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ДЕЯКІ ТИПИ ФІЗИЧНИХ ПОЛІВ У КОНУСІ З НЕОДНОРІДНІСТЮ 
У ВИГЛЯДІ СФЕРИЧНОГО СЕГМЕНТА 
 

Øëÿõîì ñóì³ñíîãî çàñòîñóâàííÿ ìåòîäó ïîòåíö³àëó é óçàãàëüíåíîãî ìåòîäó 
Ôóð’º îòðèìàíî ðîçâ’ÿçîê çàäà÷³ ïðî âèçíà÷åííÿ åëåêòðîñòàòè÷íîãî ïîëÿ, 
ñòâîðþâàíîãî çàðÿäæåíèì êîíóñîì ³ òîíêèì ñôåðè÷íèì ñåãìåíòîì, à òàêîæ 
çàäà÷³ ïðî âèçíà÷åííÿ ïîëÿ íàïðóæåíü, ñòâîðþâàíîãî àáñîëþòíî òâåðäèì 
ñôåðè÷íèì ñåãìåíòîì, óïàÿíèì ó ïðóæíå òâåðäå ò³ëî êîí³÷íî¿ ôîðìè, äî 
ÿêîãî ïðèêëàäåíî îáåðòîâèé ìîìåíò. Îáèäâ³ çàäà÷³ çâåäåíî äî ³íòåãðàëüíèõ 
ð³âíÿíü Ôðåäãîëüìà äðóãîãî ðîäó ç íåñê³í÷åííî ãëàäêèìè ÿäðàìè. Ó ïåðø³é 
çàäà÷³ âèêîíàíî ÷èñëîâèé àíàë³ç ù³ëüíîñò³ ðîçïîä³ëó çàðÿäó íà ñôåðè÷íîìó 
ñåãìåíò³ òà ºìíîñò³ ñèñòåìè çàëåæíî â³ä ãåîìåòðè÷íèõ ïàðàìåòð³â, à òà-
êîæ íàâåäåíî çîáðàæåííÿ åêâ³ïîòåíö³àëüíèõ ïîâåðõîíü äîñë³äæóâàíîãî ïîëÿ. 
Ó äðóã³é çàäà÷³ ÷èñåëüíî ðîçâ’ÿçàíî ³íòåãðàëüíå ð³âíÿííÿ òà ïðîâåäåíî àíàë³ç 
çàëåæíîñò³ äîòè÷íèõ íàïðóæåíü íà ñåãìåíò³ â³ä ãåîìåòðè÷íèõ ïàðàìåòð³â. 

