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� ¢¥¤¥­® ã¬®¢¨ à®§¢'ï§­®áâ÷ ­¥®¤­®à÷¤­®£® ã§ £ «ì­¥­®£® £÷¯¥à£¥®¬¥âà¨ç­®£® à÷¢-
­ï­­ï âà¥âì®£® ¯®àï¤ªã ¢ ¯à®áâ®à÷ æ÷«¨å äã­ªæ÷©.

� áâ ââ÷ [1] ¢áâ ­®¢«¥­® â ª §¢ ­÷  á®æ÷©®¢ ­÷ £÷¯¥à£¥®¬¥âà¨ç­÷ äã­ªæ÷ù, ïª÷
õ à®§¢'ï§ª ¬¨ ­¥®¤­®à÷¤­®£® à÷¢­ï­­ï ò ãáá  2-£® ¯®àï¤ªã

z(1− z)w′′ + (γ − (α + β + 1)z)w′ − αβw = f(z),

¤¥ ¯à ¢÷ ç áâ¨­¨ f(z) ¢¨à ¦ îâìáï ç¥à¥§ à®§¢'ï§ª¨ ¢÷¤¯®¢÷¤­®£® ®¤­®à÷¤­®£®
à÷¢­ï­­ï. �¥®¡å÷¤­÷ â  ¤®áâ â­÷ ã¬®¢¨ ÷á­ã¢ ­­ï  á®æ÷©®¢ ­¨å äã­ªæ÷© �¥áá¥«ï
­ ¢¥¤¥­® ¢ [2] §  ¤®¯®¬®£®î §¢¥¤¥­­ï ®¯¥à â®à  �¥áá¥«ï B = z2D2 + zD +
+z2I (âãâ D = d

dz { ®¯¥à â®à ¤¨ä¥à¥­æ÷î¢ ­­ï, I { ®¤¨­¨ç­¨© ®¯¥à â®à) ¤®
¥ª¢÷¢ «¥­â­®£® ©®¬ã ¢ ¯à®áâ®à÷ AR  ­ «÷â¨ç­¨å ã ªàã§÷ {z : |z| < R} äã­ª-
æ÷© ®¯¥à â®à  �©«¥à  E = z2D2 + zD . �¥© ¬¥â®¤ § áâ®á®¢ ­® ã ¯à®¯®­®¢ ­÷©
à®¡®â÷ ¤«ï ¤®á«÷¤¦¥­­ï ã¬®¢ ÷á­ã¢ ­­ï à®§¢'ï§ªã ¢ ¯à®áâ®à÷ AR ­¥®¤­®à÷¤­®£®
ã§ £ «ì­¥­®£® £÷¯¥à£¥®¬¥âà¨ç­®£® à÷¢­ï­­ï 3-£® ¯®àï¤ªã.

1. �§ £ «ì­¥­  £÷¯¥à£¥®¬¥âà¨ç­  äã­ªæ÷ï [1]

pFq(α, γ; z) =
∞∑

k=0

p∏
r=1

(αr)k

k!
q∏

s=1
(γs)k

· zk, (1)

¤¥ α = (α1, α2, . . . , αp) ; γ = (γ1, γ2, . . . , γq) ; αr , r = 1, 2, . . . , p , γs { ª®¬¯«¥ªá­÷
ç¨á« , ¯à¨ç®¬ã γs 6= 0,−1,−2, . . . , s = 1, 2, . . . , q ; (a)k = a(a + 1) . . . (a + k − 1)
¤«ï k = 1, 2, . . . ; (a)0 = 1 ; p, q { ä÷ªá®¢ ­÷ ­ âãà «ì­÷ ç¨á« , p ≤ q+1 , õ æ÷«®î,
ïªé® p < q + 1 , ÷ ­ «¥¦¨âì ¯à®áâ®à®¢÷ AR § R = 1 ¯à¨ p = q + 1 . �ï äã­ªæ÷ï
§ ¤®¢®«ì­ïõ «÷­÷©­¥ ¤¨ä¥à¥­æ÷ «ì­¥ à÷¢­ï­­ï (q + 1) -£® ¯®àï¤ªã

(
zD

q∏
s=1

(zD + (γs − 1)I)− z

p∏
r=1

(zD + αrI)

)
w = 0. (2)

�ªé® «¨è¥ ®¤­¥ § ç¨á¥« αr ¤®à÷¢­îõ −n , n = 0, 1, 2, . . . , â® ¯à ¢  ç áâ¨­  (1)
õ ¬­®£®ç«¥­®¬ n -áâ¥¯¥­ï.

