
ISSN 0130–9420. Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. 2005. – 48, ¹ 4. – Ñ. 113-120. 113 

ÓÄÊ 517.5 
 
Є. В. Дерець 
 
АСИМПТОТИЧНО ОПТИМАЛЬНІ ВАГОВІ КУБАТУРНІ ФОРМУЛИ 
ДЛЯ ДЕЯКИХ КЛАСІВ ФУНКЦІЙ ВІД БАГАТЬОХ ЗМІННИХ 
 

Ïîáóäîâàíî ïîñë³äîâí³ñòü àñèìïòîòè÷íî îïòèìàëüíèõ âàãîâèõ êóáàòóðíèõ 

ôîðìóë íà êëàñàõ ,GHω
ρ , âèçíà÷åíèõ ìàæîðàíòîþ ω  ìîäóëÿ íåïåðåðâíîñò³ 

ñòîñîâíî ìåòðèêè ρ . Ïðè öüîìó îáëàñòü ³íòåãðóâàííÿ nG ⊂   âèì³ðíà çà 
Æîðäàíîì, âàãîâà ôóíêö³ÿ ³íòåãðîâíà çà Ëåáåãîì, íåâ³ä’ºìíà, îáìåæåíà òà 
â³äîêðåìëåíà â³ä íóëÿ, à ìåòðèêà ρ  çàäîâîëüíÿº óìîâó ù³ëüíîãî óêëàäàííÿ.  

 
1. Âñòóï. Ó ð³çíèõ ïèòàííÿõ îá÷èñëþâàëüíî¿ ìàòåìàòèêè øèðîêî âèêî-

ðèñòîâóþòüñÿ ôîðìóëè íàáëèæåíîãî ³íòåãðóâàííÿ. Îïòèì³çàö³ÿ ôîðìóë íà-
áëèæåíîãî ³íòåãðóâàííÿ ðîçãëÿäàëàñÿ ó áàãàòüîõ ðîáîòàõ òåîðåòè÷íîãî òà 
ïðèêëàäíîãî õàðàêòåðó (äèâ., íàïðèêëàä, [3, 8, 9] ³ á³áë³îãðàô³þ ó íèõ). Îä-
íàê, ÿê ïðàâèëî, ïðè âèð³øåíí³ ïèòàííÿ âñòàíîâëåííÿ îïòèìàëüíèõ êóáà-
òóðíèõ ôîðìóë âèíèêàþòü çíà÷í³ òðóäíîù³ ÿê òåõí³÷íîãî, òàê ³ ïðèíöèïî-
âîãî õàðàêòåðó, ³ äëÿ áàãàòüîõ êëàñ³â ôóíêö³é ðîçâ’ÿçêè òàêèõ çàäà÷ íà 
ñüîãîäí³ íå º â³äîì³. Òîìó çàäà÷³, ïîâ’ÿçàí³ ç ïîáóäîâîþ àñèìïòîòè÷íî îï-
òèìàëüíèõ ïîñë³äîâíîñòåé êóáàòóðíèõ ôîðìóë ³ îö³íêîþ ïîõèáêè, òàêîæ º 
àêòóàëüíèìè. 

Ó ö³é ðîáîò³ ðîçãëÿäàþòüñÿ êëàñè ôóíêö³é ,GHω
ρ , âèçíà÷åíèõ íà âèì³ð-

í³é çà Æîðäàíîì ìíîæèí³ nG ⊂   ³ òàêèõ, ùî ,Gf Hω
ρ∀ ∈ , ,x y G∀ ∈  

( ) ( ) ( ( , ))f x f y x y− ≤ ω ρ , äå ( )tω  – çàäàíèé ìîäóëü íåïåðåðâíîñò³, à ìåòðèêà 

( , )x yρ  ³íäóêîâàíà äåÿêîþ íîðìîþ, òîáòî ( , )x y x yρ = − , äå , nx y ∈  , 
1( , , )nx x x=  , 1( , , )ny y y=  . 

Íåõàé 1
m

mX x Gν ν == ⊂{ } , 1
1

m
mC cν ν == ⊂ { }  – â³äïîâ³äíî ìíîæèíà âóç-

ë³â ³ êîåô³ö³ºíò³â êóáàòóðíî¿ ôîðìóëè âèãëÿäó 

 
1

( ) ( ) ( )
m

G

P x f x dx c f xν ν
ν =

≈ ∑∫ , (1) 

äå ,Gf Hω
ρ∈ , ôóíêö³ÿ ( )P x  íåâ³ä’ºìíà òà ³íòåãðîâíà çà Ëåáåãîì íà G . 

Ïîêëàäåìî 

 
,

,
1

( , , , ) sup ( ) ( ) ( )
G

m

G m m
f H G

R H P X C P x f x dx c f x
ω

ρ

ω
ρ ν ν

∈ ν =

= − ∑∫ , 

 , ,( , , ) inf ( , , , )
m

G m G m m
C

R H P X R H P X Cω ω
ρ ρ= , 

 , ,( , ) inf ( , , )
m

m G G m
X

R H P R H P Xω ω
ρ ρ= . 

