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ПРО ЗБІЖНІСТЬ БАГАТОВИМІРНОГО 
g -ДРОБУ З НЕРІВНОЗНАЧНИМИ ЗМІННИМИ 
 

Ðîçãëÿäàºòüñÿ óçàãàëüíåííÿ íåïåðåðâíîãî g -äðîáó – áàãàòîâèì³ðíèé g -äð³á 
ç íåð³âíîçíà÷íèìè çì³ííèìè. ²ç âèêîðèñòàííÿì áàãàòîâèì³ðíèõ äðîáîâî-ë³-
í³éíèõ â³äîáðàæåíü âñòàíîâëåíî, ùî òàêèé äð³á º ïàðíîþ ÷àñòèíîþ áàãàòî-
âèì³ðíîãî π -äðîáó ç íåð³âíîçíà÷íèìè çì³ííèìè. Íà îñíîâ³ öüîãî äîñë³äæåíî 
çá³æí³ñòü áàãàòîâèì³ðíîãî g -äðîáó ç íåð³âíîçíà÷íèìè çì³ííèìè òà âñòà-
íîâëåíî îö³íêè ïîõèáîê íàáëèæåíü òàêèì äðîáîì ó äåÿêèõ îáëàñòÿõ ïðî-

ñòîðó N . 
 

1. Íåïåðåðâí³ g -äðîáè òà ¿õ óçàãàëüíåííÿ. Â àíàë³òè÷í³é òåîð³¿ íåïå-
ðåðâíèõ äðîá³â âèâ÷àþòüñÿ ð³çí³ òèïè ôóíêö³îíàëüíèõ íåïåðåðâíèõ äðîá³â, 
ÿê³ âèêîðèñòîâóþòüñÿ äëÿ äîñë³äæåííÿ ãîëîìîðôíèõ ³ ìåðîìîðôíèõ ôóíê-
ö³é. Íàéá³ëüø âèâ÷åíèì òèïîì º g -äðîáè 

 0 1 2 1 3 2(1 ) (1 )
1 1 1 1

s g z g g z g g z− −
+ + + + , (1) 

äå >0 0,s  < <0 1,ng  ≥ 1,n  z ∈  . Îãëÿä äîñë³äæåíü òàêèõ äðîá³â íàâåäåíî 

â ìîíîãðàô³ÿõ [5, 9–11]. Ïåðø³ óçàãàëüíåííÿ íåïåðåðâíèõ g -äðîá³â – áàãà-
òîâèì³ðí³ g -äðîáè – ðîçãëÿíóòî â [2], à ¿õ ïîäàëüø³ äîñë³äæåííÿ – ó ðîáî-
òàõ [4, 7, 8]. Äâîâèì³ðí³ íåïåðåðâí³ g -äðîáè (â³äïîâ³äí³ äâîâèì³ðí³ íåïå-
ðåðâí³ äðîáè [2]) ðîçãëÿíóòî â [3]. 

Â³äîìî [6], ùî îäíèì ³ç áàãàòîâèì³ðíèõ óçàãàëüíåíü íåïåðåðâíèõ äðîá³â 
º ã³ëëÿñò³ ëàíöþãîâ³ äðîáè ç íåð³âíîçíà÷íèìè çì³ííèìè (ÃËÄçÍÇ), ÿê³ çà 
ñâîºþ ñòðóêòóðîþ º àíàëîãàìè êðàòíèõ ñòåïåíåâèõ ðÿä³â. Ó ö³é ðîáîò³ 
îçíà÷åíî áàãàòîâèì³ðíèé g -äð³á ç íåð³âíîçíà÷íèìè çì³ííèìè 
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11 p pi i −≤ ≤ , 1 p k≤ ≤ , 0i N= , 1 2( , , , ) N
Nz z z= ∈z   , òà âñòàíîâëåíî, ùî 

òàêèé äð³á º ïàðíîþ ÷àñòèíîþ ÃËÄçÍÇ âèãëÿäó 
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p
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≠ −∑ , 1 n N≤ ≤ , N∈z  , ÿêèé çà àíàëîã³ºþ ç îäíîâè-

ì³ðíèì âèïàäêîì íàçèâàºòüñÿ áàãàòîâèì³ðíèì π -äðîáîì ç íåð³âíîçíà÷íèìè 
çì³ííèìè [5]. Äîñë³äæåíî çá³æí³ñòü ÃËÄçÍÇ (2) â îáëàñò³ 
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òà âñòàíîâëåíî, ùî òàêèé äð³á çá³ãàºòüñÿ äî ãîëîìîðôíî¿ ôóíêö³¿ ( )g z  â 
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: 4 cos 2 Re ( )
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n n n
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α

