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МЕТОДИКА РОЗВ’ЯЗУВАННЯ ЗАДАЧІ КОНДУКТИВНО-ПРОМЕНЕВОГО 
ТЕПЛООБМІНУ МІЖ ЦИЛІНДРИЧНОЮ ТА N -КУТНОЮ ПРИЗМАТИЧНОЮ 
ОБОЛОНКАМИ 
 

Çàïèñàíî ìàòåìàòè÷íó ìîäåëü ³ çàïðîïîíîâàíî àíàë³òè÷íî-÷èñåëüíó ìåòî-
äèêó ðîçâ’ÿçóâàííÿ çàäà÷³ êîíäóêòèâíî-ïðîìåíåâîãî òåïëîîáì³íó ì³æ öè-
ë³íäðè÷íîþ îáîëîíêîþ ³ ïîâåðõíåþ N -êóòíî¿ ïðèçìè. Äëÿ àïðîêñèìàö³¿ 
ãóñòèíè ïîòîêó ïàäàþ÷î¿ ïðîìåíåâî¿ åíåðã³¿ âèêîðèñòàíî âîñüìèâóçëîâ³ 
ãðàíè÷í³ åëåìåíòè. 

 
Âñòóï. Çíà÷íà ê³ëüê³ñòü ïðèëàä³â òåïëîòåõí³êè, ÿäåðíî¿ åíåðãåòèêè, 

ðàêåòíî¿ òåõí³êè, ìåòàëóðã³¿, ôîòîåëåêòðîí³êè º áàãàòîåëåìåíòíèìè êîíñò-
ðóêö³ÿìè, ÿê³ ïðàöþþòü â óìîâàõ ð³çêèõ ïåðåïàä³â òåìïåðàòóð. Òîìó ïðè 
âèçíà÷åíí³ òåìïåðàòóðíèõ ïîë³â ¿õ åëåìåíò³â íåîáõ³äíî âðàõîâóâàòè ÿê 
ïðîìåíåâèé, òàê ³ êîíäóêòèâíèé òåïëîîáì³í ì³æ íèìè. Ó ïåðåâàæí³é á³ëü-
øîñò³ ðîá³ò ö³ ïðîöåñè ðîçãëÿäàþòüñÿ â³äîêðåìëåíî, òîáòî ââàæàþòü â³-
äîìèìè ãóñòèíè òåïëîâèõ ïîòîê³â ïàäàþ÷î¿ ïðîìåíåâî¿ åíåðã³¿ ³ âèçíà÷à-
þòü ñïðè÷èíåíèé íèìè ðîçïîä³ë òåìïåðàòóðíîãî ïîëÿ àáî ââàæàþòü â³-
äîìèì ðîçïîä³ë òåìïåðàòóðíîãî ïîëÿ ³ çíàõîäÿòü ãóñòèíè òåïëîâèõ ïîòîê³â 
[4–6]. Ó ðîáîò³ [3] ïîáóäîâàíî òî÷í³øó ìîäåëü äëÿ îïèñó ïðîìåíåâî-êîíäóê-
òèâíîãî òåïëîîáì³íó ì³æ äâîìà öèë³íäðè÷íèìè îáîëîíêàìè ó âèïàäêó 
ïîñò³éíèõ êîåô³ö³ºíò³â ïîãëèíàííÿ ³ â³äáèòòÿ. Ìåòîþ ö³º¿ ðîáîòè º ïîáóäîâà 
àëãîðèòìó ðîçâ’ÿçóâàííÿ çàäà÷³ ïðîìåíåâî-êîíäóêòèâíîãî òåïëîîáì³íó ì³æ 
öèë³íäðè÷íîþ ³ N -êóòíîþ ïðèçìàòè÷íîþ îáîëîíêàìè, êîëè êîåô³ö³ºíòè 
ïîãëèíàííÿ òà â³äáèòòÿ çàëåæàòü â³ä êîîðäèíàò.  

Ïîñòàíîâêà òà ìàòåìàòè÷íà ìîäåëü çàäà÷³. Ðîçãëÿíåìî çàäà÷ó ïðîìå-

íåâî-êîíäóêòèâíîãî òåïëîîáì³íó ì³æ öèë³íäðè÷íîþ îáîëîíêîþ gY  ðàä³óñà 
0gR  ³ äîâæèíè gZ  òà ïðÿìîþ N -ãðàííîþ ïðèçìàòè÷íîþ îáîëîíêîþ fY  âè-

ñîòè fZ , ÿêà ïàðàëåëüíà äî òâ³ðíî¿ öèë³íäðè÷íî¿ îáîëîíêè. Ïðèçìàòè÷íà 
îáîëîíêà ðîçì³ùåíà âñåðåäèí³ öèë³íäðè÷íî¿, à ¿õ îñíîâè ëåæàòü â îäí³é 
ïëîùèí³. 

Îñê³ëüêè íàäàë³ áóäåìî âèêîðèñòîâóâàòè ÷îòèðèêóòí³ åëåìåíòè äèñ-
êðåòèçàö³¿, òî äëÿ çðó÷íîñò³ ïîäàìî âåðõíþ îñíîâó ïðèçìàòè÷íî¿ îáîëîíêè 
(N -êóòíèê) ó âèãëÿä³ L  ÷îòèðèêóòíèê³â, äå 2L ≥ . 

Ïîçíà÷èìî ÷åðåç gΩ  âíóòð³øíþ ïîâåðõíþ gY , à ÷åðåç fΩ  – çîâí³øíþ 

ïîâåðõíþ f f f;  ,  1, ,sY s N LΩ = Ω = +   ( 1, ,s N=   â³äïîâ³äàº á³÷íèì ãðà-

íÿì ïðèçìàòè÷íî¿ îáîëîíêè, 1, ,s N N L= + +  – ÷îòèðèêóòíèêàì ðîçáèòòÿ 

âåðõíüî¿ îñíîâè). Ââàæàþ÷è, ùî ðîçïîä³ëè òåìïåðàòóðè g f( ),  ( )sT x T x  â³ä-

ïîâ³äíî íà gΩ  ³ íà f ,  1, ,s s N N LΩ = + + , º â³äîìèìè ôóíêö³ÿìè, ðîçãëÿ-
íåìî êîíäóêòèâíèé òåïëîîáì³í íà á³÷íèõ ãðàíÿõ ïðèçìàòè÷íî¿ îáîëîíêè 

f ,  1, ,s s NΩ =  , òà ïðîìåíåâèé ì³æ ïîâåðõíÿìè öèë³íäðè÷íî¿ gΩ  ³ ïðèçìà-

òè÷íî¿ fΩ  îáîëîíîê. Ïðè÷îìó ôóíêö³¿ f ( )sT x  íà ìåæ³ âåðõíüî¿ ãðàí³ 

ïðèçìàòè÷íî¿ îáîëîíêè ïðèéìàþòü ñòàë³ çíà÷åííÿ T + , à íà ìåæ³ íèæíüî¿ 

ãðàí³ – T − , äå ï³ä x  ðîçóì³ºìî çá³ðíó êîîðäèíàòó òî÷êè 1 2 3( , , )x x x x=  ó 

ãëîáàëüí³é ñèñòåì³ êîîðäèíàò 1 2 3Ox x x . 
Äëÿ çðó÷íîñò³ ïðîöåñè òåïëîïðîâ³äíîñò³ áóäåìî ðîçãëÿäàòè â ëîêàëü-

