(yx
t )m

∂xk õ ®¤­®ç á­® ¢¥ªâ®à®¬ §  §¬÷­­®î (yx
t ) ¢÷¤­®á­® ª®®à¤¨­ â (y) ÷ ª®¢¥ª-

â®à®¬ §  ª®®à¤¨­ â®î (x) , ¢¨ª®à¨áâ õ¬® ­®¢ã ª®¢ à÷ ­â­ã ¯®å÷¤­ã ¤«ï ®§­ ç¥­-
­ï ¢ à÷ æ÷© ¢¨é¨å ¯®àï¤ª÷¢: ¤«ï γ =(j1, ..., jn) ¢ à÷ æ÷ï ¢¨é®£® ¯®àï¤ªã ∇∇x

γym =
= ∇∇x

jn
...∇∇x

j1y
m § ¤ õâìáï à¥ªãà¥­â­¨¬ ¢¨à §®¬
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∇∇x
k(∇∇x

γym) = ∇x
k(∇∇x

γym) + Γ m
p q(y

x
t )∇∇x

γyp ∂yq

∂xk
=

= ∂x
k (∇∇x

γym)−
∑

j∈γ

Γ h
k j(x)∇∇x

γ|j=h
ym +Γ m

p q(y
x
t )∇∇x

γyp ∂yq

∂xk
. (6)

�¥àè÷ ¤¢  ¤®¤ ­ª¨ ¢÷¤¯®¢÷¤ îâì ª« á¨ç­÷© ¯®å÷¤­÷© �÷¬ ­ , ®áâ ­­÷© ¤®¤ -
­®ª à®¡¨âì ¢¥áì ¢¨à § â¥­§®à®¬ áâ®á®¢­® ¯¥à¥â¢®à¥­ì ª®®à¤¨­ â ¢ ®¡à §÷ (y) →
→ (y′) . �®à÷¢­ï­® § ã¦¥ ÷á­ãîç¨¬¨ ã§ £ «ì­¥­­ï¬¨ ª®¢ à÷ ­â­®ù ¯®å÷¤­®ù, é®
¢¨ª®à¨áâ®¢ãîâì §¢'ï§­÷áâì § ªàãç¥­­ï¬, ¯®«÷­®¬÷ «ì­÷ §¢'ï§­®áâ÷ â  ÷­. [6, 7],
§ ¤ ­¨¬¨, ¯¥àè §  ¢á¥, ¢« áâ¨¢®áâï¬¨ £¥®¬¥âà÷ù ¬­®£®¢¨¤ã ¢ ®ª®«÷ â®çª¨ x ,
­®¢  ¯®å÷¤­  § ¤ ­  ­¥ «¨è¥ ¢ ¯®ç âª®¢÷© â®çæ÷ ¤¨ä¥à¥­æ÷î¢ ­­ï x ,  «¥ â ª®¦
§ «¥¦¨âì ¢÷¤ ¯®¢¥¤÷­ª¨ à®§¢'ï§ªã ¢ â®çæ÷ y (ç«¥­¨ § Γ(x), Γ(y) ÷ ¬­®¦­¨ª ∂yx

t

∂x ).
� ã¢ ¦¨¬®, é® ¢¢¥¤¥­­ï ­®¢®£® ¯®­ïââï ¢ à÷ æ÷ù ¤ õ ¬®¦«¨¢÷áâì ®áâ â®ç­®

¢¨ï¢¨â¨ à®«ì ªà¨¢¨­¨ ã à¥£ã«ïà­¨å ¢« áâ¨¢®áâïå (¤¨¢. (8) ¤ «÷). �áª÷«ìª¨ ¢¦¥
¬ õ¬® ª®à¥ªâ­ã ¯à®æ¥¤ãàã ¤¨ä¥à¥­æ÷î¢ ­­ï â¥­§®à÷¢ ¢÷¤ y , ­ ¯à¨ª« ¤, § ¤ ­¨å
ª®¥ä÷æ÷õ­â ¬¨ A•(yx

t ) à÷¢­ï­­ï (2), ®âà¨¬ õ¬® ¢÷¤¯®¢÷¤­÷ ¢ à÷ æ÷©­÷ à÷¢­ï­­ï.
�§ï¢è¨ ¯®å÷¤­ã (2), §­ å®¤¨¬®

δ(
∂ym

∂xk
) = (

∂

∂xk
Am

α (y))δWα + (
∂

∂xk
Am

0 (y))dt.

