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�«ï ¤®á«÷¤¦¥ï à¥£ã«ïà¨å ¢« áâ¨¢®áâ¥©  ¯÷¢£àã¯, ¯®à®¤¦¥¨å ¯ à ¡®«÷ç¨-
¬¨ à÷¢ïï¬¨ ¤àã£®£® ¯®àï¤ªã § ¥®¡¬¥¦¥¨¬¨ ª®¥ä÷æ÷õâ ¬¨   ¥ª®¬¯ ªâ®-
¬ã ¬®£®¢¨¤÷, ¢¨ª®à¨áâ ® ¯®¤ ï �®«¬®£®à®¢   ¯÷¢£àã¯¨ ã â¥à¬÷ å à®§-
¢'ï§ª÷¢ áâ®å áâ¨ç¨å ¤¨ä¥à¥æ÷ «ì¨å à÷¢ïì. �áâ ®¢«¥® ¢¯«¨¢ ¯®ç âª®¢¨å
ã¬®¢ ÷ ¯¥¢¨å ¢¨¯ ¤ª®¢¨å ¯ à ¬¥âà÷¢ à®§¢'ï§ª÷¢ ¥«÷÷©¨å áâ®å áâ¨ç¨å ¤¨ä¥-
à¥æ÷ «ì¨å à÷¢ïì   à¥£ã«ïà÷áâì à®§¢'ï§ª÷¢ ¯ à ¡®«÷ç¨å à÷¢ïì. �®¢¥¤¥®
¬®¦«¨¢÷áâì ¯÷¤¢¨é¥ï £« ¤ª®áâ÷ à®§¢'ï§ª÷¢ ¯÷¤ ¤÷õî  ¯÷¢£àã¯¨ ã ¯à®áâ®à å ¥-
¯¥à¥à¢® ¤¨ä¥à¥æ÷©®¢¨å äãªæ÷©. �¬®¢¨, ¥®¡å÷¤÷ ¤«ï à¥ «÷§ æ÷ù â ª®ù ¬®¦«¨-
¢®áâ÷, § ¯¨á ® ã â¥à¬÷ å ª®¥ä÷æ÷õâ÷¢ à÷¢ïï ÷ å à ªâ¥à¨áâ¨ª £¥®¬¥âà÷ù
¬®£®¢¨¤ã.

�  áì®£®¤÷ ÷áãõ ¤¥ª÷«ìª  ¤®áâ âì® ¤®¡à¥ à®§à®¡«¥¨å ¯÷¤å®¤÷¢ ¤®á«÷¤-
¦¥ï ¢« áâ¨¢®áâ÷ ¯÷¤¢¨é¥ï £« ¤ª®áâ÷ ¯÷¤ ¤÷õî ¤¨äã§÷©®ù  ¯÷¢£àã¯¨ (¤¨¢.,
 ¯à¨ª« ¤, [7, 12]). �÷ ¯÷¤å®¤¨ ¤®¡à¥ ¯à æîîâì ã ¢¨¯ ¤ªã à÷¢ïï § £«®¡ «ì®
«÷¯è¨æ¥¢¨¬¨ ª®¥ä÷æ÷õâ ¬¨ § ®¡¬¥¦¥¨¬¨ ¯®å÷¤¨¬¨, é® ¯à¨à®¤® ¢¨¨ª îâì
¤«ï à÷¢ïì   ª®¬¯ ªâ¨å ¬®£®¢¨¤ å.

�  ¦ «ì, ¥®¡¬¥¦¥÷áâì â ª¨å ®¡'õªâ÷¢, ïª ®¡¥à¥  áâ®å áâ¨ç  ¯®å÷¤  § 
�÷á¬ãâ®¬ ÷ ®¡¥à¥¨© ¤¥â¥à¬÷ â � ««ï¢¥  ã ¢¨¯ ¤ªã ¥«÷÷©®£® à÷¢ïï
§ ¥«÷¯è¨æ¥¢¨¬¨ ª®¥ä÷æ÷õâ ¬¨, ãáª« ¤î¢ «  ¤®á«÷¤¦¥ï ¢« áâ¨¢®áâ÷ ¯÷¤¢¨-
é¥ï à¥£ã«ïà®áâ÷ ã ¥ª®¬¯ ª®®¬ã ¢¨¯ ¤ªã. � [2] æï ¯à®¡«¥¬  ¡ã«  ¢¯¥àè¥
à®§¢'ï§   ¤«ï § £ «ì®£® ¤¨äã§÷©®£® à÷¢ïï ¢ Rd . � æ÷© áâ ââ÷  ¢¥¤¥¬® ùù
à®§¢'ï§®ª ¤«ï ¥«÷÷©®£® à÷¢ïï   ¥ª®¬¯ ªâ®¬ã ¬®£®¢¨¤÷.