Ïîñë³äîâí³ñòü êóáàòóðíèõ ôîðìóë (1), âèçíà÷åíèõ íàáîðàìè âóçë³â mX∗  

³ êîåô³ö³ºíò³â mC∗ , íàçèâàºòüñÿ àñèìïòîòè÷íî îïòèìàëüíîþ, ÿêùî 

 ,

,

( , , , )
lim 1

( , )

G m m

m
m G

R H P X C

R H P

ω ∗ ∗
ρ

ω→∞
ρ

= . 

Çàäà÷à â³äøóêàííÿ àñèìïòîòè÷íî òî÷íîãî çíà÷åííÿ ,( , )m GR H Pω
ρ  ïðè 

m → ∞  âèâ÷àëàñÿ áàãàòüìà àâòîðàìè òà ðîçâ’ÿçàíà äëÿ äåÿêèõ êîíêðåòíèõ 
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ìåòðèê ó âèïàäêó 1P ≡  äëÿ áóäü-ÿêîãî ìîäóëÿ íåïåðåðâíîñò³ [1, 13] ³ ó 

âèïàäêó ( )t tαω = , 0 1< α ≤ , – ïðè äåÿêèõ îáìåæåííÿõ íà âàãîâó ôóíêö³þ 
[2, 7, 8]. 

Îïòèìàëüíó äëÿ êëàñó ,GHω
ρ  êâàäðàòóðíó ôîðìóëó ïîáóäîâàíî â ðîáîò³ 

[4] äëÿ 1n = , [ , ]G a b= , 1P ≡  ³ äîâ³ëüíîãî ìîäóëÿ íåïåðåðâíîñò³ ( )tω . Ó 

âèïàäêó 1n = , [ , ]G a b=  îòðèìàíî [6] êâàäðàòóðíó ôîðìóëó âèãëÿäó (1), 

îïòèìàëüíó çà êîåô³ö³ºíòàìè ïðè ô³êñîâàíîìó íàáîð³ âóçë³â mX G⊂ . Óçà-

ãàëüíåííÿ öüîãî ðåçóëüòàòó â áàãàòîâèì³ðíîìó âèïàäêó íàâåäåíî â [1] äëÿ 
äåÿêèõ êîíêðåòíèõ ìåòðèê, ïîðîäæåíèõ â³äïîâ³äíèìè íîðìàìè. 

Ïîñë³äîâí³ñòü àñèìïòîòè÷íî îïòèìàëüíèõ êóáàòóðíèõ ôîðìóë äëÿ äå-
ÿêèõ êîíêðåòíèõ ìåòðèê ïîáóäîâàíî â [1, 13] ó âèïàäêó, êîëè ìíîæèíà G  
âèì³ðíà çà Æîðäàíîì, 1P ≡ , ( )tω  – äîâ³ëüíèé ìîäóëü íåïåðåðâíîñò³, à 

òàêîæ çà óìîâè, ùî ( )t tαω = , 0 1< α ≤ , à âàãîâà ôóíêö³ÿ ( )P x  âèì³ðíà çà 
Æîðäàíîì ³ ïðèéìàº ñê³í÷åííå ÷èñëî çíà÷åíü [1, 2].  

Ðåçóëüòàòè ðîáîòè [12] äîçâîëÿþòü áóäóâàòè àñèìïòîòè÷íî îïòèìàëüí³ 

êóáàòóðí³ ôîðìóëè äëÿ êëàñ³â ,GHω
ρ  çà óìîâè, ùî ( )t tω = , à ìåòðèêà ρ  

çàäîâîëüíÿº òàêó óìîâó: 

(À) ïîïàðíî íåïåðåòèííèìè çñóâàìè êóë³ : ( , ) 1nx x∈ ρ θ <{ } , äå θ =  

(0,0, ,0)=  , ìîæíà ïîêðèòè âåñü ïðîñò³ð n , êð³ì ìíîæèíè ì³ðè 0. 
Ó ö³é ðîáîò³ ïîáóäóºìî ïîñë³äîâí³ñòü àñèìïòîòè÷íî îïòèìàëüíèõ êóáà-

òóðíèõ ôîðìóë âèãëÿäó (1), êîëè ôóíêö³ÿ ρ  çàäîâîëüíÿº óìîâó (À), à 

ôóíêö³¿ P  ³ ω  â³äïîâ³äíî çàäîâîëüíÿþòü óìîâè (Â) ³ (Ñ): 
(Â) ( )P x  ³íòåãðîâíà çà Ëåáåãîì íà ìíîæèí³ G , îáìåæåíà ³ â³ä-

îêðåìëåíà â³ä íóëÿ, òîáòî 1 20 ( )x G a P x a∀ ∈ < ≤ ≤ < ∞ ; 

(Ñ) äëÿ êîæíîãî 0ñ >  ³ñíóº ãðàíèöÿ 

 
1

1 1

0
0 0

( ) lim ( ) ( )
cx x

n n

x
g c t t dt t t dt

−
− −

→+

   = ω ⋅ ω   
   ∫ ∫ . 