 
Åëåêòðîñòàòè÷í³, òåìïåðàòóðí³ òà òåðìîïðóæí³ ïîëÿ äëÿ îäíîð³äíîãî 

êîíóñà ³ ïðîñòîðó ç íåîäíîð³äí³ñòþ ó âèãëÿä³ ñôåðè÷íîãî ñåãìåíòà âèâ÷àëè-
ñÿ ðÿäîì àâòîð³â ð³çíèìè ï³äõîäàìè. Äëÿ äîñë³äæåííÿ ïîë³â ïåðåì³ùåíü 
ïðè êðó÷åíí³ îäíîð³äíîãî êîíóñà â ðîáîòàõ [6, 14] âèêîðèñòîâóâàëè ³íòåã-
ðàëüíå ïåðåòâîðåííÿ Ìåëë³íà ñóì³ñíî ç ìåòîäîì Â³íåðà – Ãîïôà. Êðó÷åííÿ 
ïðóæíîãî ïðîñòîðó ç³ ñôåðè÷íèì âèð³çîì ó ðîáîò³ [13] âèâ÷åíî ìåòîäîì 
Ôóð’º ó òîðî¿äíèõ êîîðäèíàòàõ çà äîïîìîãîþ ïåðåòâîðåííÿ Ìåëåðà – Ôî-
êà. Ó ìîíîãðàô³¿ [3] íàâåäåíî ðîçâèíóò³ ¿¿ àâòîðàìè ìåòîäè äîñë³äæåííÿ 
òåìïåðàòóðíèõ ³ òåðìîïðóæíèõ ïîë³â ó ïðîñòîð³ ç ðîçð³çàìè, ÿê³ áàçóþòüñÿ 
íà òåîð³¿ ïîòåíö³àëó. Ïðóæíèé ïðîñò³ð ç³ ñôåðè÷íèì ðîçð³çîì äîñë³äæóâà-
ëè ð³çíèìè ï³äõîäàìè (äèâ. á³áë³îãðàô³þ ó [10]). Íàïðóæåíî-äåôîðìîâàíèé 
ñòàí òðàíñâåðñàëüíî-³çîòðîïíîãî ïîðîæíèñòîãî êîíóñà ðîçãëÿíóòî â ðîáîò³ 
[5] íà îñíîâ³ îäíîãî ç âàð³àíò³â àñèìïòîòè÷íîãî ìåòîäó, ùî ñïèðàºòüñÿ íà 
îäíîð³äí³ ðîçâ’ÿçêè ð³âíÿíü àí³çîòðîïíî¿ òåîð³¿ ïðóæíîñò³. 
 ²ç ðîá³ò, ïðèñâÿ÷åíèõ âèâ÷åííþ ô³çè÷íèõ ïîë³â ó êàíîí³÷íèõ ò³ëàõ ç 
íåîäíîð³äí³ñòþ ó âèãëÿä³ ñôåðè÷íîãî ñåãìåíòà, âèä³ëèìî òàê³. Åëåêòðîñòà-
òè÷íå ïîëå ñôåðè÷íîãî ñåãìåíòà, ðîçì³ùåíîãî ïîáëèçó êîí³÷íîãî ïðîâ³äíè-
êà, äîñë³äæóâàâ ß. Ñ. Óôëÿíä [12, 11]. Äëÿ öüîãî áóëî âèêîðèñòàíî ìåòîä 
ïàðíèõ ðÿä³â çà ôóíêö³ÿìè Ëåæàíäðà ç íåö³ëèìè ³íäåêñàìè. Öåé ï³äõ³ä º, 
âëàñíå êàæó÷è, îäí³ºþ ç ìîäèô³êàö³é ìåòîäó îäíîð³äíèõ ðîçâ’ÿçê³â ³ ìîæå 
áóòè çàñòîñîâàíèé ò³ëüêè ïðè îäíîð³äíèõ óìîâàõ íà ïîâåðõí³ êîíóñà. Äëÿ 
äîñë³äæåííÿ çàäà÷ òåîð³¿ ïîòåíö³àëó äëÿ øàðó òà öèë³íäðà ç³ ñôåðè÷íèì 
ñåãìåíòîì âèêîðèñòîâóâàëè óçàãàëüíåíèé ìåòîä Ôóð’º [2, 8]. Ïðè äîâ³ëüíèõ 
óìîâàõ íà ãðàíèö³ îáëàñò³ ³ñòîòíèì íåäîë³êîì òàêîãî ï³äõîäó º òå, ùî óçà-
ãàëüíåíèé ìåòîä Ôóð’º ìîæå áóòè çàñòîñîâàíèì ò³ëüêè ó âèïàäêó, êîëè 
ïîâíà ñôåðè÷íà ïîâåðõíÿ, äî ÿêî¿ íàëåæèòü ñôåðè÷íèé ñåãìåíò, íå ïåðåòè-
íàºòüñÿ ç ãðàíèöÿìè øàðó òà öèë³íäðà. Îñòàííº îáìåæåííÿ º çóìîâëåíå 
ñàìèì ìåòîäîì, àëå íå âèïðàâäàíî ç ô³çè÷íèõ ì³ðêóâàíü. Ó ðîáîò³ [7] çà 
äîïîìîãîþ óçàãàëüíåíîãî ìåòîäó Ôóð’º ñóì³ñíî ç ìåòîäîì ïîòåíö³àëó äëÿ 
ï³âïðîñòîðó òà ñôåðè÷íîãî ñåãìåíòà âäàëîñÿ çâ³ëüíèòèñÿ â³ä çàçíà÷åíèõ 
âèùå îáìåæåíü.  
 Ó ö³é ðîáîò³ ï³äõ³ä, çàïðîïîíîâàíèé ó [7], ðîçâèíóòî íà ³íøèé òèï îá-
ëàñò³. Éîãî ðåàë³çàö³ÿ ïðî³ëþñòðîâàíà íà ïðèêëàä³ âèçíà÷åííÿ äâîõ òèï³â 
ïîë³â: åëåêòðîñòàòè÷íîãî ïîëÿ â ñèñòåì³ ñôåðè÷íèé ñåãìåíò – êîíóñ, à òà-
êîæ ïîëÿ ïåðåì³ùåíü ïðè êðó÷åíí³ ïðóæíîãî êîíóñà òâåðäèì ñôåðè÷íèì 
ñåãìåíòîì. 

 1. Ðîçãëÿíåìî ñèñòåìó çàðÿäæåíèõ ò³ë, ÿêà ñêëàäàºòüñÿ ç òîíêîãî ñôå-
ðè÷íîãî ñåãìåíòà Γ  ðàä³óñà R  ç êóòîì ðîçõèëó 2β  ³ êîíóñà ç êóòîì ðîçõè-
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ëó 2α  ( )α > β . Ââàæàºìî, ùî âåðøèíà êîíóñà ðîçì³ùåíà â öåíòð³ ñôåðè÷-
íîãî ñåãìåíòà ³ ðîçãëÿäóâàíà ñèñòåìà ò³ë ìàº îñüîâó ñèìåòð³þ. Óâåäåìî 
ñôåðè÷íó ñèñòåìó êîîðäèíàò ( , , )r θ ϕ  ç ïî÷àòêîì ó âåðøèí³ êîíóñà òà â³ññþ 

