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�áâ ­®¢«¥­® ¤®áâ â­÷ ã¬®¢¨ ¤®¤ â­®áâ÷ § «¨èª÷¢ £÷««ïáâ¨å « ­æî£®¢¨å ¤à®¡÷¢
§÷ §­ ª®§¬÷­­¨¬¨ ç áâ¨­­¨¬¨ ç¨á¥«ì­¨ª ¬¨. �«ï â ª®£® ª« áã £÷««ïáâ¨å « ­-
æî£®¢¨å ¤à®¡÷¢ ¤®¢¥¤¥­® ®§­ ª¨ §¡÷¦­®áâ÷ â  áâ÷©ª®áâ÷.

�¤­÷õî ÷§ ¢ ¦«¨¢¨å § ¤ ç  ­ «÷â¨ç­®ù â¥®à÷ù ­¥¯¥à¥à¢­¨å ¤à®¡÷¢ (��) ÷
ùå ¡ £ â®¢¨¬÷à­¨å ã§ £ «ì­¥­ì { £÷««ïáâ¨å « ­æî£®¢¨å ¤à®¡÷¢ (���), õ § ¤ ç 
¤®á«÷¤¦¥­­ï áâ÷©ª®áâ÷ ¤® §¡ãà¥­ì, ®áª÷«ìª¨ ­¥ § ¢¦¤¨ ¢¤ õâìáï â®ç­® ¢¨§­ ç¨â¨
§­ ç¥­­ï ¥«¥¬¥­â÷¢ ¤à®¡ã. �ªé® àï¤¨ ¬ îâì ¢« áâ¨¢÷âì ­ ª®¯¨çã¢ â¨ ¯®å¨¡ªã
§ ®ªàã£«¥­­ï, â®, ïª ¯®ª §ãîâì ç¨á«®¢÷ ¥ªá¯¥à¨¬¥­â¨, �� ÷ ��� ¬ îâì ¢« áâ¨-
¢÷áâì áâ÷©ª®áâ÷ ¤® ­ £à®¬ ¤¦¥­­ï ¯®å¨¡®ª. �®á«÷¤¦¥­­ï áâ÷©ª®áâ÷ ��� â÷á­®
¯®¢'ï§ ­¥ § ¤®á«÷¤¦¥­­ï¬ ùå §¡÷¦­®áâ÷, ïª÷© ¯à¨á¢ïç¥­® §­ ç­ã ª÷«ìª÷áâì à®¡÷â.
� â®© á ¬¨© ç á ¢÷¤®¬  ­¥¢¥«¨ª  ª÷«ìª÷áâì à®¡÷â, ¤¥ ¢¨¢ç õâìáï ¯¨â ­­ï áâ÷©-
ª®áâ÷ �� ÷ ���. �®ªà¥¬ , áâ÷©ª÷áâì �� ¤®á«÷¤¦ã¢ «¨ �. �¦®ã­á, �. �à®­ [11],
�. �« ­ç [10], �. �¥©ª®­ ÷ �. � áª¥à¢÷« [12],   § ¤ ç  áâ÷©ª÷áâ÷ ��� â  ÷­â¥£-
à «ì­¨å ¤à®¡÷¢ à®§£«ï¤ « áì ã à®¡®â å �. ö. �®¤­ àçãª  [6], �. �. �ª®à®¡®-
£ âìª  [9], �. �. �¥¤ èª®¢áìª®£® [7], �. ö. �®¤­ à  [2], �. ö. �®¤­ à , �. �®¤¥« ­-
¤ , �. �. �ãç¬÷­áìª®ù, �. �. �ãáì [3], �. �. �­â®­®¢®ù [8]. � à®¡®â÷ [4] à®§£«ï­ãâ®
áâ÷©ª÷áâì ��� ïª ùå ­¥¯¥à¥à¢­ã § «¥¦­÷áâì ¢÷¤ ¥«¥¬¥­â÷¢, ¯à¨ æì®¬ã § ¯à®¯®­®-
¢ ­® ®§­ ç¥­­ï áâ÷©ª®áâ÷ ­¥áª÷­ç¥­­¨å ��� ÷ ¢áâ ­®¢«¥­® ®§­ ª¨ áâ÷©ª®áâ÷ ¤®
§¡ãà¥­ì ��� § ¤®¤ â­¨¬¨ ¥«¥¬¥­â ¬¨. �®à¥ªâ­¥ ®§­ ç¥­­ï áâ÷©ª®áâ÷ ­¥áª÷­ç¥­-
­¨å ��� ¢¨¬ £ õ ùå §¡÷¦­®áâ÷. �®¬ã ¯®¯¥à¥¤­ì®, ¯¥à¥¤ ¢¨¢ç¥­­ï¬ ¯¨â ­­ï áâ÷©-
ª®áâ÷, ¤®á«÷¤¦ãõâìáï ùå §¡÷¦­÷áâì.

�¨â ­­ï áâ÷©ª®áâ÷ â  §¡÷¦­®áâ÷ ��� §÷ §­ ª®§¬÷­­¨¬¨ ¥«¥¬¥­â ¬¨ à ­÷è¥
á¨áâ¥¬ â¨ç­® ­¥ ¢¨¢ç «®áì. � æ÷© à®¡®â÷ à®§£«ï­ãâ® ¯¨â ­­ï §¡÷¦­®áâ÷ â  áâ÷©ª®-
áâ÷ ¤® §¡ãà¥­ì â ª¨å ��� ã ¢¨¯ ¤ªã ¤®¤ â­¨å § «¨èª÷¢.

