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�§ £ «ì­¥­  ®¡¥à­¥­  �ãà {�¥­à®ã§  ¤«ï ¤®¢÷«ì­®ù ¬ âà¨æ÷, ¯®¢­®£® ç¨ ­¥¯®¢-
­®£® à ­£ã,  ­ «÷â¨ç­® §®¡à ¦ãõâìáï ç¥à¥§ ¬ âà¨æî, é® ã§ £ «ì­îõ ª« á¨ç­ã
¯à¨õ¤­ ­ã.

1. � à®¡®â÷ [7], ïª  ¯®ï¢¨« áï ã 1920 à®æ÷, �. �. �ãà ã¢÷¢ ¯®­ïââï â  ¤®á«÷¤¨¢
®á­®¢­÷ ¢« áâ¨¢®áâ÷ ã§ £ «ì­¥­®ù ®¡¥à­¥­®ù ¬ âà¨æ÷,   â ª®¦ ®¯à ¢¤ ¢ ¤®æ÷«ì-
­÷áâì ùù ÷á­ã¢ ­­ï, § áâ®áã¢ ¢è¨ ¤® á¨áâ¥¬¨ «÷­÷©­¨å à÷¢­ï­ì. � 1955 à. ¢®­  ¡ã« 
¯¥à¥¢÷¤ªà¨â  �. �¥­à®ã§®¬ [8] ÷ § â®£® ç áã ­ §¨¢ õâìáï ã§ £ «ì­¥­®î ®¡¥à­¥­®î
¬ âà¨æ¥î �ãà {�¥­à®ã§ . �à®âï£®¬ ¡ £ âì®å à®ª÷¢ ¯à®¡«¥¬   ­ «÷â¨ç­®£® §®¡-
à ¦¥­­ï ã§ £ «ì­¥­®ù ®¡¥à­¥­®ù ¬ âà¨æ÷ § «¨è õâìáï  ªâã «ì­®î (¤¨¢., ­ ¯à¨-
ª« ¤, [2{6, 9, 10]). � ¯¥à¥¢ ¦­÷© ¡÷«ìè®áâ÷ à®¡÷â ¤«ï ùù ¢¨§­ ç­¨ª®¢®£® §®¡à -
¦¥­­ï ¢¨ª®à¨áâ®¢ãîâì ä®à¬ã«ã, ¢¢¥¤¥­ã �ãà®¬,  ¡® ùù ¬®¤¨ä÷ª æ÷ù. � á ¬¥:
­¥å © rankAm×n = r , ¤¥ Am×n { ¬ âà¨æï ­ ¤ ª®¬¯«¥ªá­¨¬ ¯®«¥¬ C , â®¤÷ ùù
ã§ £ «ì­¥­  ®¡¥à­¥­  A+ = G (A) §  �ãà®¬ { æ¥ ¬ âà¨æï § ¥«¥¬¥­â ¬¨

G (A)ij =

∑
α∈Qr,m

j∈α

∑
β∈Qr,n

i∈β

(−1)j(α)+i(β) detAαβ ·Aji

∑
α∈Qr,m

∑
β∈Qr,n

detAαβdetAαβ

,

¤¥ ¯®§­ ç¥­® Qr,m = {α = (α (1) , . . . , α (r)) |1 ≤ α (1) < . . . < α (r) ≤ m}, Qr,n =
= {β = (β (1) , . . . , β (r)) |1 ≤ β (1) < . . . < β (r) ≤ n} , Aαβ { ¯÷¤¬ âà¨æï ¬ âà¨æ÷
A § àï¤ª ¬¨ α (1) , . . . , α (r) ÷ áâ®¢¯æï¬¨ β (1) , . . . , β (r) â  Aji {  «£¥¡à¨ç­¥
¤®¯®¢­¥­­ï ¤® aji ¢ Aαβ .

