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МОДИФІКОВАНІ ТРИТОЧКОВІ РІЗНИЦЕВІ СХЕМИ ВИСОКОГО ПОРЯДКУ 
ТОЧНОСТІ ДЛЯ CИСТЕМ ЗВИЧАЙНИХ ДИФЕРЕНЦІАЛЬНИХ РІВНЯНЬ 
ДРУГОГО ПОРЯДКУ З МОНОТОННИМ ОПЕРАТОРОМ 
 

Äëÿ íåë³í³éíèõ êðàéîâèõ çàäà÷ ç ìîíîòîííèì îïåðàòîðîì ïîáóäîâàíî òðè-
òî÷êîâ³ ð³çíèöåâ³ ñõåìè âèñîêîãî ïîðÿäêó òî÷íîñò³ íà íåð³âíîì³ðí³é ñ³òö³. 
Äîâåäåíî ³ñíóâàííÿ òà ºäèí³ñòü ðîçâ’ÿçêó òðèòî÷êîâèõ ð³çíèöåâèõ ñõåì, 
îòðèìàíî îö³íêó òî÷íîñò³ ÿê ñòîñîâíî äî ðîçâ’ÿçêó ( )xu , òàê ³ äî ïîòîêó 

( ) /K x d dxu . 

 
Òðèòî÷êîâ³ ð³çíèöåâ³ ñõåìè (ÒÐÑ) âèñîêîãî ïîðÿäêó òî÷íîñò³ íà ð³âíî-

ì³ðí³é ñ³òö³ äëÿ ñèñòåì çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü (ÇÄÐ) äðóãîãî 
ïîðÿäêó ðîçðîáëåíî ó ðîáîò³ [1], à ó âèïàäêó ñèñòåì ÇÄÐ ç ìîíîòîííèì îïå-
ðàòîðîì – ó [2]. 

Ìîäèô³êîâàí³ ÒÐÑ âèñîêîãî ïîðÿäêó òî÷íîñò³ íà íåð³âíîì³ðí³é ñ³òö³ 
äëÿ ñêàëÿðíèõ ÇÄÐ äðóãîãî ïîðÿäêó ïîáóäîâàíî òà îá´ðóíòîâàíî ó ðîáîòàõ 
[3, 7]. Ö³ ðåçóëüòàòè ó [6] áóëè óçàãàëüíåí³ íà âèïàäîê äèôåðåíö³àëüíèõ 
ð³âíÿíü, ïðàâà ÷àñòèíà ÿêèõ ì³ñòèòü ïîõ³äíó. 

Ó ö³é ðîáîò³ ïîáóäîâàíî ÒÐÑ ïîðÿäêó òî÷íîñò³ 2 ( 1)/2m m= +[ ]  (òóò 

a[ ] – ö³ëà ÷àñòèíà ÷èñëà a ) äëÿ ñèñòåì ÇÄÐ 

 1 2( ) , , ,   (0,1),   (0) ,   (1)d d dK x x x
dx dx dx

   = − ∈ = =     
u uu u uf μ μ , (1) 

äå ìàòðèöÿ 
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n
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1
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çàäîâîëüíÿþòü óìîâè 
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1 2( ) ,              ,     0,1nc K x c x≤ ≤ ∀ ∈ ∈u u u u u [ ]( )  , (2) 

 0   ( ) ( , , ) 0,1                , n
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≤ + + ξ ∀ ∈ ∈∑u u [ ]( )  ,  (4) 
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3( , , ) ( , , ),x x c− − ≤ − + −u v u v u v( ) ( )f f     

 
2
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0,1     , , , ,     

1
nx c π∀ ∈ ∈ <

π +
u v[ ],    , (5) 

( , )u v  – ñêàëÿðíèé äîáóòîê â 1/2; ( , )n =u u u  – íîðìà âåêòîðà; 0,1pQ [ ]  – 
êëàñ ôóíêö³é ç êóñêîâî-íåïåðåðâíèìè ïîõ³äíèìè äî p -ãî ïîðÿäêó âêëþ÷íî 