�¡'õªâ®¬ ¤®á«÷¤¦¥­­ï õ £÷««ïáâ÷ « ­æî£®¢÷ ¤à®¡¨ (���) ¢¨£«ï¤ã

∞
D

k=1

N∑

ik=1

(−1)k−1
ai(k)

1
, (1)

¤¥ N , N ∈ N , { ª÷«ìª÷áâì à®§£ «ã¦¥­ì ­  ¯®¢¥àå å ¤à®¡ã , i (k) { ¬ã«ìâ¨÷­¤¥ªá:

i (k) ∈ I = {i (k) : i (k) = i1i2 . . . ik; ip = 1, 2, . . . , N, p = 1, 2, . . . , k; k = 1, 2, . . .} .

�¥å ©
ai(k) ≥ 0, i (k) ∈ I. (2)

�÷¤å÷¤­¨¬ ¤à®¡®¬ s -£® ¯®àï¤ªã ��� (1) ­ §¨¢ îâì áª÷­ç¥­­¨© ��� f (s) =

=
s

D
k=1

N∑
ik=1

(−1)k−1
ai(k)

1
. � áâ®áã¢ â¨ ¢÷¤®¬÷ ¤®áâ â­÷ ã¬®¢¨ §¡÷¦­®áâ÷ ��� § ¤÷©á-

­¨¬¨ ¥«¥¬¥­â ¬¨ [2, 9] ¬®¦­  «¨è¥ ã ¢¨¯ ¤ªã, ª®«¨
N∑

i2k=1

ai(2k) <
1
4

. �«ï ¤®á«÷¤-

¦¥­­ï §¡÷¦­®áâ÷ ¯®á«÷¤®¢­®áâ¥© ¯÷¤å÷¤­¨å ¤à®¡÷¢ ��� (1) ¢¨ª®à¨áâ®¢ãõ¬® ¯÷¤-
å®¤¨, § ¯à®¯®­®¢ ­÷ ã à®¡®â å [1, 5], ïª÷ ¢¨¬ £ îâì ¢áâ ­®¢«¥­­ï ¬­®¦¨­ §­ ç¥­ì
§ «¨èª÷¢ ¯÷¤å÷¤­¨å ¤à®¡÷¢ ���.
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� «¨èª ¬¨ ¯÷¤å÷¤­®£® ¤à®¡ã s -£® ¯®àï¤ªã ��� (1) ­ §¨¢ îâì ¢¨à §¨, ïª÷
¢¨§­ ç îâìáï à¥ªãà¥­â­¨¬¨ á¯÷¢¢÷¤­®è¥­­ï¬¨

Q
(p)
i(p) = 1, i (p) ∈ I, p = 1, 2, . . . ,

Q
(s)
i(k) = 1 +

N∑

ik+1=1

ai(k+1)

Q
(s)
i(k+1)

, i (k) ∈ I, k = s− 1, s− 2, . . . , 1, s = 2, 3, . . . .

� ¤ «÷ ¢¨ª®à¨áâ®¢ã¢ â¨¬¥¬® ä®à¬ã«ã à÷§­¨æ÷ ¬÷¦ ¤¢®¬  ¯÷¤å÷¤­¨¬¨ ¤à®-
¡ ¬¨ ��� (1) [2], ïªã, ¢à å®¢ãîç¨ ¢¨£«ï¤ ¤®á«÷¤¦ã¢ ­®£® ¤à®¡ã, § ¯¨è¥¬® â ª:

f (n) − f (m) = (−1)m+[m+1
2 ]

N∑

i1,i2,...,im+1=1

m+1∏
k=1

ai(k)

Q
(n)
i(m+1)

m∏
k=1

Q
(m)
i(k)Q

(n)
i(k)

, n > m, (3)

¤¥ [x] { æ÷«  ç áâ¨­  ç¨á«  x .

�¥®à¥¬  1. �¥å © ¥«¥¬¥­â¨ ��� (1) § ¤®¢®«ì­ïîâì ã¬®¢¨ (2) â 

N∑

i2k=1

ai(2k)

1 +
N∑

i2k+1=1

ai(2k+1)

< 1, i (2k − 1) ∈ I, k = 1, 2, . . . . (4)

�®¤÷ ¤«ï ¯÷¤å÷¤­¨å ¤à®¡÷¢ ­¥¯ à­®£® ¯®àï¤ªã ��� (1) á¯à ¢¤¦ãîâìáï ­¥à÷¢­®áâ÷

f (4p−3) ≤ f (4p+1) ≤ f (4q+3) ≤ f (4q−1), (5)

¤¥ p, q = 1, 2, . . . , ÷ ¯®á«÷¤®¢­®áâ÷
{
f (4p+1)

}
,

{
f (4p+3)

}
§¡÷£ îâìáï.