�¨¤÷«¨¬® ­®¢ã ª®¢ à÷ ­â­ã ¯®å÷¤­ã ¢¥ªâ®à­¨å ¯®«÷¢ A0(y), Aα(y) , â®¡â® ¤®¤ ¬®
â  ¢÷¤­÷¬¥¬® ç«¥­¨ § Γ(y) :

δ(
∂ym

∂xk
) = (∇∇x

kAm
α (y)− Γ m

p q(y)Ap
α

∂yq

∂xk
)δWα + (∇∇x

kAm
0 (y)− Γ m

p q(y)Ap
0

∂yq

∂xk
)dt.

�áª÷«ìª¨ ç«¥­¨ ¡÷«ï §¢'ï§­®áâ÷ ¬÷áâïâì ¤¨ä¥à¥­æ÷ « ¯à®æ¥áã y , ®âà¨¬ õ¬® ÷­¢ -
à÷ ­â­ã ä®à¬ã à÷¢­ï­­ï ­  ¯¥àèã ¢ à÷ æ÷î

δ(
∂ym

∂xk
) = −Γ m

p q(y)
∂yp

∂xk
δyq +∇∇x

k(Am
α (y))δWα +∇∇x

k(Am
0 (y))dt.

�â¦¥, § â®ç­÷áâî ¤® ¯ à «¥«ì­®£® ¯¥à¥­¥á¥­­ï ­  ç«¥­ § Γ(y) , ¯à¨à÷áâ ¢ à÷ -
æ÷ù ¯¥àè®£® ¯®àï¤ªã § ¤ õâìáï ­®¢®î ª®¢ à÷ ­â­®î ¯®å÷¤­®î ª®¥ä÷æ÷õ­â÷¢. �¥
á¯®áâ¥à¥¦¥­­ï ¢¨ª®à¨áâ ­® ïª à¥ªãà¥­â­  ¡ §  ¢ ¯®èãªã ¢ à÷ æ÷©­¨å à÷¢­ï­ì
¢¨é¨å ¯®àï¤ª÷¢.

�¥®à¥¬  [2]. �à¨¯ãáâ¨¬®, é® à÷¢­ï­­ï ­  ¢ à÷ æ÷î ∇∇x
γym, |γ| ≥ 1 , ¬®¦¥

¡ãâ¨ § ¯¨á ­¥ â ª¨¬ ç¨­®¬:
δ(∇∇x

γym) = −Γ m
p q(∇∇x

γyp)δyq + M m
γ iδW

i + Nm
γ dt. (7)

�®¤÷ à÷¢­ï­­ï ­  ­ áâã¯­ã ¢ à÷ æ÷î ∇∇x
k∇∇x

γym = ∇∇x
γ∪{k}y

m ¬ õ ¢¨£«ï¤
δ(∇∇x

γ∪{k}y
m) = −Γ m

p q(∇∇x
γ∪{k}y

p)δyq + R m
p `q(∇∇x

γyp)
∂y`

∂xk
δyq+ (8)

+(∇∇x
kM m

γ i )δW
i + (∇∇x

kNm
γ )dt,

â®¡â® § ãà åã¢ ­­ï¬ ¢¨£«ï¤ã ¤¨ä¥à¥­æ÷ «  (2) ¬ õ ¯®¤÷¡­ã áâàãªâãàã.
�®ç ¢è¨¨ § âà ¤¨æ÷©­®£® ®§­ ç¥­­ï ¢ à÷ æ÷ù ¢¨é®£® ¯®àï¤ªã, ®§­ ç¥­®ù § 

¤®¯®¬®£®î §¢¨ç ©­¨å ¯®å÷¤­¨å ã ­ ¯àï¬ å ¢¥ªâ®à­¨å ¯®«÷¢  ¡® §  ¤®¯®¬®£®î
ª« á¨ç­®ù ª®¢ à÷ ­â­®ù ¯®å÷¤­®ù, ­ ¯à. [6, 9], ®âà¨¬ «¨ ¡¨ á÷¬'î ­¥÷­¢ à÷ ­â­¨å
§  (yx