2. Äîïîì³æí³ ðåçóëüòàòè. 
Ëåìà 1. ßêùî âèêîíóºòüñÿ óìîâà (Ñ), òî ñïðàâäæóþòüñÿ òàê³ òâåð-

äæåííÿ: 

(i) ( ) ng c c +β=  , äå [0,1]β ∈  – äåÿêå ÷èñëî; 

(ii) äëÿ áóäü-ÿêîãî ïðîì³æêó [ , ] (0, )a b ⊂ +∞  ³ áóäü-ÿêîãî 0ε >  ³ñíóº 

0δ >  òàêå, ùî äëÿ âñ³õ (0, ]x ∈ δ  ³ [ , ]c a b∈  âèêîíóºòüñÿ íåð³âí³ñòü 

  
1

1 1

0 0

1 ( ) ( ) 1
cx x

n n nt t dt c t t dt
−

− +β −   − ε < ω ⋅ ω < + ε   
   ∫ ∫ . 

Ä î â å ä å í í ÿ. Ïîêëàäåìî 2log (2)g nβ = − , òîä³ (2) 2ng +β= , ïðè öüî-

ìó ç íàï³âàäèòèâíîñò³ òà ìîíîòîííîñò³ ( )tω  âèïëèâàº, ùî [0,1]β ∈ . Íåâàæêî 

ïîêàçàòè, ùî p∀ ∈  , q∀ ∈   / /(2 ) (2 )p q p q ng +β= , çâ³äêè ç óðàõóâàííÿì ìî-

íîòîííîñò³ ( )g c  íåãàéíî âèïëèâàº (i). Òâåðäæåííÿ (ii) º î÷åâèäíèì íàñë³ä-

êîì (i). ◊ 
Íàäàë³ áóäóòü ïîòð³áí³ òàêîæ òàê³ òâåðäæåííÿ, îòðèìàí³ àâòîðîì. 

Òåîðåìà 2 [14]. Íåõàé ìåòðèêà ρ  ³íäóêîâàíà äîâ³ëüíîþ íîðìîþ, ìî-

äóëü íåïåðåðâíîñò³ ( )tω  çàäîâîëüíÿº óìîâó (Ñ), à G  º îäèíè÷íèì êóáîì, 

òîáòî 0G G= , 
def

0  : 0 1,  1, ,n iG x x i n= ∈ ≤ ≤ = { } . Òîä³ 
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1/
1

1
,

0

lim ( ,1) ( ) ,     0

nm
n

m G
m

R H m t t dt E E

− −
ω −

ρ→∞

 ⋅ ω = < < ∞ 
 ∫( ) . 

ßêùî, êð³ì òîãî, âèêîíóºòüñÿ óìîâà (À), òî  

 
/

mes : ( , ) 1
nnE n x x

−β= ∈ ρ θ ≤( { }) . 

Òåîðåìà 2 [14]. Íåõàé ( )P x  – âèì³ðíà çà Ëåáåãîì íåâ³ä’ºìíà ôóíêö³ÿ, 

âèçíà÷åíà íà âèì³ðí³é çà Æîðäàíîì ìíîæèí³ nG ⊂  , ìîäóëü íåïåðåðâ-
íîñò³ ( )tω  çàäîâîëüíÿº óìîâó (Ñ). Òîä³  

 

1/
1

1
,

0

lim ( , ) ( ) 1

nm
n

m G
m

R H P E P m t t dt

− −
ω −

ρ→∞

 ⋅ ω = 
 ∫( ) ,  

äå 
( )/

/( )( ) ;  
n n

n n

G

P P x dx E
+β

+β =  
 ∫ ( )  – ñòàëà, âèçíà÷åíà â òåîðåì³ 1. 

Äëÿ áóäü-ÿêî¿ íåïîðîæíüî¿ ìíîæèíè nW ⊂   ïîêëàäåìî 

 ( , ) ( inf ( , ))
y W

F W x x y
∈

= ω ρ  . 

Ëåìà 2. Íåõàé ìåòðèêà ( , )x yρ  ³íäóêîâàíà äîâ³ëüíîþ íîðìîþ, ôóíêö³ÿ 

( )P x  íåâ³ä’ºìíà òà ³íòåãðîâíà çà Ëåáåãîì íà ìíîæèí³ G . Äëÿ áóäü-ÿêîãî 

íàáîðó âóçë³â 1
m

m i iX x G== ⊂{ }  â³äïîâ³äí³ ¿ì îïòèìàëüí³ êîåô³ö³ºíòè âè-

çíà÷àþòüñÿ çà ôîðìóëîþ ( )

i

i
A

ñ P x dx= ∫ , äå : ( , ) ( , )i m iA x G x X x x= ∈ ρ = ρ{ } , 

1, 2, ,i m=  , ïðè öüîìó 

 ,( , , ) ( ) ( , )G m m
G

R H P X P x F X x dxω
ρ = ∫ . (2) 

Òâåðäæåííÿ ëåìè 2 äëÿ äåÿêèõ êîíêðåòíèõ ρ  îòðèìàíî â [1], îäíàê äî-
âåäåííÿ ìàéæå äîñë³âíî ïåðåíîñèòüñÿ íà âèïàäîê äîâ³ëüíî¿ ìåòðèêè (îäíî-
âèì³ðíèé àíàëîã (2) âñòàíîâëåíî â [6]). 

Íåõàé âèêîíóþòüñÿ óìîâè (À) ³ (Ñ). Ïîáóäóºìî àñèìïòîòè÷íî îïòèìàëü-
íó ïîñë³äîâí³ñòü âóçë³â mX  äëÿ âèïàäêó, êîëè 1P ≡ , G  – êóá. 