� ® ¢ ¥ ¤ ¥ ­ ­ ï. �®ª ¦¥¬®, é® ¯à¨ ¢¨ª®­ ­­÷ ã¬®¢ (2), (4) ¤«ï § «¨èª÷¢
¯÷¤å÷¤­¨å ¤à®¡÷¢ ­¥¯ à­®£® ¯®àï¤ªã ��� (1) ¢¨ª®­ãîâìáï â ª÷ ­¥à÷¢­®áâ÷:

1−
N∑

i2k=1

ai(2k)

1 +
N∑

i2k+1=1

ai(2k+1)

≤ Q
(2s+1)
i(2k−1) ≤ 1, 1 +

N∑

i2k+1=1

ai(2k+1) ≤ Q
(2s+1)
i(2k) , (6)

i (2k − 1) ∈ I, i (2k) ∈ I, k = 1, 2, . . . , s . � áâ®áãõ¬® ¬¥â®¤ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù
¢÷¤­®á­® k , k = s, s− 1, . . . , 1 . �à ¢¨«ì­÷áâì ®æ÷­®ª (6) ¯à¨ k = s õ ®ç¥¢¨¤­®î:

Q
(2s+1)
i(2s) = 1 +

N∑

i2s+1=1

ai(2s+1), 0 < Q
(2s+1)
i(2s−1) = 1−

N∑

i2s=1

ai(2s)

1 +
Ni(2s)∑

i2s+1=1

ai(2s+1)

≤ 1.

�à¨¯ãáâ¨¬®, é® ®æ÷­ª¨ (6) á¯à ¢¤¦ãîâìáï ¤«ï ¤¥ïª®£® k = p+1 , 1 ≤ p ≤ s−1 .
�®¤÷

Q
(2s+1)
i(2p) = 1 +

N∑

i2p+1=1

ai(2p+1)

Q
(2s+1)
i(2p+1)

≥ 1 +
N∑

i2p+1=1

ai(2p+1),

1 ≥ Q
(2s+1)
i(2p−1) = 1−

N∑

i2p=1

ai(2p)

Q
(2s+1)
i(2p)

≥ 1−
N∑

i2p=1

ai(2p)

1 +
N∑

i2p+1=1

ai(2p+1)

> 0,

é® ¤®¢®¤¨âì ¯à ¢¨«ì­÷áâì ®æ÷­®ª ¤«ï ¤®¢÷«ì­®£® k = p , 1 ≤ p ≤ s− 1 .

28



ö§ ä®à¬ã«¨ (3) â  ®æ÷­®ª (6) ¢¨¯«¨¢ õ, é® f (4(p+n)+1) − f (4p+1) ≥ 0 ,
f (4(p+n)+3) − f (4p+3) ≤ 0 , n = 1, 2, . . . , â®¬ã

f (1) ≤ f (5) ≤ . . . ≤ f (4p−3) ≤ f (4p+1) ≤ . . . ≤
N∑

i1=1

ai(1)

1−
N∑

i2=1

ai(2)

1 +
N∑

i3=1

ai(3)

,

f (3) ≥ f (7) ≥ . . . ≥ f (4p−1) ≥ f (4p+3) ≥ . . . ≥
N∑

i1=1

ai(1),

é® ¤®¢®¤¨âì §¡÷¦­÷áâì ¯®á«÷¤®¢­®áâ¥©
{
f (4p+1)

}
,

{
f (4p+3)

}
. � â®£®, é® f (4q+3)−

−f (4p+1) ≥ 0 , p, q = 0, 1, 2, . . . , ¢¨¯«¨¢ õ ¢« áâ¨¢÷áâì ý¢¨«ª¨þ (5) ¤«ï ¯®á«÷¤®¢-
­®áâ÷ ¯÷¤å÷¤­¨å ¤à®¡÷¢ ­¥¯ à­®£® ¯®àï¤ªã ��� (1). �¥®à¥¬ã ¤®¢¥¤¥­®. ♦

�¥®à¥¬  2. �¥å © ¥«¥¬¥­â¨ ��� (1) § ¤®¢®«ì­ïîâì ã¬®¢¨ (2) â 
N∑

i2k=1

ai(2k) < 1, i (2k − 1) ∈ I, k = 1, 2, . . . . (7)

�®¤÷ ¤«ï ¯÷¤å÷¤­¨å ¤à®¡÷¢ ��� (1) á¯à ¢¤¦ãîâìáï ­¥à÷¢­®áâ÷
f (4p) ≤ f (4p+1) ≤ f (4p+4) ≤ f (4p+5) ≤ f (4q+7) ≤ f (4q+6) ≤ f (4q+3) ≤ f (4q+2), (8)

¤¥ p, q = 0, 1, 2, . . . , ÷ ¯®á«÷¤®¢­®áâ÷
{
f (l)

}
, l = 0, 1, 4, 5, . . . , 4p, 4p + 1, . . . ,{

f (m)
}

, m = 2, 3, 6, 7, . . . , 4q + 2, 4q + 3, . . . , §¡÷£ îâìáï.
� ® ¢ ¥ ¤ ¥ ­ ­ ï. �¬®¢  (7) § ¡¥§¯¥çãõ ¢¨ª®­ ­­ï ã¬®¢¨ (4). �®¬ã ¤«ï

§ «¨èª÷¢ ¯÷¤å÷¤­¨å ¤à®¡÷¢ ­¥¯ à­®£® ¯®àï¤ªã ��� (1) ¢¨ª®­ãîâìáï ­¥à÷¢­®áâ÷
(6). �¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù, ¯®ª ¦¥¬®, é®

1 +
N∑

i2k+1=1

ai(2k+1) 6 Q
(2s)
i(2k) 6 1 +

N∑
i2k+1=1

ai(2k+1)

1−
N∑

i2k+2=1

ai(2k+2)

,

0 < 1−
N∑

i2k+2=1

ai(2k+2) 6 Q
(2s)
i(2k+1) 6 1,

(9)

i (2k) ∈ I, i (2k + 1) ∈ I, k = 0, 1, . . . , s− 1. �à¨ k = s− 1 ¬ õ¬®

0 < Q
(2s)
i(2s−1) = 1−

N∑

i2s=1

ai(2s) ≤ 1,

1 +
N∑

i2s−1=1

ai(2s−1) ≤ Q
(2s)
i(2s−2) = 1 +

N∑

i2s−1=1

ai(2s−1)

1−
N∑

i2s=1

ai(2s)

.

