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КРУГОВА МІЖФАЗНА ТРІЩИНА ЗА УМОВИ ФРИКЦІЙНОГО 
КОНТАКТУ ПОВЕРХОНЬ 
 

Ðîçãëÿíóòî íàïðóæåíèé ñòàí äâîõ æîðñòêî ç’ºäíàíèõ ì³æ ñîáîþ ïðóæíèõ 
ï³âïðîñòîð³â ³ç ð³çíèõ ìàòåð³àë³â, íà ìåæ³ ðîçä³ëó ÿêèõ ðîçì³ùåíà êðóãîâà 
òð³ùèíà. Âðàõîâàíî êîíòàêò ïîâåðõîíü òð³ùèíè ïîáëèçó ¿¿ êîíòóðó òà 
ñèëè òåðòÿ â îáëàñò³ êîíòàêòó. ²ç çàñòîñóâàííÿì ìåòîäó Â³íåðà − Ãîïôà 
ðîçâ’ÿçîê ³íòåãðàëüíîãî ð³âíÿííÿ çàäà÷³ îòðèìàíî â çàìêíåí³é ôîðì³. 
Âèçíà÷åíî â ÿâíîìó âèãëÿä³ äîâæèíó îáëàñò³ êîíòàêòó ïîâåðõîíü òð³ùèíè, 
ðîçïîä³ë íàïðóæåíü â îáëàñò³ êîíòàêòó òà íà ìåæ³ ðîçä³ëó ï³âïðîñòîð³â 
ïîçà òð³ùèíîþ. 

 
Ó çàäà÷àõ ïðî ð³âíîâàãó ïðóæíèõ ò³ë ³ç òð³ùèíàìè, ÿê³ ðîçì³ùåí³ íà 

ìåæ³ ñåðåäîâèù ³ç ð³çíèõ ìàòåð³àë³â, ìàº ì³ñöå îñöèëÿö³ÿ íàïðóæåíü ³ ïå-
ðåì³ùåíü â îêîë³ âåðøèí òð³ùèíè [17]. Îñöèëþþ÷³ ðîçâ’ÿçêè íå ìîæíà ââà-
æàòè ô³çè÷íî êîðåêòíèìè, îñê³ëüêè ñïîñòåð³ãàºòüñÿ âçàºìíå ïðîíèêíåííÿ 
ñåðåäîâèù ïîáëèçó âåðøèí òð³ùèíè. Ó ðîáîòàõ Ì. Êîìí³íîó, îãëÿä ÿêèõ 
íàâåäåíî â [1], äëÿ çíàõîäæåííÿ êîðåêòíèõ ðîçâ’ÿçê³â çàïðîïîíîâàíî ââî-
äèòè ìàë³ çîíè êîíòàêòó áåðåã³â òð³ùèíè ïîáëèçó ¿¿ âåðøèí. Ïðè öüîìó ÷è-
ñåëüíî äîñë³äæåíî ìîäåë³ ãëàäêîãî òà ôðèêö³éíîãî êîíòàêòó. Àíàë³òè÷í³ 
ðîçâ’ÿçêè äëÿ ì³æôàçíî¿ òð³ùèíè â îäíîð³äíîìó ïîë³ íàïðóæåíü áóëè 
îäåðæàí³ â [8, 13]. Ó ðîáîòàõ [14–16] îäåðæàíî ðîçâ’ÿçêè â çàìêíåí³é ôîðì³ 
äëÿ òð³ùèíè ç îäí³ºþ çîíîþ êîíòàêòó ì³æ ð³çíîð³äíèìè ³çîòðîïíèìè, îðòî-
òðîïíèìè òà ï’ºçîåëåêòðè÷íèìè ìàòåð³àëàìè. Ó [12] âèçíà÷åíî àíàë³òè÷íèé 
ðîçâ’ÿçîê äëÿ ñèñòåìè ì³æôàçíèõ òð³ùèí ó ïîë³ çîñåðåäæåíèõ ñèë òà ìî-
ìåíò³â ³ ÷èñåëüíî ïðîàíàë³çîâàíî âèïàäîê îäí³º¿ òð³ùèíè ç óðàõóâàííÿì 
ò³ëüêè îäí³º¿ çîíè êîíòàêòó. Ó ðîáîòàõ [5–7, 9, 10] â³äïîâ³äíî ç ìîäåëÿìè 
ãëàäêîãî òà ôðèêö³éíîãî êîíòàêòó îòðèìàíî òî÷í³ ðîçâ’ÿçêè çàäà÷ äëÿ íà-
ï³âíåñê³í÷åííî¿ òà ñê³í÷åííî¿ ì³æôàçíî¿ òð³ùèíè ó âèïàäêó ä³¿ íîðìàëüíèõ 
çîñåðåäæåíèõ ñèë, ïðèêëàäåíèõ äî áåðåã³â òð³ùèíè. Ó âñ³õ çãàäàíèõ ðîáî-
òàõ ðîçãëÿäàëèñÿ çàäà÷³ ïëîñêî¿ äåôîðìàö³¿. Íèæ÷å â ðàìêàõ ôðèêö³éíî¿ 
ìîäåë³ êîíòàêòó ó çàìêíåíîìó âèãëÿä³ äàºòüñÿ ðîçâ’ÿçîê îñåñèìåòðè÷íî¿ 
êîíòàêòíî¿ çàäà÷³ äëÿ êðóãîâî¿ òð³ùèíè, ÿêà ðîçì³ùåíà íà ìåæ³ ðîçä³ëó 
äâîõ ï³âïðîñòîð³â ³ç ð³çíèõ ìàòåð³àë³â. Áåç óðàõóâàííÿ êîíòàêòó ïîâåðõîíü 
òð³ùèíè ðîçâ’ÿçîê ö³º¿ çàäà÷³, ñïðàâåäëèâèé ïîçà ε -îêîëîì êîíòóðó òð³ùè-
íè, îòðèìàíî â ðîáîò³ [3]. 
 Ïîñòàíîâêà çàäà÷³. ²íòåãðàëüíå ð³âíÿííÿ. Ó öèë³íäðè÷í³é ñèñòåì³ êî-
îðäèíàò ( , , )r zϕ  ðîçãëÿíåìî äâà ï³âïðîñòîðè 0,  0z z≥ ≤  ç ìîäóëÿìè çñóâó 