1. �áâã¯. �¨áâ¥¬¨, é® ¢¨¨ª îâì ã ä÷§¨ç¨å § áâ®áã¢ ïå, ïª ¯à ¢¨-
«®, ¬÷áâïâì ¥«÷÷©®áâ÷ à÷§®£® å à ªâ¥àã, ïª÷ § ç®î ¬÷à®î ¢¯«¨¢ îâì  
¯®¢¥¤÷ªã á¨áâ¥¬¨ ¢ æ÷«®¬ã. �®¬ã ¢¨¨ª õ ¥®¡å÷¤÷áâì à®§¢¨¢ â¨ ¬ â¥¬ â¨ç÷
¬¥â®¤¨, ïª÷ ¬®¦ãâì ¡ãâ¨ § áâ®á®¢ ÷ ¯à¨ ¤®á«÷¤¦¥÷ â ª¨å á¨áâ¥¬. �®§£«ï¥¬®
¯ à ¡®«÷ç¥ à÷¢ïï ÷§ ç áâ¨¨¬¨ ¯®å÷¤¨¬¨   ¥ª®¬¯ ªâ®¬ã à÷¬ ®¢®¬ã
¬®£®¢¨¤÷ M :

∂

∂t
u(t, x) = Hu(t, x),

u(0, x) = f(x) ∈ B, (1)

¤¥ ®¯¥à â®à
H =

1
2

∑
α

(< Aα,∇ >)2+ < A0,∇ > (2)

¬ õ ¥®¡¬¥¦¥÷ ª®¥ä÷æ÷õâ¨, ¯®à®¤¦¥÷ £« ¤ª¨¬¨ ¢¥ªâ®à¨¬¨ ¯®«ï¬¨ {Aα}d
α=1 ,

A0   M , dimM = d . � ¤ ç÷ (1) ¢÷¤¯®¢÷¤ õ  ¯÷¢£àã¯  Pt = e−tH § £¥¥à â®à®¬
H . �®¡à¥ ¢÷¤®¬®, é®, ª®«¨ ®¯¥à â®à H õ m -¤¨á¨¯ â¨¢¨¬ ÷ é÷«ì® § ¤ ¨¬
ã ¡  å®¢®¬ã ¯à®áâ®à÷ B , â®  ¯÷¢£àã¯  Pt õ á¨«ì® ¥¯¥à¥à¢®î §  ç á®¬ ÷
¯à®áâ÷à B §¡¥à÷£ õâìáï ¯÷¤ ¤÷õî  ¯÷¢£àã¯¨. �à®â¥, ïªé® ª®¥ä÷æ÷õâ¨ H á¨«ì®
§à®áâ îâì   ¥áª÷ç¥®áâ÷ ¬®£®¢¨¤ã, â®  ¯÷¢£àã¯  Pt ¥ õ á¨«ì® ¥¯¥à¥¢®î
ã ¯à®áâ®à÷ ¥¯¥à¥à¢¨å äãªæ÷© Cb(M) ÷ §à®¡¨â¨ ¢¨á®¢®ª ¯à® §¡¥à¥¦¥ï,  -
¯à¨ª« ¤, ¯à®áâ®à÷¢ £« ¤ª¨å äãªæ÷© Cn

b (M)   ®á®¢÷   «÷â¨ç¨å ¬¥â®¤÷¢ áâ õ
¥¬®¦«¨¢¨¬.

�áª÷«ìª¨ ®¯¥à â®à H õ ®¯¥à â®à®¬ ¤àã£®£® ¯®àï¤ªã, ¬®¦  ¢¨ª®à¨áâ â¨
§¢'ï§®ª â¥®à÷ù  ¯÷¢£àã¯ § â¥®à÷õî áâ®å áâ¨ç¨å ¤¨ä¥à¥æ÷ «ì¨å à÷¢ïì. �®¤÷
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 ¯÷¢£àã¯ã ¬®¦  ¯®¡ã¤ã¢ â¨ §  à®§¢'ï§ª®¬ áâ®å áâ¨ç®£® à÷¢ïï   M :
dξx

t = A0(ξx
τ )dτ +

∑
α

Aα(ξx
τ )δWα

τ ,

ξx
0 = x ∈ M, (3)

§  ä®à¬ã«®î
(Ptf)(x) = E f(ξx

t ). (4)
�ãâ E ®§ ç õ ¬ â¥¬ â¨ç¥ á¯®¤÷¢ ï áâ®á®¢® ª ®÷ç®ù à¥ «÷§ æ÷ù ¬÷à¨ �÷-
¥à  W   ©¬®¢÷à®á®¬ã ¯à®áâ®à÷ Ω = C0(R+,Rd) , Wα

τ { d ¥§ «¥¦¨å R1 -
§ ç¨å ¢÷¥à÷¢áìª¨å ¯à®æ¥á÷¢, δWτ { ¤¨ä¥à¥æ÷ « �âà â®®¢¨ç .

�®à¥ªâ¥ ®§ ç¥ï áâ®å áâ¨ç®£® ¤¨ä¥à¥æ÷ «ì®£® à÷¢ïï   ¬®£®¢¨¤÷
õ ®ªà¥¬¨¬ ¯¨â ï¬ ÷   áì®£®¤÷ ÷áãõ ¤¥ª÷«ìª  ¯÷¤å®¤÷¢ ¤«ï à®§¢'ï§ ï æ÷õù ¯à®-
¡«¥¬¨ [6, 9, 10]. � æ÷© à®¡®â÷ ¯÷¤ à®§¢'ï§ª®¬ à÷¢ïï (3) à®§ã¬÷õ¬®  ¤ ¯â®¢ ¨©
¯à®æ¥á ξx

t ã ä®à¬÷ öâ®{�âà â®®¢¨ç , é® ¤«ï ¡ã¤ì-ïª®ù ¥áª÷ç¥® ¤¨ä¥à¥æ÷-
©®¢®ù äãªæ÷ù f à®§¢'ï§ãõ áâ®å áâ¨ç¥ à÷¢ïï ¢ R1 :

f(ξx
t ) = f(x) +

∫ t

0

(A0f)(ξx
τ )dτ +

∑
α

∫ t

0

(Aαf)(ξx
τ )δWα

τ .