�à¨¯ãáâ¨¬®, é® ®æ÷­ª¨ (9) á¯à ¢¤¦ãîâìáï ¤«ï ¤¥ïª®£® k = p + 1 , 0 ≤ p ≤
≤ s− 2 , ÷, ¢à å®¢ãîç¨ ã¬®¢¨ (2), (7), ¯®ª ¦¥¬® ùå ¯à ¢¨«ì­÷áâì ¯à¨ k = p :

Q
(2s)
i(2p+1) = 1−

N∑

i2p+2=1

ai(2p+2)

Q
(2s)
i(2p+2)

≥ 1−
N∑

i2p+2=1

ai(2p+2)

1 +
N∑

i2p+3=1

ai(2p+3)

≥ 1−

−
N∑

i2p+2=1

ai(2p+2) > 0, Q
(2s)
i(2p) = 1 +

N∑

i2p+1=1

ai(2p+1)

Q
(2s)
i(2p+1)

≤ 1 +
N∑

i2k+1=1

ai(2k+1)

1−
N∑

i2k+2=1

ai(2k+2)

,
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Q
(2s)
i(2p) ≥ 1+

N∑
i2k+1=1

ai(2k+1) ≥ 1. �¨ª®à¨áâ®¢ãîç¨ ä®à¬ã«ã (3) â  ®âà¨¬ ­÷ ®æ÷­ª¨

¤«ï § «¨èª÷¢ ¯÷¤å÷¤­¨å ¤à®¡÷¢ ��� (1), ¬ õ¬®

f (s) − f (4p) ≥ 0, f (s) − f (4p+1) ≥ 0, f (s) − f (4p+2) ≤ 0, f (s) − f (4p+3) ≤ 0,

s > 4p + l, l = 0, 1, 2, 3 , é® ¤®¢®¤¨âì ¢« áâ¨¢÷áâì ý¯®¤¢÷©­®ù ¢¨«ª¨þ(8). �÷ §¡÷¦-
­®áâ÷ ¯®á«÷¤®¢­®áâ¥©

{
f (4p+1)

}
,

{
f (4p+3)

}
â  ¢« áâ¨¢®áâ÷ ý¢¨«ª¨þ (5) ¢¨¯«¨¢ õ

§¡÷¦­÷áâì ¯®á«÷¤®¢­®áâ¥©
{
f (l)

}
, l = 0, 1, 4, 5, . . . , 4p, 4p + 1, . . . ,

{
f (m)

}
, m =

= 2, 3, 6, 7, . . . , 4q + 2, 4q + 3, . . . . �¥®à¥¬ã ¤®¢¥¤¥­®. ♦
�¥®à¥¬  3. �¥å © ¥«¥¬¥­â¨ ��� (1) § ¤®¢®«ì­ïîâì ã¬®¢¨ (2) â 

N∑

i2k=1

ai(2k) ≤ 1− gi(2k−1),

N∑

i2k+1=1

ai(2k+1) ≥ gi(2k) − 1, (10)

0 < gi(2k−1) ≤ 1, gi(2k) ≥ 1, i (2k − 1) ∈ I, i (2k) ∈ I, k = 1, 2, . . . ,
÷ ∞∏

k=1

ξk = 0,

¤¥

ξ2k−1 = 1− min
i(2k−1)∈I

{
gi(2k−1)

}
, ξ2k =

1
min

i(2k)∈I

{
gi(2k)

} , k = 1, 2, . . . .

�®¤÷ ��� (1) §¡÷£ õâìáï ÷

0 ≤ f (s) − f (4p+1) ≤
N∑

i1=1

ai(1) (1− ξ1)
−1

4p+1∏

k=1

ξk, s > 4p + 1.

� ® ¢ ¥ ¤ ¥ ­ ­ ï. �®¢â®àîîç¨ ¢¨ª« ¤ª¨, ­ ¢¥¤¥­÷ ¯à¨ ¤®¢¥¤¥­­÷ â¥®à¥¬ 1,
2, «¥£ª® ¯®ª § â¨, é® ¯à¨ ¢¨ª®­ ­­÷ ã¬®¢ (2), (10) ¤«ï § «¨èª÷¢ s -£® ¯÷¤å÷¤­®£®
¤à®¡ã ��� (1) á¯à ¢¤¦ãîâìáï â ª÷ ®æ÷­ª¨:

Q
(s)
i(k) ≥ gi(k), i (k) ∈ I, k = 1, 2, . . . , s− 1.

�®§£«ï­¥¬® à÷§­¨æî ¬÷¦ ¯÷¤å÷¤­¨¬¨ ¤à®¡ ¬¨ f (s) â  f (4p+1) , s > 4p + 1 :

f (s) − f (4p+1) =
N∑

i1,i2,...,i4p+2=1

4p+2∏
k=1

ai(k)

Q
(s)
i(4p+2)

4p+1∏
k=1

Q
(s)
i(k)Q

(4p+1)
i(k)

=
N∑

i1,i2,...,i4p+2=1

ai(1)

Q
(s)
i(1)

×

×
p∏

k=1

2∏
l=1

ai(4k−3+l)

Q
(s)
i(4k−2)

3∏
l=1

Q
(4p+1)
i(4(k−1)+l)

1∏
l=0

ai(4k+l)

Q
(4p+1)
i(4k)

2∏
l=0

Q
(s)
i(4k−1+l)

ai(4p+2)

Q
(4p+1)
i(4p+1)Q

(s)
i(4p+2)

.