t ) à÷¢­ï­ì §÷ §à®áâ îç®î ­  ª®¦­®¬ã ªà®æ÷ ª÷«ìª÷áâî £¥®¬¥âà¨ç­® ­¥÷­¢ -
à÷ ­â­¨å ª®¥ä÷æ÷õ­â÷¢. ö­è¨¬¨ á«®¢ ¬¨, ¤®¯®¬÷¦­÷ ç«¥­¨ ¢ (6) ª®¬¯ ªâ¨ä÷ªãîâì
¢ à÷ æ÷©­÷ à÷¢­ï­­ï ¤® ­ ©¯à®áâ÷è®ù ä®à¬¨ (8) â  ®¤­®ç á­® ¯®ª §ãîâì ¢¯«¨¢
ªà¨¢¨­¨. �à÷¬ â®£®, ­®¢÷ ¢ à÷ æ÷ù ¢¨­¨ª îâì â ª®¦ ÷ ¯à¨ ¤®á«÷¤¦¥­­÷ à¥£ã«ïà­¨å
¢« áâ¨¢®áâ¥© ­ ¯÷¢£àã¯¨ (Ptf)(x) = E f(yx

t ) . �®¦­  ¤®¢¥áâ¨ §®¡à ¦¥­­ï
(∇x)nPtf(x) =

∑

j1+...+js=n, s=1,...,n

E < (∇y)sf(yx
t ), (∇∇x)j1yx

t ⊗ ...⊗ (∇∇x)jsyx
t >,

â®¡â® ¢ à÷ æ÷ù ­®¢®£® â¨¯ã ¯®¢'ï§ãîâì ª« á¨ç­÷ ª®¢ à÷ ­â­÷ ¯®å÷¤­÷ ¥¢®«îæ÷ù
(∇x)nPtf(x) ÷ ¯®ç âª®¢®ù äã­ªæ÷ù (∇y)sf(y) { ÷ «¨è¥ ¢®­¨!

5. �¥«÷­÷©­÷ ®æ÷­ª¨ ¤«ï ¤¨ä¥à¥­æ÷ «ì­¨å ¯®â®ª÷¢ ­  ¬­®£®¢¨¤ å.
�÷ áâàãªâãà¨ ¢ à÷ æ÷©­¨å à÷¢­ï­ì (8) ÷ « ­æî¦ª®¢®£® ¯à ¢¨«  ¤«ï ­®¢®ù ª®¢ -

à÷ ­â­®ù ¯®å÷¤­®ù ∇∇x
ku

(i)
(j)(y

x
t ) = [∇`u

(i)
(j)](y

x
t )

∂y`

∂xk
®âà¨¬ãõ¬® ­¥«÷­÷©­ã ¯à®¯®àæ÷î

∇∇xyx
t ∼ n

√
(∇∇x)nyx

t , (9)
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é® ¤ õ ¬®¦«¨¢÷áâì ¢¢¥áâ¨ ­¥«÷­÷©­¨© ¢¨à §
ρn(y, t) =

∑

j=1,...,n

E pj(ρ2(yx
t , z)) ||(∇∇x)jyx

t ||m/j . (10)

� ¤ «÷ z ¯®§­ ç õ ¡ã¤ì-ïªã ä÷ªá®¢ ­ã â®çªã ¬­®£®¢¨¤ã, ρ(x, y) ¯®§­ ç õ £¥®¤¥-
§¨ç­ã ¢÷¤áâ ­ì ­  ¬­®£®¢¨¤÷

ρ(x, y) = inf
γ, γ(0)=x, γ(1)=y

∫ 1

0

|dγ(s)
ds

|Tγ(s)Mds.

�¢¥¤¥¬® ¯®§­ ç¥­­ï Ã0 = A0 +
∑

α∇Aα
Aα .

�¥®à¥¬ . �à¨¯ãáâ¨¬®, é® ¢¨ª®­ãîâìáï â ª÷ ã¬®¢¨: 1) ¤¨á¨¯ â¨¢­÷áâì
â  ª®¥àæ¨â¨¢­÷áâì: ∀C, C ′ ÷á­ãõ KC â ª , é®

∀x ∈ M < Ã0(x),∇xρ2(x, z) > +C
∑
α

‖Aα(x)‖2 ≤ KC(1 + ρ2(x, z)),

< ∇Ã0[h], h > +C

d∑
α=1

|∇Aα[h]|2 + C ′
∑
α

< R(Aα, h)Aα, h >≤ KC‖h‖2; (11)