� ã¢ ¦¨¬®, é® ¢¨¡÷à «®ª «ì¨å ª®®à¤¨ â¨å äãªæ÷© f(x) = xk ¢ ®ª®« å
U ¬®£®¢¨¤ã ¤ õ á÷¬'î «®ª «ì¨å ¤¨äã§÷©¨å à÷¢ïì   ¯à®æ¥á ξx

t , ¯®ª¨ ¢÷
§ å®¤¨âìáï ã ¢÷¤¯®¢÷¤®¬ã ®ª®«÷ U [9]. � ª¨¬ ç¨®¬, ¯à®æ¥á ã ä®à¬÷ öâ®{
�âà â®®¢¨ç  õ ª®à¥ªâ® ®§ ç¥¨¬ ¤«ï § £ «ì®£® à÷¢ïï   ¥ª®¬¯ ªâ®¬ã
¬®£®¢¨¤÷ § ¥áª÷ç¥®î ª÷«ìª÷áâî ª àâ.

�¥â®î æ÷õù áâ ââ÷ õ ¯®ª § â¨, é®, ¥§¢ ¦ îç¨   ¢÷¤áãâ÷áâì á¨«ì®ù ¥¯¥-
à¥à¢®áâ÷  ¯÷¢£àã¯¨ Pt , § ¢¨ª®à¨áâ ï¬ ¯®¤ ï (4) ¬®¦  ¤®¢¥áâ¨ ¥ â÷«ìª¨
§¡¥à¥¦¥ï ¯¥¢¨å ¯à®áâ®à÷¢ Cn £« ¤ª¨å äãªæ÷© ¯÷¤ ¤÷õî  ¯÷¢£àã¯¨,  «¥ ©
®âà¨¬ â¨ ¯÷¤¢¨é¥ï £« ¤ª®áâ÷: Pt : Cn → Cn+m .

2. �á®¢¨© à¥§ã«ìâ â. �¥å © M { £« ¤ª¨©, §¢'ï§¨© d -¢¨¬÷à¨© à÷¬ -
÷¢ ¬®£®¢¨¤,   ïª®¬ã § ¤ ® ¤¢÷ç÷ ª®¢ à÷ â¨© á¨¬¥âà¨ç¨© ¥®á®¡«¨¢¨© ã
ª®¦÷© â®çæ÷ ¬¥âà¨ç¨© â¥§®à gij .

�  ¤®¯®¬®£®î ¬¥âà¨ç®£® â¥§®à  gij áâ ¤ àâ¨¬ á¯®á®¡®¬ § ¤ õ¬® ¢÷¤-
áâ ì ρ(x, y) ¬÷¦ ¤¢®¬  â®çª ¬¨ x , y ¬®£®¢¨¤ã M :

ρ(x, y) = inf
ψ
{
∫ b

a

(gαβ(ψ(t))ψ̇α(t)ψ̇β(t))1/2dt, ψ(a) = x, ψ(b) = y} ,

¤¥ inf ¡¥à¥¬® ¯® ¡ã¤ì-ïª¨å £« ¤ª¨å ªà¨¢¨å ψ(t) , é® §'õ¤ãîâì æ÷ â®çª¨.
� ª« ¤¥¬®   ª®¥ä÷æ÷õâ¨ ®¯¥à â®à  (2) ÷ £¥®¬¥âà÷î ¬®£®¢¨¤ã  áâã¯÷

ã¬®¢¨:
A1) �¨á¨¯ â¨¢÷áâì: ¤«ï ¤¥ïª®ù ä÷ªá®¢ ®ù â®çª¨ o ∈ M ÷ ¤«ï ¡ã¤ì-

ïª®ù áâ «®ù C ∈ R1 ÷áãõ â ª  áâ «  KC ∈ R1 , é® ∀x ∈ M

< Ã0(x),∇xρ2(x, o) > +C

d∑
α=1

‖Aα(x)‖2 ≤ KC(1 + ρ2(x, o)).

�ãâ
Ã0 = A0 +

1
2

∑
α

∇AαAα,

¤¥ ∇Aα ¯®§ ç õ ª®¢ à÷ âã ¯®å÷¤ã ¢  ¯àï¬÷ ¢¥ªâ®à®£® ¯®«ï Aα ; ∇x ®§ -
ç õ, é® ª®¢ à÷ â  ¯®å÷¤  ∇ ¤÷õ   äãªæ÷î ρ2(x, o) §  ¯¥àè®î §¬÷®î x ;
ρ { ¬¥âà¨ª    ¬®£®¢¨¤÷ M . � ¤ «÷ ®à¬¨ ¢¥ªâ®à¨å ¯®«÷¢ ÷ ¯ àã¢ ï < ·, · >
¡¥àãâìáï ã ¢÷¤¯®¢÷¤¨å ¤®â¨ç¨å ¯à®áâ®à å.