ç³ ñê³í÷åííîþ ê³ëüê³ñòþ òî÷îê ðîçðèâó ïåðøîãî ðîäó; 2 1 2( ) 0,1 ;  ,rg x L c c∈ [ ] ,  

3 , rc C  – íåâ³ä’ºìí³ ñòàë³.  
Óìîâè (2)–(5) ãàðàíòóþòü ³ñíóâàííÿ òà ºäèí³ñòü ðîçâ’ÿçêó çàäà÷³ (1). Ó 

òî÷êàõ ðîçðèâó âèìàãàºìî âèêîíàííÿ óìîâ íåïåðåðâíîñò³ ðîçâ’ÿçêó ( )xu  òà 

ïîòîêó ( ) dK x
dx
u . 



33 

Âèáåðåìî íåð³âíîì³ðíó ñ³òêó (0,1),  1, 2, , 1,  h j jx j N hω = ∈ = − =
 {  

1 1 20,  1j j Nx x h h h−= − > + + + = }  òàê, ùîá òî÷êè ðîçðèâó ìàòðèö³ ( )K x  

òà âåêòîð-ôóíêö³¿ ( , , )x uf   çá³ãàëèñü ç âóçëàìè ñ³òêè. 
Àíàëîã³÷íî äî ñêàëÿðíîãî âèïàäêó [6] òî÷íà òðèòî÷êîâà ð³çíèöåâà ñõå-

ìà áóäå ìàòè âèãëÿä 
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ôóíêö³¿ ( , ),  ( , )j jx xα αu uw   – ðîçâ’ÿçêè çàäà÷ Êîø³ 
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j j
x x j Nα αα α+ − + −

= = α = = −w u u , (9) 

 
1( , ) ( ) ( , ) ( ) ( ) ( , )j j j j j

j jx x x V x V x x
−

α α α α α= + −u u w u w u
Y [ ] , 

 2 1,j jx x x− +α − +α∈ [ ] , 

 
1 11

1 1 2 1 1( ) ( ) ( ) ( ) ( ) ( ) ( )j j j j
j j j jx V x V x x V x V x x

− −−
−= +u u u

 [ ] [ ] , 

 1,j jx x x−∈ [ ] . 

 
Çàçíà÷èìî, ùî äëÿ òî÷íîãî ðîçâ’ÿçêó çàäà÷³ (1) ñïðàâäæóºòüñÿ ð³âí³ñòü 

 2 1( ) ( , ),    , ,   1,2,   1,2, , 1j
j jx x x x x j Nα − +α − +α= ∈ α = = −u u Y [ ] . (10) 

Äëÿ ïîáóäîâè ÒÒÐÑ (6), (7) j hx∀ ∈ ω


 íåîáõ³äíî ðîçâ’ÿçàòè äâ³ çàäà÷³ 

Êîø³ (8), (9): îäíó ( 1)α =  âïåðåä íà â³äð³çêó 1,j jx x−[ ] , à äðóãó ( 2)α =  – 

íàçàä íà â³äð³çêó 1,j jx x +[ ] , ïðè÷îìó îáèäâ³ ìàþòü ãëàäê³ êîåô³ö³ºíòè. Çà-

ñòîñóºìî äëÿ ¿õ ÷èñåëüíîãî ðîçâ’ÿçóâàííÿ ìåòîä ðîçâèíåííÿ ó ðÿä Òåéëîðà. 

Çàóâàæèìî, ùî ôóíêö³¿ ( , ),  ( , ),  1,2j jx xα α α =u uw  , ÿê³ º ðîçâ’ÿçêàìè ñèñ-

òåìè (8), çàëåæàòü â³ä ïàðàìåòð³â ( ) ( , )j j
jxα α α≡ ≡u ub b w , òîáòî ( , )j xα ≡w u  

( , , ),  ( , ) ( , , ),  1,2j j jx x xα α α α α≡ ≡ α =w u b u u b  . Òîä³ àëãîðèòì ðîçâ’ÿçóâàííÿ 

çàäà÷³ (8), (9) ìàº âèãëÿä: 
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1°. Ïîñë³äîâíî äèôåðåíö³þþ÷è (8), çíàõîäèìî ïîõ³äí³  
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. 