�áâ ­®¢¨¬® ®æ÷­ª¨ ¤«ï ¢¥«¨ç¨­
N∑

i2k=1

N∑

i2k+1=1

ai(2k)ai(2k+1)

Q
(m)
i(2k−1)Q

(m)
i(2k)Q

(m)
i(2k+1)

,

i (2k − 1) ∈ I , k = 1, 2, . . . , 2p , m ∈ {s, 4p + 1} :
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N∑

i2k=1

N∑

i2k+1=1

ai(2k)ai(2k+1)

Q
(m)
i(2k−1)Q

(m)
i(2k)Q

(m)
i(2k+1)

=

=
N∑

i2k=1

N∑

i2k+1=1

ai(2k)

(
Q

(m)
i(2k) −

(
1− g(2k−1)

))
ai(2k+1)

Q
(m)
i(2k−1)Q

(m)
i(2k)

(
Q

(m)
i(2k) −

(
1− g(2k−1)

))
Q

(m)
i(2k+1)

=

=
N∑

i2k=1

ai(2k)

Q
(m)
i(2k)

(
Q

(m)
i(2k) −

(
1− g(2k−1)

))

1−
N∑

i2k=1

ai(2k)

Q
(m)
i(2k)

N∑

i2k+1=1

ai(2k+1)

Q
(m)
i(2k+1)

g(2k−1) +
N∑

i2k+1=1

ai(2k+1)

Q
(m)
i(2k+1)

≤

≤
N∑

i2k=1

ai(2k)

Q
(m)
i(2k)

(
Q

(m)
i(2k) −

(
1− g(2k−1)

)) 1
1− g(2k−1)

(
1− g(2k−1)

)

1−
N∑

i2k=1

ai(2k)

1− g(2k−1)
+

N∑
i2k=1

ai(2k)

Q
(m)
i(2k)

(
1− g(2k−1)

)
(
Q

(m)
i(2k) −

(
1− g(2k−1)

)) ≤

≤ 1− g(2k−1) ≤ ξ2k−1 .

�à å®¢ãîç¨ ®âà¨¬ ­÷ ®æ÷­ª¨,   â ª®¦ â¥, é®

N∑

i1=1

ai(1)

Q
(s)
i(1)

≤
N∑

i1=1

ai(1)

gi(1)
≤ (1− ξ1)

−1
N∑

i1=1

ai(1),

N∑

i4p+2=1

ai(4p+2)

Q
(4p+1)
i(4p+1)Q

(s)
i(4p+2)

≤
N∑

i4p+2=1

ai(4p+2) ≤ 1− gi(4p+1) ≤ ξ4p+1, i (4p + 1) ∈ I,

Q
(m)
i(2k) ≥ gi(2k) ≥

1
ξ2k

, i (2k) ∈ I, k = 1, 2, . . . , 2p,

¬ õ¬®

0 ≤ f (s) − f (4p+1) ≤
N∑

i1=1

ai(1) (1− ξ1)
−1

4p+1∏

k=1

ξk, s > 4p + 1,

é® ¤®¢®¤¨âì â¥®à¥¬ã. ♦
�®ª« ¢è¨ ã (10) gi(2k−1) =

µk

1 + µk
, gi(2k) = 1 + νk , ®âà¨¬ õ¬®

� á«÷¤®ª 1. �¥å © ¥«¥¬¥­â¨ ��� (1) § ¤®¢®«ì­ïîâì ã¬®¢¨ (2),

N∑

i2k=1

ai(2k) ≤
1

1 + µk
, µk > 0, i (2k − 1) ∈ I, k = 1, 2, . . . ,

N∑

i2k+1=1

ai(2k+1) ≥ νk, νk ≥ 0, i (2k) ∈ I, k = 1, 2, . . . ,

÷ å®ç  ¡ ®¤¨­ ÷§ àï¤÷¢
∞∑

k=1

µk ,
∞∑

k=1

νk à®§¡÷£ õâìáï. �®¤÷ ��� (1) §¡÷£ õâìáï, ÷

0 ≤ f (s) − f (4p+1) ≤
N∑

i1=1

ai(1)
1 + µ1

µ1

2p∏

k=1

1
1 + νk

2p+1∏

k=1

1
1 + µk

, s > 4p + 1.
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�¥®à¥¬  4. �¥å © ¥«¥¬¥­â¨ ��� (1) § ¤®¢®«ì­ïîâì ã¬®¢¨ (2) â 

N∑

i2k=1

ai(2k) ≤ 1− gi(2k−1),

N∑

i2k+1=1

ai(2k+1)

gi(2k+1)
≤ gi(2k) − 1, (11)

0 < gi(2k−1) ≤ 1, gi(2k) ≥ 1, i (2k − 1) ∈ I, i (2k) ∈ I, k = 1, 2, . . . ,
÷

∞∏

k=1

ξk = 0, (12)

¤¥

ξ2k = 1− 1
max

i(2k)∈I

{
gi(2k)

} , ξ2k−1 =
1

min
i(2k−1)∈I

{
gi(2k−1)

} − 1, k = 1, 2, . . . . (13)

�®¤÷ ��� (1) §¡÷£ õâìáï ÷

0 ≤ f (s) − f (4p+1) ≤
N∑

i1=1

ai(1) (1 + ξ1)
4p+1∏

k=1

ξk, s > 4p + 1.