Oz , ùî çá³ãàºòüñÿ ç çàçíà÷åíîþ â³ññþ ñèìåòð³¿. Ð³âíÿííÿ êîí³÷íî¿ ïîâåðõí³ 
òîä³ çàïèøåòüñÿ ó âèãëÿä³ θ = α . Ïîòåíö³àë u  åëåêòðîñòàòè÷íîãî ïîëÿ 
ðîçãëÿäóâàíî¿ ñèñòåìè ò³ë º ðîçâ’ÿçêîì òàêî¿ êðàéîâî¿ çàäà÷³ äëÿ ð³âíÿííÿ 
Ëàïëàñà: 
 0,       0 ,  0 \u r∆ = ≤ θ < α < < ∞ Γ{ } , (1) 

 1 2( , ) ( ),      0 ,        ( ),      0u r v r r u v
Γ

α = < < ∞ = θ ≤ θ < β , (2) 

äå 1 2( ),  ( )v r v θ  – çàäàíèé îñåñèìåòðè÷íèé ðîçïîä³ë ïîòåíö³àëó íà ïîâåðõí³ 
êîíóñà òà íà ñåãìåíò³. 
 Ðîçâ’ÿçîê êðàéîâî¿ çàäà÷³ (1), (2) áóäåìî øóêàòè ó âèãëÿä³ 

 1/2
1/2

1( , ) ( ) (cos )
2

i
iu r A i r P d

∞
− + τ

− + τ
−∞

 θ = τ Γ − τ θ τ + 
 ∫  
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1
1 1 12 2

0 0

( ) sin
4 2 cos

dR f d
r rR R

β π ϕ
+ θ θ θ

π − γ +
∫ ∫ , (3) 

äå ,  A f  – øóêàí³ ôóíêö³¿; 1 1 1cos cos cos sin sin cos ( )γ = θ θ + θ θ ϕ − ϕ ; 

1/2 (cos )iP− + τ θ  – ôóíêö³ÿ êîíóñà; ( )xΓ  – ãàììà-ôóíêö³ÿ.  

 Äëÿ ôóíäàìåíòàëüíîãî ðîçâ’ÿçêó ð³âíÿííÿ Ëàïëàñà çà óìîâè 1θ > θ  
ñïðàâäæóºòüñÿ òàêà ôîðìóëà äîäàâàííÿ, ùî âèðàæàº éîãî ÷åðåç áàçèñí³ 
ãàðìîí³÷í³ ôóíêö³¿ äëÿ êîíóñà: 

 
2 2

1

2 cosr rR R
=

− γ +
 

 1
1/ 2 1/2 1

00

cos ( ( )) ( / )
( cos ) (cos )

1 ch( )

i
m m

i i
mm

m r R
P P d

rR

∞ τ∞
−

− + τ − + τ
= −∞

ϕ − ϕ
= − θ θ τ

+ δ πτ
∑ ∫ , (4) 

äå mkδ  – ñèìâîë Êðîíåêåðà. Äîâåäåííÿ ð³âíîñò³ (4) áàçóºòüñÿ íà îá÷èñëåíí³ 

êîíòóðíîãî ³íòåãðàëà â³ä ï³ä³íòåãðàëüíî¿ ôóíêö³¿ ó êîìïëåêñí³é τ -ïëîùèí³ 
³ç çàñòîñóâàííÿì òåîð³¿ ëèøê³â. Ïî÷ëåííèì ³íòåãðóâàííÿì îñòàííüî¿ ôîð-
ìóëè çà çì³ííîþ 1ϕ  âíóòð³øí³é ³íòåãðàë ó (3) ïåðåòâîðþºìî äî âèãëÿäó 

 
2

1

2 2
0 2 cos

d

r rR R

π ϕ
=

− γ +
∫  

 1/2 1/2 1
( / )

( cos ) (cos )
ch( )

i

i i
r R

P P d
rR

∞ τ

− + τ − + τ
−∞

= π − θ θ τ
πτ∫ . 

Ï³äñòàâèâøè öåé ðåçóëüòàò ó (3) ³ çàäîâîëüíèâøè ãðàíè÷íó óìîâó íà ïî-
âåðõí³ êîíóñà ç âèêîðèñòàííÿì ôîðìóëè îáåðíåííÿ ïåðåòâîðåííÿ Ìåëë³íà, 
îòðèìàºìî  

 1/2 2
1/2 1 1/2 1 1 1

0

1 ( cos ) ( ) (cos ) sin
4 ch( )

i
i iR P f P R d

β
− − τ

− + τ − + τ− α θ θ θ θ +
πτ ∫  

 1/2
1/2 1

0

1 1( ) (cos ) ( )
2 2

i
iA i P v r r dr

∞
− − τ

− + τ
 + τ Γ − τ α =  π  ∫ . (5) 

Ïðè öüîìó ïîòåíö³àë êîíóñà çàäîâîëüíÿº óìîâó 1/2
1( ) (0, )v r r L− ∈ ∞ . 