2°. Âèçíà÷àºìî íàáëèæåíå çíà÷åííÿ ïàðàìåòð³â αb : 
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3°. Îá÷èñëþºìî íàáëèæåíèé ðîçâ’ÿçîê çàäà÷³ (8), (9): 
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Ñïðàâäæóºòüñÿ 
Ëåìà 1. Íåõàé 
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Òîä³ âèêîíóþòüñÿ òàê³ ñï³ââ³äíîøåííÿ: 
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Ä î â å ä å í í ÿ. Äëÿ äîâåäåííÿ ð³âíîñò³ (11) ðîçâèíåìî ôóíêö³¿, ùî 
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Îñê³ëüêè 
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Ìåòîäîì ìàòåìàòè÷íî¿ ³íäóêö³¿ äîâåäåìî ð³âíîñò³ 

 ( 1)
1( ),         2,3, ,s s

jO h s m−
α α − +α= + = b b . (14) 

Äëÿ 2s =  ìàºìî 

 (1) 2
1( )jO hα α − +α= +b b . 

Ïðèïóñòèìî, ùî ð³âí³ñòü (14) ñïðàâäæóºòüñÿ äëÿ 1s q= −  ³ äîâåäåìî ¿¿ 
âèêîíàííÿ äëÿ s q= . Îñê³ëüêè 

 

( 1)1
1 ( 1)( ) ( )

2

( , , )( 1)
( , )

!

p j qpq
j jq q j

j p
p

d xh
x

p dx

α
−α +

α α− +α + −
α α

=

−
= = =∑

w u b
b w u

[ ]
 

 
1

11 ( 1)

2

( , , ( ))( 1)

!

p j qpq jj j

p
p

d x O hh

p dx

α
α +

α α − +α− +α + −

=

+−
= =∑

[ ] w u b
 

 
1

1 ( 1) 2
1

2

( , , )( 1)
( )

!

p jpq
j j q

jp
p

d xh
O h

p dx

α
α +

α α− +α + − +
− +α

=

−
= +∑

[ ] w u b
, 

òî 

 
1

1 ( 1)

2

( , , )( 1)

!

p jpq
j j

p
p

d xh

p dx

α
α +

α α− +α + −
α

=

−
= +∑

w u b
b

[ ]
 

 

( 1)

1

1

( , )1 ( )
!

j

j

x q j
q

j q
x

d t
x t dt

q dt
α+ −

+
α α

+
+ − =∫

w u, b
 

 ( ) 1 ( ) 1
1 1( , ) ( ) ( )q j q q q

j j jx O h O h+ +
α − +α α − +α= + = +w u b . 

Êð³ì òîãî, 

 

( 1)1
1 ( 1)( )

2

( , , )( 1)
( , )

!

p j mp
m

j jm j
j p

p

d xh
x

p dx

α
−α +

α α− +α + −
α

=

−
= =∑

w u b
w u

[ ]
 

 
1

1 ( 1) 2
1

2

( , , )( 1)
( )

!

p jp
m

j j m
jp

p

d xh
O h

p dx

α
α +

α α− +α + − +
− +α

=

−
= +∑

[ ] w u b
, 

 

11
1 ( 1)( )

1

( , , )( 1)
( , )

!

p j mp
m

j jm j
j p

p

d xh
x

p dx

α
−α +

α α− +α + −
α

=

−
= =∑

u b
u




[ ]
 

 
1

1 ( 1) 1
1

1

( , , )( 1)
( )

!

p jp
m

j j m
jp

p

d xh
O h

p dx

α
α +

α α− +α + − +
− +α

=

−
= +∑

[ ] u b
. 