íèõ ñèñòåìàõ êîîðäèíàò f 1f 2f ,  1, ,s s sO x x s N=  , ïîâ’ÿçàíèõ ç á³÷íèìè ãðà-

íÿìè ïðèçìàòè÷íî¿ îáîëîíêè, à ïðîìåíåâèé òåïëîîáì³í − ó ãëîáàëüí³é ñèñ-
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òåì³ êîîðäèíàò 1 2 3O x x x . Ïðèïóñêàþ÷è, ùî ïîâåðõí³ g f,  sΩ Ω  º ñ³ðèìè, à 

êîåô³ö³ºíòè ïîãëèíàííÿ g f, sA A  òà â³äáèòòÿ g f, sR R  º â³äîìèìè ôóíêö³ÿìè 
â³ä êîîðäèíàò, çàïèøåìî ñèñòåìó ð³âíÿíü ³ êðàéîâèõ óìîâ, ùî îïèñóþòü 
öåé ïðîöåñ: 

– ð³âíÿííÿ òåïëîïðîâ³äíîñò³ äëÿ âèçíà÷åííÿ òåìïåðàòóðè fsT  ó êîæí³é 
ç á³÷íèõ ãðàíåé ïðèçìàòè÷íî¿ îáîëîíêè 

 
2 f 2 f

f
2 2 f f
1f 2f

1 ,         1, ,
s s

s
rs s

s s

T T q s N
x x

∂ ∂+ = − =
∂ ∂ δ λ

 ; (1) 

– ³íòåãðàëüí³ ð³âíÿííÿ äëÿ âèçíà÷åííÿ ãóñòèí ïîòîê³â Ïg Ïf,  sE E  ïàäà-

þ÷î¿ ïðîìåíåâî¿ åíåðã³¿ íà g f,  sΩ Ω  ³ ïîòîê³â âëàñíîãî âèïðîì³íþâàííÿ 
VfsE  íà á³÷íèõ ãðàíÿõ ïðèçìàòè÷íî¿ îáîëîíêè, 1, ,s N=   [6]: 
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g g

Ïf g Ïg Ïf g Vg Ïf
g g( ) ( ) ( ) ( ) ( ) ( ) ( )s s sE R x E x d x A x E x d x

Ω Ω

ξ − ϕ = ϕ∫ ∫ ;  (3) 

– óìîâè ð³âíîñò³ òåìïåðàòóð íà ðåáðàõ íèæíüî¿ ³ âåðõíüî¿ ãðàí³ ïðèç-

ìàòè÷íî¿ îáîëîíêè çàäàíèì ñòàëèì çíà÷åííÿì ,  T T− + : 

 f1 f2 f
1f1 2 1 1f2 2f2 1f 2f( , ) ( , ) ( , )N

f N NT x x T x x T x x T− − − −= = = = ,  (4) 

 f1 f2 f
1f1 2f1 1f2 2f2 1f 2f( , ) ( , ) ( , )N

N NT x x T x x T x x T+ + + += = = = ;  (5) 

– óìîâè ð³âíîñò³ òåìïåðàòóð ³ ïîòîê³â íà á³÷íèõ ðåáðàõ ïðèçìàòè÷íî¿ 
îáîëîíêè: 

 f1 f2 f2 f3
1f1 2f1 1f2 2f2 1f2 2f2 1f3 2f3     ( , ) ( , ),      ( , ) ( , ),T x x T x x T x x T x x++ − −= =  , 

 f f1
1f 2f 1f1 2f1( , ) ( , )N

N NT x x T x x+ −= , (6) 
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f f1

f f11f 2f 1f1 2f1

1f 1f1

( , ) ( , )N
N N N

N

T x x T x x
x x

+ −∂ ∂
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Òóò f f Ïf Vf( )s s s s
rq A E E= −  – òåïëîâèé ïîò³ê ÷åðåç ãðàíü f ,  1, ,s s NΩ =  ; 

f f,  s sλ δ  – â³äïîâ³äíî êîåô³ö³ºíò òåïëîïðîâ³äíîñò³ ìàòåð³àëó é òîâùèíà s -¿ 

ãðàí³ ïðèçìàòè÷íî¿ îáîëîíêè; Vg g 4 Vfs f 4( ) ,  ( )sE T E T= σ = σ  − ãóñòèíè ïîòîê³â 

âëàñíîãî âèïðîì³íþâàííÿ àáñîëþòíî ÷îðíîãî ò³ëà ïðè òåìïåðàòóðàõ gT  ³ 

fsT  â³äïîâ³äíî, σ  – ñòàëà Áîëüöìàíà; Ï
2

( , ) ( , )
( )

( , )

C x C x
d x d

r x
ζ µ

µ
ξ ξ

ϕ = Ω
π ξ

 − åëå-

ìåíòàðí³ êóòîâ³ êîåô³ö³ºíòè âèïðîì³íþâàííÿ, äå ( , ) cos ( ( , ))C x x ∗ξ = ψ ξ χ , 

( , )xψ ξ  – êóò ì³æ íîðìàëëþ äî ïîâåðõí³ â òî÷ö³ x  ³ ðàä³óñîì-âåêòîðîì ì³æ 
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òî÷êàìè x  ³ ξ , ïðè÷îìó x µ∈ Ω , à ;  1ζ ∗ξ ∈ Ω χ = , ÿêùî òî÷êó x  âèäíî ç 

òî÷êè ñïîñòåðåæåííÿ ξ , ³ 0∗χ = , ÿêùî òî÷êó x  ç òî÷êè ñïîñòåðåæåííÿ ξ  

íå âèäíî; ( , )r x ξ  – äîâæèíà ðàä³óñà-âåêòîðà, ùî ç’ºäíóº òî÷êè x  ³ ξ , 

,  f, gµ ζ = { } . Ó ð³âíÿííÿõ (2), (3) äëÿ çðó÷íîñò³ âèêîðèñòàíî êîîðäèíàòè iξ , 

ÿê³ ñï³âïàäàþòü ç êîîðäèíàòàìè 1f 2f 1f 2f   , 1,2,3;    ( , ),    ( , )i s s s sx i x x x x− − + −= , 

1f 2f 1f 2f( , ),    ( , )s s s sx x x x+ + − +  – êîîðäèíàòè âåðøèí ïðÿìîêóòíèê³â fsΩ  ó ëî-
êàëüíèõ ñèñòåìàõ êîîðäèíàò, äå çíàê « − » â³äïîâ³äàº íàéìåíøîìó, à çíàê 
« + » − íàéá³ëüøîìó çíà÷åííþ â³äïîâ³äíî¿ ëîêàëüíî¿ êîîðäèíàòè. 