 Âèêëþ÷àþ÷è íåâ³äîìó ôóíêö³þ ( )A τ  ³ç (3) çà äîïîìîãîþ (5), ïîòåíö³àë 
ïîäàìî ó âèãëÿä³ 
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1/21/2 1/2

1
1/2 0

(cos )1( , ) ( )
2 (cos )

ii i

i

P
u r r v x x dx d

P

∞ ∞
− + τ− + τ − − τ

− + τ−∞

θ
θ = τ −

π α∫ ∫  

 
1/2

1/2
1 1

1/20

( cos )1( ) sin
4 ch ( ) (cos )

i
i

i

PR rf
R P

β ∞ − + τ
− + τ

− + τ−∞

− α − θ θ × πτ α ∫ ∫  

 1/ 2 1/2 1 1(cos ) (cos )i iP P d d− + τ − + τ× θ θ τ θ +  

 
2

2 1
1 1 12 2

0 0

1 ( ) sin
4 2 cos

d
f R d

r rR R

β π ϕ
+ θ θ θ

π − γ +
∫ ∫ . (6) 

²ç ôîðìóëè (6) âèïëèâàº, ùî äëÿ òîãî ùîá ïîòåíö³àë çàäîâîëüíÿâ ãðàíè÷íó 
óìîâó íà ñåãìåíò³, ù³ëüí³ñòü ðîçïîä³ëó çàðÿäó íà íüîìó ïîâèííà áóòè 
ðîçâ’ÿçêîì ³íòåãðàëüíîãî ð³âíÿííÿ 

 
1

1
1

( )1 ( ),         ( , )
4 MM

f M
d g M R

r
Γ

σ = θ θ ∈ Γ
π ∫∫ , (7) 

äå 

 2
0

( ) ( , ) ( ) sin ( )
4
Rg f d v

β

θ = θ ω ω ω ω + θ −∫ K  

 
1/21/2

1
1/2

(cos )1 ( )
2 (cos )

ii

i

P
R v d

P

∞
− + τ− + τ

− + τ−∞

θ
− τ τ

π α∫  , 

 
1/2

1/2 1/2
1/2

( cos )1( , ) (cos ) (cos )
ch( ) (cos )

i
i i

i

P
P P d

P

∞
− + τ

− + τ − + τ
− + τ−∞

− α
θ ω = θ ω τ

πτ α∫K , 

 1/2
1 1

0

( ) ( ) iv v x x dx
∞

− − ττ = ∫ . 

 Çàïèøåìî ³íòåãðàë ç ë³âî¿ ÷àñòèíè ð³âíÿííÿ (7) ó âèãëÿä³ ðÿäó çà 
ñôåðè÷íèìè ôóíêö³ÿìè, âèêîðèñòîâóþ÷è ðîçâèíåííÿ 

 
1

0

2 2

0

1 (cos ), ,
1 1

2 cos 1 (cos ), .

n

n
n

nMM

n
n

r P r R
R R

r r Rr R R P r R
r r

∞

=

∞

=

  
 γ < 
  

= = 
− γ +   

γ >  
 

∑

∑
 

Ï³ñëÿ çàì³íè (cos )nP γ  çà ôîðìóëîþ äîäàâàííÿ äëÿ ôóíêö³é Ëåæàíäðà [1] 

 1(cos ) (cos ) (cos )n n nP P Pγ = θ θ +  

 1 1
1

2 ( 1) (cos ) (cos ) cos ( ( ))
n

m m m
n n

m

P P m−

=

+ − θ θ ϕ − ϕ∑  

òà ³íòåãðóâàííÿ 
1

1

MMr
 çà çì³ííîþ 1ϕ  ó ïðîì³æêó â³ä 0  äî 2π  äëÿ ïîòåíö³-

àëó ïðîñòîãî øàðó îäåðæóºìî âèðàç 

 
1

1
1 1 1 1 1

0 0

( )1 (cos ) ( ) (cos ) sin
4 2 n n

MM n

f M Rd P f P d
r

β∞

=Γ

σ = θ θ θ θ θ
π ∑∫∫ ∫ , 

 ( , )M R θ ∈ Γ . (8) 

Çàñòîñóºìî äî ôóíêö³¿ ( )f θ  ôîðìóëó ïåðåòâîðåííÿ òèïó äðîáîâîãî 
³íòåãðóâàííÿ ç ïîêàçíèêîì 1/2 [9]: 

 
( ) sin1( )

cos cosu

f t t
u dt

u t

β

ϕ =
π −∫ . 
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Çàçíà÷èìî, ùî îáåðíåíå ïåðåòâîðåííÿ çàäàºòüñÿ ôîðìóëîþ òèïó äðîáîâîãî 
äèôåðåíö³þâàííÿ ç òèì ñàìèì ïîêàçíèêîì: 

 
( ) sin1( )

sin cos cos

t tdf dt
d t

β

θ

ϕθ = −
θπ θ θ −∫ . (9) 

Áåçïîñåðåäí³ì îá÷èñëåííÿì ìîæíà ïåðåêîíàòèñÿ, ùî ³íòåãðàë ó ôîðìóë³ (8) 
ïðè òàêîìó ïåðåòâîðåíí³ òðàíñôîðìóºòüñÿ äî âèãëÿäó 

 1 1 1 1
0 0

2 1( ) (cos ) sin ( ) cos
2nf P d t n t dt

β β
  θ θ θ θ = ϕ +  π   ∫ ∫ . 