36 

Òàêèì ÷èíîì,  
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Ëåìó äîâåäåíî. ◊ 
Çàì³ñòü ÒÒÐÑ (6), (7) ìîæíà òåïåð ñêîðèñòàòèñü ÒÐÑ m -ãî ðàíãó âè-

ãëÿäó 
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Äëÿ äîâåäåííÿ ³ñíóâàííÿ ³ ºäèíîñò³ ðîçâ’ÿçêó ÒÐÑ (15), à òàêîæ äëÿ 
âñòàíîâëåííÿ ¿¿ òî÷íîñò³ íåîáõ³äíà  

Ëåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 1. Òîä³ ìàþòü ì³ñöå îö³íêè  
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ÿêùî m  – ïàðíå. 
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Ä î â å ä å í í ÿ. Íåð³âí³ñòü (16) âèïëèâàº ç (11). Ñïðàâä³,  
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Çà ëåìîþ 1 ìàºìî  
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. (20) 

Ñï³ââ³äíîøåííÿ (19), (13), (20) ³ 
1 11 2

1 1( 1)
( ) ( )j

j j jj
V x h K O hα

− −−
α −α + −α ++ −

= +[ ] [ ]  ïðè 

íåïàðíîìó m  çâîäÿòüñÿ äî 

 
1 2

1 2 1( )
1 2

( , )1( , ) ( , )
( 2) !

m m j
j jm

j j j m
j

h d x
x x K

m dx

+ +
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− = − +

w u
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m m j m m j
j j j j

j m m

h d x h d x
K

m mdx dx
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m m j m m
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m dx
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− +

+
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, (21) 

à ïðè ïàðíîìó m  – äî âèðàçó 
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1 1 1

( , )1( , ) ( , )
( 1) !

m j
jm m

j j j j m
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x x h K

m dx
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. (22) 

Ç³ ñï³ââ³äíîøåíü (10) ìàºìî 
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Òîä³ 
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−
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− −−
−

− ∈
1
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2 1 11

2 1

( )
( , ),       ,

( )
w u [ ] . 

Ïðîäèôåðåíö³þâàâøè öþ ð³âí³ñòü ³ ïîìíîæèâøè íà K x( ) , îòðèìàºìî 

 
j j

j jj j
j jj

j

x x
x x x x x
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−
−−

−

+
= + ∈

1
1 2 11

1 2 1
1

( , ) ( , )
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Îñê³ëüêè çà óìîâ ëåìè âèêîíóþòüñÿ ñï³ââ³äíîøåííÿ 
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d x d x
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2
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j j jm

d x
O h x x x

dx

+ −

−+
= + ∈ [ ]

w u
, 

òî çã³äíî ç ð³âí³ñòþ j j jK K O h− = +1 ( )  îòðèìàºìî 

 
1 1 1

1 1 2

1 1

( 0, ) ( 0, )
( )

m j m j
j j

jm m

d x d x
O h

dx dx

+ + −
−
+ +

+ −
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 u u
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1 1 1

1 1 2
1 1 1

( 0, ) ( 0, )
( 0) ( 0) ( )

m j m j
j j

j j jm m

d x d x
K x K x O h

dx dx
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−

− + +

+ −
+ = − +

w u w u
. (23) 

Ç óðàõóâàííÿì (23) ç³ ñï³ââ³äíîøåíü (21), (22) âèïëèâàþòü îö³íêè (17), (18). ◊ 

 Ó ïðîñòîð³ ñ³òêîâèõ ôóíêö³é ââåäåìî ñêàëÿðí³ äîáóòêè 

 
h h

h h

h+
+

ω ω
ξ∈ω ξ∈ω

= ξ ξ ξ = ξ ξ ξ∑ ∑( , ) ( ) ( ( ), ( )),        ( , ) ( ) ( ( ), ( )) 
 

u v u v u v u v  

òà â³äïîâ³äí³ íîðìè 

 
h hh h

+ +ω ωω ω
= = 1/21/2

0,2, 0,2,( , ) ,         ( , )  u u u u u u , 

 
1/2

22
1,2, 0,2, 0,2,

,         
h h h

x h h Nx+
+

ω ω ω
 = + ω = ω 
 

  
  u u u . 

