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�«ï äã­ªæ÷ù ¤¢®å §¬÷­­¨å ­  ®á­®¢÷ ç áâ¨­­¨å ®¡¥à­¥­¨å ÷ à®§¤÷«¥­¨å à÷§­¨æì
á¯¥æ÷ «ì­®£® ¢¨£«ï¤ã ¯®¡ã¤®¢ ­® ÷­â¥à¯®«ïæ÷©­¨© ¤¢®¢¨¬÷à­¨© ­¥¯¥à¥à¢­¨© ¤à÷¡
§ ­¥à÷¢­®§­ ç­¨¬¨ §¬÷­­¨¬¨. �áâ ­®¢«¥­® ä®à¬ã«ã ©®£® § «¨èª®¢®£® ç«¥­ .

1. �áâã¯. �à¨à®¤­®, é® ¢¨ª®à¨áâ ­­ï à æ÷®­ «ì­¨å äã­ªæ÷© ïª  ¯ à âã
­ ¡«¨¦¥­­ï ¤ õ ªà é÷ à¥§ã«ìâ â¨, ­÷¦ ¢¨ª®à¨áâ ­­ï ¬­®£®ç«¥­÷¢, ¯à¨­ ©¬­÷ ã
¢¨¯ ¤ªã ¬¥à®¬®àä­¨å äã­ªæ÷©. �«ï ¯®¡ã¤®¢¨ ¤à®¡®¢®-à æ÷®­ «ì­¨å ­ ¡«¨¦¥­ì
äã­ªæ÷© ®¤­÷õù §¬÷­­®ù ¢¨ª®à¨áâ®¢ãîâìáï ­ ¡«¨¦¥­­ï � ¤¥ â  â÷á­® ¯®¢'ï§ ­÷ §
­¨¬¨ ­¥¯¥à¥à¢­÷ ¤à®¡¨ [1]. �«ï äã­ªæ÷ù ¤¢®å §¬÷­­¨å § ¯à®¯®­®¢ ­® ¤¥ª÷«ìª 
ä®à¬ã« ã ¢¨£«ï¤÷ ¤¢®¢¨¬÷à­¨å ­¥¯¥à¥à¢­¨å ¤à®¡÷¢,   á ¬¥: ä®à¬ã«¨ â¨¯ã �÷«¥
[3, 5], ïª÷ ¢¨ª®à¨áâ®¢ãîâì ç áâ¨­­÷ ®¡¥à­¥­÷ à÷§­¨æ÷ â  ùå­÷ ¢« áâ¨¢®áâ÷, â  ä®à-
¬ã«  â¨¯ã �ìîâ®­ {�÷«¥ [4], ïª  ¢¨ª®à¨áâ®¢ãõ ïª ç áâ¨­­÷ ®¡¥à­¥­÷ à÷§­¨æ÷, â ª
÷ ç áâ¨­­÷ à®§¤÷«¥­÷ à÷§­¨æ÷. �÷ ÷­â¥à¯®«ïæ÷©­÷ ä®à¬ã«¨ ¯®¡ã¤®¢ ­® ã ¢¨£«ï¤÷
¤¢®¢¨¬÷à­¨å ­¥¯¥à¥à¢­¨å ¤à®¡÷¢ ÷§ à÷¢­®§­ ç­¨¬¨ §¬÷­­¨¬¨.

�¥â®î ¤ ­®ù à®¡®â¨ õ ¯®¡ã¤®¢  ÷­â¥à¯®«ïæ÷©­®ù ä®à¬ã«¨ â¨¯ã �ìîâ®­ {
�÷«¥ § ­¥à÷¢­®§­ ç­¨¬¨ §¬÷­­¨¬¨ ­  ®á­®¢÷ ç áâ¨­­¨å ®¡¥à­¥­¨å ÷ à®§¤÷«¥­­¨å
à÷§­¨æì á¯¥æ÷ «ì­®£® ¢¨£«ï¤ã â  ùù ®¡óàã­âã¢ ­­ï,   â ª®¦ ¢áâ ­®¢«¥­­ï ¢¨£«ï¤ã
§ «¨èª®¢®£® ç«¥­  ÷­â¥à¯®«ïæ÷©­®ù ä®à¬ã«¨. �à¨ æì®¬ã ¢¨ª®à¨áâ®¢ãîâìáï ¯÷¤-
å®¤¨, § ¯à®¯®­®¢ ­÷ ã à®¡®â å [4, 5].