Çàóâàæåííÿ. Óñ³ êóáè, ÿê³ áóäåìî ðîçãëÿäàòè íàäàë³, º çàìêíåíèìè, 

íåâèðîäæåíèìè òà ðîçì³ùåíèìè â ïðîñòîð³ n  òàê, ùî ¿õí³ ðåáðà º ïàðà-
ëåëüíèìè äî êîîðäèíàòíèõ îñåé. 

Ââåäåìî ïîçíà÷åííÿ: 0 0[ , ] : ( , )nB x r x x x r= ∈ ρ ≤{ } , [ ,1],   B B= θ γ =  

,
max ( , )
x y B

x y
∈

= ρ , 1/(mes /( mes )) n
mr G m B= . Ê³ëüê³ñòü åëåìåíò³â áóäü-ÿêî¿ ñê³í-

÷åííî¿ ìíîæèíè nY ⊂   ïîçíà÷èìî ÷åðåç Y . Ðîçãëÿíåìî ïîêðèòòÿ ïðî-

ñòîðó n  çñóâàìè êóë³ [ , ]mB rθ  áåç ïåðåòèí³â äîäàòíî¿ ì³ðè. Íåõàé mZ  –

ìíîæèíà öåíòð³â óñ³õ êóëü ó öüîìó ïîêðèòò³, ùî º ï³äìíîæèíàìè G . ßêùî 

mZ m< , òî äîäàìî äî íüîãî mm Z−  òî÷îê, âèáèðàþ÷è ¿õ ó ìíîæèí³ G  

òàê, ùîá êîæíà êóëÿ ïîêðèòòÿ ì³ñòèëà íå á³ëüøå îäí³º¿ òî÷êè. Îòðèìàíó ÿê 
íàñë³äîê ìíîæèíó ïîçíà÷èìî ÷åðåç mY . Îö³íþþ÷è çíèçó ôóíêö³þ ðîçïîä³-

ëó ôóíêö³¿ ( , )mF X x , äå mX G⊂  – äîâ³ëüíèé íàá³ð âóçë³â, òàê ñàìî, ÿê ó 

ðîáîò³ [1], îòðèìóºìî íåð³âí³ñòü 

 ,
[ , ]

( , ) ( ,1) ( ( , ))

m

m m G
G B r

F Y x dx R H m x dxω
ρ

θ

≥ ≥ ω ρ θ∫ ∫ . (3) 
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Ïîçíà÷èìî 2 1/2

, 1

max( ( ) )
n

i i

x y B i

x y
∈ =

δ = −∑ . Î÷åâèäíî, ÿêùî 1/(mes ) 3n
mG r> δ , 

òî x G∀ ∈  ( , ) 2m mx Y rρ ≤ γ  ³  

 ( 1)/

[ , ]

( , ) ( ( , )) 2 (mes ) (2 )

m

n n
m m m

G B r

F Y x dx m x dx n G r r−

θ

< ω ρ θ + δ ω γ∫ ∫ . (4) 

Çã³äíî ç ëåìîþ Ñ. Á. Ñòº÷ê³íà ïðî îïóêëó ìàæîðàíòó ìîäóëÿ íåïåðåðâ-
íîñò³ [5], äëÿ áóäü-ÿêîãî ìîäóëÿ íåïåðåðâíîñò³ ( )tω  ³ñíóº îïóêëèé ìîäóëü 

íåïåðåðâíîñò³ ( )t∗ω , äëÿ ÿêîãî ( ) ( ) 2 ( )t t t∗ω ≤ ω < ω . Îòæå,  

 1

[ , ] 0

( ( , )) mes ( )
m

m

r
n

B r

m x dx mn B t t dt−

θ

ω ρ θ = ω >∫ ∫  

 
0

1 1mes ( ( )/ ) mes ( )
2 2( 1)

mr
n n

m m m mmn B r r t dt mn B r r
n∗> ω ≥ ω

+∫ . (5) 

Êð³ì òîãî, ç âëàñòèâîñòåé ìîäóëÿ íåïåðåðâíîñò³ âèïëèâàº, ùî 

 0,    0      ( )/ ( ) ((1 [ ]) )/ ( ) 1 [ ]õ c cx x c x x c∀ > ∀ > ω ω ≤ ω + ω ≤ + , (6) 

äå [ ]a  – ö³ëà ÷àñòèíà ÷èñëà a . 
Ç îö³íîê (4)–(6) îòðèìóºìî 

 1/ 1/

[ , ]

( , )

1 (1 [2 ])4( 1) (mes )
( ( , ))

m

m
n nG

B r

F Y x dx

n B m
m x dx

− −

θ

< + + γ + δ =
ω ρ θ

∫

∫
 

 1/1 nAm−= + , (7) 

äå constA =  íå çàëåæèòü â³ä êóáà G , ïðè öüîìó íåð³âí³ñòü (7) ñïðàâäæó-

ºòüñÿ ïðè 1/(mes ) 3n
mG r> δ , òîáòî ïðè 1(3 ) (mes )nm B −> δ . 

Ç³ ñï³ââ³äíîøåíü (3) ³ (7) âèïëèâàº  

Òåîðåìà 3. Íåõàé ìíîæèíà nG ⊂   º êóáîì, 1P ≡ , ôóíêö³¿ ρ  ³ ω  çà-

äîâîëüíÿþòü óìîâè (À) ³ (Ñ) â³äïîâ³äíî. Òîä³ ïîñë³äîâí³ñòü êóáàòóðíèõ 
ôîðìóë âèãëÿäó (1) ç âóçëàìè mY  ³ â³äïîâ³äíèìè ¿ì îïòèìàëüíèìè êîåô³-

ö³ºíòàìè º àñèìïòîòè÷íî îïòèìàëüíîþ. 