Âðàõîâóþ÷è ôîðìóëó (7), çàïèøåìî 

 
1/2

0

2(cos cos ) , ,1(cos ) cos
2 0, .

n
n

t t
P n t

t

−∞

=

 − θ < θ   θ + =   
> θ    

∑
[ ]

 

Òîä³ ïîòåíö³àë ïðîñòîãî øàðó ó ôîðìóë³ (8) ìîæíà ïîäàòè ó âèãëÿä³ ³íòåã-
ðàëà 

 
1

1
1

0

( ) ( )1
4 2 cos cosMM

f M tRd dt
r t

θ

Γ

ϕσ =
π π − θ∫∫ ∫ . 

Òàêèì ÷èíîì, ³íòåãðàëüíå ð³âíÿííÿ (7) ïåðåòâîðåíî äî ð³âíÿííÿ 

 
0

( )1 2 ( ),      0
cos cos

t
dt g

Rt

θ ϕ = θ ≤ θ < β
π − θ∫ . (10) 

Ôóíêö³þ ( )tϕ  ç (10) âèðàçèìî ÷åðåç ( )g θ  çà ôîðìóëîþ, àíàëîã³÷íîþ äî (9): 

 
0

( ) sin2 1( )
cos cos

t
gdt dt

R dt t

θ θϕ =
π θ −∫ . 

Ï³äñòàâèìî ( )g θ  ³ç (7) ³ âèðàçèìî ïðàâó ÷àñòèíó îñòàííüî¿ ôîðìóëè ÷åðåç 

( )tϕ , âèêîðèñòîâóþ÷è ôîðìóëó (9). Ï³ñëÿ äåÿêèõ îá÷èñëåíü îäåðæóºìî òàêå 

³íòåãðàëüíå ð³âíÿííÿ Ôðåäãîëüìà â³äíîñíî ôóíêö³¿ ( )tϕ :  

 0
0

( ) ( , ) ( ) ( ),     [0, ]t t u u du t t
β

ϕ − ϕ = ϕ ∈ β∫ G , (11) 

äå 

 
1/2

1/20

( cos )ch ( ) ch ( )2( , )
ch ( ) (cos )

i

i

Pt u
t u d

P

∞
− + τ

− + τ

− ατ τ
= τ

π πτ α∫G , (12) 

 2
0

0

( ) sin2( )
cos cos

t vdt d
dtR t

θ θ
ϕ = θ −

π θ −∫  

 1/2
12

1/2

ch ( )2 ( )
(cos )

i

i

t
R v d

PR

∞
− + τ

− + τ−∞

τπ− τ τ
απ ∫  . (13) 

 Çàóâàæèìî, ùî ç àñèìïòîòèêè ôóíêö³¿ Ëåæàíäðà ïðè τ → ∞  âèïëèâàº, 
ùî íåâëàñíèé ³íòåãðàë ó ôîðìóë³ (12) ñõîäèòüñÿ àáñîëþòíî ïðè t ≤ β < α , 

u ≤ β < α , ³ ÿäðî ( , )t uG  ³íòåãðàëüíîãî ð³âíÿííÿ (11) º íåñê³í÷åííî äèôåðåí-

ö³éîâíîþ ôóíêö³ºþ ó êâàäðàò³ [0, ] [0, ]β × β . Ö³êàâî â³äì³òèòè, ùî ÿäðî (12) 
çá³ãàºòüñÿ ç ÿäðîì ³íòåãðàëüíîãî ð³âíÿííÿ, îòðèìàíîãî â [11] ³íøèì ìåòî-

äîì. Ó âèïàäêó 
2
πα = , êîëè êîíóñ ïåðåòâîðþºòüñÿ ó ï³âïðîñò³ð, ÿäðî (12) 

îá÷èñëþºòüñÿ ÿâíî: 

 1( , ) sec sec
2 2 2

t u t ut u + −   = +   π     
G . 
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 Äðóãèé äîäàíîê ó ð³âíîñò³ (13) º íåñê³í÷åííî äèôåðåíö³éîâíîþ ôóíê-
ö³ºþ. Òîìó êëàñ ïðàâèõ ÷àñòèí ³íòåãðàëüíîãî ð³âíÿííÿ (11) âèçíà÷àºòüñÿ 

êëàñîì ôóíêö³¿ 2( )ν θ . Òàê, íàïðèêëàä, ÿêùî 2
0

( ) (cos )
n

k k
k

a P
=

ν θ = θ∑ , òî 

0 ( ) [0, ]t C∞ϕ ∈ β .  