A2) �®¥àæ¨â¨¢÷áâì: ¤«ï ¡ã¤ì-ïª¨å áâ «¨å C , C ′ ∈ R1 ÷áãõ â ª 
áâ «  KC ∈ R1 , é® ¤«ï ¡ã¤ì-ïª¨å x, y ∈ M ÷ ¡ã¤ì-ïª®£® h

< ∇Ã0[h], h > + C

d∑
α=1

‖∇Aα[h]‖2 + C ′
d∑

α=1

< R(Aα, h)Aα, h > ≤ KC‖h‖2.
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�ãâ ¢¨à §
< R(Aα, h)Aα, h > = gmnR m

p `q Ap
αhnA`

αhq

¢¨§ ç õâìáï ã â¥à¬÷ å (1, 3) -â¥§®à  ªà¨¢¨¨ R m
p `q ÷ ¬¥âà¨ç®£® â¥§®à 

gmn .
A3) �¥«÷÷©÷áâì ¯®¢¥¤÷ª¨ ª®¥ä÷æ÷õâ÷¢ ÷ ªà¨¢¨¨ : ¤«ï ¡ã¤ì-ïª®£®

n ÷áãîâì áâ «÷ k0,kα,kR â ª÷, é®
‖∇γÃ0(x)‖ ≤ (1 + ρ(x, o))k0 ,
‖∇γAα(x)‖ ≤ (1 + ρ(x, o))kα ,
‖∇γR(x)‖ ≤ (1 + ρ(x, o))kR ,

¤¥ ∇γ = ∇j1 ...∇jn
, γ = {j1, ..., jn} .

�®¡ã¤ãõ¬® ¯à®áâ®à¨ £« ¤ª¨å äãªæ÷©  áâã¯¨¬ ç¨®¬. �ª ¦¥¬®, é® äãª-
æ÷ï f ∈ Cn

~q(k)(M) , ïªé® ®à¬ 

‖f‖Cn
~q(k)

= max
i=0,..,n

sup
x∈M

∑
|γ|=i

‖∇γf(x)‖

qi(ρ2(x, o))
, ~q = {q0, .., qn},

õ áª÷ç¥®î ÷ äãªæ÷ù qi ≥ 1 ¬ îâì ¯®«÷®¬÷ «ìã ¯®¢¥¤÷ªã â  § ¤®¢®«ìïîâì
÷õà àå÷î

∀ i = 1, ..., n, ∀ y ∈ R+ qi+1(y) ≥ (1 + y)kqi(y).

�¥®à¥¬  1. �¥å © ¢¨ª®ãîâìáï ã¬®¢¨ A1) { A3) â  ÷áãõ â ª  áâ « 
kε > 0 , é®

inf
x

‖Aα(x)‖
(1 + ρ2(x, o))kε

≥ ε > 0. (5)

�®¤÷ ¤«ï ¡ã¤ì-ïª®£® n ÷áãîâì â ª÷ áâ «÷ K , M â  k = k(k0,kα,kR,kε) , é®
∀ t > 0 Pt : Cn

~q(k)(M) 7→ Cn+1
(~q(k),qn+1(k))(M), n ∈ N,

÷ á¯à ¢¤¦ãõâìáï ¥à÷¢÷áâì

‖Ptf‖Cn+1
(~q(k),qn+1(k))

≤ KeM t

√
t
‖f‖Cn

~q(k)
.

� ® ¢ ¥ ¤ ¥   ï. � áâã¯¥ §®¡à ¦¥ï ¤«ï ª®¢ à÷ â®ù ¯®å÷¤®ù n -£®
¯®àï¤ªã  ¯÷¢£àã¯¨ õ ¢÷¤¯à ¢¨¬ ¯à¨ ¤®¢¥¤¥÷ â¥®à¥¬¨ 1:

∇γPtf(x) =
∑

δ1∪..∪δs=γ

E (∇ξ
{j1...js}f)(ξx

t )∇∇δ1ξ
j1 ...∇∇δsξ

js . (6)

�ãâ γ = {j1, ..., jn} | ¬®¦¨   ¯àï¬÷¢, ¢§¤®¢¦ ïª¨å ¢÷¤¡ã¢ õâìáï ¤¨ä¥à¥-
æ÷î¢ ï, ∇ξ

{j1...js} = ∇ξ
j1

...∇ξ
js

, ¤¥ ∇ξ
k ¯®§ ç õ ª®¢ à÷ âã ¯®å÷¤ã �÷¬  ,

ïª  ¤÷õ   äãªæ÷î f §  §¬÷®î ξ (  ¢÷¤¬÷ã ¢÷¤ ∇ , é® ¤÷õ §  x ). �¨à §
∇∇δ = ∇∇k1 ...∇∇ki , δ = {k1, ..., ki} , ¤¥ ∇∇k { ã§ £ «ì¥ï ª®¢ à÷ â®ù ¯®å÷¤®ù
�÷¬     ¢¨¯ ¤®ª ¤®¢÷«ì®£® ¤¨ä¥®¬®àä÷§¬ã   ¬®£®¢¨¤÷, § ¤ õâìáï à¥ªãà¥â-
®î ä®à¬ã«®î

∇∇kξm = ∇kξm =
∂ξm

∂xk
,

∇∇k(∇∇γξm) = ∇k(∇∇γξm) + Γ m
p q(ξx

t )∇∇γξp∇kξq .
(7)

Tãâ ξm = (ξx
t )m { m -â  ª®®à¤¨ â  ¯à®æ¥áã ξx

t . �®¡à ¦¥ï (6) ¯¥à¥¢÷àïõâìáï
¯àï¬¨¬ ®¡ç¨á«¥ï¬ ÷ ¢¨¯«¨¢ õ § ¯®¤ ï �®«®¬®£®à®¢  ¤«ï  ¯÷¢£àã¯¨ (4). �
à®¡®â å [1, 3] ®¡£®¢®àîõâìáï ¯à¨à®¤÷áâì ¢¢¥¤¥ï ¯®å÷¤®ù (7), ùù ¢« áâ¨¢®áâ÷ â 
â¥§®à¨© å à ªâ¥à ãá÷å ¢¨à §÷¢ ¢ (6). �à÷¬ â®£®, ¤«ï ¯®å÷¤®ù ∇∇k ¬ õ ¬÷áæ¥
« æî¦ª®¢¥ ¯à ¢¨«®: ¤«ï ¡ã¤ì-ïª®£® â¥§®à  T β = T i1...in , β = {i1, .., in} ,

∇∇k(T β(ξ)) = ∇mT β(ξ)∇∇kξm.