1 2,G G  ³ êîåô³ö³ºíòàìè Ïóàññîíà 1 2,ν ν  â³äïîâ³äíî, ì³æ ÿêèìè â êðóãîâ³é 

îáëàñò³ ,  0 2r a< ≤ ϕ < π  ¿õ ìåæ³ 0z =  ðîçì³ùåíà ïëîñêà òð³ùèíà. Ïîçà 

òð³ùèíîþ, ,  0 2r a≥ ≤ ϕ < π , ï³âïðîñòîðè 
æîðñòêî ç’ºäíàí³ ì³æ ñîáîþ âçäîâæ ñâîº¿ 
ìåæ³ 0z =  (ðèñ. 1). Íà íåñê³í÷åííîñò³ ïðè-
êëàäåíî ðîçòÿãóþ÷å íàâàíòàæåííÿ p∞ . 
Çã³äíî ç ìîäåëëþ Ì. Êîìí³íîó ââàæàºìî, 
ùî á³ëÿ êîíòóðó ,  0r a z= =  òð³ùèíè âè-
íèêàº ê³ëüöåâà îáëàñòü êîíòàêòíîãî òèñêó 

,    0 2 ,    0a r a z− ε ≤ < ≤ ϕ < π =  ïîâåðõîíü 

òð³ùèíè ,   0r a z< = ± . Ïðèïóñêàºìî, ùî â 
îáëàñò³ êîíòàêòó ñïîñòåð³ãàºòüñÿ âçàºìíå 
ïðîêîâçóâàííÿ ïîâåðõîíü òð³ùèíè, òàê ùî 
íîðìàëüíèé òèñê ³ äîòè÷í³ çóñèëëÿ ï³äïî-
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ðÿäêîâàí³ çàêîíó òåðòÿ Àìîíòîíà (Êóëîíà). Øèðèíà ε  ê³ëüöåâî¿ îáëàñò³ 
êîíòàêòó çàçäàëåã³äü íåâ³äîìà ³ ìàº áóòè âèçíà÷åíà ïðè ðîçâ’ÿçóâàíí³ çà-
äà÷³. 

Ó ï³âïðîñòîðàõ âèíèêàº íàïðóæåíî-äåôîðìîâàíèé ñòàí, ñèìåòðè÷íèé 
â³äíîñíî îñ³ Oz . Çì³øàí³ êðàéîâ³ óìîâè íà ìåæ³ ðîçä³ëó ï³âïðîñòîð³â º 
òàêèìè: 

 (1) (2) (1) (2)

0 0 0 0
,       ,         z z r rz z z z

u u u u r a
= = = =

= = ≥ , (1) 

  
(1) (2) (1) (2)

  
0 0 0 0

,      ,         z z rz rzz z z z
r a

= = = =
σ = σ τ = τ ≥ , (2) 

 (1) (2)

0 0
,                                       z zz z

u u a r a
= =

= − ε ≤ < , (3) 

 ( ) ( )
00 0

,               1,2,           j j
rz zz z

j a r a
= =

τ = − µ σ = − ε ≤ < ,  (4) 

 ( ) ( )

0 0
0,       0,        1,2,          j j

z rzz z
j r a

= =
σ = τ = = < − ε , (5) 

äå âåðõí³é ³íäåêñ (1) â³äïîâ³äàº ï³âïðîñòîðó 0z ≥ , ³íäåêñ (2) – ï³âïðîñòîðó 

00;  z ≤ µ  – êîåô³ö³ºíò òåðòÿ. Çíàê ïðè 0µ  ó ôîðìóë³ (4) âèáðàíî çà ïðè-

ïóùåííÿ, ùî äëÿ òàíãåíö³àëüíèõ ïåðåì³ùåíü â îáëàñò³ êîíòàêòó ç ïðîêîâ-
çóâàííÿì âèêîíóºòüñÿ óìîâà 

 (1) (2)

0 0
0,              r rz z

u u u a r a
= =

∆ = − > − ε ≤ < , (6) 

ÿêó íåîáõ³äíî ïåðåâ³ðèòè ï³ñëÿ ðîçâ’ÿçàííÿ çàäà÷³. 
 Ðîçâ’ÿçîê çàäà÷³ íà ìåæ³ ï³âïðîñòîð³â ( 0z = ) ïîäàìî ÷åðåç ÷îòèðè 

ãàðìîí³÷í³ ôóíêö³¿ (1) (1) (2) (2)
2 3 2 3,  ,  ,  Φ Φ Φ Φ  [11]: 

 
( )

( ) ( ) ( ) ( )3
2 3

1 ( ) ,        (3 4 )
j

j j j j
r z jru u v

r r z
∂Φ∂ = = − Φ − Φ

∂ ∂
, 

 ( ) ( ) ( )
2 3

1 2(1 )
2 2

j j j
z j

j j

p
v

G G z
∞ ∂σ = + − Φ − Φ

∂
[ ], 

 ( ) ( ) ( )
2 3

1 (1 2 ) ,       1,2
2

j j j
rz j

j
v j

G r
∂τ = − Φ − Φ =
∂

[ ] . (7) 