� ® ¢ ¥ ¤ ¥ ­ ­ ï. �¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù ¢÷¤­®á­® k ,
¯®ª ¦¥¬®, é® ¯à¨ ¢¨ª®­ ­­÷ ã¬®¢ (2), (11) ¤«ï § «¨èª÷¢ s -£® ¯÷¤å÷¤­®£® ¤à®¡ã
��� (1) á¯à ¢¤¦ãîâìáï ®æ÷­ª¨

1 ≤ Q
(s)
i(2k) ≤ gi(2k), gi(2k+1) ≤ Q

(s)
i(2k−1) ≤ 1, (14)

i (2k) ∈ I, k = 1, 2, . . . ,
[s

2

]
, s = 2,3, . . . . �à¨ k =

[s

2

]
, s = 2n , n = 1, 2, . . . ,

¬ õ¬®

Q
(2n)
i(2n) = 1 ≤ gi(2n), 1 ≥ Q

(2n)
i(2n−1) = 1−

N∑

i2n=1

ai(2n) ≥ gi(2n−1) > 0.

�à¨ k =
[s

2

]
, s = 2n + 1 , n = 0, 1, 2, . . . , ®¤¥à¦¨¬®

1 ≤ Q
(2n+1)
i(2n) = 1 +

N∑

i2n+1=1

ai(2n+1) ≤ 1 +
N∑

i2n+1=1

ai(2n+1)

gi(2n+1)
≤gi(2n),

1 ≥ Q
(2n+1)
i(2n−1) = 1−

N∑

i2n=1

ai(2n)

Q
(2n+1)
i(2n)

≥ 1−
N∑

i2n=1

ai(2n) ≥gi(2n−1) > 0.

�à¨¯ãáâ¨¬®, é® ®æ÷­ª¨ (14) á¯à ¢¤¦ãîâìáï ¤«ï ¤¥ïª®£® k = p + 1 , 1 ≤ p ≤
≤

[s

2

]
− 1 , ÷, ¢à å®¢ãîç¨ ã¬®¢¨ (2), (11), ¯®ª ¦¥¬® ùå ¯à ¢¨«ì­÷áâì ¯à¨ k = p :

1 ≤ Q
(s)
i(2p) = 1 +

N∑

i2p+1=1

ai(2p+1)

Q
(s)
i(2p+1)

≤ 1 +
N∑

i2p+1=1

ai(2p+1)

gi(2p+1)
≤gi(2p),

1 ≥ Q
(s)
i(2p−1) = 1−

N∑

i2p=1

ai(2p)

Q
(s)
i(2p)

≥ 1−
N∑

i2p=1

ai(2p) ≥gi(2p−1) > 0.
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�à å®¢ãîç¨ ®æ÷­ª¨ (14), ¢áâ ­®¢¨¬® ®æ÷­ª¨ ¤«ï ¢¥«¨ç¨­
N∑

ik=1

ai(k)

Q
(s)
i(k−1)Q

(s)
i(k)

, i (k − 1) ∈ I , k = 2, 3, . . . , s :

¯à¨ k = 2p {

N∑

i2p=1

ai(2p)

Q
(s)
i(2p−1)Q

(s)
i(2p)

=
1

Q
(s)
i(2p−1)

N∑

i2p=1

ai(2p)

Q
(s)
i(2p)

=
1−Q

(s)
i(2p−1)

Q
(s)
i(2p−1)

≤ 1− gi(2p−1)

gi(2p−1)
≤ ξ2p−1;

¯à¨ k = 2p + 1 {

N∑

i2p+1=1

ai(2p+1)

Q
(s)
i(2p)Q

(s)
i(2p+1)

=
1

Q
(s)
i(2p)

N∑

i2p+1=1

ai(2p+1)

Q
(s)
i(2p+1)

=
Q

(s)
i(2p) − 1

Q
(s)
i(2p)

≤ gi(2p) − 1
gi(2p)

≤ ξ2p.

�¨ª®à¨áâ®¢ãîç¨ ä®à¬ã«ã (3), ®¤¥à¦¨¬®:
0 ≤ f (s) − f (4p+1) =

=
N∑

i1,i2,...,i4p+2=1

ai(1)

Q
(4p+1)
i(1)

2p+1∏

k=1

ai(2k)

Q
(s)
i(2k−1)Q

(s)
i(2k)

2p∏

k=1

ai(2k+1)

Q
(4p+1)
i(2k) Q

(4p+1)
i(2k+1)

≤
N∑

i1=1

ai(1)

gi(1)

4p+1∏

k=1

ξk.

÷ ¤®å®¤¨¬® ¢¨á­®¢ªã ¯à® §¡÷¦­÷áâì ��� (1) ¯à¨ ¢¨ª®­ ­­÷ ã¬®¢¨ (12). ♦
�®§£«ï­¥¬® ���

∞
D

k=1

N∑

ik=1

(−1)k−1 _
a i(k)

1
, (15)

¥«¥¬¥­â¨ ïª®£® _
a i(k) , _

a i(k) = ai(k)+∆ai(k) , i (k) ∈ I , k = 1, 2, . . . , õ §¡ãà¥­¨¬¨
¤® ¥«¥¬¥­â÷¢ ��� (1), ¤¥ ∆ai(k) , i (k) ∈ I , k = 1, 2, . . . , {  ¡á®«îâ­÷ ¯®å¨¡ª¨
¢¥«¨ç¨­ ai(k).

�¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤¨ªã, ïª  ¡ã«  § áâ®á®¢ ­  ¯à¨ ¢áâ ­®¢«¥­­÷ ä®à¬ã«
¤«ï  ¡á®«îâ­®ù ¯®å¨¡ª¨ ÷­â¥£à «ì­®£® « ­æî£®¢®£® ¤à®¡ã [8], â  ¢à å®¢ãîç¨
§­ ª®§¬÷­­÷áâì ç áâ¨­­¨å ç¨á¥«ì­¨ª÷¢ ��� (1), (15), ®âà¨¬ õ¬® ä®à¬ã«ã ¤«ï
 ¡á®«îâ­®ù ¯®å¨¡ª¨ s -£® ¯÷¤å÷¤­®£® ¤à®¡ã ��� (1), s = 2, 3, . . . :

∆f (s) =
_

f (s) − f (s) =

=
N∑

i1=1

∆ai(1)

_

Q
(s)

i(1)

+
s∑

l=2

(−1)[
l
2 ]

N∑

i1=1

ai(1)

Q
(s)
i(1)

N∑

i2=1

q
(s)
i(2) . . .

N∑

il−1=1

q
(s)
i(l−1)

N∑

il=1

r
(s)
i(l)∆ai(l), (16)

¤¥ q
(s)
i(k) =





ai(k)

Q
(s)
i(k−1)Q

(s)
i(k)

, k − ­¥¯ à­¥,

_
ai(k)

_

Q
(s)

i(k−1)

_

Q
(s)

i(k)

, k − ¯ à­¥,
r
(s)
i(l) =





1

Q
(s)
i(l−1)

_

Q
(s)

i(l)

, l − ­¥¯ à­¥,

1
_

Q
(s)

i(l−1)Q
(s)
i(l)

, l − ¯ à­¥.

�®§£«ï­¥¬® â ª÷ ¬­®¦¨­¨ Ei(k) , Ei(k) ⊂ RN , i (k) ∈ I , k = 0, 1, 2, . . . :

Ei(2k) =
{(

xi(2k)1, xi(2k)2, . . . , xi(2k)N

)
: xi(2k)j ≥ 0, j = 1, 2, . . . , N,

N∑

i2k+1=1

xi(2k+1)

gi(2k+1)
≤ gi(2k) − 1



 , (17)

Ei(2k−1) =
{(

xi(2k−1)1, xi(2k−1)2, . . . , xi(2k−1)N

)
: xi(2k−1)j ≥ 0, j = 1, 2, . . . , N ,
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N∑

i2k=1

xi(2k) ≤ 1− gi(2k−1)

}
, (18)

¤¥ gi(2k) > 1 , 0 < gi(2k−1) < 1 , k = 1, 2, . . . , E0 = {(x1, x2, . . . , xN ) : xj ≥ 0,
j = 1, 2, . . . , N} , ïª÷ õ ¯®á«÷¤®¢­÷áâî ¡ £ â®¢¨¬÷à­¨å ¬­®¦¨­ ¥«¥¬¥­â÷¢ ��� (1)
â  §¡ãà¥­®£® ¤® ­ì®£® ��� (15), â®¡â® ¤«ï ¢á÷å ­ ¡®à÷¢ ¬ã«ìâ¨÷­¤¥ªá÷¢ ai(k) =

=
(
ai(k)1, ai(k)2, . . . , ai(k)N

) ∈ Ei(k),
_a i(k) =

(
_
a i(k)1,

_
a i(k)2, . . . ,

_
a i(k)N

)
∈

∈ Ei(k). � ­ áâã¯­÷© â¥®à¥¬÷ ¢áâ ­®¢«¥­® ¤®áâ â­÷ ã¬®¢¨, §  ïª¨å ¡ £ â®¢¨¬÷à-
­÷ ¬­®¦¨­¨ ¥«¥¬¥­â÷¢, é® ¢¨§­ ç îâìáï § (17), (18), õ ¬­®¦¨­ ¬¨  ¡á®«îâ­®ù
áâ÷©ª®áâ÷ [2, 3] ��� (1).

�¥®à¥¬  5. �¥å © ¬®¤ã«÷  ¡á®«îâ­¨å ¯®å¨¡®ª ¥«¥¬¥­â÷¢ ��� (1) õ à÷¢­®-
¬÷à­® ®¡¬¥¦¥­¨¬¨ §¢¥àåã:

∣∣∆ai(k)

∣∣ ≤ ∆, i (k) ∈ I, k = 1, 2, . . . .

�®¤÷ áãªã¯­÷áâì ¬­®¦¨­
{
Ei(k)

}
, ïª÷ ¢¨§­ ç îâìáï § (17), (18) õ ¯®á«÷¤®¢-

­÷áâî ¬­®¦¨­  ¡á®«îâ­®ù áâ÷©ª®áâ÷ ¯®á«÷¤®¢­®áâ÷ ¯÷¤å÷¤­¨å ¤à®¡÷¢
{
f (s)

}
��� (1), ïªé® §¡÷£ õâìáï àï¤

∞∑

l=1

(
1 + ξ2[ l

2 ]+1

) l−1∏

k=1

ξk, (19)

¤¥ ξk , k = 1, 2, . . . , ¢¨§­ ç îâìáï §  ä®à¬ã« ¬¨ (13). �«ï ¬®¤ã«ï  ¡á®«îâ­®ù
¯®å¨¡ª¨ s -®ù  ¯à®ªá¨¬ ­â¨ ��� (1) á¯à ¢¤¦ãõâìáï ®æ÷­ª 