�   áâã¯®¬ã ªà®æ÷ ®âà¨¬ õ¬® §®¡à ¦¥ï ¤«ï ¯®å÷¤®ù  ¯÷¢£àã¯¨, § ïª®-
£® ¢¨¯«¨¢ â¨¬¥ ¯÷¤¢¨é¥ï £« ¤ª®áâ÷ ¯÷¤ ùù ¤÷õî. �«ï æì®£® ¢¨ª®à¨áâ õ¬® ¤¥ïª÷
áâ ¤ àâ÷ ®§ ç¥ï   «÷§ã   ¢÷¥à÷¢áìª®¬ã ¯à®áâ®à÷ (ç¨á«¥ï � ««ï¢¥ ).
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�¥å © J { ¬®¦¨  ¢á÷å  ¤ ¯â®¢¨å ¥¯¥à¥à¢¨å ÷â¥£à®¢¨å ¯à®æ¥á÷¢
ut(ω) â ª¨å, é® E

∫ T

0
|ut|pdt < ∞ ¤«ï ¡ã¤ì-ïª¨å T , p > 0 . � £ ¤ õ¬® [7, 12], é®

¢¨¯ ¤ª®¢  äãªæ÷ï F (ω) õ áâ®å áâ¨ç® ¤¨ä¥à¥æ÷©®¢®î, ïªé® ¤«ï ¡ã¤ì-ïª®£®
u ∈ J   ¬®¦¨÷ ¯®¢®ù ¬÷à¨ ÷áãõ ¯®å÷¤  ¢ ∩

p≥1
Lp(Ω,W) :

DuF (ω) =
d

dε
|ε=0F ({ωt + ε

∫ t

0

uτdτ}t∈R+).

�®¡à¥ ¢÷¤®¬®, é® Du ¬ õ â ª÷ ¢« áâ¨¢®áâ÷:
1◦) Duf(ξ1, ..., ξn) =

n∑
i=1

∂if(ξ1, ..., ξn)Duξi;

2◦) Du

∫ t

0
fτdτ =

∫ t

0
Dufτdτ ;

3◦) Du

∫ t

0
gτδWτ =

∫ t

0
DugτδWτ +

∫ t

0
uτgτdτ,

(8)

÷ á¯à ¢¤¦ãõâìáï ä®à¬ã«  ÷â¥£àã¢ ï ç áâ¨ ¬¨ [7, 12]

E DuF = E F

∫ ∞

0

uτ dWτ . (9)

�®¤÷¡® ¤® (7) § ¯à®¢ ¤¨¬® ã§ £ «ì¥ã áâ®å áâ¨çã ¯®å÷¤ã IDu â ª¨¬ ç¨®¬:

IDuξm = Duξm,
IDu(IDγξm) = Du(IDγξm) + Γ m

p q(ξ)IDγξpDuξq.

�ãâ γ = {u1, ..., un} { ¬®¦¨   ¯àï¬÷¢ ui ∈ J , i = 1, ..., n , IDγ = IDu1 ...IDun
.

�à å®¢ãîç¨ ¢« áâ¨¢®áâ÷ (8) ÷ (9) ¯®å÷¤®ù Du ¥áª« ¤® ¯¥à¥ª® â¨áï, é®
¤«ï ã§ £ «ì¥®ù áâ®å áâ¨ç®ù ¯®å÷¤®ù IDu ¬ õ ¬÷áæ¥ « æî¦ª®¢¥ ¯à ¢¨«®

IDu(∇ξ
γf(ξx

t )) = ∇ξ
m(∇ξ

γf(ξx
t ))IDuξm (10)

â  á¯à ¢¤¦ãõâìáï ä®à¬ã«  ÷â¥£àã¢ ï ç áâ¨ ¬¨

E (IDuF )G = −E FIDuG + E F G

∫ ∞

0

uτ dWτ . (11)

� áâã¯  â¥®à¥¬  ã§ £ «ìîõ à¥§ã«ìâ â¨ à®¡÷â [2, 5]   ¢¨¯ ¤®ª ¬®£®¢¨¤ã.
�¥®à¥¬  2. �¥å © ¢¨ª®ãîâìáï ã¬®¢¨ A1 ){ A3 ) â  (5). �®¤÷ ÷áãõ â ª¨©

áâ®å áâ¨ç¨©  ¯àï¬®ª zk , é®

IDzk
ξm = t∇∇kξm , (12)

÷ á¯à ¢¤¦ãõâìáï ®æ÷ª 

E
(∫ t

0

zσ
k dW σ

)2q

≤ K tqeM t(1 + ρ2(x, o))2qk0 . (13)

� ® ¢ ¥ ¤ ¥   ï. �¥àè §  ¢á¥, § ã¢ ¦¨¬®, é® à÷¢ïï   ¯¥àèã ¯®å÷¤ã
∂ξm

t

∂xk
¯à®æ¥áã ξt §  ¯®ç âª®¢®î ã¬®¢®î §  x ÷ áâ®å áâ¨çã ¯®å÷¤ã IDuξm

t ¬ îâì
¢¨£«ï¤ [4]

∂ξm
t

∂xk
= −

∫ t

0

Γ m
p q(ξs)