�«ï á¯à®é¥­­ï ¢¨ª« ¤®ª à®§£«ï­¥¬® ¢¨¯ ¤®ª p = 3 , q = 2 . �®¤÷ äã­ªæ÷ï
3F2(α1, α2, α3, γ1, γ2; z) = w(z) § ¤®¢®«ì­ïõ ¤¨ä¥à¥­æ÷ «ì­¥ à÷¢­ï­­ï 3-£® ¯®-
àï¤ªã

(zD(zD + (γ1− 1)I)(zD + (γ2− 1)I)− z(zD + α1I)(zD + α2I)(zD + α3I))w(z) = 0.

�¥å © αr , r = 1, 2, 3 , õ ª®à¥­ï¬¨ ¤¢®ç«¥­­®£® à÷¢­ï­­ï α3 + n3 = 0 , â®¡â®
α1 = −n , α2 = nε , α3 = nε , ¤¥ ε = 1

2 (1 + i
√

3) . �®¤÷ äã­ªæ÷ï

w(z) = 3F2(−n, nε, nε, γ1, γ2; z) ≡ Fn(z)

õ ¬­®£®ç«¥­®¬ n -£® áâ¥¯¥­ï ÷ § ¤®¢®«ì­ïõ ¤¨ä¥à¥­æ÷ «ì­¥ à÷¢­ï­­ï

z2(z − 1)w′′′(z) + (3z − γ1 − γ2 − 1)zw′′(z) + (z − γ1γ2)w′(z) = n3w(z).
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�â¦¥, Fn(z) õ ¢« á­®î äã­ªæ÷õî £÷¯¥à£¥®¬¥âà¨ç­®£® ¤¨ä¥à¥­æ÷ «ì­®£® ®¯¥à -
â®à  3-£® ¯®àï¤ªã [3]

H = z2(z − 1)D3 + (3z − γ1 − γ2 − 1)zD2 + (z − γ1γ2)D, (3)

é® ¢÷¤¯®¢÷¤ õ ¢« á­®¬ã §­ ç¥­­î n3 , â®¡â®

HFn(z) = n3Fn(z), n = 0, 1, 2, . . . . (4)

�«ï ¢÷¤¯®¢÷¤­®£® ®¯¥à â®à  �©«¥à 

E = z3D3 + 3z2D2 + zD (5)

¢« á­®î äã­ªæ÷õî § â¨¬ ¦¥ ¢« á­¨¬ §­ ç¥­­ï¬ õ zn , n = 0, 1, 2, . . . , â®¡â®

Ezn = n3zn. (6)

2. �¢¥¤¥¬® ®¯¥à â®à T , ïª¨© ­  ¥«¥¬¥­â å zn ¯à¨à®¤­®£® ¡ §¨áã ¤®¢÷«ì-
­®£® ¯à®áâ®àã AR , R > 0 , ¢¨§­ ç õâìáï à÷¢­®áâï¬¨

Tzn = Fn(z), n = 0, 1, 2, . . . . (7)

� âà¨æï ®¯¥à â®à  T õ ¢¥àå­ì®âà¨ªãâ­®î § ¥«¥¬¥­â ¬¨

tkn = (−1)k n3(n3 − 1)(n3 − 23) . . . (n3 − (k − 1)3)
k!(γ1)k(γ2)k

, n ≥ k > 0,

t00 = 1, tkn = 0 ¤«ï k > n ≥ 0.