= =

 = ∈ < α − − 
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∑ ∑z  ( ) , (6) 
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, (7) 

 ( ) 1 0max : 1 ,  1 ,  r i r p pi i p r i N−µ = π ≤ ≤ ≤ ≤ ={ } , (8) 

äëÿ êîæíîãî ( /2, /2)α ∈ −π π , øâèäøå, í³æ ãåîìåòðè÷íèé ðÿä ³ç çíàìåííè-

êîì q , 0 1q< < , ( )q q K= , K  – äîâ³ëüíà êîìïàêòíà ï³äìíîæèíà ö³º¿ 
îáëàñò³. 

2. Ïàðíà ÷àñòèíà ÃËÄçÍÇ. Íåõàé 

 1 2 1 0( ) , , , : 1,  1 ,  1 ,  k p pJ i k i i i k i i p k i N−= = ≥ ≤ ≤ ≤ ≤ ={ }  

– ìíîæèíà ìóëüòè³íäåêñ³â. Ïîçíà÷èìî ÷åðåç ( )rz , r ∈  , âåêòîð ³ç p , 
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  , (9) 

äå êîìïîíåíòè ( )i rz , 11 s si i −≤ ≤ , 1 s r≤ ≤ , 0i N= , óïîðÿäêîâàí³ íàñòóïíèì 

÷èíîì: ( ) ( )n r m rz z< , ÿêùî ( ) ( )n r m r< , ³ ( ) ( )n r m r< , ÿêùî <1 1n m  àáî ³ñíóº 

òàêèé ³íäåêñ s , 1 s r≤ < , ùî p pn m= , 1 p s≤ ≤ , ³ 1 1s sn m+ +< . ×åðåç ( )
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 , (10) 

äå êîìïîíåíòè ( ) ( )i k j rz , 11 s sj j −≤ ≤ , 1 s r≤ ≤ , 0 kj i= , óïîðÿäêîâàí³ àíàëî-

ã³÷íî, ÿê êîìïîíåíòè âåêòîðà (9). 

Òâåðäæåííÿ 1. Ïàðíîþ ÷àñòèíîþ ÃËÄçÍÇ 
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äå ( )i ka , ( )i kb , ( )i k J∈ , – êîìïëåêñí³ ÷èñëà, º ÃËÄçÍÇ âèãëÿäó 
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Ä î â å ä å í í ÿ. Íåõàé nf , ng  – n -í³ àïðîêñèìàíòè ÃËÄçÍÇ (11) ³ 

(12) â³äïîâ³äíî. Ðîçãëÿíåìî áàãàòîâèì³ðí³ äðîáîâî-ë³í³éí³ â³äîáðàæåííÿ 
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1
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( 1) ( 1)
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1( )

1
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i k i k
i

v z

a z
+

+ +
=

η = =

+ ∑
, (13) 

äå ( )i k J∈ ; ( )rz , ( )
( )
r

i kz  – âåêòîðè, îçíà÷åí³ â (9) ³ (10) â³äïîâ³äíî. Âèêîðèñòî-

âóþ÷è êîìïîçèö³¿ äðîáîâî-ë³í³éíèõ â³äîáðàæåíü (13) 

 (1) (1)
0 0 0 0 0 0 0( ) ( ),             ( ) ( ( ))U z u z V z U v z= = , 

 ( ) ( ) ( 1) ( )
1( ) ( ),        ( ) ( ),     1k k k k

k k k kU z V V z U k+
−= ξ = η ≥ , 

äëÿ äîâ³ëüíîãî n , 0n ≥ , îòðèìàºìî, ùî 2 1( )n nU f +=1 , 2 2( )n nV f +=1 , äå 

(11 1)=1   – âåêòîð ³ç â³äïîâ³äíîãî ïðîñòîðó. Íåõàé 

 (1) (1)
( ) ( ) ( ) ( ) ( ) ( )( ) ( ( ))i k i k i k i k i k i ks z u v zζ = = , 

äå ( )i k J∈ , ³ 

 (1) (1) ( 1) ( )
0 0 1( ) ( ),      ( ) ( ),      1k k

k kS z s z S z S k+
−= = ζ ≥ . 