∂ξp
s

∂xk
δξq

s +
∫ t

0

∇∇kAm
0 (ξs) ds +

∫ t

0

∇∇kAm
σ (ξs) δW σ, (14)

IDuξm
t =

∫ t

0

Am
σ (ξs)uσ ds−

∫ t

0

Γ m
p q(ξs) IDuξp

s δq
s+

+
∫ t

0

IDuAm
0 (ξs) ds +

∫ t

0

IDuAm
σ (ξs) δW σ

s . (15)

�  ®á®¢÷ ªà¨â¥à÷ù¢,  ¢¥¤¥¨å ã [11], â  ã¬®¢ �1){�3) ¤«ï ä÷ªá®¢ ®£®
u ∈ J ÷áãõ õ¤¨¨© à®§¢'ï§®ª æ¨å à÷¢ïì. �ªé® ¢¨¡à â¨ áâ®å áâ¨ç¨©  ¯àï¬®ª
u = zk â ª, é®¡

∂ξm
t

∂xk
= Am

σ (ξt)zσ
k , (16)
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â®, ¯÷¤áâ ¢«ïîç¨ ¢ (15) § ¬÷áâì IDuξt § ç¥ï IDzk
ξm = t∇∇kξm § ¢¨ª®à¨áâ -

ï¬ (14), á¯÷¢¢÷¤®è¥ì IDuAm(ξt) = ∇jA
m(ξt) IDuξj â  ®§ ç¥ï ∇∇k , ¯¥à¥ª®-

ãõ¬®áï, é® à÷¢ïï (15) ¢¨ª®ãõâìáï â®â®¦®. � õ¤¨®áâ÷ à®§¢'ï§ª÷¢ à÷¢ïï
(15) ¢¨¯«¨¢ õ à¥§ã«ìâ â (12). �¨ª®à¨áâ®¢ãîç¨ ¥à÷¢÷áâì �ã¡  [8, £«. 7]

E(
∫ t

0

zσ
s dWσ

s )2q ≤ Kq tq−1E
∫ t

0

‖zs‖2q ds,

§®¡à ¦¥ï (16), ã¬®¢ã (5) ÷  áâã¯¨©  á«÷¤®ª ¥«÷÷©®ù ª¢ §÷áâ¨áªãîç®ù ®æ÷-
ª¨, ¤®¢¥¤¥®ù ã [1]:

E(1 + ρ2(ξt, o))2qk‖∇∇ξt‖2q ≤ MeN t(1 + ρ2(x, o))2qk,

®âà¨¬ õ¬®
E(

∫ t

0

zσ
s dW σ

s )2q ≤ Kq tq−1E
∫ t

0

(1 + ρ2(ξs, o))2qk1‖∇∇ξs‖2qds ≤

≤ K tqeN t(1 + ρ2(x, o))2qk1 ,

é® § ¢¥àèãõ ¤®¢¥¤¥ï â¥®à¥¬¨ 2. ♦
� â¥®à¥¬¨ 2 ÷ « æî¦ª®¢®£® ¯à ¢¨«  (10) ¢¨¯«¨¢ õ, é® ¤«ï ¡ã¤ì-ïª®ù £« ¤ª®ù

äãªæ÷ù f ∈ C∞loc(M) ¢¨ª®ãõâìáï à÷¢÷áâì

IDzk
[∇ξ

γf(ξx
t )] = ∇ξ

m(∇ξ
γf(ξx

t ))IDzk
ξm = t∇ξ

m∇ξ
γf(ξx

t )∇∇kξm. (17)

� ¯®¤ ÷ (6), ïª¥ ¢¨¯¨á ® ¤«ï (n + 1) ¯®å÷¤®ù  ¯÷¢£àã¯¨ ∇γ+1Ptf(x) ,
γ + 1 = {k, j1, ..., jn} , à®§£«ï¥¬® ¯¥àè¨© ç«¥ ÷ ¢¨ª®à¨áâ õ¬® (11) â  (17):

E ∇ξ
{i i1..in}f(ξx

t ) ∇∇kξi∇∇j1ξ
i1 ...∇∇jnξin

︸ ︷︷ ︸
n + 1

=

= E
1
t

IDzk
[∇ξ
{i1..in}f(ξx

t )]∇∇j1ξ
i1 ...∇∇jnξin

︸ ︷︷ ︸
n

=

=
1
t
E ∇ξ

{i1..in}f(ξx
t ) (−IDzk

+
∫ t

0
zkdW )∇∇j1ξ

i1 ...∇∇jnξin .︸ ︷︷ ︸
n

�÷ ¯¥à¥â¢®à¥ï ¤®§¢®«ïîâì §¢¥áâ¨ ¯¥àè¨© ç«¥ ã ¯®¤ ÷ (6) ¯®å÷¤®ù  ¯÷¢£àã-
¯¨ ¤® ¢¨£«ï¤ã § n ¬®¦¨ª ¬¨, é® ¢÷¤¯®¢÷¤ õ n -© ¯®å÷¤÷© äãªæ÷ù f . �¥èâ 
ç«¥÷¢ ã (6) ¤«ï (∇γ+1Ptf)(x) ¢¦¥ ¬ îâì â ªã áâàãªâãàã.

