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Р. В. Андрусяк  
 

ГЛОБАЛЬНА РОЗВ’ЯЗНІСТЬ ОБЕРНЕНОЇ  
ГІПЕРБОЛІЧНОЇ ЗАДАЧІ СТЕФАНА  
 

Ðîçãëÿíóòî çàäà÷ó Ñòåôàíà äëÿ ë³í³éíî¿ ã³ïåðáîë³÷íî¿ ñèñòåìè ð³âíÿíü ïåð-
øîãî ïîðÿäêó ç íåâ³äîìèìè êîåô³ö³ºíòàìè â ïðàâ³é ÷àñòèí³. ²ç çàñòîñóâàí-
íÿì òåîðåìè Áàíàõà ïðî íåðóõîìó òî÷êó òà ìåòîäó ïîêðîêîâî¿ ïîáóäîâè 
ðîçâ’ÿçêó, äîâåäåíî ³ñíóâàííÿ ºäèíîãî óçàãàëüíåíîãî ðîçâ’ÿçêó çàäà÷³ íà ÿê 
çàâãîäíî âåëèêîìó ÷àñîâîìó ³íòåðâàë³.  

 
Çàäà÷³ ç íåâ³äîìèìè ãðàíèöÿìè îïèñóþòü øèðîêèé êëàñ ïðîöåñ³â, ùî 

âèíèêàþòü ó ìåõàí³ö³ òâåðäîãî ò³ëà òà ð³äèíè, ô³çèö³, õ³ì³¿, îïòèìàëüíîìó 
êåðóâàíí³ òîùî. Òàê³ çàäà÷³ äëÿ ïàðàáîë³÷íèõ òà åë³ïòè÷íèõ ð³âíÿíü íàçè-
âàþòü çàäà÷àìè Ñòåôàíà. Äåòàëüíèé îãëÿä ë³òåðàòóðè ç öüîãî ïèòàííÿ íà-
âåäåíî â [2, 11]. Îäíàê áàãàòî ìàòåìàòè÷íèõ ìîäåëåé ïðîáëåì ãàçîâî¿ äèíà-
ì³êè, àåðîïðóæíîñò³, åëåêòðîäèíàì³êè, ãåîô³çèêè, òåïëîïðîâ³äíîñò³ (ã³ïåð-
áîë³÷íà ìîäåëü òåïëîïåðåíîñó) çâîäèòüñÿ äî ðîçâ’ÿçàííÿ çàäà÷ ç íåâ³äîìè-
ìè ãðàíèöÿìè äëÿ ã³ïåðáîë³÷íèõ ð³âíÿíü ³ ñèñòåì [6, 9–11].  

Ð³çí³ âàð³àíòè îáåðíåíèõ ã³ïåðáîë³÷íèõ çàäà÷ ðîçãëÿäàëèñü áàãàòüìà 
àâòîðàìè. Çàãàëüíà ìåòîäîëîã³ÿ òà êîíêðåòí³ ïîñòàíîâêè, îãëÿä ë³òåðàòóðè 
íàâåäåí³, çîêðåìà, â [7].  

Ó ö³é ðîáîò³ ðîçãëÿäàºìî çàäà÷ó ïðî âèçíà÷åííÿ ðîçâ’ÿçêó ã³ïåðáîë³÷-
íî¿ ñèñòåìè ð³âíÿíü ³ç ÷àñòèííèìè ïîõ³äíèìè, â ÿê³é íåâ³äîìèìè òàêîæ º 
êîåô³ö³ºíòè ïðàâî¿ ÷àñòèíè ñèñòåìè òà ìåæà îáëàñò³. Ïðè äîâåäåíí³ òåîðåì 
³ñíóâàííÿ ³ ºäèíîñò³ ëîêàëüíîãî òà ãëîáàëüíîãî ðîçâ’ÿçê³â çàäà÷³ âèêîðèñ-
òîâóºìî ìåòîäèêó äîñë³äæåíü, íàâåäåíèõ ó [4, 8]. Äåÿê³ ïèòàííÿ ëîêàëüíî¿ 
ðîçâ’ÿçíîñò³ îáåðíåíèõ ã³ïåðáîë³÷íèõ çàäà÷ Ñòåôàíà âèâ÷àëèñü ó ðîáî-
òàõ [1, 3, 5].  