� æ÷© à®¡®â÷ ã§ £ «ì­¥­  ®¡¥à­¥­  ¬ âà¨æï �ãà {�¥­à®ã§   ­ «÷â¨ç­® §®¡-
à ¦ õâìáï ç¥à¥§ ¬ âà¨æ÷, ïª÷ ã§ £ «ì­îîâì ª« á¨ç­ã ¯à¨õ¤­ ­ã ­  ¢¨¯ ¤ª¨,
ª®«¨ ¢¨å÷¤­  ¬ âà¨æï õ ¤®¢÷«ì­®£® ¯®àï¤ªã, ¯®¢­®£® ç¨ ­¥¯®¢­®£® à ­£ã. � ª®¦
¯®¤ îâìáï ¢¨§­ ç­¨ª®¢÷ §®¡à ¦¥­­ï ¯à®¥ªâ¨¢­¨å ¬ âà¨æì.

2. � ¢¥¤¥¬® ¢ ­ áâã¯­¨å ®§­ ç¥­­÷, â¥®à¥¬÷ â  «¥¬ å ª÷«ìª  ¢÷¤®¬¨å ¯®âà÷¡-
­¨å ­ ¤ «÷ ä ªâ÷¢ § «÷­÷©­®ù  «£¥¡à¨ ­ ¤ ª®¬¯«¥ªá­¨¬ ¯®«¥¬ (¤¨¢., ­ ¯à., [1]).

�§­ ç¥­­ï 1. �¥å © ¤«ï ¤®¢÷«ì­®ù ¬ âà¨æ÷ Am×n §­ ©¤¥âìáï â ª  A+ ,
é® § ¤®¢®«ì­ïõ ã¬®¢¨

 ) ¬ âà¨æ÷ AA+ â  A+A ¥à¬÷â®¢÷;
¡) AA+A = A ;
¢) A+AA+ = A+ .

�®¤÷ ¬ âà¨æî A+ ­ §¨¢ îâì ã§ £ «ì­¥­®î ®¡¥à­¥­®î �ãà {�¥­à®ã§ .

�¥¬  1. �«ï ¤®¢÷«ì­®ù ¬ âà¨æ÷ Am×n ÷á­ãõ õ¤¨­  ã§ £ «ì­¥­  ®¡¥à­¥­ 
�ãà {�¥­à®ã§  A+.

�¥¬  2. �«ï ∀A : A+ = lim
α→0

A∗ (AA∗ + αI)−1 = lim
α→0

(A∗A + αI)−1 A∗ , ¤¥
α ∈ R+ , R+ { ¬­®¦¨­  ¤÷©á­¨å ¤®¤ â­¨å ç¨á¥«.

�¥¬  3. �«ï ¤®¢÷«ì­®ù ¬ âà¨æ÷ Am×n á¯à ¢¤¦ãîâìáï â¢¥à¤¦¥­­ï:
 ) ïªé® rankA = n, â® A+ = (A∗A)−1 A∗;
¡) ïªé® rankA = m, â® A+ = A∗ (AA∗)−1 ;
¢) ïªé® rankA = n = m, â® A+ = A−1.
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�¥®à¥¬  1. �¥å © dr { áã¬  £®«®¢­¨å ¬÷­®à÷¢ ¯®àï¤ªã r ¬ âà¨æ÷
An×n, 1 ≤ r ≤ n . �®¤÷ ùù å à ªâ¥à¨áâ¨ç­¨© ¬­®£®ç«¥­ ¬®¦­  ¯®¤ â¨ ã ¢¨-
£«ï¤÷

p (t) = det (A− tI) = tn − d1t
n−1 + d2t

n−2 − . . . + (−1)n
dn.

�ã¤¥¬® ¢¨ª®à¨áâ®¢ã¢ â¨ ­ áâã¯­÷ ¯®§­ ç¥­­ï. �¥à¥§ a.j ¯®§­ ç¨¬® j -©
áâ®¢¯¥æì,   ç¥à¥§ ai . { i -© àï¤®ª ¬ âà¨æ÷ A . �¥å © ¬ âà¨æï A. j (b) ®¤¥à-
¦ãõâìáï § ¬ âà¨æ÷ A § ¬÷­®î ùù j -£® áâ®¢¯æï áâ®¢¯æ¥¬ b ,   ¬ âà¨æï Ai . (b) {
§ ¬÷­®î ùù i -£® àï¤ª  àï¤ª®¬ b .