�áª÷«ìª¨ ùù ¤÷ £®­ «ì­÷ ¥«¥¬¥­â¨ tkk 6= 0 , k = 0, 1, 2, . . . , â® ¢®­  ¬ õ ®¡¥à­¥­ã
¬ âà¨æî (â ª®¦ ¢¥àå­ì®âà¨ªãâ­ã), ¥«¥¬¥­â¨ ïª®ù t′jk ¢¨§­ ç îâìáï ÷§ á¨áâ¥¬
«÷­÷©­¨å  «£¥¡à¨ç­¨å à÷¢­ï­ì

n∑

l=j+1

tlnt′jl = −t−1
jj tjn, n = j + 1, i + 2, . . . , k, j = 0, 1, 2, . . . ,

§ ¢÷¤¬÷­­¨¬¨ ¢÷¤ ­ã«ï ¢¨§­ ç­¨ª ¬¨ ∆k−j =
k∏

l=j+1

tll . �ï ¬ âà¨æï ¯®à®¤¦ãõ

®¯¥à â®à T ′ . �  ¤®¯®¬®£®î ¬ âà¨ç­®£® ªà¨â¥à÷î [5] ¤®¢®¤¨âìáï ­¥¯¥à¥à¢­÷áâì ã
¯à®áâ®à÷ A∞ ¢á÷å æ÷«¨å äã­ªæ÷© ®¯¥à â®à÷¢ T i T ′ = T−1 . �â¦¥, T : A∞ → A∞
õ ÷§®¬®àä÷§¬®¬ ¯à®áâ®àã A∞ . �  ®á­®¢÷ à÷¢­®áâ¥© (7) ¡¥§¯®á¥à¥¤­ì® ®âà¨¬ãõ¬®
â ªã â¥®à¥¬ã.

�¥®à¥¬  1. �¨áâ¥¬  (Fn(z))∞n=1 ã§ £ «ì­¥­¨å £÷¯¥à£¥®¬¥âà¨ç­¨å ¬­®£®-
ç«¥­÷¢ ãâ¢®àîõ ª¢ §÷áâ¥¯¥­¥¢¨© ¡ §¨á ¯à®áâ®àã A∞ .

�¯à ¢¤¦ãõâìáï â ª®¦

�¥®à¥¬  2. �¯¥à â®à¨ H , E , ¢¨§­ ç¥­÷ à÷¢­®áâï¬¨ (3) ÷ (5) ¢÷¤¯®¢÷¤­®,
«÷­÷©­® ¥ª¢÷¢ «¥­â­÷ ¢ ¯à®áâ®à÷ A∞ , â®¡â® ¢¨ª®­ãîâìáï á¯÷¢¢÷¤­®è¥­­ï

HT = TE  ¡® T−1H = ET−1. (8)

� ® ¢ ¥ ¤ ¥ ­ ­ ï. � à÷¢­®áâ¥© (6) ®âà¨¬ãõ¬®

TEzn = n3Tzn, n− 0, 1, 2, . . . . (9)
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�  ®á­®¢÷ (7) à÷¢­®áâ÷ (4) ¬®¦­  § ¯¨á â¨ ã â ª®¬ã ¢¨£«ï¤÷:

HTzn = n3Tzn, n = 0, 1, 2, . . . . (10)

� à÷¢­®áâ¥© (9) ÷ (10) ¢¨¯«¨¢ õ, é® © «÷¢÷ ùå­÷ ç áâ¨­¨ á¯÷¢¯ ¤ îâì:

(HT )zn = (TE)zn, n = 0, 1, 2, . . . . (11)

�áª÷«ìª¨ ¤®¡ãâª¨ ­¥¯¥à¥à¢­¨å ¢ A∞ ®¯¥à â®à÷¢ õ ­¥¯¥à¥à¢­¨¬¨ ®¯¥à â®à ¬¨,
â® §÷ á¯÷¢¢÷¤­®è¥­ì (11) ¢¨¯«¨¢ õ ®¯¥à â®à­  à÷¢­÷áâì

HT = TE.