Àíàë³òè÷íî-÷èñåëüíà ìåòîäèêà ðîçâ’ÿçóâàííÿ çàäà÷³. Äèñêðåòèçóºìî 

îáëàñòü gΩ  ç êðîêàìè g
zH  ó íàïðÿìêó z  ³ gHϕ  – ó íàïðÿìêó ϕ , âèêîðèñòî-

âóþ÷è äëÿ çðó÷íîñò³ öèë³íäðè÷íó ñèñòåìó êîîðäèíàò 0g , ,R zϕ . ßê íàñë³äîê  

îòðèìàºìî g g g g,  1, , ,  1, ,n n L IΩ = Ω = =    , äå gL  – ê³ëüê³ñòü åëåìåíò³â 

ðîçáèòòÿ çà êîîðäèíàòîþ z , gI  – ê³ëüê³ñòü åëåìåíò³â ðîçáèòòÿ çà êîîðäè-
íàòîþ ϕ . Êîîðäèíàòè âåðøèí åëåìåíò³â äèñêðåòèçàö³¿ ó ãëîáàëüí³é ñèñòåì³ 
êîîðäèíàò, ïî÷àòîê ÿêî¿ ñï³âïàäàº ç ïî÷àòêîì ëîêàëüíî¿ öèë³íäðè÷íî¿ ñèñ-
òåìè, âèçíà÷àþòüñÿ òàêèì ÷èíîì: 

 1 0g g 1 0g g 1 g
1 2 3cos ( ( 1)),   sin ( ( 1)),   ( 1)n n n zx R H x R H x H nϕ ϕ= − = − = −    , 

 2 0g g 2 0g g 2 g
1 2 3cos ( ),         sin ( ),        ( 1)n n n zx R H x R H x H nϕ ϕ= = = −    , 

 3 2 3 2 3 g
1 1 2 2 3,    ,    n n n n n zx x x x x H n= = =     , 

 4 1 4 1 4 3
1 1 2 2 3 3,    ,    n n n n n nx x x x x x= = =      . 

Îñê³ëüêè íàäàë³ áóäåìî âèêîðèñòîâóâàòè âîñüìèâóçëîâ³ ãðàíè÷í³ åëå-
ìåíòè, ââåäåìî ùå îäíó ñèñòåìó âóçë³â, ðîçì³ùåíèõ ïîñåðåäèí³ ñòîð³í ïî-

âåðõíåâèõ åëåìåíò³â g
nΩ  , êîîðäèíàòè ÿêèõ âèçíà÷àþòüñÿ ôîðìóëàìè  

 5 0g g 5 0g g 5 1
1 2 3 3      cos ( ( 1)/2), sin ( ( 1)/2),n n n nx R H x R H x xϕ ϕ= − = − =     , 

 6 2 6 2 6 3 2
1 1 2 2 3 3 3,    ,    ( )/2n n n n n n nx x x x x x x= = = −       , 

 7 5 7 5 7 3
1 1 2 2 3 3,    ,    n n n n n nx x x x x x= = =      , 

 8 1 8 1 8 6
1 1 2 2 3 3,    ,    n n n n n nx x x x x x= = =      . 

Äëÿ äèñêðåòèçàö³¿ îáëàñò³ fΩ  ðîçãëÿíåìî òàêå â³äîáðàæåííÿ: 

 
8

f f
f f f

1

,          ,       1,2s i s
j s i j s s

i

x x x j
=

= ϕ ∈ Ω =∑ , (8) 

äå f ,  1,2,  1, , 4i
j sx j i= =  , – ëîêàëüí³ êîîðäèíàòè âåðøèí ÷îòèðèêóòíèê³â 

fsΩ , ÿê³ äîð³âíþþòü: 1 1 2 2
1f 1f 2f 2f 1f 1f 2f 2f,    ,    ,   s s s s s s s sx x x x x x x x− − + −= = = = , 

   
3 3 4 4
1f 1f 2f 2f 1f 1f 2f 2f,  ,  ,  s s s s s s s sx x x x x x x x+ + − += = = = , à f ,  1,2,  5, ,8i

j sx j i= =  , – 

êîîðäèíàòè âóçë³â, ðîçì³ùåíèõ ïîñåðåäèí³ ñòîð³í ÷îòèðèêóòíèê³â fsΩ ; 
f ,  1, ,8s
i iϕ =  , – ³íòåðïîëþþ÷³ ôóíêö³¿, ÿê³ âèçíà÷àþòüñÿ íàñòóïíèìè 

âèðàçàìè: f f f f
1 1 2 3 2 4 2 5 3 4 6 7 4 1 6 8         /4, /4, /4, /4s s s sϕ = θ θ θ ϕ = θ θ θ ϕ = θ θ θ ϕ = θ θ θ , 

   
f f f f

      5 9 2 6 10 4 7 9 5 8 10 1/2, /2, /2, /2s s s sϕ = θ θ ϕ = θ θ ϕ = θ θ ϕ = θ θ , äå f
1 11 sθ = − η , 

     
ff f f f f f

 2 2 3 1 2 4 1 5 1 2 6 2 1 , 1, 1 , 1, 1    ss s s s s sθ = − η θ = − η − η − θ = + η θ = η − η − θ = + η , 
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f f f f f 2 f 2

7 1 2 8 1 2 9 1 10 21,  1, 1 , 1        s s s s s sθ = − η + η − θ = − η + η − θ = − η θ = − η( ) ( ) , 

f f
1 21,1  1,1s sη ∈ − η ∈ −[ ], [ ]  – ëîêàëüí³ êðèâîë³í³éí³ êîîðäèíàòè [2].  

 Íà ï³äñòàâ³ (8) êîæíà ç á³÷íèõ ãðàíåé ïðèçìàòè÷íî¿ îáîëîíêè, ÿêà º 
÷îòèðèêóòíèêîì, à òàêîæ êîæåí ³ç ÷îòèðèêóòíèê³â, íà ÿê³ ðîçáèòà âåðõíÿ 

îñíîâà, â³äîáðàæàþòüñÿ íà êâàäðàò ç³ ñòîðîíîþ 2. Ðîçáèâøè êâàäðàò íà fsL  

÷àñòèí çà êîîðäèíàòîþ f
2
sη  òà íà fsI  ÷àñòèí – çà êîîðäèíàòîþ f

1
sη , îòðèìà-

ºìî ðîçáèòòÿ ³ äëÿ fsΩ . Òàêèì ÷èíîì, fsΩ  ìîæíà ïîäàòè ÿê îá’ºäíàííÿ ÷î-

òèðèêóòíèõ åëåìåíò³â f f f,  1, , ,  1, ,s s s
m m L IαΩ = α =  , êîîðäèíàòè âóçë³â 

ÿêèõ ó ãëîáàëüí³é ñèñòåì³ êîîðäèíàò âèçíà÷àþòüñÿ çà ôîðìóëàìè (8), äå â 

ïðàâ³é ÷àñòèí³ çàì³ñòü êîîðäèíàò âóçë³â ÷îòèðèêóòíèê³â fsΩ  ó ëîêàëüíèõ 
ñèñòåìàõ f 1f 2fs s sO x x  áåðóòüñÿ ¿õ êîîðäèíàòè â ãëîáàëüí³é ñèñòåì³, à òàêîæ 

â³äïîâ³äí³ çíà÷åííÿ ëîêàëüíèõ êîîðäèíàò f f
1 2,s sη η . Íàïðèêëàä, äëÿ åëåìåíòà 

ç íîìåðàìè ,  m α  ìîæíà çàïèñàòè òàêó â³äïîâ³äí³ñòü ì³æ íîìåðîì âóçëà òà 

çíà÷åííÿì ëîêàëüíèõ êîîðäèíàò f f
1 2,s sη η :  

 1-é âóçîë  –  1f f 1 1f f 1
1 21 2( 1)( ) ,        1 2( 1)( )s s s sI m L− −η = − + α − η = − + − ,  

 2-é âóçîë  –  2f f 1 2f f 1
1 21 2 ( ) ,              1 2( 1)( )s s s sI m L− −η = − + α η = − + − ,  

 3-é âóçîë  –  3f f 1 3f f 1
1 2    1 2 ( ) ,           1 2 ( )s s s sI m L− −η = − + α η = − + ,  

 4-é âóçîë  –   
4f f 1 4f f 1
1 21 2( 1)( ) ,        1 2 ( )s s s sI m L− −η = − + α − η = − + ,  

 5-é âóçîë  –  5f 1f 2f( )/2s s s
j j jη = η + η ,  

 6-é âóçîë  –  6f 2f 3f( )/2s s s
j j jη = η + η ,  

 7-é âóçîë  –  7f 3f 4f( )/2s s s
j j jη = η + η ,  

 8-é âóçîë  –  8f 4f 1f( )/2,         1,2s s s
j j j jη = η + η = . 