Íà îñíîâ³ ïîïåðåäí³õ òâåðäæåíü äîâåäåìî òåîðåìó. 

 Tåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (2)–(5) òà óìîâè ëåìè 1. Òîä³ 

h∃ >0 0  òàêå, ùî 01 1
: max

N
j jj j N

h h h h= ≤ ≤
∀ = ≤{ } , ³ ÒÐÑ (15) ìàòèìå ºäèíèé 

ðîçâ’ÿçîê, òî÷í³ñòü ÿêîãî õàðàêòåðèçóºòüñÿ îö³íêîþ 
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m m m j m

j j x j j m j m
j jm j
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d x h x
K x x

dx V x
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= +

( ) ( ) ( ) ( )
, 1 , ( ) ( )

1 ,( )
1

( ) ( )
( ) ( )

( )

y y w y
y , 

ñòàëà M  íå çàëåæèòü â³ä h . 

 Ä î â å ä å í í ÿ. Ðîçãëÿíåìî îïåðàòîð 

 m m m m m
h h h x xA x B x B A= − = −( ) ( ) ( ) ( ) ( )

   ( , ) ( , ),        ( ) u u u u u . 

Ç (16)–(18) âèïëèâàº ñï³ââ³äíîøåííÿ 
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h
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h
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äå ( , ) ( , ),   ( )h h h x xA x B x B A= − = − u u u u u . Òîä³ çã³äíî ç íåð³âí³ñòþ  
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2
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  1 0,2,( , ) ( , ), 8 u v u v u v u v

B
( ) , (24) 

äå ñòàë³ 1 0,  0c c> > . Òàêèì ÷èíîì, çà óìîâè h h≤ 0  îïåðàòîð m
h x( )

 ( , )uA  º 

ñèëüíî ìîíîòîííèì, ³ ïðè h h≤ 0  ÒÐÑ (15) ìàº ºäèíèé ðîçâ’ÿçîê m x( )( )y , 

hx ∈ ω


 (äèâ. [5, ñ. 461]).  

Äëÿ ïîõèáêè m
hx x x x= − ∈ ω( )( ) ( ) ( ),  

z y u , áóäåìî ìàòè çàäà÷ó  

 m m m m
x xA x x x x+ − =( ) ( ) ( ) ( )( ) ( ) ( , ) ( , )z y u[ ]    

 m m
x xx x A x A x x= − + − = =( ) ( )( , ) ( , ) ( ( ) ( )) ( ) ,   (0) (1) 0u u u z z[ ]  . (25) 

Ç (25) îòðèìàºìî 
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Ç óðàõóâàííÿì (24) ñïðàâäæóºòüñÿ îö³íêà  
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Çà äîïîìîãîþ íåð³âíîñò³ Êîø³ – Áóíÿêîâñüêîãî, âèêîðèñòîâóþ÷è (16)–(18), 
îö³íèìî ïðàâó ÷àñòèíó ð³âíîñò³ (26): 
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 Äëÿ ðîçâ’ÿçóâàííÿ íåë³í³éíî¿ ÒÐÑ m -ãî ïîðÿäêó òî÷íîñò³ (15) çàñòîñó-
ºìî ³òåðàö³éíèé ìåòîä. 

 Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 1. Òîä³ 
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  çá³ãàºòüñÿ ³ äëÿ ïîõèáêè âèêîíóºòüñÿ îö³íêà 
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−
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 Ä î â å ä å í í ÿ àíàëîã³÷íå äî äîâåäåííÿ òåîðåìè 4 ç ðîáîòè [6] äëÿ 
ñêàëÿðíîãî âèïàäêó ( 1n = ). 