Òîä³ äëÿ äîâ³ëüíîãî n , 0n ≥ , ìàºìî 2 2( ) ( )n n nS V f += =1 1 . Îñê³ëüêè  
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äå ( )i k J∈ , òî äëÿ äîâ³ëüíîãî n , 0n ≥ , îòðèìóºìî, ùî 1( )n nS g +=1 . ◊ 

Òâåðäæåííÿ 2. Ïàðíîþ ÷àñòèíîþ áàãàòîâèì³ðíîãî π -äðîáó ç íåð³âíî-
çíà÷íèìè çì³ííèìè (3) º áàãàòîâèì³ðíèé g -äð³á ç íåð³âíîçíà÷íèìè çì³í-

íèìè (2), äå 0 0s = π , ( ) ( ) ( )/(1 )i k i k i kg = π + π , ( )i k J∈ , N∈z  . 

Ä î â å ä å í í ÿ ïðîâîäèòüñÿ ³ç âèêîðèñòàííÿì åêâ³âàëåíòíèõ ïåðåòâî-
ðåíü ÃËÄçÍÇ òà òâåðäæåííÿ 1. ◊ 

3. Çá³æí³ñòü áàãàòîâèì³ðíîãî g -äðîáó ç íåð³âíîçíà÷íèìè çì³ííèìè. 
Äëÿ çàëèøê³â äðîáó (3) ââåäåìî ïîçíà÷åííÿ  
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òàê³ ðåêóðåíòí³ ñï³ââ³äíîøåííÿ: 
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 1

1
1 1

( )
( ) ( )
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i i
is

i p i s
i i i p

z
F z

G

+

+
+ += = +

= + −∑ ∑ , (14) 

äå 0s ≥ , 0 1p s≤ ≤ − , 11 k ki i −≤ ≤ , 1 k s≤ ≤ , 0i N= , 

 ( )( )
( ) ( )

( )

1 i ps
i p s

i p

G
F

π
= + , (15) 

äå 1s ≥ , 1 1p s≤ ≤ − , 11 k ki i −≤ ≤ , 1 k s≤ ≤ , 0i N= . 

Òåîðåìà 1. Áàãàòîâèì³ðíèé g -äð³á ç íåð³âíîçíà÷íèìè çì³ííèìè (2) 

çá³ãàºòüñÿ äî ôóíêö³¿ ( )g z  â îáëàñò³ (4), ïðè÷îìó çá³æí³ñòü º ð³âíîì³ðíîþ 
íà êîæí³é êîìïàêòí³é ï³äìíîæèí³ öüîãî ïðîñòîðó. 

Ä î â å ä å í í ÿ. Íåõàé α  – äîâ³ëüíå ÷èñëî ç ³íòåðâàëó ( /2, /2)−π π . Âè-
êîðèñòîâóþ÷è ñï³ââ³äíîøåííÿ (14) ³ (15), ïîêàæåìî, ùî ñïðàâäæóþòüñÿ íå-
ð³âíîñò³ 

 ( ) 1
( ) 1Re ( ) ( , ) cos 0r i r

i n nF e D− α −
+≥ µ α >z , (16) 

äå 1r ≥ , 0 1n r≤ ≤ − , 11 p pi i −≤ ≤ , 1 p n≤ ≤ , 0i N= , 
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µr  îçíà÷åí³ ñï³ââ³äíîøåííÿì (8). 

Ïðè = − 1n r  íåð³âíîñò³ (16) î÷åâèäí³. Ïðèïóñêàþ÷è, ùî íåð³âíîñò³ (16) 
ñïðàâäæóþòüñÿ ïðè 1n p= + , äå 1 1p r+ ≤ − , ïðè =n p  ìàºìî 
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Ó äîâåäåíí³ ëåìè 4.41 ç [5] ïîêàçàíî, ùî ïðè ≥ > 0x c  ³ ≤ +2 4 4v u  
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Ç³ ñï³ââ³äíîøåíü (14)–(16) âèïëèâàº, ùî âñ³ ( )
( ) 0r

i nF ≠ , ( )
( ) 0r

i nG ≠ . 

Çà äîïîìîãîþ åêâ³âàëåíòíèõ ïåðåòâîðåíü äð³á 1 ( , )D∞ µ z  çâåäåìî äî 
âèãëÿäó 
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d d z z e− α
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− − − α
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∑ {( ) }
, (18) 

äå 0 0d = , /(1 )r r rd = µ + µ , 1r ≥ . ²ç äîâåäåííÿ òåîðåì 11.1–11.3 ç [11] äîõî-

äèìî âèñíîâêó, ùî íåïåðåðâíèé äð³á (18) º áåçóìîâíî çá³æíèì, ïîñë³äîâ-
í³ñòü éîãî àïðîêñèìàíò º ìîíîòîííî ñïàäíîþ ³ çíà÷åííÿ öüîãî äðîáó º íå 
á³ëüøå í³æ 
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T z z e− α
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− − α∑ {( ) } ,  