 Íàäàë³ áóäåìî ââàæàòè, ùî ò³ëà, ÿê³ ðîçãëÿäàþòüñÿ, º ïðîâ³äíèêàìè ³ 

1 2 00,  constuν = ν = = . Â³äì³òèìî, ùî óñ³ õàðàêòåðèñòèêè äîñë³äæóâàíîãî 

åëåêòðîñòàòè÷íîãî ïîëÿ áåçïîñåðåäíüî âèðàæàþòüñÿ ÷åðåç ðîçâ’ÿçîê ( )tϕ  
³íòåãðàëüíîãî ð³âíÿííÿ (11). Íàñàìïåðåä, ôîðìóëà (9) â³äíîâëþº ù³ëüí³ñòü 
ðîçïîä³ëó çàðÿäó íà ñåãìåíò³. Ç íå¿ áåçïîñåðåäíüî âèïëèâàº âèðàç äëÿ ºì-
íîñò³ ñåãìåíòà çà íàÿâíîñò³ çàçåìëåíîãî êîíóñà: 

 
0

4 ( ) cos
2
tC R t dt

β

= ϕ∫  , 

äå ( )tϕ  – ðîçâ’ÿçîê ð³âíÿííÿ (11) ç íîðìîâàíîþ ïðàâîþ ÷àñòèíîþ, ÿêà äî-

ð³âíþº 2 cos
2
t . Çà â³äñóòíîñò³ êîíóñà îäåðæóºìî ( ) 2cos

2
ttϕ = , 

4
C =
π

 

( sin )R= β + β
π

, ùî çá³ãàºòüñÿ ç â³äîìèì çíà÷åííÿì ºìíîñò³ ñôåðè÷íîãî 

ñåãìåíòà [4]. Ó çàãàëüíîìó âèïàäêó ºìí³ñòü âèçíà÷àëè ï³ñëÿ ÷èñåëüíîãî 

ðîçâ’ÿçàííÿ ³íòåãðàëüíîãî ð³âíÿííÿ. Ðåçóëüòàòè îá÷èñëåíü 
4
C
Rπ

 ïðè ð³çíèõ 

α  ³ β  çâåäåíî â òàáë. 1. Â îñòàííüîìó ðÿäêó äëÿ ïîð³âíÿííÿ íàâåäåíî 
ðåçóëüòàòè äëÿ ñôåðè÷íîãî ñåãìåíòà áåç êîíóñà. 
 

Таблиця 1 

 
 Ç àíàë³çó äàíèõ òàáë. 1 âèïëèâàº, ùî çi çá³ëüøåííÿì êóòà ðîçõèëó 
êîíóñà ºìí³ñòü ïàäàº, à ç³ çá³ëüøåííÿì êóòà ðîçõèëó ñåãìåíòà – çðîñòàº.  
 Íà ðèñ. 1 íàâåäåíî ãðàô³êè ðîçïîä³ëó ù³ëüíîñò³ çàðÿäó íà ñåãìåíò³ äëÿ 

2
πα =  ³ çíà÷åíü , ,

6 4 3
π π πβ =  (â³äïîâ³äíî êðèâ³ 1–3). Ïðè ï³äõîä³ äî ãðàíèö³ 

ñåãìåíòà ù³ëüí³ñòü ðîçïîä³ëó çàðÿäó, çðîñòàþ÷è, ïðÿìóº äî íåñê³í÷åííîñò³, 
ùî â³äïîâ³äàº êîðåíåâ³é îñîáëèâîñò³ ó ôóíêö³¿ ( )f θ  ïðè θ → β . Çâåðíåìî 
óâàãó íà òå, ùî õàðàêòåð çì³íè ù³ëüíîñò³ ðîçïîä³ëó çàðÿäó íà ñåãìåíò³ íå 
çàëåæèòü â³ä êóòà ðîçõèëó ñåãìåíòà ïðè ïîñò³éíîìó êóò³ ðîçõèëó êîíóñà.  

 Íà ðèñ. 2 (äëÿ ,  
3 4
π πα = β = ) ³ ðèñ. 3 (äëÿ 2 ,  

3 2
π πα = β = ) íàâåäåíî åê-

â³ïîòåíö³àëüí³ ïîâåðõí³ ñèñòåìè ñôåðè÷íèé ñåãìåíò – êîíóñ (êðèâèì 1–3 

â³äïîâ³äàþòü çíà÷åííÿ ïîòåíö³àëó 
0

4 0.9,  0.6,  0.4u
u

π = ). 