2) ­¥«÷­÷©­  ¯®¢¥¤÷­ª  ¯®å÷¤­¨å: ∃k ∀ j ‖(∇)jÃ•(x), R(x)‖ ≤ (1 + ρ(x, z))k .
�ªé® ¯®«÷­®¬÷ «ì­÷ ¢ £¨ pj ≥ 1 § ¤®¢®«ì­ïîâì ÷õà àå÷î

∀ j1 + ... + js = i [pi(z)]i (1 + |z|)mk ≤ [pj1(z)]j1 ...[pjs
(z)]js , (12)

â® ¬ õ ¬÷áæ¥ ­¥«÷­÷©­  ®æ÷­ª  ­  à¥£ã«ïà­÷áâì :
∃K ρn(y, t) ≤ eKtρn(y, 0).

� ® ¢ ¥ ¤ ¥ ­ ­ ï. �  ä®à¬ã«®î öâ® ¤¨ä¥à¥­æ÷ « ®¤­®£® § ç«¥­÷¢ ­¥«÷­÷©­®£®
¢¨à §ã (10) ¬ õ ¢¨£«ï¤ (â¨¬ç á®¢® ¯®ª« ¤¥¬® 2q = m/i , p = pi )

h(t) = Ep(ρ2(yx
t , z))||(∇∇x)iyx

t ||2q = h(0)+
+E

∫ t

0
{p(ρ2(yx

s , z)) d||(∇∇x)iyx
s ||2q + ||(∇∇x)iyx

s ||2qdp(ρ2(yx
s , z))+

+ 1
2d[p(ρ2(yx

s , z)), ||(∇∇x)iyx
s ||2q] } = h(0) + I1 + I2 + I3,

I1 =
∫ t

0
E{p(ρ2(yx

s , z))(2q||(∇∇x)iyx
s ||2(q−1)d||(∇∇x)iyx

s ||2+
+ q(2q − 2)||(∇∇x)iyx

s ||2(q−2)d[||(∇∇x)iyx
s ||2, ||(∇∇x)iyx

s ||2])},
(13)

I2 =
∫ t

0
Ep(ρ2(yx

s , z))(2q||(∇∇x)iyx
s ||2q(p′(ρ2(yx

s , z))dρ2(yx
s , z)+

+ 1
2p′′(ρ2(yx

s , z))d[ρ2(yx
s , z), ρ2(yx

s , z)] ), (14)

I3 = 1
2

∫ t

0
Ep(ρ2(yx

s , z))p′(ρ2(yx
s , z))||(∇∇x)iyx

s ||2(q−1)×
×d[ρ2(yx

s , z), ||(∇∇x)iyx
s ||2].

(15)

�à®ª 1. �æ÷­ª  ç«¥­÷¢ (13). �¥àè §  ¢á¥, § ã¢ ¦¨¬®, é® ¢ [2] ¡ã«® ¢áâ ­®¢-
«¥­® â ª¥ §®¡à ¦¥­­ï ¤«ï ¤¨ä¥à¥­æ÷ «  ­®à¬¨ ¢ à÷ æ÷©­®£® ¯à®æ¥áã.

�¥¬ .
d||(∇∇x)iyx

t ||2 = gγε(x) { gmn(∇∇x
γymM n

ε α +∇∇x
εynM m

γ α)dWα+

+gmn(∇∇x
γymNn

ε +∇∇x
εynNm

γ +M m
γ αM n

ε α)dt+
1
2
gmn(∇∇x

γymPn
ε +∇∇x

εynPm
γ )dt }, (16)

¤¥ ª®¥ä÷æ÷¥­â¨ Pm
γ à¥ªãà¥­â­® § ¤ ­® ­ áâã¯­¨¬ ç¨­®¬:

Pm
k = ∇∇x

k(∇AαAm
α ) + R m

p `qA
p
αAq

α(∇∇x
ky`), (17)

Pm
γ∪{k} = ∇∇x

kPm
γ + 2R m

p `qM
p

γ α(∇∇x
ky`)Aq

α+

+(∇sR
m

p `q)X
p
γ (∇∇x

ky`)Aq
αAs

α + R m
p `qX

p
γ (∇∇x

kA`
α)Aq

α+

+R m
p `qX

p
γ (∇∇x

ky`)(∇AαAα). (18)
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�¨ª®à¨áâ®¢ãîç¨ §¢'ï§®ª (7), (8), ¬ õ¬® à¥ªãà¥­â­÷ §®¡à ¦¥­­ï ª®¥ä÷æ÷õ­â÷¢:

Mm
{k}α = ∇∇x

kAm
α (yx

t ), M m
γ∪{k} α = ∇∇x

kM m
γ α + R m

p `qX
p
γ (∇∇x

ky`)Aq
α,

Nm
{k} = ∇∇x

kAm
0 (yx

t ), Nm
γ∪{k} = ∇∇x

kNm
γ + R m

p `qX
p
γ (∇∇x

ky`)Aq
0.