3. Îñíîâí³ ðåçóëüòàòè. Íåõàé nG ⊂   – äåÿêèé êóá, à ôóíêö³ÿ ( )P x  

çàäîâîëüíÿº óìîâè (Â). Äëÿ êîæíîãî m ∈   ïîêëàäåìî 1/(2 )[ ]ns m=  ³ ïîäà-

ìî êóá G  ó âèãëÿä³ îá’ºäíàííÿ ns  îäíàêîâèõ êóá³â, ùî íå ìàþòü ñï³ëüíèõ 

âíóòð³øí³õ òî÷îê: ,
1

ns

i s
i

G G
=

=  . Äëÿ êîæíîãî 1,2, , ni s=   ââåäåìî òàê³ ïî-

çíà÷åííÿ 

 

,

,
,

1 ( )
mes

i s

i s
i s G

a P x dx
G

= ∫ , 

 

,

( )/
/( )

,
,

1 ( )
mes

i s

n n
n n

i s
i s G

b P x dx
G

+β
+β =  

 ∫ ( ) , 

 /( ) /( )
, , ,( ) n n n n

i s i s i sg t b t t a+β +β= − + − . 
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Íàñàìïåðåä çàçíà÷èìî, ùî , ,i s i sa b≥ , îñê³ëüêè 

 
,mes

, ,
, 0

1 ( )
mes

i sG

i s i s
i s

a P x dx
G

= ≥∫  

 
,mes ( )/

/( )
, ,

, 0

1 ( )
mes

i sG n n
n n

i s i s
i s

P x dx b
G

+β
+β ≥ = 

 ∫ ( ) , 

äå , ( )i sP x  – ïåðåñòàíîâêà ôóíêö³¿ ( )P x  íà ìíîæèí³ ,i sG  ó ñïàäíîìó ïîðÿä-

êó (äèâ., íàïðèêëàä, [11]), íåð³âí³ñòü âèïëèâàº ç îïóêëîñò³ ôóíêö³¿ ( )h x =  
/( )n nx +β=  (äèâ. [10, ðîçä. 2, çàäà÷à 71]). Âèêîðèñòîâóþ÷è îòðèìàíó íåð³â-

í³ñòü, ëåãêî äîâåñòè, ùî ôóíêö³ÿ ,i sg  äîñÿãàº ì³í³ìóìó íà ìíîæèí³ [0, )+∞  â 

îäí³é ³ç òî÷îê ,i sa , ,i sb . ßêùî , , , ,( ) ( )i s i s i s i sg a g b≤ , òî ïîêëàäåìî , ,i s i sq a= , ó 

ïðîòèëåæíîìó âèïàäêó ïîêëàäåìî , ,i s i sq b= . 

Ââåäåìî ôóíêö³¿ 

 , , ,, \ , 1,2, , ,
( )

0 â ³íøèõ òî÷êàõ ,
i s i s i s

m

q x G G i n
Q x

G

∈ ∂ == 



  

 , , ,, \ , 1,2, , ,
( )

0 â ³íøèõ òî÷êàõ ,
i s i s i s

m

q x G G i n
Q x

G

∈ ∂ == 


   

äå ,i sq  – äåÿê³ íåâ³ä’ºìí³ ÷èñëà, ,i sG∂  – ãðàíèöÿ ìíîæèíè ,i sG . Ç ïîáóäîâè 

ôóíêö³¿ ( )mQ x  âèïëèâàº, ùî ïðè áóäü-ÿêîìó âèáîð³ ÷èñåë ,i sq  ñïðàâäæó-

ºòüñÿ íåð³âí³ñòü 

 

, ,

/( ) /( )

1 1

( ) ( ) ( ) ( )
n n

i s i s

s s
n n n n

m m
i iG G

Q x P x dx Q x P x dx
+β +β

= =

 − + − ≤ 
 ∑ ∑∫ ∫( ) ( ) ( )  

 

,

/( ) /( )

1

( ) ( )
n

i s

s
n n n n

m
i G

Q x P x dx
+β +β

=

 ≤ − + 
 ∑ ∫ ( ) ( )  

 

,
1

( ) ( )
n

i s

s

m
i G

Q x P x dx
=

+ −∑ ∫ ( ) . (8) 

 Îñê³ëüêè ,diam 0i sG →  ïðè m → ∞ , ÷èñëà ,i sq  ìîæíà âèáðàòè òàê, 

ùîá ñóìà â ïðàâ³é ÷àñòèí³ (8) íàáëèæàëàñÿ äî íóëÿ ïðè m → ∞ , îòæå, 

 
/( ) /( )

lim ( ) ( )
n n n n

m
m

G G

Q x dx P x dx
+β +β

→∞
=∫ ∫( ) ( ) , 

 lim ( ) ( )m
m

G G

Q x dx P x dx
→∞

=∫ ∫ . (9) 