�â¦¥, ÷§®¬®àä÷§¬ T, ¢¨§­ ç¥­¨© à÷¢­÷áâî (7), õ ®¯¥à â®à®¬ ¯¥à¥â¢®à¥­­ï ®¯¥à -
â®à  E ¢ ®¯¥à â®à H,   á ¬÷ ®¯¥à â®à¨ «÷­÷©­® ¥ª¢÷¢ «¥­â­÷ ¢ ¯à®áâ®à÷ A∞. ♦

3. �®§£«ï­¥¬® ­¥®¤­®à÷¤­¥ £÷¯¥à£¥®¬¥âà¨ç­¥ à÷¢­ï­­ï

(H − n3I)φ(z) = f(z) (12)

§ ä÷ªá®¢ ­¨¬ n ∈ {0, 1, 2, . . . } ÷ ¯à ¢®î ç áâ¨­®î f ∈ A∞ . � áâ®áãõ¬® ¤® ®¡®å
ç áâ¨­ à÷¢­ï­­ï (12) ®¯¥à â®à T−1 ÷ áª®à¨áâ õ¬®áì ¤àã£®î ÷§ à÷¢­®áâ¥© (8). �®¤÷
®âà¨¬ õ¬® à÷¢­ï­­ï

(E − n3I)ψ(z) = g(z), (13)

ã ïª®¬ã ψ(z) = T−1φ(z) , g(z) = T−1f(z) . � ã¢ ¦¨¬®, é® à÷¢­ï­­ï (12) â®¤÷ ©
«¨è¥ â®¤÷ ¬ õ à®§¢'ï§®ª φ ∈ A∞ , ª®«¨ à÷¢­ï­­ï (13) ¬ õ à®§¢'ï§®ª ψ ∈ A∞ .
�®§¢'ï§®ª à÷¢­ï­­ï (13) §­ å®¤¨¬® ã ä®à¬÷ áâ¥¯¥­¥¢®£® àï¤ã: ψ(z) =

∞∑
m=0

ψmzm .

�ªé® áâ¥¯¥­¥¢¨© à®§ª« ¤ ¯à ¢®ù ç áâ¨­¨ ¬ õ ¢¨£«ï¤ g(z) =
∞∑

m=0
gmzm , â® ¤«ï

¢¨§­ ç¥­­ï ª®¥ä÷æ÷õ­â÷¢ ψm ®¤¥à¦ãõ¬® á¨áâ¥¬ã à÷¢­ï­ì

(m3 − n3)ψm = gm, m = 0, 1, 2, . . . ,

§ ïª®ù ¯à¨ m 6= n ®¤­®§­ ç­® §­ å®¤¨¬® ψm = gm

m3−n3 . �à¨ m = n ¢÷¤¯®¢÷¤­¥
à÷¢­ï­­ï ¬ õ ¤®¢÷«ì­¨© à®§¢'ï§®ª ψn = A , ïªé® â÷«ìª¨ gn = 1

n!g
(n)(0) = 0 . �à¨

¢¨ª®­ ­­÷ æ÷õù ã¬®¢¨ à®§¢'ï§®ª à÷¢­ï­­ï (13) ¬ õ ¢¨£«ï¤

ψ(z) = Azn +
∑

m6=n

gm

m3 − n3
zm.

�¨à §¨¬® ã¬®¢ã gn = 0 ç¥à¥§ ª®¥ä÷æ÷õ­â¨ áâ¥¯¥­¥¢®£® à®§ª« ¤ã ¯à ¢®ù
ç áâ¨­¨ à÷¢­ï­­ï (12) f(z) =

∞∑
m=0

fmzm . �áª÷«ìª¨

g(z) = T−1(
∞∑

m=0

fmzm) =
∞∑

m=0

fm(
m∑

j=0

t′jmzj) =
∞∑

j=0

(
∞∑

m=j

t′jmfm)zj

(âãâ t′jm { ¥«¥¬¥­â¨ ¬ âà¨æ÷ ®¯¥à â®à  T−1 ), â® §  ¢« áâ¨¢÷áâî õ¤¨­®áâ÷ áâ¥¯¥-

­¥¢®£® à®§ª« ¤ã ª®¥ä÷æ÷õ­â gn =
∞∑

m=n
t′nmfm .