�®¡ § ¢¥àè¨â¨ ¤®¢¥¤¥ï â¥®à¥¬¨ 1, ¥®¡å÷¤÷ ®æ÷ª¨ é®¤® ¯®¢¥¤÷ª¨ áâ®-
å áâ¨ç¨å IDzk

÷ §¢¨ç ©¨å ∇∇k ¢ à÷ æ÷© ¯à®æ¥áã ξx
t . �«ï æì®£® ¢¢¥¤¥¬® ¯®§ -

ç¥ï ¤«ï ¥«÷÷©®£® ¢¨à §ã

rn(ξ, t) =
∑

α∪β={1,..,i},i=1,..,n

E pi(ρ2(ξx
t , o))‖ 1

t|β|
Dα∪βξx

t ‖q/i, q ≥ 2n. (18)

�ãâ Dα∪β { ¯®§ ç¥ï ¤«ï  ¡®àã ¯®å÷¤¨å Dk1 ...Dks , ¤¥ α ∪ β = {k1, ..., ks} ,
â  Dkj | áâ®å áâ¨ç  IDkj  ¡® §¢¨ç ©  ∇∇kj ¯®å÷¤  ¯à®æ¥áã ξx

t . �à¨ç®¬ã
¤® ¬®¦¨¨ β  «¥¦ âì â÷ § ç¥ï ÷¤¥ªá÷¢ kj , ¤«ï ïª¨å Dkj = IDkj .

�¥®à¥¬  3 [4]. �¥å © ¢¨ª®ãîâìáï ã¬®¢¨ A1 ){ A3 ) ÷ ¯®«÷®¬¨ pi(y) ≥ 1
ã (18) § ¤®¢®«ìïîâì ÷õà àå÷î

∀ {j1, ..., js} : j1 + ... + js = i ≤ n, [pi(y)]i(1 + |y|2)q k ≤ [pj1(y)]j1 ...[pjs(y)]js .

�®¤÷ á¯à ¢¤¦ãõâìáï ¥«÷÷©  ª¢ §÷áâ¨áªãîç  ®æ÷ª    ¢ à÷ æ÷ù
∃ Kk : ∀ t ≥ 0 rn(ξ, t) ≤ eKktrn(ξ, 0).
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� ã¢ ¦¨¬®, é® ¢¨à § rn(ξ, t) ¯à¨ t = 0 ¤®¡à¥ ¢¨§ ç¥¨© ÷ ¥ ¬ õ á¨£ã«ïà-
¨å ç«¥÷¢, é® ¯®¢'ï§ ® § ¯¥¢®î ¯®¢¥¤÷ª®î IDki

ξx
t ¯à¨ t → 0 . �¥®à¥¬ã 3

¤®¢¥¤¥® ¢ à®¡®â÷ [4].
�ª  á«÷¤®ª â¥®à¥¬¨ 3 ®âà¨¬ãõ¬® ¥à÷¢÷áâì

EP (ρ2(ξx
t , o))‖ 1

t|β|
Diξx

t ‖q/i ≤ KeM tP (ρ2(x, o))(1 + ρ2(x, o))
k q(i−1)

i , (19)

ïªé® ¢¨¡à â¨ pj(y) = P (y)(1 + |y|)m k( 1
j− 1

i ) , j < i .
�áâ â®ç® ¬ õ ¬÷áæ¥ â ª  ®æ÷ª :

‖∇x
γ+1Ptf(x)‖

qn+1(ρ2(x, o))
≤ ∑

δ1∪..∪δs=γ+1

‖E ∇ξ
{i1..is}f(ξx

t ) ηδ1∇∇δ2ξ
i2 ...∇∇δs

ξis‖
qn+1(ρ2(x, o))

≤

≤ ∑
(

sup
ξx

t ∈M

∑
|γ|=s

‖∇ξ
γf(ξx

t )‖
T

(0,s)
ξ

qs(ρ2(ξx
t , o))

)
E qs(ρ2(ξx

t , o))‖ηδ1‖ ‖∇∇δ2ξ
x
t ‖...‖∇∇δs

ξx
t ‖

qn+1(ρ2(x, o))
≤

≤ ‖f‖Cn
~q

∑
(
E qs(ρ2(ξx

t , o))‖ηδ1‖
n

a1

) a1
n

s∏
`=2

(
E qs(ρ2(ξx

t , o))‖∇∇δ`
ξx
t ‖

n
a`

) a`
n

qn+1(ρ2(x, o))
= I.

�ãâ ç¥à¥§ ηδ1 ¯®§ ç¥® ®¤¨ ÷§ ¢¨à §÷¢ ∇∇δ1ξ
x
t , 1

t
IDξx

t  ¡®
∫ t

0
zk dW , ïª÷ ¢¨¨-

ª îâì ã ¢÷¤¯®¢÷¤¨å ¤®¤ ª å, ai = |δi| . �¨ª®à¨áâ®¢ãîç¨ ®æ÷ª¨ ¬¥âà¨ª¨, ¢« á-
â¨¢®áâ÷ §¢¨ç ©¨å ÷ áâ®å áâ¨ç¨å ¯®å÷¤¨å â  ®æ÷ª¨ (17), (19), ¤«ï I ¬ õ¬®

I ≤ KeM t qs(ρ2(x, o))(1 + ρ2(x, o))k
′

√
t qn+1(ρ2(x, o))

‖f‖Cn
~q
≤ K ′eM t

√
t
‖f‖Cn

~q
,

é® § ¢¥àèãõ ¤®¢¥¤¥ï â¥®à¥¬¨ 1. ♦
�¨á®¢ª¨. � ÷áâ®â® ¥«÷÷©®¬ã ¢¨¯ ¤ªã ¤®á«÷¤¦¥® ¢« áâ¨¢÷áâì ¯÷¤¢¨-

é¥ï à¥£ã«ïà®áâ÷ ¤«ï ¥«÷÷©®£® ¯®â®ªã   ¥ª®¬¯ ªâ®¬ã ¬®£®¢¨¤÷.