Ñèñòåìà ð³âíÿíü (2), (3) äëÿ äèñêðåòèçîâàíèõ g f,  sΩ Ω  ìàòèìå âèãëÿä 

 

g g f f g g, , ,
Ïg g g f Ï g g Ï

f g
, 1 1 , 1 , 1

s sL I L I L IN L
s

m s n
s m n

E R E R E
+

γ γ
γ γ α

γ = = α = =

χ − Φ − Φ =∑ ∑ ∑ ∑( ) ( )æ æ
æ æ

æ



 

 

f f g g, ,
g f V g g V
f g

1 , 1 , 1

s sL I L IN L
s

m s n
s m n

A E A E
+

γ γ
α

= α = =

= Φ + Φ∑ ∑ ∑ 


æ æ( ) ( ) ,  (9) 

 

f f g g g g, , ,
Ïf f f g Ï f g V

g g
1 , 1 , 1 , 1

s sL I L I L IN L
s s j s j s

j j n n
s j n l n

E R E A E
+

β β
β β

= β= = =

χ − Φ = Φ∑ ∑ ∑ ∑( ) ( ) 


, (10) 

äå 
,

Ï

, 1 1 1

,       V,Ï ,     

wv

L I L I
yz i i yz
wv wv wv wv wv

w v w v

K E K E d i b b

ζ ζ ζ ζ

ζ

µ ζ ζ ζ µ
ζ ζ

= = =Ω

Φ = ϕ = =∑ ∑ ∑∫ { }( ) , 

Ïf Ïg      
1, ,

, , , f , g ,  
0, ,

;   swv wv
wv m n

wv wv

x
K R A s

x
E E

ζ ζ
ζ ζ ζ ζ

αζ ζ

 ∈ Ω
χ = = ζ µ =

∉ Ω
{ } { }   – ãóñòèíè 

ïàäàþ÷èõ ïðîìåíåâèõ åíåðã³é íà f g,  s
m nαΩ Ω   â³äïîâ³äíî.  

 ßêùî âèêîðèñòàòè â³äîáðàæåííÿ, àíàëîã³÷íå äî (8), ³ äëÿ åëåìåíò³â 
äèñêðåòèçàö³¿ öèë³íäðè÷íî¿ îáîëîíêè òà ïåðåéòè â (9), (10) äî íîâèõ çì³í-
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íèõ ³íòåãðóâàííÿ 1 2,  ,  f , gsζ ζη η ζ = { } , îòðèìàºìî òàêó ñèñòåìó ³íòåãðàëüíèõ 

ð³âíÿíü:  

 

g g f f g g, , ,
Ïg g g f Ï g g Ï

f g
, 1 1 , 1 , 1

s sL I L I L IN L
s

m s n
s m n

E Q R E Q R E
+

γ γ
γ γ α

γ = = α = =

χ − − =∑ ∑ ∑ ∑( ) ( )æ æ
æ æ

æ



 

 

f f g g, ,
g f V g g V
f g

1 , 1 , 1

s sL I L IN L
s

m s n
s m n

Q A E Q A E
+

γ γ
α

= α = =

= +∑ ∑ ∑ 


æ æ( ) ( ) , (11) 

 

f f g g g g, , ,
Ïf f f g Ï f g V

g g
1 , 1 , 1 , 1

s sL I L I L IN L
s s j s j s

j j n n
s j n n

E Q R E Q A E
+

β β
β β

= β= = =

χ − =∑ ∑ ∑ ∑( ) ( ) 
 

, (12) 

äå  

 
1 1

Ï Ï
1 22

1 1

yz yz wv wv
wv wv wv yz wv

yz

G
Q K E K E C C d d

r

µ
ζ µ µ µ ζ µ µ µ
µ µ ζ µ

ζ− −

= η η
π∫ ∫( )
( )

, (13) 

1/22 2 2
1 2 3( ) ( ) ( )wv wv wv wvG g g gµ µ µ µ= + +[ ]  – ôóíêö³ÿ ¥àóññà äëÿ ïåðåõîäó â³ä ïî-

âåðõíåâîãî ³íòåãðàëà ïî åëåìåíòó äî ³íòåãðàëà ïî êâàäðàòó [2]; 

 
3 31 1

1 1

,    wv yz yz yz wv wv
yz iwv iwv wv wv wv iyz iyz yz yz

i i

C r g r G C r g r G
− −µ ζ µ ζ µ ζ µ ζ µ ζ

ζ µ µ µ ζ ζ
= =

= =∑ ∑( ) ( ) , 

1 2 1 2( , ),   ( , ) ;   wv yz
iyz i i iwv i i iwvr x x r x x gµ ζ µ µ µ ζ µ µ µ ζ µ

ζ µ= − η η = η η −  – êîîðäèíàòè âåêòîðà 

íîðìàë³ äî åëåìåíòà 
1/23

2
1 2

1

,  1, 2,3 ;  ( , ) ;  yz
wv iwv i i

i

i r x x xµ ζ µ µ µ ζ µ
µ

=

 Ω = = η η − = 
 ∑( )  

1 2 3( , , ) wvx x xµ µ µ µ= ∈ Ω  (åëåìåíò ³íòåãðóâàííÿ); 1 2 3( , , ) yzx x x xζ ζ ζ ζ ζ= ∈ Ω  (åëåìåíò 

ñïîñòåðåæåííÿ); ,  f ,s gµ ζ = { } . 

Ïîçíà÷èìî ÷åðåç Ïg Ïf,  ,  1, , 8s
n i m iE E iα =  , ãóñòèíè ïàäàþ÷èõ ïðîìåíåâèõ 

åíåðã³é ó âóçëàõ òà àïðîêñèìóºìî Ïg
nE   íà g

nΩ   ³ Ïfs
mE α  íà fs

mαΩ  àíàëîã³÷-

íî äî (8): 

 
8 8

Ïg Ïg g Ïf Ïf f

1 1

,       s s s
n n i i m m i i

i i

E E E Eα α
= =

≈ ϕ ≈ ϕ∑ ∑  .  (14) 

Âðàõîâóþ÷è òå, ùî îäèí âóçîë ìîæå íàëåæàòè ÷îòèðüîì àáî äâîì 
åëåìåíòàì, ³ âèêîðèñòîâóþ÷è äëÿ îïèñó ïîâåðõíåâîãî åëåìåíòà òðè âóçëè – 
ïåðøèé, ï’ÿòèé ³ âîñüìèé, ìîæåìî âèðàçèòè ãóñòèíè ïàäàþ÷èõ ïðîìåíåâèõ 

åíåðã³é ó âóçëàõ ÷åðåç Ïg Ïg Ïg
1 5 8,  ,  wv wv wvE E E  äëÿ öèë³íäðè÷íî¿ îáîëîíêè: 

 Ïg Ïg Ïg Ïg g g
1 2 ( 1) 3 ( 1) 4 ,        2, , ,     1, ,wv wq w q w vE E E E w L v I− −= = = = =  , (15) 

 g g g
Ïg Ïg Ïg Ïg Ïg g
1 1 1 2 ( 1) 1 4 3

,      ,          1, ,v q L v L v L q
E E E E E v I

+
= = = =  ,  (16) 