1. Ôîðìóëþâàííÿ çàäà÷³. Ó ñòàòò³ âèêîðèñòàíî òàê³ ïîçíà÷åííÿ:  
2

1 1 2( , ) : ( ( , ), , ( , )) ,            ( ) : ( ( ), ( ))n u u u
nu x t u x t u x t a t a t a t= ∈ = ∈   , 

2
 1 2 1( ( ), ) : ( ( ), ),  ( ( ), ) ,     ( ) : ( ( ), , ( ))u u u n n

nu a t t u a t t u a t t g x g x g x= ∈ = ∈( )   , 
0 0 0 2 0 0 0 2 2

1 2 1 2 1 2: ( , ) ,         ( ) : ( ( ), ( )) ,      : ( , )na a a g a g a g a= ∈ = ∈ ζ = ζ ζ ∈   , 
1 2 2

1: ( , , ) ,   1,2,        : ( , )k k k n n
n kω = ω ω ∈ = ω = ω ω ∈   . 

Â îáëàñò³ 2
1 2 1 2( , ) : 0 ,  ( ) ( ),  ( ) ( )u u u u u

TG x t t T a t x a t a t a t= ∈ < < < < <{ }  ðîç-
ãëÿäàºìî ë³í³éíó ñèñòåìó ð³âíÿíü ³ç ÷àñòèííèìè ïîõ³äíèìè  

 
1

( , ) ( , ) ( ) ( , ) ( , ),   1, ,
n

i i
i ij j i i i

j

u u
x t a x t u f t b x t c x t i n

t x =

∂ ∂
+ λ = + + =

∂ ∂ ∑  . (1) 

Ïðè öüîìó ìíîæíèêè ( )if t  ³ ìåæ³ ( )u
ka t  îáëàñò³ u

TG  íå º íàïåðåä âèçíà÷åí³, 

àëå ( )u
ka t  çàäîâîëüíÿþòü ñèñòåìó äèôåðåíö³àëüíèõ ð³âíÿíü  

 
( )

( , ( ), ( ( ), )),        1,2
u

u uk
k

da t
h t a t u a t t k

dt
= = . (2) 

Íàêëàäåìî ïî÷àòêîâ³, ãðàíè÷í³ óìîâè òà äîäàòêîâó óìîâó ïåðåâèçíà÷åííÿ  

 0 0 0
1 2(0) ,                       1,2,      u

k ka a k a a= = < , (3) 

 0 0
1 2( ,0) ( ),                 1, , ,          i iu x g x i n a x a= = ≤ ≤ , (4) 

 ( ( ), ) ( ( ), ),     1,2,       u i u
i k k ku a t t H a t t k i I= = ∈ , (5) 

 ( ( ), ) ( ),               1, ,i iu t t t i nψ = β =  , 

 0 0
1 2( ( ), ) ,     0 ,     (0) ( , )u

Tt t G t T a aψ ∈ ≤ ≤ ψ ∈ , (6) 
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äå 0 0 0 0 0 0
1 1 1 2 2 2: ( ,0) (0, , ( )) ,   : ( ,0) (0, , ( ))i iI i a h a g a I i a h a g a= λ > = λ <{ } { } .  
Ïðèïóñêàºìî, ùî  

 0 0 0( ,0) (0, , ( )),      1, , ,     1,2i k ka h a g a i n kλ ≠ = = . (7) 

2. Óçàãàëüíåíèé ðîçâ’ÿçîê. Íåõàé ( ; , ),  1, ,i x t i nϕ τ =  , – õàðàêòåðèñ-

òèêè ñèñòåìè (1), ÿê³ îòðèìóºìî ÿê ðîçâ’ÿçêè çàäà÷ Êîø³ ( , )i
d
d

ξ = λ ξ τ
τ

, 

( )t xξ = . Ïðèïóñêàþ÷è, ùî  

 ( ( ), ) ( , ( ), ( ( ), )),   1,2,   1, , ,  0u u u
i k ka t t h t a t u a t t k i n t Tλ ≠ = = ≤ ≤ , (8) 

é ³íòåãðóþ÷è ð³âíÿííÿ (1) óçäîâæ â³äïîâ³äíèõ õàðàêòåðèñòèê, îòðèìóºìî 
ñèñòåìó ³íòåãðî-ôóíêö³îíàëüíèõ ð³âíÿíü  

 
( , ; )

( , ) ( , ; ) ( ( ; , ), ) ( ( ; , ), )

i

t

i i ij i j i
jx t u

u x t x t u a x t u x t
χ

= ϑ + ϕ τ τ ϕ τ τ +
 ∑∫  

 ( ) ( ( ; , ), ) ( ( ; , ), )i i i i if b x t c x t d+ τ ϕ τ τ + ϕ τ τ τ


, (9) 