1. �â®îª �. � «. �¥«÷÷©÷ ®æ÷ª¨   à¥£ã«ïà÷áâì ¤¨ä¥à¥æ÷ «ì¨å ¯®â®ª÷¢  
¬®£®¢¨¤ å // � â. ¬¥â®¤¨ â  ä÷§.-¬¥å. ¯®«ï. { 2004. { 47, ü 4. { �. 63{71.

2. �â®îª �. � «., �â®îª �. �÷ªâ. �®à¬ã«¨ ¢¨á®ª¨å ¯®àï¤ª÷¢ ¤«ï ¯®å÷¤¨å ¥-
«÷÷©¨å ¤¨äã§÷©¨å  ¯÷¢£àã¯ // �ªà. ¬ â. ¦ãà. { 2001. { 53, ü 1. { �. 117{122.

3. Antoniouk A. Val. Nonlinear symmetries of variational calculus and regularity proper-
ties of di�erential ows on non-compact manifolds // Proc. 5 th Int. Conf. ýSymmet-
ries in Math. Phys.þ. { Kiev, 2003. { P. 1228{1235.

4. Antoniouk A. Val., Antoniouk A. Vict. Nonlinear calculus of variations for di�erenti-
al ows on manifolds, geometrically correct introduction of covariant and stochastic
variations // �ªà. ¬ â. ¢÷á. { 2004. { 1, ü 4. { �. 449{484.

5. Antoniouk A. Val., Antoniouk A. Vict. Nonlinear estimates approach to the regularity
properties of di�usion semigroups // In ýFrontNonlinear Analysis and Applications:
To V. Lakshmikantham on his 80th birthdayþ / Eds. Ravi P. Agarwal and Donal
O'Regan. { Kluwer, 2003. { Vol. 1. { P. 165{226.

6. Belopolskaja Y. I., Daletskii Y. L. Stochastic equations and di�erential geometry. {
Kluwer, 1996. { 256 p.

7. Bismut J.-M. Large deviations and the Malliavin calculus. { Basel: Birkh�auser, 1984. {
216 p. { Ser. ýProgr. in Math.þ, vol. 45.

8. Doob J. L. Stochastic processes. { New York: Willey, 1953. { 605 p.
9. Emery M. Stochastic calculus in manifolds. { Berlin: Springer-Verlag, 1989. { 151 p.
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���������� �������� ���������, �����������
����������� �������� �� �������������

�«ï ¨áá«¥¤®¢ ¨ï à¥£ã«ïàëå á¢®©áâ¢ ¯®«ã£àã¯¯, ¯®à®¦¤¥ëå ¯ à ¡®«¨ç¥áª¨¬¨
ãà ¢¥¨ï¬¨ ¢â®à®£® ¯®àï¤ª  á ¥®£à ¨ç¥ë¬¨ ª®íää¨æ¨¥â ¬¨   ¥ª®¬¯ ªâ®¬
¬®£®®¡à §¨¨, ¨á¯®«ì§®¢ ® ¯à¥¤áâ ¢«¥¨¥ �®«¬®£®à®¢  ¯®«ã£àã¯¯ë ¢ â¥à¬¨ å à¥-
è¥¨© áâ®å áâ¨ç¥áª¨å ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �áâ ®¢«¥® ¢«¨ï¨¥  ç «ì-
ëå ãá«®¢¨© ¨ ¥ª®â®àëå á«ãç ©ëå ¯ à ¬¥âà®¢ à¥è¥¨© ¥«¨¥©ëå áâ®å áâ¨ç¥á-
ª¨å ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©   à¥£ã«ïà®áâì à¥è¥¨© ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨©.
�®ª §   ¢®§¬®¦®áâì ¯®¢ëè¥¨ï £« ¤ª®áâ¨ à¥è¥¨© ¯®¤ ¤¥©áâ¢¨¥¬ ¯®«ã£àã¯¯ë ¢
¯à®áâà áâ¢ å ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨©. �á«®¢¨ï, ¥®¡å®¤¨¬ë¥ ¤«ï
à¥ «¨§ æ¨¨ â ª®© ¢®§¬®¦®áâ¨, § ¯¨á ë ¢ â¥à¬¨ å ª®íää¨æ¨¥â®¢ ãà ¢¥¨ï ¨
å à ªâ¥à¨áâ¨ª £¥®¬¥âà¨¨ ¬®£®®¡à §¨ï.

REGULAR PROPERTIES OF SEMIGROUPS, GENERATED
BY NONLINEAR FLOWS ON MANIFOLDS

At the investigation of regular properties of semigroups, generated by second order parabolic
equations with unbounded coe�cients on noncompact manifold the methods of strongly conti-
nuous semigroups theory become inapplicable in the spaces of continuously differentiable
functions. In this case one can use the relation of semigroup theory with the theory of
stochastic differential equations. We study how the regular properties of solutions of parabolic
equations are related with the di�erentiability of solutions to the nonlinear stochastic dif-
ferential equations with respect to the initial data and random parameters. It is shown how
one can prove the result about the raise of smoothness under the action of semigroup in
spaces of continuously di�erentiable functions. The arising conditions relate the nonlinearity
of coe�cients with the geometry of manifold.

ö-â ¬ â¥¬ â¨ª¨ ��� �ªà ù¨, �¨ù¢ �¤¥à¦ ®
02.10.03
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