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METHOD OF SOLVING THE CAUCHY PROBLEM
FOR EVOLUTIONARY EQUATION IN BANACH SPACE

We propose a method of solving the Cauchy problem for evolutionary equation with
infinite order abstract operator in the Banach space. For the right-hand side of initial
condition, from a special subspace of the Banach space, in which vectors are represented
as Stieltjes integrals over a certain measure, the solution of the problem is represented
as certain Stieltjes integral over the same measure. We give examples of applying the
method to solving the Cauchy problem for partial differential equations in the class of
entire analytical functions of certain orders.

1. Statement of the problem. Let A be a given linear operator acting in the
Banach space $), and, for this operator, arbitrary powers A7, j = 2,3, ..., be defined
in 9, i.e. an arbitrary vector h € § be a C -vector of the operator A [1]. Denote
by z(\) the eigenvector of the operator A, which corresponds to its eigenvalue A,
i.e. nonzero solution in $ of the equation

Az(N) = Az(N), AEA,

where A is an arbitrary subset of the set C. If A is not an eigenvalue of the operator
A then z(A) =0.

Consider an analytical on A function b(\), which would be a symbol of the
abstract operator b(A), in general, of infinite order, assuming that

b(A)xz(N) = b(N)z(N).
We shall investigate the Cauchy problem as follows:

W _paw,  rer. M)

Uly,eo = h, (2)

where h is a given vector in $, U : Ry — § is a sought function.

Investigation of the problem (1), (2) originates from the case b(4) = A. A
special place in those investigations is taken by the semigroup theory, i.e. the theory
of evolution differential equations in Banach spaces. Important results of this theory
could be found in the fundamental monographs by S. G. Krein [6], E. Hille and
R. Phillips [5], A. Pazy [7], K. Yosida [8].

In the last years, new approaches to studying a Cauchy problem, both for
differential-operator equations and for partial differential equations, have been ap-
pearing. In particular, the work [2] deals with the problem (1), (2) in the case when
b(A) is an infinite order differential operator, where A is a Bessel operator. The
problem (1), (2) for the infinite order operator b(A), where A = - has been
studied in [3]. In the work [2], by means of the Fourier-Bessel integral transform, an
integral representation of a solution of the problem (1), (2) have been obtained. In
[3], by means of the proposed by the authors differential-symbol method, a solution
of the problem (1), (2) is represented in a differential form as an action of, in general,
infinite order differential operator, whose symbol is an initial function, onto a certain
entire function of a parameter.

In the present paper we propose a method of solving the Cauchy problem (1),
(2), which seems to embrace, as particular cases, various above mentioned approaches.
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2. Constructing the formal solution of the problem.

Definition. We shall say that vector A from $ belongs to £, where £ C §,
if on A there exist depending on h linear operator Rp()) : § — $ and measure
pn(N), such that

h= [ Ba)aN)d () ®
A
So, each vector h from £ can be represented as a Stieltjes integral (3) over a

certain measure.

Lemma 1. On the set A x Ry the following identity holds:

4 -] feben} <o 4)

P r o o f. As supposed, for the operator A, arbitrary powers A™, for n € N,
are defined in $). Then for any A € A and t € Ry we find:

[i - b(A)] {explb0tz(0) } = %{exp[b(k)t]w(k)}—

- b(A){exp[b(/\)t]a:()\)} = b(A){exp[b(A)t]x(A)}—
- exp[b(/\)t]{b(A)x()\)} = b(/\){exp[b(/\)t}m()\)}—
—expb(\){b(N)2 (M) } =

This completes our proof.
Theorem 1. Let in the problem (1), (2) the vector h belong to £, i.e. h can
be represented in the form (3). Then the formula
Ut = [ R {explb) o0 fan (3 (5)
A

defines a formal solution U of the problem (1), (2).
P r o o f. According to the formulas (3)—(5), we have

[;’t - b(A)} U(t) = [jt - b(A)] / Rh(/\){eXp[b(/\)t]m()‘)}duh(/\) =
A

= [ R0 [~ o] {explbo) ) = [ ) - 0
A A

Since the operator Rjy(A) is linear, then the last integral is equal to zero, i.e.
U(t) formally satisfies the equation (1).

We shall prove the realization of the initial condition (2). Formula (3) implies
the following equality:

Ul = [ Ba){explb () b (1)

A

- / Ry (\)x(Ndpn(N) = h.
t=0 A

This completes our proof.
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Remark. The formula (5) defines a solution of the problem (1), (2) just formally,
since the following equalities are not justified:

[b } / Bu(\){expb(N)a() }dun(X) =

/ R th - b(A)] {explbO) 20 b (),

Ul = / Ru() {eBO =)} dim V), ™

neither is the convergence of the Stieltjes integrals in the right-hand sides of the
formulas (5)—(7).

The proposed method of solving a Cauchy problem for evolution equation is quite
general. In case of special space ), operator A and measure p(A), one can refine
the obtained result and prove theorems concerning the existence and uniqueness of
the Cauchy problem solution in the corresponding spaces of functions.