 Ïg Ïg g g
5 ( 1) 7 ,        2, , ,     1, ,wv w vE E w L v I−= = =  , (17) 

 g g
Ïg Ïg g Ïg Ïg g g

8 6( 1) 5 7
,   1, , ,    ,   1, , ,  1, ,wv wqL v L v

E E v I E E w L v I
+

= = = = =   , (18) 

äå 1q v= − , ÿêùî g1 v I< ≤ , gq I= , ÿêùî 1.v =  
Äëÿ ïðèçìàòè÷íî¿ îáîëîíêè îòðèìàºìî òàê³ âèðàçè: 

 Ïf Ïf Ïf Ïf f f
1 ( 1)2 ( 1)( 1)3 ( 1) 4 , 2, , , 1, ,    s s s s s s

wv w v w v w vE E E E w L v I− − − −= = = = =  , (19) 

 Ïf Ïf f Ïf Ïf
1 1 1( 1)2 5 ( 1) 7,      2, , ,        s s s s s
v v wv w vE E v I E E− −= = = , 

 f f2, , ,            1, ,s sw L v I= =  , (20) 
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 f f f f f
Ïf Ïf Ïf f Ïf Ïf

( 1) 1 4 ( 1)3 ( 1)11 14
,     2, , ,     s s s s s

s s s s s s
mL v L v L v L L

E E E v I E E
+ − +

= = = = , (21) 

 f f
Ïf Ïf f

( 1) 5 7
,          1, ,s s

s s s

L v L v
E E v I

+
= =  .  (22)  

 Âðàõîâóþ÷è (15)–(22), ï³ñëÿ çãðóïóâàííÿ ïîä³áíèõ ÷ëåí³â â (11), (12) 
îòðèìàºìî òàêó ñèñòåìó ë³í³éíèõ àëãåáðè÷íèõ ð³âíÿíü äëÿ âèçíà÷åííÿ ãóñ-
òèí ïîòîê³â ïàäàþ÷î¿ ïðîìåíåâî¿ åíåðã³¿ ó âóçëàõ: 

 

f f,
Ïg Ïf g Ïf g Ïf g

1 1f 5 5f 8 8f
1 , 1

s sL IN L
s s s

m m s m m s m m sd
s m

E E B E B E B
+

γ γ γ
α α α α α αγ

= α =

− + + −∑ ∑ ( )æ æ æ
æ  

 

g g,
Ïg g Ïg g Ïg g

1 1g 5 5g 8 8g
, 1

L I

n n n n n n
n

E B E B E Bγ γ γ

=

− + + −∑ ( )     


æ æ æ  

 
f

f ff f
Ïf g Ïf g

( 1) 1 ( 1) 5( 1) 1f ( 1) 5f
1 1

s

s ss s

N L I
s s

L LL s L s
s

E B E B
+

γ γ
+ α + α+ α + α

= α =

− + −∑ ∑ ( )æ æ  

 
g

g g g g
Ïg g Ïg g

( 1) 1 ( 1) 1g ( 1) 5 ( 1) 5g
1

I

L L L L
E B E Bγ γ

+ + + +
=

− + =∑ ( )
   



æ æ  

 

f f g g1, 1,
g f V g g V
f

, 1 , 1

s sL I L I
s

m s n g
m n

Q A E Q A E
+ +

γ γ
α

α = =

= +∑ ∑( ) ( )æ æ



, 

 g g1, , ,      1, , ,    1,5,8L I d= γ = = æ , (23) 

 

g g,
Ïf Ïg f Ïg f Ïg f

1 1g 5 5g 8g8
, 1

L I
s j s j s j s

j d n n n n nnl
n

E E B E B E Bβ β β
β

=

− + + −∑ ( )    


 

 
g

g g g g
Ïg f Ïg f

( 1) 1 ( 1) 1g ( 1) 5 ( 1) 5g
1

I
j s j s

L L L L
E B E Bβ β

+ + + +
=

− + =∑( )
   


 

 

g g1,
f g V f f

, 1

,   1, , ,  1, , ,  1,5, 8
L I

j s s s
n g

n

Q A E L I d
+

β

=

= = γ = =∑  ( ) æ


. (24) 

Òóò êîåô³ö³ºíòè ïðè íåâ³äîìèõ ãóñòèíàõ òåïëîâèõ ïîòîê³â ïàäàþ÷î¿ ïðîìå-
íåâî¿ åíåðã³¿ íà öèë³íäðè÷í³é îáîëîíö³ ìàþòü âèãëÿä  

– ó 1-ìó âóçë³: 

 g
g g g g g g g g

111g 11g 1 2 1 1g 1 g 1 1( 1)g 21 g
( ) ( ),    ( ) ( )wv wv wv wv wv wv

I
B Q R Q R B Q R Q Rµ µ µ µ µ µ

−= ϕ + ϕ = ϕ + ϕ   , 

 g2, , I=  , 

 g g
g g g g g g g g

11g 1g 1 2 3 ( 1)1g 4g ( 1) g
( ) ( ) ( ) ( )wv wv wv wv wv

n n nnI n I
B Q R Q R Q R Q Rµ µ µ µ µ

−−
= ϕ + ϕ + ϕ + ϕ , 

 g2, ,n L=  , 

 g g g g g g g g
1g g 1 ( 1)g 2 ( 1)( 1)g 3 ( 1) g 4( ) ( ) ( ) ( )wv wv wv wv wv

n n n n nB Q R Q R Q R Q Rµ µ µ µ µ
− − − −= ϕ + ϕ + ϕ + ϕ     , 

 g g2, , ,     2, ,n L I= =  , 

 g g g g g g
g g g g g g

3 4 3( 1)11g g 1g ( 1) 1g ( 1)g
( ) ( ),      ( )wv wv wv wv wv

L L I L L L
B Q R Q R B Q Rµ µ µ µ µ

+ + −
= ϕ + ϕ = ϕ +

 
 

 g
g g g

4g
( ),     2, ,wv

L
Q R Iµ+ ϕ = 


 ; 

– ó 5-ìó âóçë³: 

 g g g g g g
1 5g 1 g 5 5g g 5 ( 1) g 7( ),        ( ) ( )wv wv wv wv wv

n n nB Q R B Q R Q Rµ µ µ µ µ
−= ϕ = ϕ + ϕ     ,  

 g g2, , ,      1, ,n L I= =  , 

 g g
g g g

7( 1) 5 g
( ),      1, ,wv wv

L g L
B Q R Iµ µ

+
= ϕ = 

 
 ; 
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– ó 8-ìó âóçë³: 

 g
g g g g g

18g 6 1g 8g
( ) ( ),      1, ,wv wv wv

n nnI
B Q R Q R n Lµ µ µ= ϕ + ϕ =  , 

 g g g g g g
8g ( 1)g 6 g 8( ) ( ),    1, , ,     2, ,wv wv wv

n n nB Q R Q R n L Iµ µ µ
−= ϕ + ϕ = =     , 

 1, , 1,    1, , ,     f , gw L v I sµ µ= + = µ =  { } . 
 Êîåô³ö³ºíòè ïðè íåâ³äîìèõ ãóñòèíàõ òåïëîâèõ ïîòîê³â ïàäàþ÷î¿ ïðîìå-
íåâî¿ åíåðã³¿ íà ïðèçìàòè÷í³é îáîëîíö³ ìàþòü âèãëÿä  