�¥¬  4. �«ï ¤®¢÷«ì­®ù ª®¬¯«¥ªá­®ù ¬ âà¨æ÷ Am×n

rank (A∗A). i

(
a∗. j

) ≤ rankA∗A . (1)

� ® ¢ ¥ ¤ ¥ ­ ­ ï. �à®¢¥¤¥¬® ¥«¥¬¥­â à­÷ ¯¥à¥â¢®à¥­­ï ¬ âà¨æ÷ (A∗A). i

(
a∗.j

)
,

¤®¬­®¦ãîç¨ ùù á¯à ¢  ­  Pi k (−ajk) { ¬ âà¨æ÷, é® ¢÷¤à÷§­ïîâìáï ¢÷¤ ®¤¨­¨ç­®ù
¥«¥¬¥­â®¬ −ajk , à®§¬÷é¥­¨¬ ­  ¯¥à¥â¨­÷ i -£® àï¤ª  â  k -£® áâ®¢¯æï (k 6= i) :

(A∗A). i

(
a∗.j

) ·
∏

k 6=i

P i k

(−ajk

)
=




∑
k 6=j

a∗1kak1 . . . a∗1j . . .
∑
k 6=j

a∗1kakn

. . . . . . . . . . . . . . .∑
k 6=j

a∗nkak1 . . . a∗nj . . .
∑
k 6=j

a∗nkakn




[i−©]

.

�¤¥à¦ ­ã ¬ âà¨æî ¬®¦­  ä ªâ®à¨§ã¢ â¨ ­ áâã¯­¨¬ ç¨­®¬:



∑
k 6=j

a∗1kak1 . . . a∗1j . . .
∑
k 6=j

a∗1kakn

. . . . . . . . . . . . . . .∑
k 6=j

a∗nkak1 . . . a∗nj . . .
∑
k 6=j

a∗nkakn




[i-©]

=

=




a∗11 a∗12 . . . a∗1m

a∗21 a∗22 . . . a∗2m

. . . . . . . . . . . .
a∗n1 a∗n2 . . . a∗nm







a11 . . . 0 . . . a1n

. . . . . . . . . . . . . . .
0 . . . 1 . . . 0
. . . . . . . . . . . . . . .
am1 . . . 0 . . . amn




[i-©]

[j-©] .

�®§­ ç¨¬® Ã :=




a11 . . . 0 . . . a1n

. . . . . . . . . . . . . . .
0 . . . 1 . . . 0
. . . . . . . . . . . . . . .
am1 . . . 0 . . . amn




[i-©]

[j-©] . � âà¨æî Ã ®¤¥à¦ãõ¬® §

¬ âà¨æ÷ A , ¯®ª« ¢è¨ aij = 1 â  aik = 0 ∀k 6= i , akj = 0 ∀k 6= j . �áª÷«ìª¨
¥«¥¬¥­â à­÷ ¯¥à¥â¢®à¥­­ï ­¥ §¬÷­îîâì à ­£ã ¬ âà¨æ÷, â® rank (A∗A). i

(
a∗.j

) ≤
≤ min

{
rankA∗, rank Ã

}
. �ç¥¢¨¤­®, é® rank Ã ≥ rankA = rankA∗ . �à÷¬ â®£®,

rankA∗A = rankA . �¢÷¤ª¨ © ¢¨¯«¨¢ õ ­¥à÷¢­÷áâì (1).
�¥¬ã ¤®¢¥¤¥­®. ♦
�­ «®£÷ç­® ¤®¢®¤¨âìáï

�¥¬  5. �«ï ¤®¢÷«ì­®ù ª®¬¯«¥ªá­®ù ¬ âà¨æ÷ Am×n ¬ õ¬®

rank (AA∗). i

(
a∗. j

) ≤ rankAA∗.
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�§­ ç¥­­ï 2. �ã¤¥¬® £®¢®à¨â¨, é® ¯÷¤¬ âà¨æï M õ ­ ­¨§ ­®î ­  i -©
àï¤®ª (áâ®¢¯¥æì) ¬ âà¨æ÷ A , ïªé® ¥«¥¬¥­â¨ i -£® àï¤ª  (áâ®¢¯æï) ¬ âà¨æ÷ A
¢å®¤ïâì ¢ ùù ¯÷¤¬ âà¨æî M .