Â³ä öèë³íäðè÷íèõ êîîðäèíàò , ,r z ϕ  ïåðåéäåìî äî òîðî¿äíèõ êîîðäèíàò 

, ,α β ϕ  çà ôîðìóëàìè 

 
sinsh ,           

ch cos ch cos
r a z a

βα= =
α + β α + β

. (8) 

Ïðè öüîìó â ïëîùèí³ 0z =  êðóã ,  0 2r a< ≤ ϕ < π  ó íîâèõ êîîðäèíàòàõ 

çàäàºòüñÿ ð³âí³ñòþ 0β = , à çîâí³øíÿ ÷àñòèíà êðóãà ,  0 2r a> ≤ ϕ < π  − 

ð³âíîñòÿìè β = π  ³ β = − π  äëÿ âåðõíüîãî òà íèæíüîãî ï³âïðîñòîð³â 
â³äïîâ³äíî ( − ∞ < α < ∞ ). ²íòåãðàëüí³ çîáðàæåííÿ äëÿ ãàðìîí³÷íèõ ôóíêö³é 

( )j
mΦ  ó òîðî¿äíèõ êîîðäèíàòàõ ó âèïàäêó îñüîâî¿ ñèìåòð³¿ ìàþòü âèãëÿä 

³íòåãðàë³â Ìåëåðà – Ôîêà [11]: 

 ( ) ( , )j
mΦ α β =  

 1
2

( ) ( )

0

ch cos ( ) ch ( ) sh (ch )j j
m m i

A B P d
∞

− + λ
= α + β λ λβ + λ λβ α λ∫ [ ] ,  (9) 
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äå ( ) ( )( ),  ( )j j
m mA Bλ λ  – íåâ³äîì³ ôóíêö³¿, 1

2

2,3,  1,2;  (ch )
i

m j P
− + λ

= = α  − ôóíê-

ö³ÿ Ëåæàíäðà ïåðøîãî ðîäó. 
 Çàïèøåìî êðàéîâ³ ð³âíîñò³ (1), (2), (4), (5) ÷åðåç ãàðìîí³÷í³ ôóíêö³¿ 

( )j
mΦ : 

 1

2
( ) ( )
2 3 ( 1)

1

( 1) (3 4 ) 0j
j j j

j
j

+β= − π
=

− − ν Φ − Φ =∑ [ ] , 

 
1

( )2
3

1 ( 1)

( 1) 0
j

j
j

j += β= − π

∂Φ
− =

∂β∑ , 

 
1

2
( ) ( )
2 3

( 1)1

( 1) 2(1 ) 0
j

j j j
j j

j

G
+β= − π=

∂− − ν Φ − Φ =
∂β∑ [ ] , 

 1

2
( ) ( )
2 3 ( 1)

1

( 1) (1 2 ) 0,     0j
j j j

j j
j

G +β= − π
=

− − ν Φ − Φ = ≤ α < ∞∑ [ ] , 

 ( ) ( )
2 3

0
2(1 ) j j

j
β=

∂ − ν Φ − Φ =
∂β

[ ]  

 
0

1
0

0, 0 ,

( )
, ,2 (ch 1)

ch 1j
j

ap
G a

G
G

∞
< α < α

 σ α= − +  − α ≤ α < ∞α +  α +

 

 ( ) ( )
2 3 0

(1 2 ) j j
j β=

− ν Φ − Φ =[ ]  

 0

1
0 0

1
0 0

( )
, 0 ,

ch 1
     1,2

( )
, ,

ch 1

j

j

G
a d

G
j

G
a d

G

∞

α
∞

α

 σ ξ− µ ξ < α < α ξ += =
σ ξ − µ ξ α ≤ α < ∞ ξ +

∫

∫
. (10) 

Ïðè öüîìó ââåäåíî ïîçíà÷åííÿ íåâ³äîìî¿ ôóíêö³¿ êîíòàêòíèõ íàïðóæåíü 

 (1)
00

1

1( ) ,        ,       
2 z z

a r a
G =

σ α = − σ α ≤ α < ∞ − ε ≤ < , (11) 

çíà÷åííÿ 0α = α  â³äïîâ³äàº òî÷ö³ r a= − ε , òîáòî 0th ( / 2)a a− ε = α . 

Âèêîíàâøè îáåðíåíå ïåðåòâîðåííÿ ³íòåãðàë³â Ìåëåðà – Ôîêà ï³ñëÿ 

ï³äñòàíîâêè â (10) âèðàç³â (9) äëÿ ãàðìîí³÷íèõ ôóíêö³é ( )j
mΦ , îòðèìóºìî ñè-

ñòåìó ë³í³éíèõ àëãåáðè÷íèõ ð³âíÿíü äëÿ âèçíà÷åííÿ ôóíêö³é ( ) ( )( ), ( )j j
m mA Bλ λ : 

 
2

( ) 1 ( )
3 3

1

( ) sh ( 1) ( ) ch 0j j j

j

A B+

=

λ πλ + − λ πλ =∑{ } , 

 
2

1 ( ) ( )
2 3

1

( 1) (3 4 ) ( ) ( ) chj j j
j

j

A A+

=

− − ν λ − λ πλ +∑{ [ ]  

 ( ) ( )
2 3(3 4 ) ( ) ( ) sh 0j j

j B B+ − ν λ − λ πλ =}[ ] , 

 
2

1 ( ) ( )
2 3

1

( 1) 2(1 ) ( ) ( ) shj j j
j j

j

G A A+

=

− − ν λ − λ πλ +∑ { [ ]  

 ( ) ( )
2 32(1 ) ( ) ( ) ch 0j j

j B B+ − ν λ − λ πλ =}[ ] , 
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2

1 ( ) ( )
2 3

1

( 1) (1 2 ) ( ) ( ) chj j j
j j

j

G A A+

=

− − ν λ − λ πλ +∑ { [ ]  