2. ö­â¥à¯®«ïæ÷©­¨© ¤¢®¢¨¬÷à­¨© ­¥¯¥à¥à¢­¨© ¤à÷¡ § ­¥à÷¢­®§­ ç-
­¨¬¨ §¬÷­­¨¬¨. �¥å © äã­ªæ÷ï f(x, y) ¢¨§­ ç¥­  ¢ ¯àï¬®ªãâ­¨ªã ∆ = (a, b)×
×(c, d) ⊂ R2, Πn

x = {xi, i = 0, 1, . . . , n} { à®§¡¨ââï ÷­â¥à¢ «ã (a, b), ¯à¨ç®¬ã n {
­¥¯ à­¥. �«ï äã­ªæ÷ù f(x, ȳ), ¤¥ ȳ ∈ (c, d) ¢¨¡à ­® ¤®¢÷«ì­®, §­ ©¤¥¬® à æ÷®-
­ «ì­ã äã­ªæ÷î r[n/2](x, ȳ) = p[n/2](x, ȳ)/q[n/2](x, ȳ), ¯à¨ç®¬ã deg p[n/2](x, ȳ) =
= [n/2] + 1, deg q[n/2](x, ȳ) = [n/2], â ªã, é® ÷­â¥à¯®«îõ ùù ã â®çª å xi ∈ Πn

x ,
i = 0, 1, . . . , n, â®¡â®

r[n/2](xi, ȳ) = f(xi, ȳ), i = 0, 1, . . . , n.

�ªé® â ª  äã­ªæ÷ï ÷á­ãõ, â® ¢®­  ¬®¦¥ ¡ãâ¨ §­ ©¤¥­  ïª [n/2] ­ ¡«¨¦¥­­ï
¤à®¡ã �ìîâ®­ {�÷«¥ [2] ã ¢¨£«ï¤÷

r[n/2](x, ȳ) = b0(ȳ) + b1(ȳ)(x− x0) +

+
(x− x0)(x− x1)

b2(ȳ) + b3(ȳ)(x− x2)+. . . +
(x− x2[n/2]−2)(x− x2[n/2]−1)

b2[n/2](ȳ) + b2[n/2]+1(ȳ)(x− x2[n/2])

.

�¥å © Πm
y = {yi, i = 0, 1, . . . , m} { à®§¡¨ââï ÷­â¥à¢ «ã (c, d), ¯à¨ç®¬ã

m { ­¥¯ à­¥. �®§­ ç¨¬® ç¥à¥§ Πn,m
x,y = Πn

x × Πm
y ¯àï¬®ªãâ­ã á÷âªã. �­ ©¤¥¬®

à æ÷®­ «ì­ã äã­ªæ÷î R[n/2],[m/2](x, y), ïª  § «¥¦¨âì ¢÷¤ (n + 1)(m + 1) ª®¥ä÷-
æ÷õ­â÷¢, â ªã, é®

R[n/2],[m/2](xi, yj) = fij = f(xi, yj), i = 0, 1, . . . , n, j = 0, 1, . . . ,m.

�ªé® â ª  à æ÷®­ «ì­  äã­ªæ÷ï ÷á­ãõ, â® ¢®­  ¬ â¨¬¥ ¢¨£«ï¤
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R[n/2],[m/2](x, y) = b0(y) + b1(y)(x− x0) +
[n/2]

D
k=1

(x− x2k−2)(x− x2k−1)
b2k(y) + b2k+1(y)(x− x2k)

, (1)

¤¥ ¢á÷ ç áâ¨­­÷ §­ ¬¥­­¨ª¨ bj(y) õ ¬­®£®ç«¥­ ¬¨ ç¨ à æ÷®­ «ì­¨¬¨ äã­ªæ÷ï¬¨
¢÷¤ §¬÷­­®ù y ÷ § £ «ì­  ª÷«ìª÷áâì ùå­÷å ª®¥ä÷æ÷õ­â÷¢ ¤®à÷¢­îõ (n + 1)(m + 1).