äå T  îçíà÷åíî â (7). 
Îñê³ëüêè çã³äíî ç òâåðäæåííÿ 2 ÃËÄçÍÇ (2) º ïàðíîþ ÷àñòèíîþ 

ÃËÄçÍÇ (3), òî éîãî n -íó àïðîêñèìàíòó ( )ng z  çàïèøåìî ó âèãëÿä³ ( )ng =z  
( )

0 0/ ns F= . ²ç íåð³âíîñòåé (16) âèïëèâàº, ùî àïðîêñèìàíòè ( )ng z , 1n ≥ , 

ÃËÄçÍÇ (2) óòâîðþþòü ïîñë³äîâí³ñòü ôóíêö³é, ãîëîìîðôíèõ â îáëàñò³ (4). 
Íåõàé  
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: Re ( ) 2 cos ,   0 1
N

N i
C n n

n

P z z e C C− α
α

=

 = ∈ − < α < < 
 

∑z ( ) . (19) 

Âðàõîâóþ÷è íåð³âíîñò³ (16) ³ òå, ùî ( , ) 1m
nD CTµ > −z  äëÿ âñ³õ ìîæëèâèõ 

³íäåêñ³â ,m n  (äèâ. äîâåäåííÿ òåîðåì 11.1–11.3 ç [11]), äëÿ äîâ³ëüíîãî 

, ,,  C CP P Pα α α∈ ⊂z , ìàºìî 

 0 0
,( )

0

( ) ( ),    1
(1 ) cosRe ( )

n Cn i

s s
g M P n

CTF e
α− α≤ ≤ = ≥

− α
z , 

äå α,( )CM P  – ñòàëà, ùî çàëåæèòü ëèøå â³ä îáëàñò³ ,CPα , òîáòî ïîñë³äîâí³ñòü 

( )ng z{ }  ð³âíîì³ðíî îáìåæåíà â (19). 

Íåõàé K  – äîâ³ëüíà êîìïàêòíà ï³äìíîæèíà îáëàñò³ (4). Ïîêðèºìî K  
îáëàñòÿìè âèãëÿäó (19) ³ âèáåðåìî ç öüîãî ïîêðèòòÿ ñê³í÷åííå ï³äïîêðèòòÿ 

, 1j j

s
C j

Pα ={ } . Íåõàé ,( ) max ( ) : 1
j jCM K M P j sα= ≤ ≤{ } . Òîä³ äëÿ äîâ³ëüíîãî 

K∈z  îòðèìàºìî, ùî ( ) ( ),  1ng M K n≤ ≥z , òîáòî ïîñë³äîâí³ñòü ( )ng z{ }  ð³â-

íîì³ðíî îáìåæåíà íà êîæí³é êîìïàêòí³é ï³äìíîæèí³ îáëàñò³ (4). 

Çã³äíî ç òåîðåìîþ 4 ç [1] ÃËÄçÍÇ (2) çá³ãàºòüñÿ â îáëàñò³ r
∆ = ∈

z  

1

: 1/(4 )
N

N
n

n

z r N
=

∈ < < 


∑ . Î÷åâèäíî, ùî ∆ ⊂r P  äëÿ êîæíîãî ,r  0 r< <  

1/(4 )N< , çîêðåìà, 1/(8 )N P∆ ⊂ . Ç îãëÿäó íà òåîðåìó 2.17 [2] äîõîäèìî âè-

ñíîâêó, ùî áàãàòîâèì³ðíèé g -äð³á ç íåð³âíîçíà÷íèìè çì³ííèìè (2) çá³ãàºòü-

ñÿ íà êîæí³é êîìïàêòí³é ï³äìíîæèí³ îáëàñò³ (4). ◊ 

Çàóâàæèìî, ùî ïðè = 1N  îáëàñòü (4) çàïèøåòüñÿ ó âèãëÿä³ z ∈{  

: arg(1 )z∈ + < π} , ùî º ìàêñèìàëüíîþ îáëàñòþ çá³æíîñò³ íåïåðåðâíîãî 
g -äðîáó (1). 
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Òåîðåìà 2. Áàãàòîâèì³ðíèé g -äð³á ç íåð³âíîçíà÷íèìè çì³ííèìè (2) 

çá³ãàºòüñÿ äî ãîëîìîðôíî¿ ôóíêö³¿ ( )g z  â îáëàñò³ 

 
( /2, /2)

( )P Qα α
α∈ −π π
  , 

äå ,  P Qα α  îçíà÷åí³ â (5) ³ (6) â³äïîâ³äíî, ³ äëÿ ïîõèáîê íàáëèæåíü â îáëàñò³ 

α αP Q  äëÿ êîæíîãî ( /2, /2)α ∈ −π π , ñïðàâäæóþòüñÿ îö³íêè 
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4 cos 2 Re ( ) /(2cos )

kN

n
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i

n n
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k

T z z e

=
+

− α

=

  
 

× ≥
 α − − α  

∑

∑ {( ) }
, 

äå ( )kg z  – k -òà àïðîêñèìàíòà äðîáó (2). 