– ó 1-ìó âóçë³:  

 g g f f g g f f g f f
111f 11f 1 1 1f 1 f 1 1( 1)f 2( ),        ( ) ( )s s s s s s

s s s s sB Q R B Q R Q Rγ γ γ γ γ
α α α −= ϕ = ϕ + ϕæ æ æ æ æ , 

 f2, , sIα =  , 

 g g f f g f f f
11f 1f 1 ( 1)1f 4( ) ( ),       2, ,s s s s s

m s m s m sB Q R Q R m Lγ γ γ
−= ϕ + ϕ = æ æ æ ,  

 g g f f g f f g f f
1f f 1 ( 1)f 2 ( 1)( 1)f 3( ) ( ) ( )s s s s s s

m s m s m s m sB Q R Q R Q Rγ γ γ γ
α α α − − α −= ϕ + ϕ + ϕ +æ æ æ æ  

 g f f f f
( 1) f 4( ),     2, , ,    2, ,s s s s
m sQ R m L Iγ

− α+ ϕ = α = æ , 

 f f f f
g g f f g g f f

4 3( 1)11f 1f ( 1) 1f ( 1)f
( ),      ( )s s s s

s s s s

L s L s L s L s
B Q R B Q Rγ γ γ γ

+ + α α −
= ϕ = ϕ +æ æ æ æ  

 f
g f f f

4f
( ),        2, ,s

s s s

L s
Q R Iγ

α
+ ϕ α = æ ; 

– ó 5-ìó âóçë³:  

 g g f f g g f f g f f
1 5f 1 f 5 5f f 5 ( 1) f 7( ),          ( ) ( )s s s s s s

s s m s m s m sB Q R B Q R Q Rγ γ γ γ γ
α α α α − α= ϕ = ϕ + ϕæ æ æ æ æ , 

 f f2, , ,       1, ,s sm L I= α =  , 

 f f
g g f f f

7( 1) 5f f
( ),          1, ,s s

s s s

L s L s
B Q R Iγ γ

+ α α
= ϕ α = æ æ ;  

– ó 8-ìó âóçë³: 

 g g f f g g f f g f f
18f 1f 8 8f ( 1)f 6 f 6( ),       ( ) ( )s s s s s s

m s m s m s m s m sB Q R B Q R Q Rγ γ γ γ γ
α α − α= ϕ = ϕ + ϕæ æ æ æ æ , 

 f f1, , ,       2, ,s sm L I= α =  . 

Çà ïî÷àòêîâå íàáëèæåííÿ äëÿ òåìïåðàòóðíîãî ïîëÿ íà á³÷íèõ ãðàíÿõ 
ïðèçìàòè÷íî¿ îáîëîíêè âèáåðåìî ðîçâ’ÿçîê çàäà÷³ ïðè â³äñóòíîñò³ âèïðîì³-

íþâàííÿ. ßêùî fsλ = λ , òîáòî ìàòåð³àë ïðèçìàòè÷íî¿ îáîëîíêè º îäíîð³ä-
íèì, òî íóëüîâå íàáëèæåííÿ ìîæíà çàïèñàòè ó ÿâíîìó âèãëÿä³: 

 f 1f 1f
0 1f

1f 1f 1f 1f

s s s
s

s s s s

T x T xT TT x
x x x x

− + + −+ −

+ − + −

−−= +
− −

. (25) 

Ïî÷àòêîâå íàáëèæåííÿ âèêîðèñòàºìî äëÿ çíàõîäæåííÿ ñïî÷àòêó ãóñ-

òèí ïàäàþ÷èõ ïðîìåíåâèõ åíåðã³é, à ïîò³ì – òåìïåðàòóðíîãî ïîëÿ fsT  ó çà-

äà÷³ ïðîìåíåâî-êîíäóêòèâíîãî òåïëîîáì³íó (1)–(7). Îá÷èñëèìî çíà÷åííÿ fsT  
ó âóçëàõ äèñêðåòèçàö³¿, âèêîðèñòîâóþ÷è àïðîêñèìàö³þ, àíàëîã³÷íó äî (8). 

Îòðèìàí³ 0f 0f 0f
1 5 8,  ,  s s s

wv wv wvT T T  ï³äñòàâèìî â ñèñòåìó ð³âíÿíü (23), (24), 
ðîçâ’ÿçàâøè ÿêó îäåðæèìî ïî÷àòêîâå íàáëèæåííÿ äëÿ ãóñòèí ïîòîê³â ïà-

äàþ÷î¿ ïðîìåíåâî¿ åíåðã³¿ ó âóçëàõ 0Ï 0Ï 0Ï
1 5 8,  ,  ,  , fwv wv wvE E E g sζ ζ ζ ζ = { } .  

Çàïèøåìî âèðàç äëÿ ãóñòèíè ïàäàþ÷î¿ ïðîìåíåâî¿ åíåðã³¿ íà åëåìåíò³ 
f s
mαΩ , âèêîðèñòîâóþ÷è îòðèìàí³ çíà÷åííÿ ³ ð³âíîñò³ (15)–(22): 

 0Ïf 0Ïf f 0Ïf f 0Ïf f
1 1 ( 1)1 2 ( 1)( 1)1 3( ) ( ) ( ) ( )s s s s s s s

m m m m m m mE x E x E x E xα α α α + α + α + α= ϕ + ϕ + ϕ +  

 0Ïf f 0Ïf f 0Ïf f
( 1) 1 4 5 5 ( 1)8 6( ) ( ) ( )s s s s s s
m m m m m mE x E x E x+ α α α α α + α+ ϕ + ϕ + ϕ +  

 0Ïf f 0Ïf f
( 1) 5 7 8 8( ) ( )s s s s
m m m mE x E x+ α α α α+ ϕ + ϕ . 
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Òîä³ 

 

f f f,
0Ïf 0Ïf

f
, 1

1, ,
( ) ( ),      ( )

0, .

s s sL I
s s m

m m m s
m m

x
E E x x x

x
α

α α α
α = α

 ∈ Ω
= χ χ = 

∉ Ω
∑  

Ï³äñòàâèâøè âèðàç äëÿ ãóñòèíè ïàäàþ÷î¿ ïðîìåíåâî¿ åíåðã³¿ 0ÏfsE ó ïðàâó 
÷àñòèíó ð³âíÿííÿ (1), îòðèìàºìî çàäà÷ó 

 
2 f 2 f

f f
1f 2f2 2

1f 2f

,      ( , ) ,     1, ,
s s

s s
s s

s s

T T x x s N
x x

∂ ∂+ = − ω ∈ Ω =
∂ ∂

 , (26) 

 f f 0Ïf Vfs
f f
1 ( )s s s
s s

A E Eω = −
δ λ

,  (27) 

ç êðàéîâèìè óìîâàìè (4)–(7). 
Äëÿ ðîçâ’ÿçàííÿ ö³º¿ çàäà÷³ âèêîðèñòàºìî íåïðÿìèé ìåòîä ãðàíè÷íèõ 

åëåìåíò³â. Ââåäåìî «ô³êòèâí³» äæåðåëà òåïëà ç íåâ³äîìîþ íàïåðåä ³íòåí-

ñèâí³ñòþ f ( )sg ξ  ó ðîçðàõóíêó íà îäèíèöþ äîâæèíè fs∂Ω , âèêîðèñòîâóþ÷è 

äëÿ îïèñó ðîçì³ùåííÿ äæåðåë íîâ³ êîîðäèíàòè fsξ , ÿê³ ñï³âïàäàþòü ³ç êî-

îðäèíàòàìè fsx . Ðåàêö³þ ñèñòåìè â äåÿê³é òî÷ö³ ñïîñòåðåæåííÿ fsx =  

1f 2f( , )s sx x=  íà ðîçïîä³ë âíóòð³øí³õ äæåðåë òåïëà fsω  ³ ãðàíè÷íèõ äæåðåë 
fsg , òîáòî çíà÷åííÿ ó í³é òåìïåðàòóðíîãî ïîëÿ fsT , çíàõîäèìî ³íòåãðóâàí-