β  
α  

/ 6π  / 4π  / 3π  / 2π  

/ 3π  0.45 0.87 – – 

/2π  0.39 0.65 0.97 – 

2 /3π  0.37 0.58 0.80 1.35 

 0.33 0.48 0.61 0.82 

s

θ/β
0.1

0.2

0.3

0.4

0.5

0 0.2 0.4 0.6 0.8

1

3
2

 
Рис. 1 
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 Рис. 2 Рис. 3 
 2. Ðîçãëÿíåìî çàäà÷ó êðó÷åííÿ êîíóñà îáåðòîâèì ìîìåíòîì, ïðèêëàäå-
íèì äî àáñîëþòíî òâåðäîãî ñôåðè÷íîãî ñåãìåíòà, ç÷åïëåíîãî ç êîíóñîì. 
Ãðàíèöÿ êîíóñà ââàæàºòüñÿ çàêð³ïëåíîþ. Ïîëå ïåðåì³ùåíü Uϕ  ó ðîçãëÿ-

íóò³é çàäà÷³ çàäîâîëüíÿº òàê³ óìîâè: 

 
2

,      0 ,  0 \
U

U rϕ
ϕ∆ = ≤ θ < α < < ∞ Γ

ρ
{ } , (14) 

 ( , ) 0,    0 ,    ( , ) sin ,    0u r r u U R RϕΓ
α = < < ∞ = θ = ε θ ≤ θ < β , (15) 

äå ε  – êóò çàêðó÷óâàííÿ ñåãìåíòà. 
 Ðîçâ’ÿçîê êðàéîâî¿ çàäà÷³ (14), (15) áóäåìî øóêàòè ó âèãëÿä³ 

 1/2 (1)
1/2

1( , ) ( ) (cos )
2

i
iu r A i r P d

∞
− + τ

− + τ
−∞

 θ = τ Γ − τ θ τ + 
 ∫  

 
2

2 1 1
1 1 12 2

0 0

cos ( )
( ) sin

2 cos

d
f R d

r rR R

β π ϕ − ϕ ϕ
+ θ θ θ

− γ +
∫ ∫ . (16) 

Òóò âèêîðèñòàíî ïîçíà÷åííÿ, íàâåäåí³ ó ôîðìóë³ (3). Ï³ñëÿ ïåðåòâîðåíü, 
àíàëîã³÷íèõ äî îïèñàíèõ âèùå, îäåðæóºìî òàêó ñèñòåìó ð³âíÿíü ùîäî 
íåâ³äîìèõ ôóíêö³é:  

 1/2 (1) ( 1) 2
1/2 1 1/2 1 1 1

0

( cos ) ( ) (cos ) sin
ch ( )

i
i iR P f P R d

β
− − τ −

− + τ − + τ
π − α θ θ θ θ +
πτ ∫  

 (1)
1/2

1( ) (cos ) 0
2 iA i P− + τ

 + τ Γ − τ α = 
 

, (17) 

 
1

1

1 1( ) cos ( )
( ) sinM

MM M Ã

f
d g R

r
Γ ∈

θ ϕ − ϕ
σ = θ + ε θ∫∫ , (18) 

äå 

 
( 1)
1/2 (1) (1)

1/2 1 1/2 1 1(1)
1/2 0

( cos )
( ) (cos ) ( ) (cos )

ch (cos )

i
i i

i

PRg P f P d d
P

− β∞
− + τ

− + τ − + τ
− + τ−∞

− απθ = θ θ θ θ τ
πτ α∫ ∫ . 

Âèêîðèñòîâóþ÷è òåõí³êó ðîçâ’ÿçóâàííÿ ïàðíèõ ³íòåãðàëüíèõ ð³âíÿíü ó âè-
ãëÿä³ ðÿä³â çà ôóíêö³ÿìè Ëåæàíäðà, ï³ñëÿ äåÿêèõ ïåðåòâîðåíü ð³âíÿííÿ 
(18) çàïèøåìî ÿê 

 
0

( )
( ) sin ,       0

2(cos cos )

t dtd g R
d t

θ ϕ
= θ + ε θ ≤ θ < β

θ − θ∫ , 

äå ( )tϕ  – íîâà íåâ³äîìà ôóíêö³ÿ, çâ’ÿçàíà ç ( )f θ  ôîðìóëîþ 

 
( ) sin1 1( )

2 sin 2(cos cos )

t td df dt
R d d t

β

θ

ϕ θ =  π θ θ θ θ − ∫ . 
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Çà äîïîìîãîþ (7) ôóíêö³þ ( )tϕ  âèðàçèìî ÷åðåç ( )g θ :  

 ( )
0 0

2 sin 2 3( ) cos cos
2 22(cos cos )

t
d tt g u du d R c t
dt t

θ
θ  ϕ = θ + ε −  π πθ −∫ ∫ . 

Ï³äñòàâèâøè ( )g θ  ³ç (18) ³ âèðàçèâøè ïðàâó ÷àñòèíó îñòàííüî¿ ôîðìóëè ÷å-

ðåç ( )tϕ , ï³ñëÿ ïåðåòâîðåíü îäåðæèìî òàêå ³íòåãðàëüíå ð³âíÿííÿ Ôðåäãîëü-

ìà äëÿ ôóíêö³¿ ( )tϕ :  

 0
0

( ) ( , ) ( ) ( ),      [0, ]t t u u du f t t
β

ϕ − ϕ = ∈ β∫ K , (19) 

äå 

 
(1)
1/2

(1)
1/20

ch ( ) ch ( ) cos ch ( ) cos ( cos )2 22( , )
(cos )ch ( ) cos

2

i

i

tu t P
t u d

P

∞
− + τ

− + τ

β τ τ − τβ  − α = τ
π β απτ

∫K , 

 0

3 3cos cos cos cos2 2 2 2 2( )
cos

2

tt
f t R

β − β
= ε

π β
. 