� áâ®áã¢ ­­ï « ­æî¦ª®¢®£® ¯à ¢¨«  (5) ¤ õ §®¡à ¦¥­­ï

M m
γ α = ∇y

` Am
α [∇∇x

γy`] +
∑

β1∪...∪βs=γ, s≥2

K ′
β1,...,βs

(∇∇x
β1

y, ...,∇∇x
βs

y),

N m
γ = ∇y

` A0
α[∇∇x

γy`] +
∑

β1∪...∪βs=γ, s≥2

K ′′
β1,...,βs

(∇∇x
β1

y, ...,∇∇x
βs

y) (19)

§ ¤®¤ ­ª ¬¨ K ′,K ′′ , é® § «¥¦ âì ¢÷¤ A0, Aα, R â  ùå­÷å ª« á¨ç­¨å ª®¢ à÷ ­â­¨å
¯®å÷¤­¨å. �à÷¬ â®£®, æ÷ ¤®¤ ­ª¨ õ «÷­÷©­¨¬¨ ¢÷¤­®á­®  à£ã¬¥­â÷¢ ã ¤ã¦ª å ÷
¢÷¤®¡à ¦ îâì ¯®¬÷ç¥­ã à ­÷è¥ ¯à®¯®àæ÷î ¢ à÷ æ÷©­¨å à÷¢­ï­ì (9).

�­ «®£÷ç­® § (5) ÷ (17) ®âà¨¬ õ¬®

Pm
k = ∇∇x

k(∇Aα
Am

α (y)) + R m
p `qA

p
αAq

α∇∇x
ky` =

= ∇y
`∇Aα

Am
α · ∇∇x

ky` + R(Aα,∇∇x
ky)Aα.

�®¬ã § (17), (18) ¤«ï ª®õä÷æ÷¥­â÷¢ Pm
γ ¬ õ¬®

Pm
γ = ∇`∇AαAm

α ·∇∇x
γy` +R(Aα,∇∇x

γy)Aα +
∑

β1∪..∪βs=γ, s≥2

Kβ1,..,βs(∇∇x
β1

y, ...,∇∇x
βs

y).

�ã­ªæ÷ù Kβ1,...,βs § «¥¦ âì ¢÷¤ A0, Aα, R ÷ ùå ª®¢ à÷ ­â­¨å ¯®å÷¤­¨å. �à÷¬ â®£®,
§ «¥¦­÷áâì Kβ1,..,βs(∇∇x

β1
y, ...,∇∇x

βs
y) ¢÷¤ ¢ à÷ æ÷© ­¨¦ç®£® ¯®àï¤ªã ∇∇x

βy §­®¢ã
¢÷¤®¡à ¦ õ ¯à®¯®àæ÷î (9).

�à å®¢ãîç¨ (16), ¯à¨å®¤¨¬® ¤® ¢¨á­®¢ªã, é® ¯®¢¥¤÷­ª  £®«®¢­®ù ç áâ¨­¨
¤¨ä¥à¥­æ÷ «  ¢ à÷ æ÷©­®£® ¯à®æ¥áã

d||(∇∇x)iyx
t ||2 = 2 < (∇∇)iy,∇y

` Aα[(∇∇)iy`] > dWα+

+{ 2 < (∇∇)iy,∇y
` Ã0(∇∇)iy`] > +

+
d∑

α=1

||∇Aα[(∇∇)iy] ||2 +
d∑

α=1

< R(Aα, (∇∇)iy)Aα, (∇∇)iy > }dt+

+
∑

j1+...+js=i, s≥2

< (∇∇x)iy, {K1
j1,...,js,α((∇∇)j1y, ..., (∇∇)jsy)dWα+

+K2
j1,...,js

((∇∇)j1y, ..., (∇∇)jsy)dt} > (20)