íÿì ôóíäàìåíòàëüíèõ ðîçâ’ÿçê³â ïî fsΩ  [1]: 

 
f f

f f f f f f
f f f f f f f( ) ( , ) ( ) ( ) ( , )

s s

s s s s s s
s s s s s s sT x E x g d E x d C

∂Ω Ω

= ξ ξ ∂Ω ξ + ξ ω Ω +∫ ∫  , (28) 

äå  

 2 2 2f
f f f 1f 1f 2f 2ff

0

1( , ) ln ,     ( ) ( )
2

s
s s s s s s ss

r
E x r x x

r
ξ = − = − ξ + − ξ

πλ
 ,  (29) 

à ñòàëà 0r  âèêîðèñòîâóºòüñÿ äëÿ ïîêðàùåííÿ îá÷èñëþâàëüíîãî ïðîöåñó. 

Çíà÷åííÿ ñòàëî¿ fsC  ó ð³âíîñò³ (28) âèáåðåìî òàê, ùîá ñóìàðíèé òåïëîâèé 
ïîò³ê ÷åðåç íåñê³í÷åííî â³ääàëåíó ìåæó äîð³âíþâàâ íóëåâ³, ùî, â ñâîþ 
÷åðãó, áóäå ãàðàíòóâàòè ºäèí³ñòü ðîçâ’ÿçêó [1]. Çâ³äñè îòðèìóºìî óìîâó 

 
f f

f f f f
f f( ) ( ) 0

s s

s s s s
s sg d d

∂Ω Ω

ξ ∂Ω ξ + ω Ω =∫ ∫ .  (30) 

Ï³äñòàâèâøè êðàéîâ³ óìîâè â (28), îòðèìàºìî ³íòåãðàëüí³ ð³âíÿííÿ ç 

íåâ³äîìîþ ôóíêö³ºþ f
f( )s
sg ξ : 

 
f f

f f f f f
0f f f f 0f f( , ) ( ) ( ) ( , )

s s

s s s s s
s s s s s sT E x g d E x d C+

∂Ω Ω

= ξ ξ ∂Ω ξ + ξ ω Ω +∫ ∫  , 

 1f 10f 1f 20f 2f,       ,      1, ,s s s s sx x x x x s N− + +< < = =  , (31) 

 
f f

f f f f f
0f f f f 0f f( , ) ( ) ( ) ( , )

s s

s s s s s
s s s s s sT E x g d E x d C−

∂Ω Ω

= ξ ξ ∂Ω ξ + ξ ω Ω +∫ ∫  , 

 1f 10f 1f 20f 2f,       ,      1, ,s s s s sx x x x x s N− + −< < = =  , (32) 

 
f f

f f f f
0f f f f 0f f( , ) ( ) ( ) ( , )

i i

i i i i
i i i i i iE x g d E x d

∂Ω Ω

ξ ξ ∂Ω ξ + ξ ω ∂Ω =∫ ∫   

 
f f

f f f f
0f f f f 0f f( , ) ( ) ( ) ( , )

j j

j j j j
j j j j j jE x g d E x d

∂Ω Ω

= ξ ξ ∂Ω ξ + ξ ω Ω∫ ∫  , 

 10f 1f 2f 20f 2f 10f 1f 2f 20f 2f,    ,    ,    i i i i i j j j j jx x x x x x x x x x+ − + − − += < < = < < , 

 1, , 1,  1;i N j i= − = +      ÿêùî i N= , òî 1j = .  (33) 
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 Óìîâè äëÿ ïîòîêó ï³ñëÿ çàì³íè îñîáëèâîãî ³íòåãðàëà ³íòåãðàëîì òèïó 

Êîø³ ïî fs∂Ω  ç äîäàòêîâèì ÷ëåíîì f
0f( )/2s

sg x−  çàïèøåìî ó âèãëÿä³ 

 
f

f
f f0f

0f f f f

( )
( , ) ( ) ( )

2
i

i
i ii

i i i i

g x
F x g d

∂Ω

− + ξ ξ ∂Ω ξ +∫  

 
f

f
0ff f

0f f

( )
( , )

2
i

j
ji i

i i

g x
F x d

Ω

+ ξ ω Ω = −∫  

 
f f

f f f f
0f f f f 0f f( , ) ( ) ( ) ( , )

j j

j j j j
j j j j j jF x g d F x d

∂Ω Ω

− ξ ξ ∂Ω ξ − ξ ω Ω∫ ∫ , (34) 

äå 0f f 0f 1 f 1 1 0f 0f 2 f 2 2 0f2
0

1( , ) ( ) ( ) ( ) ( )
2

i i i i i i i iF x x n x x n x
r

ξ = − ξ + − ξ
π

[ ] , 

10f 1f 2f 20f 2f 10f 1f 2f 20f 2f,    ,    ,    i i i i i j j j j jx x x x x x x x x x+ − + − − += < < = < < , 

1, , 1,  1;i N j i= − = +      ÿêùî i N= , òî 1j = . 
Ðîçãëÿíåìî íàáëèæåíó ìåòîäèêó ðîçâ’ÿçóâàííÿ ñèñòåìè ð³âíÿíü (30)–

(34). Äèñêðåòèçóºìî ìåæ³ f
1 1f 1f 1f 2f 2f,  s

s s s s sx x x x x− + +∂Ω = < < ={ }  ³ f
2
s∂Ω =  

1f 1f 1f 2f 2f,  s s s s sx x x x x− + −= < < ={ }  â³äïîâ³äíî f
1
sN  ³ f

2
sN , à ìåæó f fi

i j∂Ω = ∂Ω   

fj∂Ω , ùî â³äïîâ³äàº ðåáðàì ïðèçìàòè÷íî¿ îáîëîíêè, – f
ijN  ãðàíè÷íèìè 

åëåìåíòàìè f f,  1, ,s
q q N∆ ∂Ω =  , äå 

1
f f f f f

1 2 ( 1) 1
1 1

( )
N N

s s
i i N

s i

N N N N N
−

+
= =

= + + +∑ ∑ . Áó-

äåìî ââàæàòè, ùî âçäîâæ êîæíîãî åëåìåíòà fs
q∆ ∂Ω  ³íòåíñèâí³ñòü ô³êòèâ-

íèõ äæåðåë º ñòàëîþ ³ äîð³âíþº fs
qg . Íà îñíîâ³ öüîãî ìîæåìî çàïèñàòè 

äèñêðåòí³ àíàëîãè âèðàç³â (31)–(34): 

 
f

f

f f
0f f f

1

( , ) ( )
s

q

N
s s

q sp s s
q

T g E x d+

= ∆ ∂Ω

= ξ ∂Ω ξ +∑ ∫   

 

f f

f

,
f f f f f

0f f 0f 1
, 1

( , ) ,    ,    1, ,

s s

s
m

L I
s s s s s

m sp s sp p
m

E x d C x p N

α

α
α = Ω

+ ω ξ Ω + ∈ ∆ ∂Ω =∑ ∫   ,  (35) 

 
f

f

f f
0f f f

1

( , ) ( )
s

q

N
s s

q sp s s
q

T g E x d−

= ∆ ∂Ω

= ξ ∂Ω ξ +∑ ∫   

 

f f

f

,
f f f f f

0f f 0f 2
, 1

( , ) ,   ,    1, ,

s s

s
m

L I
s s s s s

m sp s sp p
m

E x d C x p N

α

α
α = Ω

+ ω ξ Ω + ∈ ∆ ∂Ω =∑ ∫   ,  (36) 