Ïîêëàäåìî 

 
/( )
, ,

, /( )

mes
,      1,2, ,

( ( ))

n n
i s i s n

i s n n
m

G

mq G
m i s

Q x dx

+β

+β

 
 

= = 
 
 
∫

 . (10) 
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Îñê³ëüêè 1( ) 0P x a≥ >  äëÿ óñ³õ x G∈ , òî 
def

,
1

( )  min
n i s

i s
N m m

≤ ≤
= → ∞ , 

ÿêùî m → ∞ . 
Ðîçì³ñòèìî â êîæíîìó êóá³ ,i sG  ïî ,i sm  âóçë³â òàê, ÿê çàçíà÷åíî âèùå, 

îòðèìàíó ìíîæèíó ïîçíà÷èìî ÷åðåç mX . Î÷åâèäíî, ³ñíóº êîíñòàíòà 0λ >  

òàêà, ùî 

 1/,            ( , ) n
mm x G x X m−∀ ∈ ∀ ∈ ρ ≤ λ . (11) 

Íà ï³äñòàâ³ (7), ÿêùî ( ) (3 ) / mesnN m B> δ , òî  

 

,

1/
, ,

1 [ , ]

( ) ( , ) 1 ( ( )) ( ( , ))
n

i s

s
n

m i s i s
iG B r

P x F X x dx A N m m q x dx−

= θ

≤ + ⋅ ω ρ θ +∑∫ ∫( )  

 ( ) ( ) ( , )m m
G

P x Q x F X x dx+ −∫ ( ) , (12) 

äå 
1/

, , ,mes /( mes )
n

i s i s i sr G m B= ( ) . Îñê³ëüêè, ïî÷èíàþ÷è ç äåÿêîãî m , 

1/
, 1 2[ , ]n

i sr m h h∈ , 1, , ni s=  , äå ÷èñëà 1 2, 0h h >  çàëåæàòü ò³ëüêè â³ä ρ  ³ 

( )P x , ³ 
,

,

1

[ , ] 0

( ( , )) mes ( )
i s

i s

r
n

B r

x dx n B t t dt−

θ

ω ρ θ = ω∫ ∫ , òî çã³äíî ç ëåìîþ 1 0∀ε > , 

ïî÷èíàþ÷è ç äåÿêîãî m , äëÿ âñ³õ 1,2, , ni s=   ñïðàâäæóºòüñÿ íåð³âí³ñòü 

 

1/,
1 1 ( )/ 1

,
0 0

( ) (1 ) mes ( )

ni sr m
n n n n

i st t dt P q B t t dt

−

− − − +β −ω ≤ + ε ω∫ ∫( ) . (13) 

Ç³ ñï³ââ³äíîøåíü (9)–(13) ³ òåîðåìè 2 âèïëèâàº, ùî ïîñë³äîâí³ñòü íàáî-
ð³â âóçë³â mX  º àñèìïòîòè÷íî îïòèìàëüíîþ. 

Íåõàé òåïåð ìíîæèíà nG ⊂   âèì³ðíà çà Æîðäàíîì. Âèáåðåìî êóá G  

òàê, ùîá G G⊂  , äëÿ êîæíîãî m ∈   ïîêëàäåìî 1/(2 )[ ]ns m=  ³ ïîäàìî êóá 

G  ó âèãëÿä³ îá’ºäíàííÿ ns  îäíàêîâèõ êóá³â, ùî íå ìàþòü ñï³ëüíèõ âíóò-

ð³øí³õ òî÷îê: ,
1

ns

i s
i

G G
=

=  . Ïîêëàäåìî  

 , ,1,2, , ,        :n
l l s l i sJ s J i J G G= = ∈ ⊂{ } { } ,  

 
2,

2, , 1, ,: ,  ,    
s

s l i s s s i s
i J

J i J G G i J T G G
∈

 = ∈ ≠ ∅ ∉ =  
 

   { } . 

Âèçíà÷èìî âåëè÷èíó ,i sq  äëÿ âñ³õ 1,si J∈  òàê ñàìî, ÿê ³ âèùå, äëÿ 

êîæíîãî 2,si J∈  ïîêëàäåìî , 1i sq a= . Óâåäåìî ôóíêö³þ 

 , , , 1, 2,, \ ,  ,
( )

0 â ³íøèõ òî÷êàõ .
i s i s i s s s

m

q x G G i J J
Q x

G

 ∈ ∂ ∈= 


  
  

Ïîêëàäåìî  

 
/( )
, ,

, 1, 2,/( )

mes
,      

( ( ))

n n
i s i s

i s s sn n
m

G

mq G
m i J J

Q x dx

+β

+β

 
 

= ∈ 
 
 
∫


 . 
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Ó êîæíîìó êóá³ ,i sG  ïðè 1,si J∈  ïîáóäóºìî ìíîæèíó âóçë³â ,i sX  òàê, 