�®§£«ï­¥¬® ­ áâã¯­ã ÷­â¥à¯®«ïæ÷©­ã § ¤ çã. �¥å © Πn,m
x,y = Πn

x × Πm
y ⊂ ∆

÷ äã­ªæ÷ï f(x, y) ¢¨§­ ç¥­  ã ¢ã§« å ÷­â¥à¯®«ïæ÷ù (xi, yj), i = 0, 1, . . . , n , j =
= 0, 1, . . . , m, â®¡â®

f(xi, yj) = fij , i = 0, 1, . . . , n, j = 0, 1, . . . , m. (2)

�­ ©¤¥¬® à æ÷®­ «ì­ã äã­ªæ÷î R[n/2],[m/2](x, y) =
P[n/2],[m/2](x, y)
Q[n/2],[m/2](x, y)

ã ¢¨-

£«ï¤÷ (1), ¤¥ bi(y) = pi(y)/qi(y), i = 0, 1, . . . , 2[n/2] + 1, { à æ÷®­ «ì­÷ äã­ªæ÷ù,
¯à¨ç®¬ã

deg pi(y) ≤ k < [m/2] + 1, deg qi(y) ≤ [m/2]− k, (3)
â ªã, é®

R[n/2],[m/2](xi, yj) = fij , i = 0, 1, . . . , n, j = 0, 1, . . . ,m. (4)

�   ­ «®£÷õî ÷§ ®¤­®¢¨¬÷à­¨¬ ¢¨¯ ¤ª®¬ ã¬®¢¨ (4) § ¬÷­¨¬® ã¬®¢ ¬¨

fijQ[n/2],[m/2](xi, yj)− P[n/2],[m/2](xi, yj) = 0, i = 0, 1, . . . , n, j = 0, 1, . . . ,m. (5)

�®¢¥¤¥¬® ÷á­ã¢ ­­ï â  õ¤¨­÷áâì à æ÷®­ «ì­®ù äã­ªæ÷ù R[n/2],[m/2](x, y) ¢¨£«ï¤ã
(1), é® § ¤®¢®«ì­ïõ ã¬®¢¨ (3) ÷ (5).

�ªé® k ã ­¥à÷¢­®áâïå (3) õ § ¤ ­¨¬, â® ®ç¥¢¨¤­®, é® ÷á­ãõ õ¤¨­  à æ÷®-
­ «ì­  äã­ªæ÷ï b0(y) = p0(y)/q0(y) , áâ¥¯¥­÷ ç¨á¥«ì­¨ª  â  §­ ¬¥­­¨ª  ïª®ù § -
¤®¢®«ì­ïîâì ã¬®¢¨ (3), â ª , é®

f0,jq0(yj)− p0(yj) = 0, j = 0, 1, . . . , m.

�«ï §­ å®¤¦¥­­ï à æ÷®­ «ì­®ù äã­ªæ÷ù b1(y) = p1(y)/q1(y) à®§£«ï­¥¬® á¨áâ¥¬ã
m + 1 ®¤­®à÷¤­¨å «÷­÷©­¨å à÷¢­ï­ì

q1(yj)[f1,jq0(yj)− p0(yj)]− p1(yj)q0(yj)(x1 − x0) = 0, j = 0, 1, . . . , m. (6)

� ª  á¨câ¥¬  ¬÷áâ¨âì 2(m + 1) ­¥¢÷¤®¬¨x ª®¥ä÷æ÷õ­â÷¢ ÷ â®¬ã õ ­¥¢¨§­ ç¥­®î.
�®ª« ¤¥¬®

P0,[m/2](x, y) = p0(y)q1(y) + p1(y)q0(y)(x1 − x0), Q0,[m/2](x, y) = q1(y)q0(y).

�®¤÷ ÷§ á¨áâ¥¬¨ (6) ®âà¨¬ãõ¬®

fijQ0,[m/2](xi, yj)− P0,[m/2](xi, yj) = 0, i = 0, 1, j = 0, 1, . . . , m.