ª®­âà®«îõâìáï ã¬®¢®î ª®¥àæ¨â¨¢­®áâ÷ (11). �ª ÷ à ­÷è¥, ª®¥ä÷æ÷õ­â¨ K1,K2

§ «¥¦ âì ¢÷¤ ª®¢ à÷ ­â­¨å ¯®å÷¤­¨å A0, Aα, R ÷ ¢÷¤®¡à ¦ îâì ¯à®¯®àæ÷î (9).
�®¬ã ¬®¦¥¬® ¢¨¤÷«¨â¨ ã¬®¢ã ª®¥àæ¨â¨¢­®áâ÷ ¯à¨ ®æ÷­æ÷ ç«¥­÷¢ I1 :

I1 ≤ KE
∫ t

0

p(ρ2(yx
t , z))||(∇∇)iyx

t ||2(q−1){< ∇Ã0[(∇∇)iyx
t ], (∇∇)iyx

t > +

+C

d∑
α=1

|∇Aα[(∇∇)iyx
t ]|2 + C ′

∑
α

< R(Aα, (∇∇)iyx
t )Aα, (∇∇)iyx

t >}dt+ (21)

+
∑

j1+...+js=i, s≥2

E
∫ t

0

p(ρ2(yx
t , z))||(∇∇)iyx

t ||2(q−1) <(∇∇)iy,Kj1,...,js((∇∇)j1y, ...,(∇∇)jsy)>dt

§ ª®¥ä÷æ÷õ­â ¬¨ K , ïª à ­÷è¥.
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�à®ª 2. �æ÷­ª  ç«¥­÷¢ § ¯®å÷¤­¨¬¨ ¬¥âà¨ç­®ù ¢÷¤áâ ­÷. �«ï ®æ÷­ª¨ ç«¥­ 
I2 ¢¨ª®à¨áâ õ¬® ¬®­®â®­­÷áâì ÷ ¯®«÷­®¬÷ «ì­÷áâì ¢ £¨ p ( ∃C : p′′(u)u ≤
≤ Cp′(u) ):

∫ 1

0

E||(∇∇)iy||2q{p′(ρ2(y, z))dρ2(y, z) +
1
2
p′′(ρ2(y, z))d[ρ2(y, z), ρ2(y, z)] =

=
∫ 1

0

E||(∇∇)iy||2q{p′(ρ2(y, z))L1ρ2(y, z)+

+
1
2
p′′(ρ2(y, z))ρ2(y, z)

1
ρ2(y, z)

d∑
α=1

(A1
αρ2(y, z))2}dt ≤

≤
∫ t

0

E||(∇∇)iy||2qp′(ρ2(y, z)){L1ρ2(y, z) +
C

ρ2(y, z)

d∑
α=1

(A1
αρ2(y, z) )2}dt, (22)

  ¤ «÷ § áâ®áãõ¬® à¥§ã«ìâ â¨ [3] ¯à® ®¯â¨¬ «ì­÷ ®æ÷­ª¨ ­  ®¯¥à â®à¨ ¤àã£®£® ¯®-
àï¤ªã, é® ¤÷îâì ­  ¬¥âà¨ç­ã äã­ªæ÷î. ö­¤¥ªá 1 ã L1, A1

α ®§­ ç õ, é® ¢÷¤¯®¢÷¤­÷
®¯¥à â®à¨ ¤÷îâì §  ¯¥àè®î §¬÷­­®î äã­ªæ÷ù.

�¥®à¥¬  [3]. �  ã¬®¢ ª®¥àæ¨â¨¢­®áâ÷ â  ¤¨á¨¯ â¨¢­®áâ÷ (11) ÷á­ãõ áâ -
«  K â ª , é®

L1ρ2(x, y) ≤ K(1 + ρ2(x, y)). (23)

�à÷¬ â®£®, ∀C ∃KC â ª , é®

L1ρ2(x, y) + C

d∑
α=1

(A1
αρ2(x, y))2

ρ2(x, y)
≤ KC(1 + ρ2(x, y)). (24)

�¨ª®à¨áâ®¢ãîç¨ §®¡à ¦¥­­ï (20), ®âà¨¬ õ¬® ®æ÷­ªã ­  (15):
|p′(ρ2) ||(∇∇)iy||2(q−1)d[ρ2, ||(∇∇)iy2] | ≤

≤ p′(ρ2)||(∇∇)iy||2q
d∑

α=1

(A1
αρ2))2

ρ2
+

+p′(ρ2)ρ2||(∇∇)iy||2(q−1)||∇Aα[(∇∇)iy] +
∑

j1+...+js, s≥2

K ′
j1,...,js

((∇∇)j1y, ..., (∇∇)jsy)||2.