�¥å © Ck,i,l { £®«®¢­  ¯÷¤¬ âà¨æï ¯®àï¤ªã k ¬ âà¨æ÷ Dn×n = A∗A , ­ ­¨-
§ ­  ­  ùù i -© áâ®¢¯¥æì,   Ck,i,l

. j (b) {  ­ «®£÷ç­  ¯÷¤¬ âà¨æï ¯®àï¤ªã k ¬ âà¨æ÷

D. j(b) ∀l = 1,
(

n−1
k−1

)
. �¥à¥§ R k,i,s ¯®§­ ç¨¬® £®«®¢­ã ¯÷¤¬ âà¨æî ¯®àï¤ªã k

¬ âà¨æ÷ Gm×m = AA∗ , ­ ­¨§ ­ã ­  ùù i -© àï¤®ª,   ç¥à¥§ R k,i,s
j . (b) { â ªã ¦

£®«®¢­ã ¯÷¤¬ âà¨æî ¬ âà¨æ÷ Gj. (b) ∀s = 1,
(

m−1
k−1

)
.

�¥®à¥¬  2. �«ï ¤®¢÷«ì­®ù ª®¬¯«¥ªá­®ù ¬ âà¨æ÷ Am×n ¢¨ª®­ãõâìáï
 ) ïªé® rankA=k < min {m,n}, â® ùù ã§ £ «ì­¥­ã ®¡¥à­¥­ã �ãà {�¥­à®ã§ 

A+
n×m ¬®¦­  ¯®¤ â¨ ã ¢¨£«ï¤÷

A+ =
1

dk (D)




c11 c12 . . . c1m

c21 c22 . . . c2m

. . . . . . . . . . . .
cn1 cn2 . . . cnm


 (2)

 ¡®

A+ =
1

dk (G)




r11 r21 . . . rm1

r12 r22 . . . rm2

. . . . . . . . . . . .
r1n r2n . . . rmn


 , (3)

¤¥ dk (D) , dk (G) { áã¬¨ £®«®¢­¨å ¬÷­®à÷¢ ¯®àï¤ªã k ¬ âà¨æì D = A∗A â 
G = AA∗ ¢÷¤¯®¢÷¤­®; ci j =

∑
l

detCk,i,l
. i

(
a∗. j

)
, ri j =

∑
s

detRk,i,s
i .

(
a∗j.

)
;

¡) ïªé® rankA = n , â®

A+ =
1

detD




detD. 1 (a∗.1) detD. 1 (a∗. 2) . . . detD.1 (a∗. m)
detD. 2 (a∗.1) detD. 2 (a∗. 2) . . . detD. 2 (a∗. m)

. . . . . . . . . . . .
detD. n (a∗.1) detD. n (a∗. 2) . . . detD. n (a∗. m)


 (4)

 ¡® A+ ¬®¦­  § ¯¨á â¨ ã ¢¨£«ï¤÷ (3), ïªé® ¯à¨ æì®¬ã n < m ;
¢) ïªé® rankA = m , â®

A+ =
1

detG




detG1 . (a∗1 .) detG2 . (a∗1 .) . . . detGm . (a∗1 .)
detG1 . (a∗2 .) detG2 . (a∗2 .) . . . detGm . (a∗2 .)

. . . . . . . . . . . .
detG1 . (a∗n .) detG2 . (a∗n .) . . . detGm . (a∗n .)


 , (5)

ïªé® ¯à¨ æì®¬ã n > m , â® ùù ¬®¦­  ¯®¤ â¨ â ª®¦ ä®à¬ã«®î (2).