 ( ) ( )
2 3(1 2 ) ( ) ( ) sh 0j j

j B B+ − ν λ − λ πλ =}[ ] , 

 ( ) ( )
2 3(1 2 ) ( ) ( ) ( , )j j

j jA A a− ν λ − λ = λ σ , 

 ( ) ( )
2 32(1 ) ( ) ( ) ( , ),          1,2j j

j jB B b j− ν λ − λ = λ σ = , (12) 

äå 

 1
2

0

1
0

0

( )
( , ) 2 th sh (ch )2ch 1j i

j

G
a a d P d

G

ξ∞

− + λ
α

σ ξ ηλ σ = − µ λ πλ ξ η η
ξ +∫ ∫ , 

 
2 2

( , )
2 chj

j

p a
b

G
∞ λ

λ σ = − −
πλ

 

 1
2

0

1 ( )
2 th sh (ch ) ,     1,22ch 1 i

j

G
a P d j

G

∞

− + λ
α

σ ξ ξ− πλ ξ ξ =
ξ +∫ . 

 ²íòåãðàëüíå ð³âíÿííÿ äëÿ âèçíà÷åííÿ íåâ³äîìî¿ ôóíêö³¿ êîíòàêòíèõ 
íàïðóæåíü îòðèìàºìî ç êðàéîâî¿ óìîâè (3) íà íîðìàëüí³ ïåðåì³ùåííÿ â 
îáëàñò³ êîíòàêòó, ÿêó çàïèøåìî ó âèãëÿä³ ( 0α ≤ α < ∞ ) 

 (1) (2)
1 2 2 2

0

(1 ) ( ) (1 ) ( )A A
∞

 − ν λ − − ν λ +∫  

 1
2

1 2
1 1( , ) ( , ) (ch ) 0
2 2 i

a a P d
− + λ

+ λ σ − λ σ α λ =
. (13) 

Ï³äñòàâèìî ó (13) ôóíêö³¿ (1) (2)
2 2( ),  ( )A Aλ λ , âèçíà÷åí³ ç ñèñòåìè ð³âíÿíü (12), 

³ âèêîíàºìî çàì³íè 

 0
0 0

0

( )
,          ,         ( )

ch ( ) 1
t

σ α + τ
ξ = α + τ α = α + = ϕ τ

α + τ −
. (14) 

Â ðåçóëüòàò³ äëÿ íîâî¿ íåâ³äîìî¿ ôóíêö³¿ ( )ϕ τ  îòðèìàºìî ³íòåãðàëüíå ð³â-
íÿííÿ 

 
0

( , ) ( ) ( ),          0t d f t t
∞

τ ϕ τ τ = ≤ < ∞∫ k , (15) 

 1
2

2
0

0
0

sh( , ) sh (ch ( ))
2 ch ( ) ch ( ) i

t P
∞

− + λ

α + τ πλτ = α + τ ×
π λ + θ π λ − θ∫k  

 1
2

2

0 0
0

th sh
(ch ( )) th

ch ( ) ch ( )i
P t d

∞

− + λ

λ πλ πλ
× α + λ − µ πθ ⋅ ×

π λ + θ π λ − θ∫  

 
0

1 1
2 2

0
0

(ch ( )) sh (ch )2i i
P t d P d

α + τ

− + λ − + λ
η× α + λ η η∫ , 

 1
2

0
1 0

sh
( ) (ch ( ))

ch ( ) ch ( ) i

p
f t P t d

G

∞
∞

− + λ

λ πλ
= − α + λ

π λ + θ π λ − θ∫ , 

äå 
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 1 2 2

1 2 1

(3 4 )1 ln 0
2 (3 4 )

G G
G G

− ν +
θ = >

π + − ν
. 

 Äëÿ ì³æôàçíî¿ òð³ùèíè â óìîâàõ ïëîñêî¿ äåôîðìàö³¿ â³äíîñíèé ðîç-

ì³ð îáëàñò³ êîíòàêòíîãî òèñêó /aε  º äóæå ìàëîþ âåëè÷èíîþ ( 6/ 10a −ε < ) [1, 
6–10]. Áóäåìî ïðèïóñêàòè, ùî é ó âèïàäêó îñåñèìåòðè÷íî¿ äåôîðìàö³¿ 
/ 1aε  . Öå ïðèïóùåííÿ áóäå ï³äòâåðäæåíî çíàéäåíèì ïðè ðîçâ’ÿçàíí³ çà-

äà÷³ çíà÷åííÿì /aε . Ïðè 0
0   ( / 2 0)a e−αα → ∞ ε → ) ³íòåãðàëüíå ð³âíÿííÿ 

äîïóñêàº àñèìïòîòè÷íå ñïðîùåííÿ ç âèñîêîþ òî÷í³ñòþ (ïîðÿäêó /aε ). Äëÿ 
öüîãî âèêîðèñòàºìî àñèìïòîòè÷íó ôîðìóëó äëÿ ôóíêö³¿ Ëåæàíäðà [2] 

 1
2

/2

1
2

( )2(ch ) Re ,          i
i

i
P e e

i

−ξ λξ
− + λ

 
Γ λ ξ ξ → ∞

  π Γ + λ   

 . (16) 

Çà äîïîìîãîþ (16) òàêîæ çàïèøåìî 

 1
20

sh (ch )2 i
P d

ξ

− + λ
η η η =∫  

 
1
2

( ) 1Re (1),      
sh

1 ii
e o

i i

λξ
 

Γ λ = + + ξ → ∞
λ πλ  λ Γ + λ   

π . (17) 

Ï³ñëÿ â³äïîâ³äíèõ ïåðåòâîðåíü ç âèêîðèñòàííÿì (16), (17) ³íòåãðàëüíå 
ð³âíÿííÿ (15) íàáóâàº âèãëÿäó  

 0 0
0

( ) ( ) ( ),          0t d f t t
∞

− τ ϕ τ τ = ≤ < ∞∫ k , (18) 

 ( )
0

sh ch ( )1( )
2 ch ( ) ch ( )

i ti
t e d

∞

−∞

− λ −τπλ π λ + γ
− τ = λ

π π λ + θ π λ − θ∫k , 

 0
1 ( )
2

0
1

1
21

2

(1 )2( ) Re
i tp iif t i e

GD i

− + θ α +∞
 

Γ + θ   = ⋅ + θ    π Γ + θ    

( )
, 

äå 

 2 2 2
0 0

1 arc tg ( th ),           ch shDγ = µ πθ = πθ + µ πθπ . 