(25)

�à®ª 3. �¨ª®à¨áâ ­­ï ¯à®¯®àæ÷ù (9). �áâ â®ç­® § (21), (22) ÷ (25) ¬ õ¬®
®æ÷­ªã

h(t) = Ep(ρ2(yx
t , z))||(∇∇)iyx

t ||2q ≤ h(0) + C

∫ t

0

h(t)dt+

+
∑

j1+...+js, s≥2

∫ t

0

Ep(ρ2(y, z))||(∇∇)iy||2(q−1)K ′
i;j1,...,js

((∇∇)iy; (∇∇)j1y, ..., (∇∇)jsy)dt,

¤¥ ª®¥ä÷æ÷õ­â K ′ §­®¢ã ¢÷¤®¡à ¦ õ ¯à®¯®àæ÷î (9). �¥àè¨© ÷ ¤àã£¨© ¤®¤ ­ª¨
¢ (25) ¡ã«® ®¡'õ¤­ ­® § (22) ÷ (21) ¢÷¤¯®¢÷¤­®. �÷á«ï æì®£® § áâ®á®¢ ­® ã¬®¢ã
ª®¥àæ¨â¨¢­®áâ÷ (11), ­¥à÷¢­÷áâì (24) ÷ ¯®«÷­®¬÷ «ì­÷áâì ¢ £¨ p : (1 + |u|)|p′(u)| ≤
≤ const · p(u), u ∈ R1 .

�«ï ®æ÷­ª¨ ç«¥­÷¢ § K ′ ¢¨ª®à¨áâ õ¬® ¯®«÷­®¬÷ «ì­÷áâì ¯®¢¥¤÷­ª¨ ª®¥ä÷æ÷-
õ­â÷¢ Aα à÷¢­ï­­ï (2) â  ªà¨¢¨­¨ ¬­®£®¢¨¤ã. �  ¯÷¤áâ ¢÷ ­¥à÷¢­®áâ÷ |xq−1y| ≤
≤ |x|q/q + (q − 1)|y|q/q ¬ õ¬®

Ep(ρ2)||(∇∇)iy||2(q−1)Ki;j1,...,js((∇∇)iy; (∇∇)j1y, ..., (∇∇)jsy) ≤

≤ Ep(ρ2)(1 + ρ2)k||(∇∇)iy||2q−1||(∇∇)j1y||...||(∇∇)jsy|| ≤
≤ CEp||(∇∇)iy||2q + C ′Ep(ρ2)(1 + ρ2)2qk||(∇∇)j1y||2q...||(∇∇)jsy||2q.
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�¥àè¨© ¤®¤ ­®ª ¤ õ h(t) , ¤«ï ®æ÷­ª¨ ¤àã£®£® ­ £ ¤ õ¬®, é® 2q = m/i ,
â®¬ã ¬ õ ¬÷áæ¥ §®¡à ¦¥­­ï

||xj1 ||m/i...||xjs
||m/i = (||xj1 ||m/j1)j1/i...(||xjs

||m/js)js/i.

�®¤÷ § ­¥«÷­÷©­®ù ÷õà àå÷ù ¯®«÷­®¬÷ «ì­¨å ¢ £ (12) ¢¨¯«¨¢ õ

pi(ρ2)(1 + ρ2)km/i||(∇∇)j1y||m/i...||(∇∇)jsy||m/i ≤

≤ (pj1(ρ
2) ||(∇∇)j1y||m/j1)j1/i...(pjs(ρ

2) ||(∇∇)jsy||m/js)js/i ≤

≤ j1
i

pj1(ρ
2) ||(∇∇)j1y||m/j1 + ... +

js

i
pjs(ρ

2) ||(∇∇)jsy||m/js ,

â®¡â® ¤¨ä¥à¥­æ÷ « ª®¦­®£® § ç«¥­÷¢ ã ­¥«÷­÷©­®¬ã ¢¨à §÷ (10) ®æ÷­îõâìáï ç«¥­ -
¬¨ § â®£® ¦ ¢¨à §ã:

hi(t) = Epi(ρ2) ||(∇∇)iy||q/i ≤ hi(0) + const
∫ t

0

ρn(y, s)ds .