�à¨¯ãáâ¨¬®, é® ÷á­ãîâì à æ÷®­ «ì­÷ äã­ªæ÷ù bi(y)=pi(y)/qi(y), i = 0, 1, . . . ,
2[l/2]− 1 < 2[n/2] + 1, â ª÷, é® ¤«ï

R[l/2]−1,[m/2](x, y) =
P[l/2]−1,[m/2](x, y)
Q[l/2]−1,[m/2](x, y)

= b0(y) + b1(y)(x− x0) +

+
(x− x0)(x− x1)

b2(y) + b3(y)(x− x2)+. . . +
(x− x2[l/2]−4)(x− x2[l/2]−3)

b[l/2]−2(y) + b[l/2]−1(y)(x− x2[l/2]−2)

á¯à ¢¤¦ãîâìáï á¯÷¢¢÷¤­®è¥­­ï

fijQ[l/2]−1,[m/2](xi, yj)− P[l/2]−1,[m/2](xi, yj) = 0
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¯à¨ i = 0, 1, . . . , 2[l/2]−1, j = 0, 1, . . . ,m. �«ï ¢¨§­ ç¥­­ï à æ÷®­ «ì­¨å äã­ªæ÷©
b[l/2](y) = p[l/2](y)/q[l/2](y) ÷ b[l/2]+1(y) = p[l/2]+1(y)/q[l/2]+1(y) ¢÷¤¯®¢÷¤­® à®§£«ï-
­¥¬® â ª÷ á¨áâ¥¬¨ ®¤­®à÷¤­¨å «÷­÷©­¨å à÷¢­ï­ì:

q[l/2](yj)(x2[l/2] − x2[l/2]−2)(x2[l/2] − x2[l/2]−1)×
× [f(x2[l/2], yj)Q[l/2]−2,[m/2](x2[l/2], yj)− P[l/2]−2,[m/2](x2[l/2], yj)] +
+ p[l/2](yj)[f(x2[l/2], yj)Q[l/2]−1,[m/2](x2[l/2], yj)− P[l/2]−1,[m/2](x2[l/2], yj)] = 0,(7)

q[l/2]+1(yj)q[l/2](yj)(x2[l/2]+1 − x2[l/2]−2)(x2[l/2]+1 − x2[l/2]−1)×
× [f(x2[l/2]+1, yj)Q[l/2]−2,[m/2](x2[l/2]+1, yj)− P[l/2]−2,[m/2](x2[l/2]+1, yj)] +
+ [p[l/2](yj)q[l/2]+1(yj) + p[l/2]+1(yj)q[l/2](yj)(x2[l/2]+1 − x2[l/2])]×
× [f(x2[l/2]+1, yj)Q[l/2]−1,[m/2](x2[l/2]+1, yj)− P[l/2]−1,[m/2](x2[l/2]+1, yj)] = 0, (8)

¤¥ j = 0, 1, . . . ,m. �¨áâ¥¬¨ (7) ÷ (8) ¬ îâì ­¥âà¨¢÷ «ì­÷ à®§¢'ï§ª¨, â®¬ã à æ÷-
®­ «ì­÷ äã­ªæ÷ù b[l/2](y) ÷ b[l/2]+1(y) ¢¨§­ ç õâìáï ­¥®¤­®§­ ç­®.

�¢¥¤¥¬® ¯®§­ ç¥­­ï:
P[l/2],[m/2](x, y) = [p[l/2](y)q[l/2]+1(y) + p[l/2]+1(y)q[l/2](y)(x− x2[l/2])]×

×P[l/2]−1,[m/2](x, y)+q[l/2]+1(y)q[l/2](y)(x−x2[l/2]−2)(x− x2[l/2]−1)P[l/2]−2,[m/2](x, y),
Q[l/2],[m/2](x, y) = [p[l/2](y)q[l/2]+1(y) + p[l/2]+1(y)q[l/2](y)(x− x2[l/2])]×

×Q[l/2]−1,[m/2](x, y)+q[l/2]+1(y)q[l/2](y)(x−x2[l/2]−2)(x−x2[l/2]−1)Q[l/2]−2,[m/2](x, y).