Ðîçâ’ÿçàííÿ ³íòåãðàëüíîãî ð³âíÿííÿ. ²íòåãðàëüíå ð³âíÿííÿ (18), ÿêå 
çàäàíå íà íàï³âíåñê³í÷åííîìó ³íòåðâàë³ 0 t≤ < ∞  ³ ìàº ð³çíèöåâå ÿäðî 

0 ( )t − τk , äîïóñêàº òî÷íèé ðîçâ’ÿçîê çà ìåòîäîì Â³íåðà − Ãîïôà [4]. Äëÿ 

ôóíêö³é 

 
0

0
0 0

1 1( ) ( ) ,      ( ) ( ) ( )
2 2

izt iztz t e dt z e dt t d
∞ ∞

+ −

−∞

Φ = ϕ Φ = − τ ϕ τ τ
π π∫ ∫ ∫ k , (19) 

àíàë³òè÷íèõ â³äïîâ³äíî ó âåðõí³é (Im 0)z ≥  òà íèæí³é (Im 0)z ≤  ï³âïëîùè-

íàõ êîìïëåêñíî¿ ïëîùèíè, ìàºìî ôóíêö³îíàëüíå ð³âíÿííÿ Â³íåðà − Ãîïôà 

 ( ) ( ) ( ) ( )z z z F z+ −Φ − Φ =K , (20) 

 0
0

sh ch ( ) 1( ) ,         ( ) ( )
ch ( ) ch ( ) 2

iztz z i
z F z f t e dt

z z

∞π π + γ
= =

π + θ π − θ π ∫K . 
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 Äëÿ ðîçâ’ÿçàííÿ ôóíêö³îíàëüíîãî ð³âíÿííÿ (20) ôàêòîðèçóºìî éîãî êî-
åô³ö³ºíò ( )zK  ³ ïðàâó ÷àñòèíó ( )F z : 

 
( ) ( )

,       ( ) ( ) ( ) ( )
( )

z z
F z z f z f z

z z

+
− + −

−= = −K K K
K

, (21) 

äå 

 

1 1
2 2

1
2

( )
(1 )

iz i iz i
z

iz iz

+

   Γ − − θ Γ − + θ   
   =

 Γ − Γ − + γ 
 

K , 

 

1
2

1 1
2 2

(1 )
( )

iz iz
z

iz i iz i

−

 Γ + Γ + − γ 
 =

   Γ + + θ Γ + − θ   
   

K , 

 
0

0 02 ( 2 ln 2) ( 2 ln 2)0 0

2 2

1( )
2

i i

i i
f z e e e

z z

α
− θ α + − θ α ++


= +

 π + θ + − θ + 

L L
, 

 
2

0
1

1
2 1

2

(1 )p i
i

DG
i

∞ Γ − γ − θ = − − θ 
   Γ − θ 

 

L . (22) 

Ðîçâ’ÿçîê ôóíêö³îíàëüíîãî ð³âíÿííÿ Â³íåðà − Ãîïôà çàïèøåòüñÿ ó âè-
ãëÿä³ [4] 

 
( ) ( )

( ) ,          ( )
( ) ( )

f z f z
z z

z z z

+ −
+ −

+ −Φ = Φ =
K K

 (23) 

çà óìîâè, ùî ( )0 0f+ = , òîáòî 

 0( 2 ln 2) 0

1
2

Re 0ie
i

θ α + 
=  − θ 

L
. (24) 

Óìîâó (24) ç óðàõóâàííÿì âèðàçó (22) äëÿ 0L  çàïèøåìî ó âèãëÿä³ ð³âíÿííÿ 

 0
1
2 1

2

(1 )
cos ( 2 ln 2) arg 0

i
i

i

  
Γ − γ + θ   θ α + − + θ =       Γ + θ     

, (25) 

íàéìåíøèé äîäàòíèé êîð³íü ÿêîãî âèçíà÷àº øèðèíó îáëàñò³ êîíòàêòó 

 0
0

1
2 1

2

(1 )12 ,        2 ln 2 arg
2

i
ae i

i

−α
 

Γ − γ + θπ   ε = α = − + + θ  θ θ    Γ + θ    

. (26) 

²íø³ äîäàòí³ êîðåí³ äàþòü íåô³çè÷í³ ðîçâ’ÿçêè, äëÿ ÿêèõ ïîâåðõí³ 
òð³ùèíè ïîçà îáëàñòþ êîíòàêòó âçàºìíî ïåðåêðèâàþòüñÿ [9]. Â³ä’ºìí³ êîðåí³ 
òåæ ïðèâîäÿòü äî íåìîæëèâèõ ðîçâ’ÿçê³â, êîëè ðîçì³ð îáëàñò³ êîíòàêòó 
ïåðåâèùóº ðàä³óñ òð³ùèíè ( aε > ).  
 Çà äîïîìîãîþ îáåðíåíîãî ïåðåòâîðåííÿ Ôóð’º ³ç ïåðøî¿ ð³âíîñò³ (19) ç 
óðàõóâàííÿì (23) îòðèìóºìî 