äå  ( , ; ) min : ( ( ; , ), ) u
i i Tx t u x t Gχ = τ ϕ τ τ ∈{ } ,  

 

( (0; , )), ( , ; ) 0,

( ( ( , ; )), ( , ; )), ( , ; ) 0,( , ; )

( ( , ; ); , ) ( ( , ; )).

i i i

i u
k i i ii

u
i i k i

g x t x t u

H a x t u x t u x t ux t u

x t u x t a x t u

ϕ χ =


χ χ χ >ϑ = 


ϕ χ = χ

 

²íòåãðóþ÷è (2), îòðèìóºìî ñèñòåìó ³íòåãðàëüíèõ ð³âíÿíü  

 0

0

( ) ( , ( ), ( ( ), ))
t

u u u
k k ka t a h a u a d= + τ τ τ τ τ∫ . (10) 

Ïðèïóñêàþ÷è, ùî  

 ( ( ), ; ) 0i t t uχ ψ = , (11) 

 ( ( ), ) 0,         1, ,ib t t i nψ ≠ =  , (12) 

âðàõóâàâøè óìîâó ïåðåâèçíà÷åííÿ (6), âèâîäèìî ñèñòåìó ³íòåãðàëüíèõ ð³â-
íÿíü  

 1( ) ( ) ( ( ), ) ( ) ( ( ), )
( ( ), )i i ij j i

i j

f t t a t t t c t t
b t t

 ′= β − ψ β − ψ +ψ 
∑  

 
0

( (0; ( ), )) ( ( ), ) ( ) exp ( ( ; ( ), ), )
t

i i i ix ig t t t t t t t d ′ ′ ′+ ϕ ψ λ ψ − ψ − λ ϕ σ ψ σ σ + 
 ∫[ ]  

 
0

( ( ; ( ), ), ) ( ( ; ( ), ), ) ( ( ; ( ), ), )
t

ijx i j i ij i
j

a t t u t t a t t  ′+ ϕ τ ψ τ ϕ τ ψ τ + ϕ τ ψ τ ×  ∑∫  

 ( ( ; ( ), ), ) ( ) ( ( ; ( ), ), ) ( ( ; ( ), ), )j i i ix i ix iu t t f b t t c t t
x
∂  ′ ′× ϕ τ ψ τ + τ ϕ τ ψ τ + ϕ τ ψ τ ×∂ 

 

 ( ( ), ) ( ) exp ( ( ; ( ), ), )
t

i ix it t t t t d d
τ

 ′ ′× λ ψ − ψ − λ ϕ σ ψ σ σ τ  
  ∫[ ] . (13) 

Ïðîäèôåðåíö³þâàâøè ð³âí³ñòü (9) çà x , îòðèìàºìî  
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( , ; )

( , )
( , ; , ) ( ( ; , ), ) ( ( ; , ), )

i

t
i

i ijx i j i
jx t u

u x t
x t u f a x t u x t

x
χ

∂  ′ ′= ϑ + ϕ τ τ ϕ τ τ + ∂  ∑∫  

 ( ( ; , ), ) ( ( ; , ), ) ( ) ( ( ; , ), )ij i j i i ix ia x t u x t f b x t
x
∂  ′+ ϕ τ τ ϕ τ τ + τ ϕ τ τ +∂

 

 ( ( ; , ), ) exp ( ( ; , ), )
t

ix i ix ic x t x t d d
τ

  ′ ′+ ϕ τ τ − λ ϕ σ σ σ τ  
  ∫ , (14) 

äå  

 
0

( , ; , ) ( (0; , )) exp ( ( ; , ), )
t

i i i ix ix t u f g x t x t d ′ ′ ′ϑ = ϕ − λ ϕ σ σ σ 
 ∫ , 

ÿêùî ( , ; ) 0i x t uχ = ;  

 ( , ; , ) ( ( ), ) ( , ( ), ( ( ), )) ( ( ), )i u u u i u
i ka ktx t u f H a h a u a H a ′ ′′ϑ = η η η η η η + η η −

 ∑  


 

 ( ( ), ) ( ( ), ) ( ) ( ( ), ) ( ( ), )u u u u
ij k j k i i k i k

j

a a u a f b a c a − η η η η − η η η − η η ×
∑  

 
( , ; )

1
( , ( ), ( ( ), )) ( ( ), )

i

u u u
k i k x t u

h a u a a η=χ

× ×
η η η η − λ η η

 

 
( , ; )

exp ( ( ; , ), )

i

t

ix i
x t u

x t d
χ

 ′× − λ ϕ σ σ σ 
 ∫ , 

ÿêùî ( , ; ) 0i x t uχ > , ( ( , ; ); , ) ( ( , ; ))u
i i k ix t u x t a x t uϕ χ = χ .  