�à¨ æì®¬ã ÷§ á¨áâ¥¬¨ (7) ®âà¨¬ãõ¬®
fijQ[l/2],[m/2](xi, yj)− P[l/2],[m/2](xi, yj) = 0 (9)

¤«ï i = 0, 1, . . . , 2[l/2], j = 0, 1, . . . , m.
� «÷, ¢à å®¢ãîç¨ ¢¢¥¤¥­÷ ¢¨é¥ ¯®§­ ç¥­­ï, ÷§ á¨áâ¥¬¨ (8) ®âà¨¬ãõ¬® (9)

¯à¨ i = 0, 1, . . . , 2[l/2]+1 , j = 0, 1, . . . , m . � ®£«ï¤ã ­  § £ «ì­ã â¥®à÷î ­¥¯¥à¥à¢-
­¨å ¤à®¡÷¢ P[l/2],[m/2](x, y) ÷ Q[l/2],[m/2](x, y) ¬®¦¥¬® à®§£«ï¤ â¨ ïª ç¨á¥«ì­¨ª ÷
§­ ¬¥­­¨ª ­¥¯¥à¥à¢­®£® ¤à®¡ã

P[l/2](x, y)
Q[l/2](x, y)

= b0(y) + b1(y)(x− x0) +

+
(x− x0)(x− x1)

b2(y) + b3(y)(x− x2)+. . . +
(x− x2[l/2]−2)(x− x2[l/2]−1)

b2[l/2](y) + b2[l/2]+1(y)(x− x2[l/2])

.

�â¦¥, ¢á÷ bi(y) ÷á­ãîâì ÷ ¢¨§­ ç îâìáï ®¤­®§­ ç­®. � ª¨¬ ç¨­®¬, á¯à ¢-
¤¦ãõâìáï â ª  â¥®à¥¬ .

�¥®à¥¬  1. �«ï ª®¦­®ù ¯àï¬®ªãâ­®ù á÷âª¨ Πn,m
x,y = Πn

x×Πm
y ⊂ ∆ ÷á­ãîâì

®¤­®§­ ç­® ¢¨§­ ç¥­÷ à æ÷®­ «ì­÷ äã­ªæ÷ù bi(y)=pi(y)/qi(y), i = 0, 1, . . . , 2[n/2]+
+1, â ª÷, é®:

1) deg pi(y) ≤ k < [m/2] + 1, deg qi(y) ≤ [m/2]− k, i = 0, 1, . . . , 2[n/2] + 1;
2) à æ÷®­ «ì­  äã­ªæ÷ï ¢¨£«ï¤ã

R[n/2],[m/2](x, y) =
P[n/2],[m/2](x, y)
Q[n/2],[m/2](x, y)

= b0(y) + b1(y)(x− x0) +

+
(x− x0)(x− x1)

b2(y) + b3(y)(x− x2)+... +
(x− x2[n/2]−2)(x− x2[n/2]−1)

b[n/2](y) + b[n/2]+1(y)(x− x[n/2])

§ ¤®¢®«ì­ïõ à÷¢­ï­­ï
fijQ[n/2],[m/2](xi, yj)− P[n/2],[m/2](xi, yj) = 0, i = 0, 1, . . . , n, j = 0, 1, . . . , m.
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�¢¥¤¥¬® ç áâ¨­­÷ ®¡¥à­¥­÷ à÷§­¨æ÷ â  à®§¤÷«¥­÷ à÷§­¨æ÷  ­ «®£÷ç­® ¤® â®£®,
ïª æ¥ ¡ã«® §à®¡«¥­® ¢ [4].

�¥å © Πn,m
x,y ⊂ ∆ ⊂ R2 ÷ äã­ªæ÷ï f(x, y) ¢¨§­ ç¥­  ã ¢ã§« å ÷­â¥à¯®«ïæ÷ù

(xi, yj), i = 0, 1, . . . , n, j = 0, 1, . . . ,m, â®¡â® ¢¨ª®­ãîâìáï á¯÷¢¢÷¤­®è¥­­ï (2).
�¢¥¤¥¬® â ª÷ ¯®§­ ç¥­­ï:

ϕ0,0(xi, yj) = fij , i = 0, 1, . . . , n, j = 0, 1, . . . ,m, (10)