 
( )1( )

2 ( )
itf t

e dt
t t

∞ +
− τ

+
−∞

ϕ τ =
π ∫ K

. (27) 
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 Íàïðóæåííÿ íà ìåæ³ ðîçä³ëó ï³âïðîñòîð³â. Âèçíà÷èìî ðîçïîä³ë íà-
ïðóæåíü â îáëàñò³ êîíòàêòó ( ,  0a r a z− ε ≤ < = ) ³ â çîíàõ ñïðÿæåííÿ ï³â-
ïðîñòîð³â ( ,  0r a z≥ = ). Îá÷èñëþþ÷è ³íòåãðàë ³ç (27) çà òåîð³ºþ ëèøê³â ³ 

ïåðåõîäÿ÷è â³ä ôóíêö³¿ ( )ϕ τ  çà ôîðìóëàìè (14), (11) äî (1)

0z z=
σ , îòðèìóºìî 

íîðìàëüí³ íàïðóæåííÿ â îáëàñò³ êîíòàêòíîãî òèñêó (a r a− ε ≤ < ): 

 (1)

0z z=
σ =  

 
2

2 1
1 1 3
2 2 231

22

1 4 (1 )2 , ; ;
p ia a rF i i

i

∞


θ + θ Γ − γ + θ  −= + θ − θ − γ − ε ε    Γ − γΓ + θ        

 

 
1
2

(1 ) chi

π− ×
 Γ + γ Γ − γ + θ πθ 
 

 

 
1
2

2 1
1
2

, ; ; a ra rF i i
− + γ 

−   − × γ + θ γ − θ + γ    ε ε   


, (28) 

äå 2 1( , ; ; )F a b c z  – ã³ïåðãåîìåòðè÷íà ôóíêö³ÿ [2]. Çà ôîðìóëîþ (28) çíàõîäè-
ìî àñèìïòîòè÷íó ïîâåä³íêó êîíòàêòíèõ íàïðóæåíü â îêîë³ êîíòóðó òð³-
ùèíè: 

 
1
2

2

(1)

0

1
2

1
2

1 4
2 ,      0

(1 )
z z

p i
a a r r a

i

− + γ∞

=

 θ + θ Γ + θ 
  − σ → − ε ε  Γ + γ Γ − γ + θ 

 

 . (29) 

 Çà äîïîìîãîþ ñï³ââ³äíîøåíü (7)−(9) çàïèøåìî âèðàçè äëÿ íîðìàëüíèõ ³ 
äîòè÷íèõ íàïðóæåíü íà ìåæ³ ñïðÿæåííÿ ï³âïðîñòîð³â r a≥ , 0z =  (β = π ). 
Â ε -îêîë³ êîíòóðó òð³ùèíè ï³ñëÿ ïåðåòâîðåíü âîíè íàáóâàþòü âèãëÿäó 

 (1) (1)

1

1 ( )
2 z rzi
G β=π

σ + τ =  

 
1
2

( )

1

1
21

2

(1 )21
2

ip i
i e

G
i

+ θ α∞
 Γ − θ   = + − θ +    π Γ − θ  

 

 

 0( )0
0

1 ( )
ch ,      

ch ( )2 2
ii

e e d
∞ +

− λ α −αα

−∞

− µ Φ λ+ πθ ⋅ λ α > α
π λ + θπ ∫ . (30) 

Îá÷èñëèâøè ³íòåãðàë ç (30) çà òåîð³ºþ ëèøê³â, âèçíà÷àºìî ðîçïîä³ë íàïðó-
æåíü ó çîí³ ñïðÿæåííÿ ï³âïðîñòîð³â ïîáëèçó êîíòóðó òð³ùèíè 

 (1)

0z z=
σ =  

 
2

2 1
1 1 3
2 2 23 1

2 2

1 4 (1 ) 2 , ; ;
p i a a rF i i

i

∞θ + θ Γ − γ + θ  −= + θ − θ − γ ε ε    Γ − γ Γ + θ   
   

, 
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 (1)

0rz z=
τ =  

 
2

(1)
0 0 1 1

2 2

1 4

sh cos (1 )
z z

p

i i

∞
=

π θ + θ
= − µ σ + ×

   πθ πγ Γ + γ Γ + θ Γ − γ + θ   
   

 

 
1
2

2 1
1
2

2 , ; ;a r aa rF i i
− + γ−   −× γ + θ γ − θ + γ   ε ε ε   

, 

 a r a< ≤ + ε .  (31) 

Íîðìàëüí³ íàïðóæåííÿ ìàþòü ñê³í÷åííå ãðàíè÷íå çíà÷åííÿ ïðè 0r a→ + : 

 
2

(1)
0,

0 3 1
2 2

1 4 (1 ) 2
z r a

z

p i a

i

∞
= +
=

θ + θ Γ − γ + θ
σ =

ε   Γ − γ Γ + θ   
   

. (32) 

Äîòè÷í³ íàïðóæåííÿ ìàþòü ñòåïåíåâó îñîáëèâ³ñòü íà êîíòóð³ òð³ùèíè: 

 (1)

0rz z=
τ   

 
1
2

2

1 1
2 2

1 4 2

sh cos (1 )

p a r a

i i

− + γ
∞π θ + θ −  ε ε    πθ πγ Γ + γ Γ + θ Γ − γ + θ   

   

 , 

 0r a→ + . (33) 

Íà ï³äñòàâ³ àñèìïòîòè÷íî¿ ïîâåä³íêè äîòè÷íèõ íàïðóæåíü (33) á³ëÿ 
êîíòóðó òð³ùèíè âèçíà÷èìî êîåô³ö³ºíò ³íòåíñèâíîñò³ çñóâíèõ íàïðóæåíü 