� ® ¢ ¥ ¤ ¥ ­ ­ ï.  ). �¯®ç âªã ¤®¢¥¤¥¬® ¢¨ª®­ ­­ï ä®à¬ã«¨ (2). �  «¥¬®î 2
¬ õ¬® A+ = lim

α→0
(αI + A∗A)−1 A∗ . � âà¨æï (αI + A∗A)n×n õ ¥à¬÷â®¢®î ¬ â-

à¨æ¥î ¯®¢­®£® à ­£ã, â®¬ã ¤«ï ­¥ù ¬®¦­  ¯®¡ã¤ã¢ â¨ ®¡¥à­¥­ã ¬ âà¨æî

(αI + A∗A)−1 =
1

det (αI + A∗A)




L11 L21 . . . Ln1

L12 L22 . . . Ln2

. . . . . . . . . . . .
L1n L2n . . . Lnn


 ,
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¤¥ Lij {  «£¥¡à¨ç­¥ ¤®¯®¢­¥­­ï ¢÷¤¯®¢÷¤­®£® ¥«¥¬¥­â  ¬ âà¨æ÷ αI + A∗A . �®¤÷

A+=lim
α→0

1
det (αI +A∗A)




det (αI +A∗A).1(a
∗
.1) . . . det (αI +A∗A).1(a

∗
. m)

. . . . . . . . .
det (αI +A∗A). n(a∗.1) . . . det (αI +A∗A). n(a∗. m)


. (6)

� áâ®áã¢ ¢è¨ â¥®à¥¬ã 1, ®¤¥à¦¨¬®

det (αI + A∗A) = αn + d1α
n−1 + d2α

n−2 + . . . + dn,

¤¥ dr { áã¬  £®«®¢­¨å ¬÷­®à÷¢ ¯®àï¤ªã r ¬ âà¨æ÷ A∗A ∀r = 1, n . �áª÷«ìª¨
rankA∗A = rankA = k , â® dn = dn−1 = . . . = dk+1 = 0 , â®¬ã

det (αI + A∗A) = αn + d1α
n−1 + d2α

n−2 + . . . + dkαn−k.

� á¢®î ç¥à£ã, ¤«ï ∀i = 1, n , ∀j = 1,m

det (αI + A∗A).i

(
a∗.j

)
= c

(ij)
1 αn−1 + c

(ij)
2 αn−2 + . . . + c(ij)

n ,

¤¥ c
(ij)
r =

∑
l

detCr,i,l
. i

(
a∗.j

) ∀r = 1, n− 1 , c
(ij)
n = det (A∗A). i

(
a∗. j

)
. �áª÷«ìª¨ § 

«¥¬®î 4 rank (A∗A). i

(
a∗.j

) ≤ k , â® ¤«ï Cr,i,l
. i

(
a∗.j

)
{ ¤®¢÷«ì­®ù £®«®¢­®ù ¯÷¤¬ â-

à¨æ÷ ¯®àï¤ªã r ≥ k + 1 ¬ âà¨æ÷ (A∗A). i

(
a∗.j

)
, ¬ õ¬® detCr,i,l

. i

(
a∗.j

)
= 0 . �¢÷¤á¨

c
(ij)
r =

∑
l

detCr,i,l
. i

(
a∗.j

)
= 0 ¯à¨ k + 1 ≤ r < n â  c

(ij)
n = det (A∗A).i

(
a∗.j

)
= 0

∀i = 1, n, ∀j = 1, m .
�â¦¥, det (αI + A∗A).i

(
a∗.j

)
= c

(ij)
1 αn−1 + c

(ij)
2 αn−2 + . . .+ c

(ij)
k αn−k . �÷¤áâ -

¢¨¢è¨ æ÷ §­ ç¥­­ï ã ¬ âà¨æî § ä®à¬ã«¨ (6), ®¤¥à¦¨¬®

A+ = lim
α→0




c
(11)
1 αn−1+...+c

(11)
k αn−k

αn+d1αn−1+...+dkαn−k . . .
c
(1m)
1 αn−1+...+c

(1m)
k αn−k

αn+d1αn−1+...+dkαn−k

. . . . . . . . .
c
(n1)
1 αn−1+...+c

(n1)
k αn−k

αn+d1αn−1+...+dkαn−k . . .
c
(nm)
1 αn−1+...+c

(nm)
k αn−k

αn+d1αn−1+...+dkαn−k


 =

=




c
(11)
k

dk
. . .

c
(1m)
k

dk

. . . . . . . . .
c
(n1)
k

dk
. . .

c
(nm)
k

dk


 .