ÿê çàçíà÷åíî âèùå ( , ,i s i sX m= ), à äëÿ êîæíîãî 2,si J∈  ïîáóäóºìî ïîêðèò-

òÿ ïðîñòîðó n  çñóâàìè êóë³ 1/
, ,, 2(mes /(mes )) n

i s i sB G B mθ [ ]  áåç ïåðåð³ç³â 

äîäàòíî¿ ì³ðè ³ âèáåðåìî ç êîæíî¿ êóë³ â öüîìó ïîêðèòò³, ùî ïåðåòèíàº 

,i sG G , ïî îäí³é òî÷ö³, ùî íàëåæèòü ,i sG G , îòðèìàíó ìíîæèíó òàêîæ 

ïîçíà÷èìî ,i sX . Ïîêëàäåìî 
1, 2,

,
s s

m i s
i J J

X X
∈

=


  . Ç ïîáóäîâè ìíîæèíè mX  

âèïëèâàº, ùî 1/
, ,

1
( , ) max mes /( mes )

n

n
m i s i s

i s
X x c G m B

≤ ≤
ρ ≤   ( ) , äå c  – ñòàëà, ÿêà 

íå çàëåæèòü â³ä m  ³ G , çâ³äêè âèïëèâàº, ùî 1/
2( , ) n

mX x c m−ρ ≤   äëÿ âñ³õ 

x G∈  ³ m ∈  , 2c  – ñòàëà, ÿêà íå çàëåæèòü â³ä m . 
Ìàºìî 

 
, ,

, ,( ) ( , ) ( , )
i s i s

m i s i s
i JG G

P x F X x dx q F X x dx
∈

≤ +∑∫ ∫


   

 ( ) ( ) ( , ) ( ) ( , )

s

m m m m
G T

P x Q x F X x dx Q x F X x dx+ − +∫ ∫  ( ) . 

Îö³íþþ÷è çâåðõó ïåðøèé ³ äðóãèé äîäàíîê ó ïðàâ³é ÷àñòèí³ àíàëîã³÷íî 
äî îïèñàíîãî âèùå ³ áåðó÷è äî óâàãè íåð³âí³ñòü  

 1/
1 2( ) ( , ) mes ( )n

m m s
Ts

Q x F X x dx a T c m−≤ ω∫    , 

óìîâó (Ñ), ð³âí³ñòü lim mes 0s
m

T
→∞

=  ³ òåîðåìó 2, îòðèìóºìî, ùî âèêîíóºòüñÿ 

òàêà  

Òåîðåìà 4. Íåõàé ìíîæèíà nG ⊂   âèì³ðíà çà Æîðäàíîì, ôóíêö³¿ ρ , 

P  ³ ω  çàäîâîëüíÿþòü óìîâè (À), (Â), (Ñ) â³äïîâ³äíî. Òîä³ ïîñë³äîâí³ñòü êó-

áàòóðíèõ ôîðìóë, âèçíà÷åíà âóçëàìè mX  ³ â³äïîâ³äíèìè ¿ì îïòèìàëü-

íèìè êîåô³ö³ºíòàìè, º àñèìïòîòè÷íî îïòèìàëüíîþ.  

3. Âèñíîâêè. Öÿ ðîáîòà º ïðîäîâæåííÿì öèêëó ðîá³ò Í. Ï. Êîðí³é÷óêà, 
Â. Ô. Áàáåíêî, Â. Ï. Ìîòîðíîãî òà ³í., ïîâ’ÿçàíèõ ç îïòèì³çàö³ºþ áàãàòî-
âèì³ðíèõ êâàäðàòóð. Îñíîâíà ¿¿ â³äì³íí³ñòü ïîëÿãàº â òîìó, ùî ïðè ïîáóäîâ³ 
àñèìïòîòè÷íî îïòèìàëüíèõ êâàäðàòóð ðîçãëÿäàºòüñÿ äîâ³ëüíà â³äîêðåìëåíà 
â³ä íóëÿ îáìåæåíà é ³íòåãðîâíà çà Ëåáåãîì âàãîâà ôóíêö³ÿ. Îïèñàíèé ñïî-
ñ³á ïîáóäîâè ïîñë³äîâíîñò³ àñèìïòîòè÷íî îïòèìàëüíèõ êâàäðàòóðíèõ ôîð-
ìóë ìîæå áóòè çàñòîñîâàíèé òàêîæ ó âèïàäêó 2n =  äëÿ åâêë³äîâî¿ ìåòðè-
êè íà ïëîùèí³, ïðè öüîìó ïðè ïîáóäîâ³ ìíîæèíè âóçë³â ñë³ä ðîçãëÿíóòè 

ïîêðèòòÿ ïðîñòîðó 2  áåç ïåðåð³ç³â äîäàòíî¿ ì³ðè çñóâàìè ïðàâèëüíîãî 
øåñòèêóòíèêà. 
 
 1. Áàáåíêî Â. Ô. Àñèìïòîòè÷åñêè òî÷íàÿ îöåíêà îñòàòêà íàèëó÷øèõ äëÿ íåêîòî-

ðûõ êëàññîâ ôóíêöèé êóáàòóðíûõ ôîðìóë // Ìàò. çàìåòêè. – 1976. – 19, âûï. 3. 
– Ñ. 313–322. 

 2. Áàáåíêî Â. Ô. Òî÷íàÿ àñèìïòîòèêà îñòàòêîâ îïòèìàëüíûõ äëÿ íåêîòîðûõ êëàñ-
ñîâ ôóíêöèé âåñîâûõ êóáàòóðíûõ ôîðìóë // Ìàò. çàìåòêè. – 1976. – 20, âûï. 4. 
– Ñ. 589–596. 