 
1
2 (1)

II 00

2 lim rz zr a

r aK
p a

−γ

=→ +∞

π ε − = τ = ε 
 

 
3 2

1 1
2 2

2 (1 4 )

sh cos (1 )i i

θ π + θ
=

   πθ πγ Γ + γ Γ + θ Γ − γ + θ   
   

.  (34) 

Ïîçà ε -îêîëîì êîíòóðó òð³ùèíè â çîí³ æîðñòêîãî ç’ºäíàííÿ ï³âïðîñòî-
ð³â ìàºìî ( 00 < α < α ): 

 1
2

2
(1) 2 3

0

1 16ch sh (ch )
2 ch 2 ch2z i

p P d
∞

∞ − + λβ=π

 α λσ = + πθ ⋅ α λ πλ + πθ ∫ , 

 (1) 3

0

th
8 sh 2 sh

2 ch 2 ch 2rz p
∞

∞β=π

λ πλατ = − πθ ⋅ ×
πλ + πθ∫  

 1
2

1 ctg (ch )
2 2 i

P d
− + λ

∂ α × + α λ ∂α 
. (35) 

Âèêîðèñòîâóþ÷è ñï³ââ³äíîøåííÿ [2] 

 1
2 0

2 cos(ch ) ch
ch chi

sP ds
s

∞

− + λ
λα = πλ

π α +∫  

ó ôîðìóëàõ (35) òà îá÷èñëþþ÷è ³íòåãðàëè çà λ , çíàõîäèìî íàïðóæåííÿ ó 
çîí³ ñïðÿæåííÿ ï³âïðîñòîð³â, çà âèíÿòêîì ε -îêîëó êîíòóðó òð³ùèíè: 
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 (1) 3 3
10

0

2 ch (chz z
p p a r s

∞
−

∞ ∞=
σ = − πθ ⋅ −

π ∫ [  

 
5
2 s2 ) ch 3 (ch s ) sech cos

2
s s ds

−
− ρ − + ρ θ] , 

 (1) 2 3
10

0

2 2 ch (ch 2rz z
p a r r s

∞
−

∞=
τ = − πθ ⋅ − ρ +

π ∫  

 
5
23) (chs ) sh sin

2
s s ds

−
+ + ρ θ , 

 
2 2

2 2
1 2 2

,      ,      r ar r a a r
r a

+= − ρ = + ε < < ∞
−

. (36) 

 Ïåðåâ³ðèìî âèêîíàííÿ óìîâè (6) íà òàíãåíö³àëüí³ ïåðåì³ùåííÿ â îáëàñ-
ò³ êîíòàêòó: 

 (1) (2)

0 0r rz z
u u u

= =
∆ = − =  

 
21 shcos

2 ch ( ) ch ( )
iA e d

i

∞
− λα

−∞

πλ= − πρ λ +
π λ π π + θ π λ − θ∫  

 0 0( (sh sh ( )1 ( )
ch ( ) ch ( )2

i ii
iA e e d

∞
− α −α α +α+

−∞

πλ π λ + ρ
+ Φ λ + λ

λ π λ + θ π λ − θπ ∫ [ ] , 

äå 

 0 1 2
0

1 2

1 1 1,          arctg ( cth )
sin

p
A

G G
∞µ − ν − ν = + ρ = µ πθ πρ π 

. 

Ï³ñëÿ ïåðåòâîðåíü çíàõîäèìî ð³çíèöþ òàíãåíö³àëüíèõ ïåðåì³ùåíü ãðàíè÷-
íèõ òî÷îê ï³âïëîùèí ó çîí³ êîíòàêòíîãî òèñêó 

 
2

2
0

3 1
2 2

2 2 (1 4 ) cos ( ) ( )

1 sh 2

A a i
u

i

θ ε + θ π ρ − γ Γ γ + θ
∆ = ×

   + µ πθ Γ + γ Γ + θ   
   

 

 
1
2

2 1
3, ; ; ,   
2

a r a rF i i a r a
+ γ− −   × γ + θ γ − θ + γ − ε ≤ <   ε ε   

. (37) 

Ç îãëÿäó íà òå, ùî ã³ïåðãåîìåòðè÷íà ôóíêö³ÿ 2 1
3, ; ;
2

a rF i i − γ + θ γ − θ + γ ε 
, 

ÿêà âõîäèòü äî âèðàçó (37), ïðè çàäàíèõ çíà÷åííÿõ ñâî¿õ ïàðàìåòð³â ³ 
àðãóìåíòó ïðèéìàº ò³ëüêè ä³éñí³ äîäàòí³ çíà÷åííÿ, ó âñ³õ òî÷êàõ îáëàñò³ 
êîíòàêòó á³ëÿ êîíòóðó òð³ùèíè a r a− ε ≤ <  ð³çíèöÿ ïåðåì³ùåíü u∆  ³ç (37) 
çàâæäè º äîäàòíîþ: 0u∆ > , ùî ï³äòâåðäæóº ïðèïóùåííÿ (6) ïðî íàïðÿì 
â³äíîñíîãî ðóõó ïîâåðõîíü òð³ùèíè â îáëàñò³ êîíòàêòó òà âèá³ð çíàêà ïðè 

0µ  ó êðàéîâ³é óìîâ³ (4). 

Ðåçóëüòàòè îá÷èñëåíü. ×èñëîâ³ çíà÷åííÿ â³äíîñíî¿ øèðèíè îáëàñò³ 
êîíòàêòó /aε  ³ êîåô³ö³ºíòà ³íòåíñèâíîñò³ íàïðóæåíü IIK , ÿê³ îá÷èñëåí³ çà 

ôîðìóëàìè (26) ³ (34) ïðè ð³çíèõ çíà÷åííÿõ êîåô³ö³ºíòà òåðòÿ 0µ  ³ â³äíî-

øåííÿõ ìîäóë³â çñóâó 1 2/G G  äëÿ âèïàäêó 1 2 0.3ν = ν = , ïîäàíî â òàáë. 1, 2. 