� æ÷õù ­¥à÷¢­®áâ÷ ¢¨¯«¨¢ õ (10). ♦
�¨á­®¢ª¨. �¢¥¤¥­­ï ÷­¢ à÷ ­â­¨å ¢ à÷ æ÷© (∇∇)jyx

t ¯à®æ¥áã yx
t ­  ¬­®-

£®¢¨¤÷ ¤ «® ¬®¦«¨¢÷áâì £¥®¬¥âà¨ç­® ª®à¥ªâ­® ¤®á«÷¤¦ã¢ â¨ à¥£ã«ïà­÷áâì ­ 
­¥ª®¬¯ ªâ­¨å ¬­®£®¢¨¤ å ÷ ®¤¥à¦ â¨ £«®¡ «ì­÷ ÷­¢ à÷ ­â­÷ ã¬®¢¨ ­  à¥£ã«ïà-
­÷áâì.

�®á«÷¤¦¥­­ï ¯÷¤âà¨¬ ­® äã­¤ æ÷õî �. ä®­ �ã¬¡®«ì¤â  (�÷¬¥çç¨­ ) â  áâ¨-
¯¥­¤÷õî �à¥§¨¤¥­â  �ªà ù­¨.
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11. Itô K. The Brownian motion and tensor �elds on Riemannian manifolds // Proc. Int.

Cong. Math. (Stockholm). { 1962. { P. 536{539.
12. Malliavin P. Stochastic Analysis. { Paris: Springer-Verlag, 1997. { 342 p.

70



���������� ������ �� ������������
���������������� ������� �� �������������

�à¨ ¨áá«¥¤®¢ ­¨¨ ¤¨ä¥à¥­æ¨ «ì­ëå ¯®â®ª®¢ ­  ­¥ª®¬¯ ªâ­ëå ¬­®£®®¡à §¨ïå áãé¥-
áâ¢¥­­ãî à®«ì ¨£à îâ ãá«®¢¨ï ­  ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï ­  ¡¥áª®­¥ç­®áâ¨. � à -
¡®â¥ à áá¬®âà¥­® ¤¨ä¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª  á £«®¡ «ì­® ­¥«¨¯è¨-
æ¥¢ë¬¨ ª®íää¨æ¨¥­â ¬¨, ª®â®à®¥ â ª¦¥ ¬®¦¥â ¢ª«îç âì á«ãç ©­ë¥ ç«¥­ë. �®ª -
§ ­®, çâ® ª®àà¥ªâ­®¥ ¨áá«¥¤®¢ ­¨¥ ¢ à¨ æ¨© ­¥«¨­¥©­ëå ãà ¢­¥­¨© ­  ¬­®£®®¡à §¨ïå
âà¥¡ã¥â ®¡®¡é¥­¨ï ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© �¨¬ ­ . �«ï á®®â¢¥âáâ¢ãîé¨å ¢ à¨-
 æ¨®­­ëå ãà ¢­¥­¨© ¯®«ãç¥­® á¥¬¥©áâ¢® ­¥«¨­¥©­ëå ®æ¥­®ª ­  à¥£ã«ïà­®áâì, ª®â®à®¥
®á­®¢ ­® ­  ­¥«¨­¥©­ëå á¨¬¬¥âà¨ïå ¢ à¨ æ¨©. �áá«¥¤®¢ ­® ¢«¨ï­¨¥ ªà¨¢¨§­ë ¬­®£®-
®¡à §¨ï ­  à¥£ã«ïà­ë¥ á¢®©áâ¢ .

NONLINEAR ESTIMATES ON REGULARITY
OF DIFFERENTIAL FLOWS ON MANIFOLDS

During the study of di�erential 
ows on noncompact manifolds the essential role is played
by conditions on the behaviour of coe�cients on the in�nity. We consider the �rst order dif-
ferential equation with globally non-Lipschitz coe�cients on manifold that could also contain
random terms. It is demonstrated that the correct investigation of variations of nonlinear
equations on manifolds with respect to the initial conditions and parameters requires the
generalization of the Riemannian covariant derivative. For corresponding variational equa-
tions we �nd a family of nonlinear estimates on regularity, based on the nonlinear symmetries
of variations. The in
uence of curvature of manifold on the regular properties is studied.

ö­-â ¬ â¥¬ â¨ª¨ ��� �ªà ù­¨, �¨ù¢ �¤¥à¦ ­®
02.10.03
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