 

f ff

f f

,
f f f f

0f f f 0f f
1 , 1

( , ) ( ) ( , )

s s

i i
p

L IN
i i i i

p ic i i m ic i
p m

g E x d E x dα
= α =∆ ∂Ω Ω

ξ ∂Ω ξ + ω ξ Ω =∑ ∑∫ ∫   

 

f ff

f f

,
f f f f

0f f f 0f f
1 , 1

( , ) ( ) ( , )

s s

j j
p

L IN
j j j j

p jc j j m jc j
p m

g E x d E x dα
= α =∆ ∂Ω Ω

= ξ ∂Ω ξ + ω ξ Ω∑ ∑∫ ∫  , 

 f f
0f 0f,   ,    1, , ,      1, , 1,    1ic jc c i j ijx x c N i N j i∈∆ Ω = = − = +   , 

 ÿêùî i N= , òî 1j = ; (37) 
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f ff

f f

f ,
f f f f

0f f f 0f f
1 , 1

( , ) ( ) ( , )
2

s s

i i
p

i L IN
c ij i i i i

p ic i i m ic i
p m

g
g F x d F x dα

= α =∆ ∂Ω Ω

δ
− + ξ ∂Ω ξ + ω ξ Ω =∑ ∑∫ ∫  

 

f ff

f f

f ,
f f f f

0f f f 0f f
1 , 1

( , ) ( ) ( , )
2

s s

j j
p

j L IN
c ij j j j j

p jc j j m jc j
p m

g
g F x d F x dα

= α =∆ ∂Ω Ω

δ
= − ξ ∂Ω ξ − ω ξ Ω∑ ∑∫ ∫ , 

 f f
0f 0f,       1, , ,     1, , 1,    1ic jc c i j ijx x c N i N j i∈∆ Ω = = − = +   , 

 ÿêùî i N= , òî 1j = .  (38) 

Ðîçâ’ÿçàâøè ë³í³éíó ñèñòåìó ð³âíÿíü (35)–(38) â³äíîñíî f f,  s s
pC g , 

f1, , ,  1, ,p N s N= =  , ³ ï³äñòàâèâøè îòðèìàí³ çíà÷åííÿ ó (28), îäåðæèìî 

âèðàç äëÿ òåìïåðàòóðíîãî ïîëÿ fsT . 
Îòæå, îòðèìàíî àëãîðèòì ðîçâ’ÿçóâàííÿ çàäà÷³ ïðîìåíåâî-êîíäóêòèâ-

íîãî òåïëîîáì³íó ì³æ öèë³íäðè÷íîþ òà N -êóòíîþ ïðèçìàòè÷íîþ îáîëîíêà-
ìè, ÿêèé îïèñóºòüñÿ íàñòóïíèìè êðîêàìè: 

1°. Ïðèñâîþºìî òåìïåðàòóðíîìó ïîëþ fi sT  ïî÷àòêîâå çíà÷åííÿ 0fsT  
(çàäà÷à òåïëîïðîâ³äíîñò³ ïðè â³äñóòíîñò³ îïðîì³íåííÿ). 

2°. Ï³äñòàâëÿºìî fi sT  ó ñèñòåìó ð³âíÿíü (23), (24) ³ ðîçâ’ÿçóºìî ¿¿ â³ä-

íîñíî ãóñòèí ïàäàþ÷èõ ïðîìåíåâèõ åíåðã³é ó âóçëàõ Ï Ï Ï
1 5 8,   ,   i i i

wv wv wvE E Eζ ζ ζ , 

f ,s gζ = { } . 

3°. Îòðèìàí³ çíà÷åííÿ Ï Ï Ï
1 5 8,   ,   i i i

wv wv wvE E Eζ ζ ζ  ï³äñòàâëÿºìî â ñèñòåìó ð³â-

íÿíü (30), (35)–(38) ³ ðîçâ’ÿçóºìî ¿¿ â³äíîñíî f f f,  ,  1, , ,  1, ,s s
pC g p N s N= =  . 

4°. Çíà÷åííÿ f f,  s s
pC g , âèçíà÷åí³ â ï. 3°, ï³äñòàâëÿºìî ó ôîðìóëó (28) 

äëÿ îá÷èñëåííÿ ( 1) fi sT + . 

5°. Çä³éñíþºìî ïåðåâ³ðêó: 

 ( 1) f f

1

N
i s i s

i

T T+

=

− < ε∑ ,  (39) 

äå ε  – çàäàíà òî÷í³ñòü.  

6°. ßêùî íåð³âí³ñòü (39) íå âèêîíóºòüñÿ, òî ðîáèìî ïåðåïðèñâîºííÿ 
f ( 1)fi s i sT T +=  ³ ïîâåðòàºìîñÿ äî ï. 2°. 

Ìåòîþ ïîäàëüøîãî äîñë³äæåííÿ àâòîð³â áóäå âèçíà÷åííÿ íàïðóæåíî-
äåôîðìîâàíîãî ñòàíó ïðèçìàòè÷íî¿ îáîëîíêè çà çíàéäåíèì ðîçïîä³ëîì 
òåìïåðàòóðè. 
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МЕТОДИКА РЕШЕНИЯ ЗАДАЧИ КОНДУКТИВНО-ЛУЧИСТОГО ТЕПЛООБМЕНА 
МЕЖДУ ЦИЛИНДРИЧЕСКОЙ И N -УГОЛЬНОЙ ПРИЗМАТИЧЕСКОЙ ОБОЛОЧКАМИ 
 
Çàïèñàíà ìàòåìàòè÷åñêàÿ ìîäåëü è ïðåäëîæåíà àíàëèòèêî-÷èñëåííàÿ ìåòîäèêà 
ðåøåíèÿ çàäà÷è êîíäóêòèâíî-ëó÷èñòîãî òåïëîîáìåíà ìåæäó öèëèíäðè÷åñêîé îáî-
ëî÷êîé è ïîâåðõíîñòüþ N -óãîëüíîé ïðèçìû. Äëÿ àïïðîêñèìàöèè ïëîòíîñòè ïî-
òîêà ïàäàþùåé ëó÷åâîé ýíåðãèè ïðèìåíåíû âîñüìèóçëîâûå ãðàíè÷íûå ýëåìåíòû. 
 
METHODS FOR SOLUTION OF PROBLEM ON CONDUCTIVE-RADIAL HEAT EXCHANGE 
BETWEEN CYLINDRICAL AND N -ANGULAR PRISMATIC SHELLS 
 
A mathematical model is written and numerical-analytical technique for solution of the 
problem on conductive-radial heat exchange between a cylindrical shell and the surface 
of N -angular prism is proposed. The eight-nodal boundary elements are utilized for 
approximation of the flux density of incident radiant energy. 
 
²í-ò ïðèêë. ïðîáëåì ìåõàí³êè ³ ìàòåìàòèêè Îäåðæàíî 
³ì. ß. Ñ. Ï³äñòðèãà÷à ÍÀÍ Óêðà¿íè, Ëüâ³â 29.12.03 
 