÷ ¯à¨ i ≥ 0, j ≥ 0

ϕ2i+1,0(x2i+1; y0) =
ϕ2i,0(x2i−1, x2i+1; y0)− ϕ2i,0(x2i; y0)

x2i+1 − x2i
, (11)

ϕi,2j+1(xi;y2j+1) =
ϕi,2j(xi;y2j−1, y2j+1)− ϕi,2j(xi;y2j)

y2j+1 − y2j
, (12)

ϕ2i+2,0(x2i+2; y0) =
x2i+2 − x2i+1

ϕ2i+1,0(x2i, x2i+2; y0)− ϕ2i+1,0(x2i+1; y0)
, (13)

ϕi,2j+2(xi;y2j+2) =
y2j+2 − y2j+1

ϕi,2j+1(xi;y2j , y2j+2)− ϕi,2j+1(xi;y2j+1)
, (14)

¤¥ xr = x0, x1, . . . , xr, ys = y0, y1, . . . , ys, r ≥ 0, s ≥ 0. �®à¬ã«¨ (11), (12)
­ §¨¢ îâì ç áâ¨­­¨¬¨ à®§¤÷«¥­¨¬¨ à÷§­¨æï¬¨ â¨¯ã ç áâ¨­­¨å à®§¤÷«¥­¨å à÷§-
­¨æì �ìîâ®­ ,   (13), (14) { ç áâ¨­­¨¬¨ ®¡¥à­¥­¨¬¨ à÷§­¨æï¬¨ â¨¯ã ç áâ¨­­¨å
®¡¥à­¥­¨å à÷§­¨æì �÷«¥. �÷ á¯÷¢÷¤­®è¥­ì (11){(14) ®âà¨¬ãõ¬®

ϕ2i,0(x2i−1, x; y0) = ϕ2i,0(x2i; y0) + ϕ2i+1,0(x2i, x; y0)(x− x2i),
ϕi,2j(xi;y2j−1, y) = ϕi,2j+1(xi;y2j , y)(y − y2j) + ϕi,2j(xi;y2j),

ϕ2i+1,0(x2i, x; y0) = ϕ2i+1,0(x2i+1; y0) +
x− x2i+1

ϕ2i+2,0(x2i+1, x; y0)
,

ϕi,2j+1(xi;y2j , y) = ϕi,2j+1(xi;y2j+1) +
y − y2j+1

ϕi,2j+2(xi;y2j+1, y)
.

�¨ª®à¨áâ®¢ãîç¨ áå¥¬ã, § ¯à®¯®­®¢ ­ã ¢ à®¡®â÷ [5], ­  ®á­®¢÷ ®áâ ­­÷å á¯÷¢¢÷¤­®-
è¥­ì ¬®¦­  ¯®¡ã¤ã¢ â¨ ¤¢®¢¨¬÷à­¨© ­¥¯¥à¥à¢­¨© ¤à÷¡ ¢¨£«ï¤ã

R[n/2],[m/2](x, y) =
P[n/2],[m/2](x, y)
Q[n/2],[m/2](x, y)

= K0(x, y) +
[n/2]

D
j=1

(x− x2j−2)(x− x2j−1)
K2j(x, y)

=

= K0(x, y) +
(x− x0)(x− x1)

K2(x, y) +
(x− x2)(x− x3)

K4(x, y)+. . . +
(x− x2[n/2]−2)(x− x2[n/2]−1)

K2[n/2](x, y)

, (15)

¤¥
K2i(x, y) = ϕ2i,0(x2i; y0) + ϕ2i,1(x2i;y1)(y − y0) +

+
[m/2]

D
k=1

(y − y2k−2)(y − y2k−1)
ϕ2i,2k(x2i;y2k) + ϕ2i,2k+1(x2i;y2k+1)(y − y2k)

+

+ (x− x2i)


ϕ2i+1,0x2i+1; y0) + ϕ2i+1,1(x2i+1;y1)(y − y0)+

+
[m/2]

D
k=1

(y − y2k−2)(y − y2k−1)
ϕ2i+1,2k(x2i+1;y2k) + ϕ2i+1,2k+1(x2i+1;y2k+1)(y − y2k)


 .
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�¥¬ . �¥å © ¢á÷ ç áâ¨­­÷ à®§¤÷«¥­÷ â  ç áâ¨­­÷ ®¡¥à­¥­÷ à÷§­¨æ÷
ϕij(xi;yj), i = 0, 1, . . . , n , j = 0, 1, . . . ,m, ¢¨§­ ç¥­÷ §  ä®à¬ã« ¬¨ (10){(14).
�®¤÷ ä®à¬ã«  (15) õ ÷­â¥à¯®«ïæ÷©­®î, â®¡â®

R[n/2],[m/2](xi, yj) = f(xi, yj), (xi, yj) ∈ Πn,m
x,y , i = 0, 1, . . . , n, j = 0, 1, . . . , m.