�¢÷¤á¨, ¯¥à¥¯®§­ ç¨¢è¨ c
(ij)
k = cij , ®¤¥à¦¨¬® ¢¨à § (2) ¤«ï A+ .

�®à¬ã«ã (3) ¤®¢®¤¨¬®  ­ «®£÷ç­®.
¡ ). �¥å © â¥¯¥à rankA = n . �®¤÷ §  «¥¬®î 3 A+ = (A∗A)−1 A∗ , ¤¥ ¬ â-

à¨æï A∗A õ ª¢ ¤à â­®î ¬ âà¨æ¥î ¯®¢­®£® à ­£ã. �¨à §¨¢è¨ ùù ®¡¥à­¥­ã ç¥à¥§
ª« á¨ç­ã ¯à¨õ¤­ ­ã â  à®§ªà¨¢è¨ ¤®¡ãâ®ª D−1A∗ , ®¤¥à¦¨¬® ¢¨à § A+ ä®à-
¬ã«®î (5). �ªé® ¯à¨ æì®¬ã m > n , â® ¬ âà¨æï AA∗ = G õ ¬ âà¨æ¥î ­¥¯®¢­®£®
à ­£ã ÷, §¢ ¦ îç¨ ­  ç áâ¨­ã  ) ¤®¢¥¤¥­­ï, ¤«ï A+ õ ¯à ¢¨«ì­®î â ª®¦ ÷ ä®à-
¬ã«  (3).

¢). �ªé® rankA = m , â® §  «¥¬®î 3 A+ = A∗ (AA∗)−1 . �¨à §¨¢è¨ G−1 =
= (AA∗)−1 ç¥à¥§ ª« á¨ç­ã ¯à¨õ¤­ ­ã â  à®§ªà¨¢è¨ ¤®¡ãâ®ª A+ = A∗G−1 ,
®¤¥à¦¨¬® ¢¨à § A+ ä®à¬ã«®î (5). �áª÷«ìª¨ ¯à¨ ã¬®¢÷ m < n A∗A = D õ
¬ âà¨æ¥î ­¥¯®¢­®£® à ­£ã, â® ¢ æì®¬ã ¢¨¯ ¤ªã ¢¨ª®­ãõâìáï é¥ © ä®à¬ã«  (2).

�¥®à¥¬ã ¤®¢¥¤¥­®. ♦
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� á«÷¤®ª 1. �¥å © Am×n ¬ âà¨æï à ­£ã k , ¤¥ k < min {m,n}  ¡® k =
= m < n . �®¤÷ ¯à®¥ªâ¨¢­ã ¬ âà¨æî Q = A+A ¬®¦­  ¯®¤ â¨ ã ¢¨£«ï¤÷

Q =
1

dk (A∗A)




q11 q12 . . . q1n

q21 q22 . . . q2n

. . . . . . . . . . . .
qn1 qn2 . . . qnn


 .

�ãâ qii =
∑
l

detCk,i,l ∀i = 1, n, qij =
∑
l

detCk,i,l
. i (d.j), i 6= j , ¤¥ d.j { j -©

áâ®¢¯¥æì ¬ âà¨æ÷ Dn×n = A∗A.

� á«÷¤®ª 2. �¥å © Am×n ¬ âà¨æï à ­£ã k , ¤¥ k < min {m,n}  ¡® k =
= n < m . �®¤÷ ¯à®¥ªâ¨¢­ã ¬ âà¨æî P = AA+ ¬®¦­  ¯®¤ â¨ ã ¢¨£«ï¤÷

P =
1

dk (AA∗)




p11 p12 . . . p1m

p21 p22 . . . p2m

. . . . . . . . . . . .
pm1 pm2 . . . pmm


 .