∣∣∣∆f (s)
∣∣∣ ≤ ∆N (1 + ξ1)

(
1 +

N∑

i1=1

ai(1)

s−1∑

l=1

(
1 + ξ2[ l

2 ]+1

) l−1∏

k=1

ξk

)
. (20)

� ® ¢ ¥ ¤ ¥ ­ ­ ï. �áª÷«ìª¨ ai(k) , _a i(k) ∈ Ei(k) , ¤¥ Ei(k) ¢¨§­ ç îâìáï
§ (17), (18), â® ¥«¥¬¥­â¨ ��� (1) ÷ §¡ãà¥­®£® ¤® ­ì®£® ��� (15) § ¤®¢®«ì­ïîâì

ã¬®¢¨ â¥®à¥¬¨ 4, â®¬ã ¯à ¢¨«ì­¨¬¨ õ â ª÷ ®æ÷­ª¨:
N∑

ik=1

q
(s)
i(k) ≤ ξk−1 , i (k − 1) ∈ I ,

k = 2, 3, . . . , s , ¤¥ ξk ¢¨§­ ç îâìáï §  ä®à¬ã« ¬¨ (13). �áâ ­®¢¨¬® ®æ÷­ª¨ ¤«ï

¢¥«¨ç¨­
N∑

il=1

r
(s)
i(l) , i (l − 1) ∈ I, l = 2, 3, . . . , s . �à¨ l = 2p , 2 ≤ 2p ≤ s , ¬ õ¬®

N∑

i2p=1

1
_

Q
(s)

i(2p−1)Q
(s)
i(2p)

≤ N
_

Q
(s)

i(2p−1)

≤ N

gi(2p−1)
≤ N (1 + ξ2p−1). �à¨ l = 2p + 1 , 2 ≤

≤ 2p + 1 ≤ s , ¬ õ¬®
N∑

i2p+1=1

1

Q
(s)
i(2p)

_

Q
(s)

i(2p+1)

≤
N∑

i2p+1=1

1
_

Q
(s)

i(2p+1)

≤ N

gi(2p+1)
≤

≤ N (1 + ξ2p+1) . �à å®¢ãîç¨ â¥, é®
N∑

i1=1

ai(1)

Q
(s)
i(1)

≤
N∑

i1=1

ai(1)

gi(1)
≤ (1 + ξ1)

N∑
i1=1

ai(1) ,

®¤¥à¦¨¬®
N∑

i1=1

ai(1)

Q
(s)
i(1)

N∑

i2=1

q
(s)
i(2) . . .

N∑

il−1=1

q
(s)
i(l−1)

N∑

il=1

r
(s)
i(l) ≤

≤ N (1 + ξ1)
N∑

i1=1

ai(1)

(
1 + ξ2[ l

2 ]+1

) l−1∏

k=1

ξk,

§¢÷¤ª¨ ¢¨¯«¨¢ õ ®æ÷­ª  (20) ¤«ï ¬®¤ã«ï  ¡á®«îâ­®ù ¯®å¨¡ª¨ ∆f (s) , s = 2, 3, . . . .

�à÷¬ â®£®, ∆f (1) =
N∑

i1=1

∆ai(1) ≤ N∆ . �¡÷¦­÷áâì àï¤ã (19) § ¡¥§¯¥çãõ ¢¨ª®­ ­­ï
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ã¬®¢¨ (12). �®¬ã áãªã¯­÷áâì ¬­®¦¨­
{
Ei(k)

}
õ ¯®á«÷¤®¢­÷áâî ¬­®¦¨­ §¡÷¦­®áâ÷

��� (1), (15). �à å®¢ãîç¨ ®¡¬¥¦¥­÷áâì ¢¥«¨ç¨­
∣∣∆f (s)

∣∣ , ¤®å®¤¨¬® ¢¨á­®¢ªã ¯à®
 ¡á®«îâ­ã áâ÷©ª÷áâì ��� (1). �¥®à¥¬ã ¤®¢¥¤¥­®. ♦

� ¢¨ª®à¨áâ ­­ï¬  ­ «®£÷ç­¨å ¯÷¤å®¤÷¢ ¬®¦­  ¢áâ ­®¢¨â¨ ã¬®¢¨, §  ïª¨å
¡ £ â®¢¨¬÷à­÷ ¬­®¦¨­¨ ¥«¥¬¥­â÷¢, é® ¢¨§­ ç îâìáï § (17), (18), õ ¬­®¦¨­ ¬¨
¢÷¤­®á­®ù áâ÷©ª®áâ÷ [2, 4, 5] ��� (1).

� ¤ «÷ ¤®æ÷«ì­® à®§£«ï­ãâ¨ ã¬®¢¨ §¡÷¦­®áâ÷ â  áâ÷©ª®áâ÷ ��� (1) ã ¢¨¯ ¤ªã,
ª®«¨ ­¥ ¢á÷ § «¨èª¨ õ ¤®¤ â­¨¬¨.
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SOME SUFFICIENT CONDITIONS FOR CONVERGENCE
AND STABILITY OF BRANCHED CONTINUED FRACTIONS
WITH ALTERNATING PARTIAL NUMERATORS

Su�cient conditions for positiveness for tails of branched continued fractions with alternating
partial numerators are established. Criteria of convergence and stability for such class of
branched continued fractions are proved.
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