� ® ¢ ¥ ¤ ¥ ­ ­ ï. �¥å © j { ­¥¯ à­¥, j = 0, 1, . . . , [m/2]. �®¤÷ ¯à¨ ¡ã¤ì-ïª®¬ã
i, i = 0, 1, . . . , [n/2], ¬ õ¬®

K2i(x, yj) = ϕ2i,0(x2i; y0) + ϕ2i,1(x2i;y1)(yj − y0) +

+
(yj − y0)(yj − y1)

ϕ2i,2(x2i;y2) + ϕ2i,3(x2i;y3)(yj − y2) +
. . .

+

+
(yj − yj−3)(yj − yj−2)

ϕ2i,j−1(x2i;yj−1) + ϕ2i,j(x2i;yj)(yj − yj−1)
+

+ (x− x2i)
[
ϕ2i+1,0(x2i+1; y0) + ϕ2i+1,1(x2i+1;y1)(yj − y0)+

+
(yj − y0)(yj − y1)

ϕ2i+1,2(x2i+1;y2) + ϕ2i+1,3(x2i+1;y3)(yj − y2) +
. . .

+

+
(yj − yj−3)(yj − yj−2)

ϕ2i+1,j−1(x2i+1;yj−1) + ϕ2i+1,j(x2i+1;yj)(yj − yj−1)

]
=

= ϕ2i,j(x2i; yj) + (x− x2i)ϕ2i+1,j(x2i+1; yj).

� ¢¨¯ ¤ªã, ª®«¨ j { ¯ à­¥, ¯à¨ ¡ã¤ì-ïª®¬ã i, i = 0, 1, . . . , [n/2], ®âà¨¬ãõ¬®

K2i(x, yj) = ϕ2i,0(x2i; y0) + ϕ2i,1(x2i;y1)(yj − y0) +

+
(yj − y0)(yj − y1)

ϕ2i,2(x2i;y2) + ϕ2i,3(x2i;y3)(yj − y2) +
. . .

+
(yj − yj−2)(yj − yj−1)

ϕ2i,j(x2i;yj)
+

+ (x− x2i)
[
ϕ2i+1,0(x2i+1; y0) + ϕ2i+1,1(x2i+1;y1)(yj − y0)+

+
(yj − y0)(yj − y1)

ϕ2i+1,2(x2i+1;y2) + ϕ2i+1,3(x2i+1;y3)(yj − y2) +
. . .

+
(yj − yj−2)(yj − yj−1)

ϕ2i+1,j(x2i+1;yj)

]
=

= ϕ2i,j(x2i; yj) + (x− x2i)ϕ2i+1,j(x2i+1; yj).

� ª¨¬ ç¨­®¬, ¬ õ¬®

R[n/2],[m/2](xi, yj) = K0(xi, yj) +
(xi − x0)(xi − x1)

K2(xi, yj)+. . . +
(xi − xi−3)(xi − xi−2)

Ki(xi, yj)

= fij ,

ïªé® i { ­¥¯ à­¥, ÷

R[n/2],[m/2](xi, yj) = K0(xi, yj) +
(xi − x0)(xi − x1)

K2(xi, yj)+. . . +
(xi − xi−2)(xi − xi−1)

Ki(xi, yj)

= fij ,

ïªé® i { ¯ à­¥. �¥¬ã ¤®¢¥¤¥­®. ♦
� áâã¯­  â¥®à¥¬  ¢áâ ­®¢«îõ ¢¨£«ï¤ § «¨èª®¢®£® ç«¥­  ÷­â¥à¯®«ïæ÷©­®ù