 Çàóâàæåííÿ. Ðåçóëüòàòè ðîáîòè ñïðàâäæóþòüñÿ äëÿ êðàéîâèõ çàäà÷ 

 ( ) 1 2( ) , ,    (0,1),    (0) ,    (1)d dK x x x
dx dx

  = − ∈ = =  
u f u u uμ μ  

çà óìîâ 

 1( ) ( ),        ( ) 0,1rsK x K x k x Q∗= ∈ [ ] , 

 2 2
1 2( ) ,       ,       0,1nc K x c x≤ ≤ ∀ ∈ ∈u u u u u [ ]( )  , 

 0( ) ( , ) 0,1              n
r rf x f x Q≡ ∈ ∀ ∈u u u[ ]  , 

 ( ) ( , ) ( )              0,1n
rx rf f x C x≡ ∈ ∀ ∈u u [ ] , 

 
1

( , ) ( )         0,1 ,     
n

n
r r r p

p

f x g x C u x
=

≤ + ∀ ∈ ∈∑u u[ ]  , 

 2
3 3 1( , ) ( , ),    0,1 ,   , ,    nx x c x c c− − ≤ − ∀ ∈ ∈ < πu v u v u v u vf f [ ]( )  , 

ÿê³ º ñëàáøèìè, í³æ ó [2]. 
 Îòæå, ó ðîáîò³ ïîáóäîâàíî òà îá´ðóíòîâàíî ÒÐÑ íà íåð³âíîì³ðí³é ñ³òö³ 
m -ãî ïîðÿäêó òî÷íîñò³ ÿê â³äíîñíî âåêòîð-ôóíêö³¿ xu( ) , òàê ³ ïîòîêó 

K x d dxu( )  äëÿ çàäà÷³ (1)–(5). Ó ïåðñïåêòèâ³ ïëàíóºòüñÿ ðîçðîáèòè ÒÐÑ 
âèñîêîãî ïîðÿäêó òî÷íîñò³ äëÿ ñèñòåì çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü 
äðóãîãî ïîðÿäêó ç êðàéîâèìè óìîâàìè òðåòüîãî ðîäó. 
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МОДИФИЦИРОВАННЫЕ ТРЕХТОЧЕЧНЫЕ РАЗНОСТНЫЕ СХЕМЫ 
ВЫСОКОГО ПОРЯДКА ТОЧНОСТИ ДЛЯ СИСТЕМ ОБЫКНОВЕННЫХ ДИФФЕРЕНЦИАЛЬНЫХ 
УРАВНЕНИЙ ВТОРОГО ПОРЯДКА С МОНОТОННЫМ ОПЕРАТОРОМ 
 
Äëÿ íåëèíåéíûõ êðàåâûõ çàäà÷ ñ ìîíîòîííûì îïåðàòîðîì ïîñòðîåíû òðåõòî-
÷å÷íûå ðàçíîñòíûå ñõåìû âûñîêîãî ïîðÿäêà òî÷íîñòè íà íåðàâíîìåðíîé ñåòêå. 
Äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ òðåõòî÷å÷íûõ ðàçíîñòíûõ 
ñõåì, ïîëó÷åíà îöåíêà òî÷íîñòè êàê â îòíîøåíèè ðåøåíèÿ xu( ) , òàê è ïîòîêà 

K x d dxu( ) / . 

 
MODIFIED THREE-POINT DIFFERENCE SCHEMES OF HIGH-ORDER 
ACCURACY FOR SYSTEMS OF THE SECOND-ORDER ORDINARY DIFFERENTIAL 
EQUATIONS WITH MONOTONE OPERATOR 
 
For nonlinear boundary-value problems with a monotone operator, three-point differen-
ce schemes of high-order accuracy on the irregular grid are constructed. The existence 
and uniqueness of solution to three-point difference schemes is proved and estimate of 
accuracy of both the solution ( )xu  and flow ( )K x d dxu/  are determined. 
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