�â¦¥, ¯à ¢¨«ì­ 

�¥®à¥¬  3. �«ï â®£® é®¡ à÷¢­ï­­ï (12) ¬ «® à®§¢'ï§®ª φ ∈ A∞ , ­¥®¡å÷¤­®
â  ¤®áâ â­ì®, é®¡ ª®¥ä÷æ÷õ­â¨ fm áâ¥¯¥­¥¢®£® à®§ª« ¤ã ©®£® ¯à ¢®ù ç áâ¨­¨
§ ¤®¢®«ì­ï«¨ ã¬®¢ã

∞∑
m=n

t′nmfm = 0. (14)
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�à¨ ¢¨ª®­ ­­÷ ã¬®¢¨ (14) à®§¢'ï§®ª à÷¢­ï­­ï (12) ¢¨à ¦ õâìáï ç¥à¥§ £÷¯¥à-
£¥®¬¥âà¨ç­÷ ¬­®£®ç«¥­¨ ä®à¬ã«®î

φ(z) = AFn(z) +
∑

m6=n

gm

m3 − n3
Fm(z),

ã ïª÷© gm =
∞∑

ν=m
t′mνfν .

� ã¢ ¦¨¬®, é® ã¬®¢  (14) ¢¨ª®­ãõâìáï, §®ªà¥¬ , â®¤÷, ª®«¨ ¯à ¢  ç áâ¨­ 
à÷¢­ï­­ï (12) õ ¬­®£®ç«¥­®¬, áâ¥¯÷­ì ïª®£® ¬¥­è¨© ­÷¦ n .

1. �­¤à¥¥¢ �. �., �¨«¡ á �. �. �¥è¥­¨¥ ­¥®¤­®à®¤­®£® £¨¯¥à£¥®¬¥âà¨ç¥áª®£® ãà ¢-
­¥­¨ï ¨ ¢ëç¨á«¥­¨¥ ¨­â¥£à «®¢ // �®ª«. �� ����. { 1983. { 27, ü 6. { �. 493{496.

2. �¡à £¨¬®¢ �. �., �ãè­¨àçãª �. �. �¡ íª¢¨¢ «¥­â­®áâ¨ ®¯¥à â®à®¢ �¥áá¥«ï ¨
�©«¥à  ¢ ¯à®áâà ­áâ¢ å  ­ «¨â¨ç¥áª¨å ¢ ªàã£¥ äã­ªæ¨© // �®ª«. �� ����. {
1974. { 214, ü 1. { �. 33{36.

3. �ãè­÷àçãª �. �. �®§ª« ¤ ­­ï æ÷«¨å äã­ªæ÷© ¢ àï¤¨ §  £÷¯¥à£¥®¬¥âà¨ç­¨¬¨ ¬­®-
£®ç«¥­ ¬¨ // �®¯. �� ����. �¥à. �. { 1974. { ü 6. { �. 503{507.

4. �¥¡¥¤¥¢ �. �. �¯¥æ¨ «ì­ë¥ äã­ªæ¨¨ ¨ ¨å ¯à¨«®¦¥­¨ï. { �.{�.: �¨§¬ â£¨§, 1963.
{ 379 á.

5. �¨è¬ ­ �. �. � ¢®¯à®áã ® «¨­¥©­ëå ¯à¥®¡à §®¢ ­¨ïå  ­ «¨â¨ç¥áª¨å ¯à®áâ-
à ­áâ¢ // �®ª«. �� ����. { 1959. { 127, ü 1. { �. 40{43.

������������ ������������� �����������
���������������� ���������

�à¨¢¥¤¥­ë ãá«®¢¨ï à §à¥è¨¬®áâ¨ ­¥®¤­®à®¤­®£® ®¡®¡é¥­­®£® £¨¯¥à£¥®¬¥âà¨ç¥áª®£®
ãà ¢­¥­¨ï âà¥âì¥£® ¯®àï¤ª  ¢ ¯à®áâà ­áâ¢¥ æ¥«ëå äã­ªæ¨©.

SOLVABILITY OF NON-HOMOGENEOUS GENERALIZED
HYPERGEOMETRIC EQUATION

Conditions of solvability of non-homogeneous generalized hypergeometric third-order equation
in the space of entire functions are obtained.
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