ä®à¬ã«¨ (15).
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�¥®à¥¬  2. �¥å © äã­ªæ÷ï f(x, y) õ n + m + 2 à §¨ ¤¨ä¥à¥­æ÷©®¢­®î ¢
®¡« áâ÷ D = {a < x < b; c < y < d}, ïª  ¬÷áâ¨âì â®çª¨ ÷­â¥à¯®«ïæ÷ù (xi, yj),
i = 0, 1, . . . , n, j = 0, 1, . . . ,m. �®¤÷ ¢á¥à¥¤¨­÷ ®¡« áâ÷ D ¤«ï ¤®¢÷«ì­®ù â®çª¨
(x, y) ∈ D, ïª  ­¥ õ ¯®«îá®¬ ÷­â¥à¯®«ïæ÷©­®£® ¤à®¡ã (15), § «¨èª®¢¨© ç«¥­
÷­â¥à¯®«ïæ÷©­®ù ä®à¬ã«¨ (15) ¬ õ ¢¨£«ï¤

Rn+m+2(x, y) = f(x, y)−R[n/2],[m/2](x, y) =

=
1

Qn,m(x, y)





∏n

i=0
(x− xi)

(n + 1)!
∂n+1F (ξ, y)

∂xn+1
+

∏m

i=0
(y − yi)

(m + 1)!
∂m+1F (x, η)

∂ym+1
−

−
∏n

i=0
(x− xi)

(n + 1)!

∏m

i=0
(y − yi)

(m + 1)!
∂n+m+2F (ξ, η)
∂xn+1∂ym+1



 ,

¤¥ (ξ, η) ∈ D.

� ® ¢ ¥ ¤ ¥ ­ ­ ï ¯à®¢®¤¨âìáï §  áå¥¬®î, § ¯à®¯®­®¢ ­®î ¢ [3]. ♦
� ã¢ ¦¨¬®, é® ­¥§ «¥¦­® ¢÷¤ ¯ à­®áâ÷ ç¨ ­¥¯ à­®áâ÷ n ç¨ m «¥¬  â  â¥®à¥-

¬  2 § «¨è îâìáï ¯à ¢¨«ì­¨¬¨,   ÷­â¥à¯®«ïæ÷©­  ä®à¬ã«  (15) ¢÷¤¯®¢÷¤­¨¬ ç¨-
­®¬ ¬®¤¨ä÷ªãõâìáï.

� ¯à®¯®­®¢ ­  ÷­â¥à¯®«ïæ÷©­  ä®à¬ã«  â¨¯ã �îâ®­ {�÷«¥ ¤ õ é¥ ®¤­ã
¬®¦«¨¢÷áâì ÷­â¥à¯®«î¢ â¨ äã­ªæ÷ù ¤¢®å §¬÷­­¨å ¤¢®¢¨¬÷à­¨¬ ­¥¯¥à¥à¢­¨¬ ¤à®-
¡®¬ á¯¥æ÷ «ì­®£® ¢¨£«ï¤ã.

�â¦¥, ¬ õ¬® è¨àè¨© ¢¨¡÷à ÷­â¥à¯®«ïæ÷©­¨å ä®à¬ã« ÷ ¢¨­¨ª õ ¯¨â ­­ï, ïª 
§ ­¨å ªà é ? �®¬ã æ÷ª ¢® ¯®à÷¢­ïâ¨ à¥§ã«ìâ â¨ ÷­â¥à¯®«ïæ÷ù à÷§­¨¬¨ ä®à¬ã« ¬¨,
  â ª®¦ ®âà¨¬ â¨ ®æ÷­ª¨ è¢¨¤ª®áâ÷ §¡÷¦­®áâ÷ ÷­â¥à¯®«ïæ÷©­®£® ¯à®æ¥áã.
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NEWTON{TILE-TYPE INTERPOLATIONAL FORMULA
IN THE FORM OF TWO-DIMENSIONAL CONTINUED FRACTION
WITH NON-EQUIVALENT VARIABLES

Interpolational two-dimensional continued fraction with non-equivalent variables has been
constructed for the function of two variables by use of partial inverse and divided di�erences
of special type. The remainder of this interpolational fraction is also established.
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