 3. Æåíñûêáàåâ À. À. Ìîíîñïëàéíû ìèíèìàëüíîé íîðìû è íàèëó÷øèå êâàäðàòóð-
íûå ôîðìóëû // Óñïåõè ìàò. íàóê. – 1981. – 36, ¹ 4. – Ñ. 107–159. 

 4. Êîðíåé÷óê Í. Ï. Íàèëó÷øèå êóáàòóðíûå ôîðìóëû äëÿ íåêîòîðûõ êëàññîâ 
ôóíêöèé ìíîãèõ ïåðåìåííûõ // Ìàò. çàìåòêè. – 1968. – 3, âûï. 5. – Ñ. 565–576. 

 5. Êîðíåé÷óê Í. Ï. Ýêñòðåìàëüíûå çàäà÷è òåîðèè ïðèáëèæåíèé. – Ìîñêâà: Íàóêà, 
1976. – 320 ñ. 



120 

 6. Ëåáåäü Ã. Ê. Î êâàäðàòóðíûõ ôîðìóëàõ ñ íàèìåíüøåé îöåíêîé îñòàòêà íà íåêî-
òîðûõ êëàññàõ ôóíêöèé // Ìàò. çàìåòêè. – 1968. – 3, ¹ 5. – Ñ. 577–586. 

 7. Ìàóíã ×æî Íüþí, Øàðûãèí È. Ô. Îïòèìàëüíûå êóáàòóðíûå ôîðìóëû íà êëàñ-

ñàõ 1,
2

cD  è 11,
2

lD  // Âîïðîñû âû÷èñë. è ïðèêë. ìàòåìàòèêè. – Òàøêåíò: Èí-ò êè-

áåðíåòèêè ÀÍ ÓçÑÑÐ, 1971. – Ñ. 22–27. 
 8. Ìîòîðíûé Â. Ï. Èññëåäîâàíèÿ Äíåïðîïåòðîâñêèõ ìàòåìàòèêîâ ïî îïòèìèçàöèè 

êâàäðàòóðíûõ ôîðìóë // Óêð. ìàò. æóðí. – 1990. – 42, ¹ 1. – Ñ. 18–33. 
 9. Íèêîëüñêèé Ñ. Ì. Êâàäðàòóðíûå ôîðìóëû. – Ìîñêâà: Íàóêà, 1974. – 223 ñ. 
 10. Ïîëèà Ã., Ñåãå Ã. Çàäà÷è è òåîðåìû èç àíàëèçà: Â 2 ÷. – Ìîñêâà: Íàóêà, 1978. – 

×. 1. – 431 ñ. 
 11. Ñòåéí È. Ñèíãóëÿðíûå èíòåãðàëû è äèôôåðåíöèàëüíûå ñâîéñòâà ôóíêöèé. – 

Ìîñêâà: Ìèð, 1973.  
 12. Ñóõàðåâ À. Ã. Ê âîïðîñó î ïîñòðîåíèè îïòèìàëüíûõ êâàäðàòóð äëÿ ôóíêöèé 

ìíîãèõ ïåðåìåííûõ // Êèáåðíåòèêà. – 1982. – ¹ 1. – Ñ. 7–11. 
 13. Babenko V. F. On the optimal error bound for cubature formulae on certain classes 

of continuous functions // Anal. Math. – 1977. – 3, No. 1. – Ð. 3–9. 
 14. Chornaya E. V. On the optimization of weighted cubature formulae on certain clas-

ses of continuous functions // East J. approxim. – 1995. – 1, No. 1. – Ð. 47–60.  
 
АСИМПТОТИЧЕСКИ ОПТИМАЛЬНЫЕ ВЕСОВЫЕ КУБАТУРНЫЕ ФОРМУЛЫ 
ДЛЯ НЕКОТОРЫХ КЛАССОВ ФУНКЦИЙ МНОГИХ ПЕРЕМЕННЫХ 
 
Ïîñòðîåíà ïîñëåäîâàòåëüíîñòü àñèìïòîòè÷åñêè îïòèìàëüíûõ âåñîâûõ êóáàòóð-

íûõ ôîðìóë íà êëàññàõ ,GHω
ρ , îïðåäåëåííûõ ìàæîðàíòîé ω  ìîäóëÿ íåïðåðûâíîñ-

òè îòíîñèòåëüíî ìåòðèêè ρ . Ïðè ýòîì îáëàñòü èíòåãðèðîâàíèÿ nG ⊂   èçìå-
ðèìà ïî Æîðäàíó, âåñîâàÿ ôóíêöèÿ èíòåãðèðóåìà ïî Ëåáåãó, íåîòðèöàòåëüíà, 
îãðàíè÷åíà è îòäåëåíà îò íóëÿ, à ìåòðèêà ρ  óäîâëåòâîðÿåò óñëîâèþ ïëîòíîãî 
âëîæåíèÿ.  
 
ASYMPTOTICALLY OPTIMAL WEIGHT CUBIC FORMULAS FOR SOME 
CLASSES OF FUNCTIONS OF MANY VARIABLES 
 

A sequence of asymptotically optimal weight cubic formulas on the ,GHω
ρ  classes is con-

structed. The classes are defined by the majorant ω  of the continuity modulus concer-

ning the metric ρ . In addition the integration region nG ⊂   is Jordan measurable, the 
weight function is Lebesgue integrable, bounded and separated from zero, and metric ρ  
satisfies the conditions of dense imbedding.  
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