3. Examples of application of the method.
Example 1. Let us take as $) the class of entire analytical on R functions, i.e.
d
$H = A(R), as the operator A take the differentiating operator o A =R. Then
x

exp[Az] is an eigenvector of the operator A on R. Let b(A) be arbitrary polynomial
of degree p > 1 with real coefficients. As a space £, we shall take the class of entire

1 1
analytical functions with the order less than p’, where — + — =1, i.e. £ = A,
p P

d
Note that the operator b(d—) acts in 2, invariantly (cr. [4]).

x
The equality (3) for ¢(z) € £ =%, in case of the Dirac measure, becomes as
follows:
#(2) = Ro(N) exp[a]|

It is easily seen that the operator R, () on R for arbitrary function ¢(x) € A,
is defined as the infinite order differential operator

D=2 () mw-e ().

since Vk € Z4 the following equality holds:

i * [)\ } _ A,k
o) el =x".
A=0
For the solution of the problem
9 _ b 0 U(t,z) =0,
ot oz (8)
U(0,z) = ¢(),

the formula (5) gets the form

Ult,z)=¢ <j)\) {exp[b()\)t + )\x} - (9)

So, we have obtained the representation (9) of solution of the problem (8), which
has been found in [3] by means of the differential-symbol method.
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Note that in brackets of the formula (9) there is an entire analytical function
of order p. The infinite order operator ¢ (2%) is applicable to exp[b(A\)t + Az], if
¢(x) € Ay, moreover, the action of ¢ (%) in 2, is invariant [4].

In the work [3] it is proved that for any ¢(x) € 2, in the class of analytical
in t functions U(t,z), which for fixed ¢ > 0 belong to 2/, there exists a unique
solution of the problem (8), which could be found with the formula (9). >

Ezxample 2. In the previous example, as the operator A we chose the first order
differentiating operator. This time, for the operator A, we shall take a second order
operator, namely the Bessel operator:

? 2w+1d 1
A=— 422 -
dm2+ x dz’ V= 2
0 0

As the spaces $ and £ we shall take $ = £ = W,,;(R), i.e. the set of even
entire analytical functions h(z), which as functions of complex variable z € C admit
the estimate

h(z) < cexp {—M(az) + Qby)}

where z =z +1y, a,b,c e R, a >0, b >0, ¢ >0, moreover ), M are differentiable
and even on R functions, increasing and convex on R, for which M (0) = Q(0) =0,
lim M(z) = 4o0, ”1ir_’r_1 O(x) = +o0.

r——+00
Consider the problem (1), (2), in which b()) is entire analytical even function.
As an eigenfunction of the Bessel operator we shall take J,,, i.e. the normalized Bessel
function, and, besides, as a measure we shall take a Lebesgue measure ( du(A) = d)),
The equality (3), for this case, becomes h(z) = [ Rp(\)J,(Az)dA, and the
Ry
operator Rp()\) is as follows:

cy / h(x)J,(A\z)x® Td,
R+
1

220T2(y + 1)
The formula (5) defines the solution

where ¢, = , I' is an Euler gamma-function.

Ut z) = / Ra() { explb( )], (xz) b

Ry

of the problem (1), (2), which has been obtained in [2] by means of the Fourier—Bessel
integral transform. >

4. Conclusions. In the present paper, we propose a method of solving a Cauchy
problem for the evolution equation. The problem solution is represented in a special
class of functions in the form of Stieltjes integral over a certain measure. Such a
representation includes, as particular cases, the representations of solutions of the
Cauchy problem for the evolution equation with the infinite order Bessel operator,
in an integral form [2], and the representations of the Cauchy problem solutions in a
differential form, obtained by means of the differential-symbol method [3].

The interconnections of the obtained representation of the Cauchy problem
solution with another known representations, as well as obtaining similar representa-
tions of Cauchy problem solutions for more general equations or systems of equations
and other boundary value problems for differential-operator equations, need further
investigations.
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METO/I, PO3B’I3YBAHHS 3AJAYI KOIIII IJIsI EBOJIFOIITHOTO
PIBHAHHA ¥ BAHAXOBOMY IIPOCTOPI

Banpononosaro memod pose’azysarma 3adaui Kowi daa e60a0UiIH020 PieHAHHA 3 abcm-
DAKMHUM ONEPAMOPOM HECKIHUEHHO20 NOPAJKY 6 banarosomy npocmopi. i npasoi wacmu-
HU MOYAMKOBOT YMOBU 31 CNEYIaAbH020 NIONPOCcMopY 6aHAT06020 NPOCMOPY, 6 AKOMY 6EkK-
mopu 306pasicaromoves ax ithmeepaayu, Cmiasmveca 3a deaxoro miporo, po3e’sa3ok 3adawi 300-
pasiceno Yy 6uzandi deaxozo inmezpasa Cmiamoveca 3a mierw oic mipor. ITodano npukisadu
3aCMOCYB8aHHA MEMOJY Po36°A3ysanhna 3adawi Kowi dasa dupepenuiasvhur pieHaHs 13 “ac-
MUHHUMU TOTIOHUMUY Y KAGCE YIAUT AGHAATMUNHUL GYHKUIT Ne6HUL NopAJKIs.

METO/J, PEIITIEHN S 3AJAYN KOIIIN AJIf1 9BOJIFOIITMOHHOT O
YPABHEHUA B BAHAXOBOM ITPOCTPAHCTBE

IIpedaoorcern memod pewerus 3adavwu Kowu 0aa 360A10UUOHH020 YPABHEHUA C GOCTNPAKIMHBLM
onepamopom beckoneunozo nopadka 6 banarosom npocmparcmee. s npasoti wacmu Ha-
YANDHO20 YCAOBUA U3 CREUUAALHOZ0 NOINPOCIPAHCMEQ BAHATOE020 NPOCMPAHCMEA, 8 KOMO-
pom 6eKmopb. npedcmasastomes unmezpasamy, Cmusmveca no HeKOMoOpol mepe, pewenue
3adauu npedcmasaeno 6 sude wexkomopozo urmezpara Cruamveca no amot orce mepe. Ilpu-
6edeHbL MPUMEPDHL UCTLOADIOBAHUA MEMOda pewenud 3adavwu Kowu dasa dupdepernyuarvros
YPasHEHUT 8 NACTHHLET NPOUIEOIHHLT 6 KAACCE UCAVT GHANUMUMECKUT GYHKUUT HeKOMODbLT

nopAdKOS.
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