 Çàóâàæèìî, ùî ÿäðî ( , )t uK  ³íòåãðàëüíîãî ð³âíÿííÿ (19) ìàº ò³ ñàì³ 

âëàñòèâîñò³, ùî é ÿäðî ( , )t uG , ðîçãëÿíóòå âèùå. 
 Çíà÷åííÿ äîòè÷íèõ íàïðóæåíü íà ïîâåðõí³ ñôåðè÷íîãî ñåãìåíòà 
âèçíà÷àºìî çà ôîðìóëîþ 

 r

U
Gr

r r
ϕ

ϕ
∂  τ =  ∂  

, 

äå G  – ìîäóëü ïðóæíîñò³ ìàòåð³àëó êîíóñà. 
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 Рис. 6 Рис. 7 

Íà ðèñ. 4–7 íàâåäåíî ãðàô³êè ðîçïîä³ëó äîòè÷íèõ íàïðóæåíü ïðè 

çíà÷åííÿõ 2 ,
3 3
π πα = β =  (ðèñ. 4, 5) òà 2 ,

3 6
π πα = β =  (ðèñ. 6, 7). 
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НЕКОТОРЫЕ ТИПЫ ФИЗИЧЕСКИХ ПОЛЕЙ В КОНУСЕ С НЕОДНОРОДНОСТЬЮ 
В ВИДЕ СФЕРИЧЕСКОГО СЕГМЕНТА 
 
Ïóòåì ñîâìåñòíîãî ïðèìåíåíèÿ ìåòîäà ïîòåíöèàëà è îáîáùåííîãî ìåòîäà Ôóðüå 
ïîëó÷åíî ðåøåíèå çàäà÷è îá îïðåäåëåíèè ýëåêòðîñòàòè÷åñêîãî ïîëÿ, ñîçäàâàåìîãî 
çàðÿæåííûìè êîíóñîì è òîíêèì ñôåðè÷åñêèì ñåãìåíòîì è çàäà÷è îá îïðåäåëåíèè 
ïîëÿ íàïðÿæåíèé, ñîçäàâàåìîãî àáñîëþòíî òâåðäûì ñôåðè÷åñêèì ñåãìåíòîì, âïà-
ÿííûì â óïðóãîå òâåðäîå òåëî êîíè÷åñêîé ôîðìû, ê êîòîðîìó ïðèëîæåí êðóòÿ-
ùèé ìîìåíò. Îáå çàäà÷è ñâåäåíû ê èíòåãðàëüíûì óðàâíåíèÿì Ôðåäãîëüìà âòîðî-
ãî ðîäà ñ áåñêîíå÷íî ãëàäêèìè ÿäðàìè. Â ïåðâîé çàäà÷å âûïîëíåí ÷èñëåííûé àíàëèç 
ïëîòíîñòè ðàñïðåäåëåíèÿ çàðÿäà íà ñôåðè÷åñêîì ñåãìåíòå è åìêîñòè ñèñòåìû â 
çàâèñèìîñòè îò ãåîìåòðè÷åñêèõ ïàðàìåòðîâ. Ïðåäñòàâëåíû èçîáðàæåíèÿ ýêâèïî-
òåíöèàëüíûõ ïîâåðõíîñòåé èññëåäóåìîãî ïîëÿ. Âî âòîðîé çàäà÷å âûïîëíåíî ÷èñ-
ëåííîå ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ è ïðîâåäåí ÷èñëåííûé àíàëèç êàñàòåëü-
íûõ íàïðÿæåíèé íà ñåãìåíòå â çàâèñèìîñòè îò ãåîìåòðè÷åñêèõ ïàðàìåòðîâ. 
 
SOME TYPES OF PHYSICAL FIELDS IN THE CONE WITH HETEROGENEITY 
AS A SPHERICAL SEGMENT 
 
By joined application of the method of potential and Fourier generalized method the 
problem on definition of the electrostatic field, formed by the charged cone and a thin 
spherical segment and also the problem on definition of the stress field, formed by abs-
olutely hard spherical segment, sealed in an elastic solid of conic form, to which a twis-
ting moment is applied, is solved. Both problems are reduced to the integral second kind 
Fredholm equations with indefinitely smooth kernels. In the first problem the numerical 
analysis of distribution density of charge on a spherical segment and capacity of the 
system versus the geometrical parameter is given. Images of equipotential surfaces in 
the researched field are presented. In the second one the numerical solution of the integ-
ral equation is made, on the basis of which the numerical analysis of tangential stresses 
in the segment versus the geometrical parameters is carried out. 
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