Ïðèïóùåííÿ, ùî / 1aε  , çðîáëåíå ïðè àñèìïòîòè÷íîìó ñïðîùåíí³ ³íòåã-
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ðàëüíîãî ð³âíÿííÿ, ï³äòâåðäæóºòüñÿ òàáëè÷íèìè äàíèìè âåëè÷èíè /aε , 

ÿêà ïðè 1 2 00.3,  0.5ν = ν = µ =  íàáóâàº ñâîãî íàéá³ëüøîãî çíà÷åííÿ /aε =  
81.56 10−= ⋅  ó âèïàäêó, êîëè îäèí ³ç ï³âïðîñòîð³â º àáñîëþòíî æîðñòêèì 

( 1 2/G G = ∞ ). Ç³ çðîñòàííÿì êîåô³ö³ºíòà òåðòÿ 0µ  ³ â³äíîøåííÿ ìîäóë³â 

çñóâó 1 2/G G  ìàòåð³àë³â ï³âïðîñòîð³â â³äíîñíà øèðèíà îáëàñò³ êîíòàêòó 

/aε  ³ êîåô³ö³ºíò ³íòåíñèâíîñò³ íàïðóæåíü IIK  çá³ëüøóþòüñÿ. 

 Таблиця 1  
 /aε  

1 2/G G  

0µ  
1.5 2 4 10 ∞  

0 9.31 3910−⋅  9.99 2410−⋅  1.15 1310−⋅  2.80 1010−⋅  1.44 810−⋅  

0.25 9.38 3910−⋅  1.01 2310−⋅  1.18 1310−⋅  2.88 1010−⋅  1.50 810−⋅  

0.5 9.44 3910−⋅  1.02 2310−⋅  1.20 1310−⋅  2.98 1010−⋅  1.56 810−⋅  

 Таблиця 2  
 

IIK  

1 2/G G  

0µ  
1.5 2 4 10 ∞  

0 1.130 1.132 1.141 1.152 1.164 

0.25 1.137 1.144 1.163 1.183 1.203 

0.5 1.144 1.157 1.186 1.216 1.245 

 Òàêèì ÷èíîì, øèðèíà îáëàñò³ êîíòàêòó ïîâåðõîíü êðóãîâî¿ òð³ùèíè, ÿê 
³ ó âèïàäêó ïëîñêî¿ äåôîðìàö³¿, íà äåê³ëüêà ïîðÿäê³â ìåíøà â³ä õàðàêòåð-
íîãî ðîçì³ðó òð³ùèíè. Ç îãëÿäó íà íàäçâè÷àéíî ìàëèé ðîçì³ð îáëàñò³ êîí-
òàêòíîãî òèñêó óðàõóâàííÿ êîíòàêòó íå âïëèâàº íà íàïðóæåíî-äåôîðìîâà-
íèé ñòàí ï³âïðîñòîð³â ïîçà ìàëèì îêîëîì êîíòóðó òð³ùèíè. Ïðîòå ââåäåííÿ 
îáëàñò³ êîíòàêòó, ïî-ïåðøå, äîçâîëÿº óíèêàòè ô³çè÷íèõ ñóïåðå÷íîñòåé 
ùîäî ïåðåêðèòòÿ ¿¿ ïîâåðõîíü ³, ïî-äðóãå, äàº ìîæëèâ³ñòü êîðåêòíî âèçíà-
÷èòè êîåô³ö³ºíò ³íòåíñèâíîñò³ çñóâíèõ íàïðóæåíü. 
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КРУГОВАЯ МЕЖФАЗНАЯ ТРЕЩИНА В УСЛОВИЯХ ФРИКЦИОННОГО 
КОНТАКТА ПОВЕРХНОСТЕЙ 
 
Ðàññìîòðåíî íàïðÿæåííîå ñîñòîÿíèå äâóõ æåñòêî ñîåäèíåííûõ ìåæäó ñîáîé 
óïðóãèõ ïîëóïðîñòðàíñòâ èç ðàçíûõ ìàòåðèàëîâ, íà ãðàíèöå ðàçäåëà êîòîðûõ 
íàõîäèòñÿ êðóãîâàÿ òðåùèíà. Ó÷òåíû êîíòàêò ïîâåðõíîñòåé òðåùèíû âáëèçè 
åå êîíòóðà è ñèëû òðåíèÿ â îáëàñòè êîíòàêòà. Ñ ïðèìåíåíèåì ìåòîäà Âèíåðà − 
Õîïôà ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ çàäà÷è ïîëó÷åíî â çàìêíóòîé ôîðìå. Íà-
éäåíû â ÿâíîì âèäå ðàçìåð îáëàñòè êîíòàêòà ïîâåðõíîñòåé òðåùèíû, ðàñïðåäå-
ëåíèå íàïðÿæåíèé â îáëàñòè êîíòàêòà è íà ãðàíèöå ðàçäåëà ïîëóïðîñòðàíñòâ 
âíå òðåùèíû. 
 
CIRCULAR INTERFACE CRACK WITH FRICTIONAL CONTACT OF FACES 
 
The stressed state of two rigidly connected elastic half-spaces from different materials 
with a circular crack on the interface is studied. The contact of crack faces close to its 
contour is taken into account. Friction forces are considered in the contact zone. Using 
Winner − Hopf’s method, the solution to the integral equation of the problem is obtained 
in the closed form. The size of contact region of the crack faces and the distribution 
of stresses in it and on the interface of half-spaces outside of the crack are found 
explicitly. 
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