�ãâ pii =
∑
s

detRk,i,s ∀i = 1,m , pij =
∑
s

detRk,i,l
i. (gj.) , i 6= j , ¤¥ gj. { j -©

àï¤®ª ¬ âà¨æ÷ Gm×m = AA∗ .
� á«÷¤ª¨ ¡¥§¯®á¥à¥¤­ì® ¤®¢®¤ïâìáï §®¡à ¦¥­­ï¬ ¬ âà¨æ÷ A+ ¢ ¤®¡ãâª å

A+A â  AA+ ¢÷¤¯®¢÷¤­® ä®à¬ã« ¬¨ (2) ÷ (3).
� ã¢ ¦¥­­ï 1. �ªé® rankA = n  ¡® rankA = m , â® ­  ¯÷¤áâ ¢÷ «¥¬¨ 3

A+A = In×n â  AA+ = Im×m . �®¤ ¢è¨ ¬ âà¨æî A+ § ä®à¬ã« (4) ÷ (5)
¢÷¤¯®¢÷¤­® ïª A+ = D̃

det(A∗A) â  A+ = G̃
det(AA∗) , ®¤¥à¦¨¬® D̃A = det (A∗A) In×n ,

AG̃ = det (AA∗) Im×m . �®¡â® ¬ âà¨æ÷ D̃ â  G̃ õ ¢÷¤¯®¢÷¤­® «÷¢¨¬ ÷ ¯à ¢¨¬
ã§ £ «ì­¥­­ï¬ ¬ âà¨æ÷, ¯à¨õ¤­ ­®ù ¤® ¬ âà¨æ÷ Am×n ¯®¢­®£® à ­£ã.

� ã¢ ¦¥­­ï 2. �ªé® ¬ âà¨æï Am×n õ ­¥¯®¢­®£® à ­£ã, â®, ¢¨å®¤ïç¨ §
ä®à¬ã« (2) ÷ (3), ®¤¥à¦¨¬® A+ = C

dk(D) â  A+ = R
dk(G) , ¤¥ C = (cij)n×m

÷ R = (rij)n×m . �®¤÷ CA = dk (D) ·Q ÷ AR = dk (G) · P . �áª÷«ìª¨ ¢á÷ ¢« á­÷
§­ ç¥­­ï ¯à®¥ªâ¨¢­¨å ¬ âà¨æì Q ÷ P õ â÷«ìª¨ 1 â  0, â® §­ ©¤ãâìáï â ª÷ ã­÷â à­÷
¬ âà¨æ÷ U ÷ V, é® CA = dk (D)·U (diag (1, . . . ,1,0, . . . ,0))n×n U∗ , AR = dk (D)·
·V (diag (1, . . . ,1,0, . . . ,0))m×m V∗ . �â¦¥, ¢ æì®¬ã ¢¨¯ ¤ªã ¬ âà¨æ÷ C ÷ R ¬®¦­ 
à®§£«ï¤ â¨ ïª ¢÷¤¯®¢÷¤­® «÷¢¨© ÷ ¯à ¢¨©  ­ «®£ ¯à¨õ¤­ ­®ù ¬ âà¨æ÷.
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�¡®¡é¥­­ ï ®¡à â­ ï �ãà {�¥­à®ã§  ¤«ï ¯à®¨§¢®«ì­®© ¬ âà¨æë, ¯®«­®£® ¨«¨ ­¥¯®«-
­®£® à ­£ ,  ­ «¨â¨ç¥áª¨ ¯à¥¤áâ ¢«¥­  ç¥à¥§ ¬ âà¨æã, ª®â®à ï ®¡®¡é ¥â ª« áá¨ç¥á-
ªãî ¯à¨á®¥¤¨­¥­­ãî.

REPRESENTATION OF GENERALIZED INVERSE MOORE{PENROSE
MATRIX BY ANALOG OF CLASSICAL ADJOINT MATRIX

The Moore{Penrose generalized inverse of arbitrary matrix of completed or incomplete rank
is analytically represented by a matrix, which is the generalization of classical adjoint one.

ö­-â ¯à¨ª«. ¯à®¡«¥¬ ¬¥å ­÷ª¨ ÷ ¬ â¥¬ â¨ª¨ �¤¥à¦ ­®
÷¬. �. �. �÷¤áâà¨£ ç  ��� �ªà ù­¨, �ì¢÷¢ 09.09.03
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