Ä î â å ä å í í ÿ ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ øâèäêîñò³ çá³æíîñò³ 
áàãàòîâèì³ðíèõ g -äðîá³â [7, òåîðåìà 2]. Ïðè öüîìó âèêîðèñòîâóþòüñÿ íå-

ð³âíîñò³ (16) ³ ôîðìóëà ð³çíèö³ äâîõ ï³äõ³äíèõ äðîá³â 2 2 2( ) ( )k m kf f+ −z z  

ÃËÄçÍÇ (3) ïðè ≥ 1,k  ≥ 1m  [1]: 

 2 2 2( ) ( )k m kf f+ − =z z  
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1 2

( )
0 1

( ) ( ) 1
( )( )1 1 10 0

( ) ( )( ) ( )
1 1

( )( )

k r

k

k

iiN i r i
r

k m k k k
kk mi i i

i r i ri r i r
r r

z

F F FF

−
=

+ −
+= = =

= =

ππ
=

π +π +

Π

Π Π
∑ ∑ ∑ . 

4. Âèñíîâêè. Âèçíà÷åíèé ó ðîáîò³ áàãàòîâèì³ðíèé g -äð³á ç íåð³âíî-
çíà÷íèìè çì³ííèìè (2) ìîæíà âèêîðèñòîâóâàòè äëÿ äîñë³äæåííÿ ãîëîìîðô-
íèõ ³ ìåðîìîðôíèõ ôóíêö³é áàãàòüîõ çì³ííèõ. Çàëèøàþòüñÿ â³äêðèòèìè 
ïèòàííÿ â³äïîâ³äíîñò³ áàãàòîâèì³ðíîãî g -äðîáó ç íåð³âíîçíà÷íèìè çì³ííè-
ìè êðàòíîìó ñòåïåíåâîìó ðÿäó òà øâèäêîñò³ çá³æíîñò³ òàêîãî äðîáó â éîãî 
îáëàñò³ âèçíà÷åííÿ (4). 
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О СХОДИМОСТИ МНОГОМЕРНОЙ g -ДРОБИ 
С НЕРАВНОЗНАЧНЫМИ ПЕРЕМЕННЫМИ 
 
Ðàññìàòðèâàåòñÿ îáîáùåíèå íåïðåðûâíîé g -äðîáè – ìíîãîìåðíàÿ g -äðîáü ñ íå-
ðàâíîçíà÷íûìè ïåðåìåííûìè. Ñ èñïîëüçîâàíèåì ìíîãîìåðíûõ äðîáíî-ëèíåéíûõ 
ïðåîáðàçîâàíèé óñòàíîâëåíî, ÷òî òàêàÿ äðîáü ÿâëÿåòñÿ ïàðíîé ÷àñòüþ ìíîãî-
ìåðíîé π -äðîáè ñ íåðàâíîçíà÷íûìè ïåðåìåííûìè. Íà ýòîé îñíîâå èññëåäîâàíà 
ñõîäèìîñòü ìíîãîìåðíîé g -äðîáè ñ íåðàâíîçíà÷íûìè ïåðåìåííûìè è óñòàíîâëå-
íû îöåíêè ïîãðåøíîñòè ïðèáëèæåíèÿ òàêîé äðîáè â íåêîòîðûõ îáëàñòÿõ ïðî-

ñòðàíñòâà N . 
 
ON CONVERGENCE OF MULTIDIMENSIONAL 
g -FRACTION WITH NON-EQUIVALENT VARIABLES 
 
We consider the generalization of continued g -fraction, namely the multidimensional 
g -fraction with non-equivalent variables. By multidimensional fraction-linear reflec-
tion, we establish that such fraction is an even part of multidimensional π -fraction 
with nonequivalent variables. And, besides, we investigate the convergence of the mul-
tidimensional g -fraction with non-equivalent variables and establish the truncation 

errors for such fraction in the same regions of the space N . 
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