Âðàõîâóþ÷è ñï³ââ³äíîøåííÿ (9), (13), (14), âèâîäèìî óìîâè ïîãîäæåííÿ 
0-ãî òà 1-ãî ïîðÿäê³â ì³æ ïî÷àòêîâèìè óìîâàìè (3), (4), ãðàíè÷íîþ óìîâîþ 
(5) òà óìîâîþ ïåðåâèçíà÷åííÿ (6):  

 0 0( ) ( ,0),       1,2,      i
i k k kg a H a k i I= = ∈ , 

 ( (0)) (0),        1, ,i ig i nψ = β =  , 

 0 0 0 0 0 0 0( ) (0, , ( )) ( ,0) ( , 0) ( ) (0) ( ,0)i k k i k ij k j k i i k
j

g a h a g a a a a g a f b a′ − λ + + +∑[ ]  

 0 0 0 0 0( ,0) ( ,0) (0, , ( )) ( ,0),   1,2,  i i
i k ka l kt kc a H a h a g a H a k i I′ ′+ = + = ∈∑ 


, 

 ( (0)) (0) ( (0),0) ( (0), 0) (0)i i ij j
j

g a′ ′ψ ψ − λ ψ + ψ β +∑[ ]  

 (0) ( (0),0) ( (0),0) (0),     1, ,i i i if b c i n′+ ψ + ψ = β =  . (15) 

Ââåäåìî TS  – ìåòðè÷íèé ïðîñò³ð, ùî ñêëàäàºòüñÿ ç òð³éîê ( , , )xu u f  

òàêèõ, ùî ( , ),  ( , ) ( ),  1, , ;  ( ) [0, ],  1, 2u u
i xi T ku x t u x t C G i n a t C T k∈ = ∈ = , 1 ( )ua t <  

2 ( )ua t< ; ( ) [0, ],  1, ,if t C T i n∈ =  . Â³äñòàíü ì³æ åëåìåíòàìè ïðîñòîðó îçíà-
÷èìî òàêèì ÷èíîì: 

 
1 21 1 1 2 2 2 1

, , ,
( , , ), ( , , ) max max ( ) ( ) ,  max ( , )u u

x x k k i
k t i x t

u u f u u f a t a t u x tρ = − −( ) {  

 2 1 2 1 2

, , ,
( , ) ,  max ( , ) ( , ) ,  max ( ) ( )i xi xi i i

i x t i t
u x t u x t u x t f t f t− − − } , 
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äå äëÿ äîâ³ëüíîãî u
Tu G: →   ÷åðåç u  ïîçíà÷àºìî ôóíêö³þ, ùî ïðîäîâæóº 

u  íà [0, ]T×  çà ïðàâèëîì 

 1 1 2 2( , ) ( ( ), ),     ( );      ( , ) ( ( ), ),    ( )u u u uu x t u a t t x a t u x t u a t t x a t= < = > .  

Îçíà÷åííÿ. Óçàãàëüíåíèì ðîçâ’ÿçêîì çàäà÷³ (1)–(6) íàçèâàòèìåìî 
òð³éêó ë³ïøèöåâèõ çà âñ³ìà àðãóìåíòàìè ôóíêö³é ( , , )x Tu u f S∈  òàêèõ, ùî 
çàäîâîëüíÿþòü ð³âíîñò³ (9), (10), (13), (14) òà óìîâè (8), (11).  

3. Ëîêàëüíà ðîçâ’ÿçí³ñòü çàäà÷³.  

Òåîðåìà 1. Íåõàé  

1°) 1,0( , ),  ( , ),  ( , ),  ( , ) ( [0, ])i ij i ix t a x t b x t c x t C Tλ ∈ ×  ëîêàëüíî ë³ïøèöåâ³ çà 

âñ³ìà çì³ííèìè, à ,  ,  ,  ix ijx ix ixa b c′ ′ ′ ′λ  – çà çì³ííîþ x ;  

2°) 2 2( , , ) ([0, ] )n
kh t C T +ζ ω ∈ ×   ëîêàëüíî ë³ïøèöåâ³ çà âñ³ìà çì³ííèìè;  

3°) 1 0 0
1 2( ) ( , )ig x C a a∈ [ ]  ðàçîì ³ç ïîõ³äíîþ çàäîâîëüíÿþòü óìîâó Ë³ïøèöÿ 

ç äåÿêîþ ñï³ëüíîþ ñòàëîþ r ;  

4°) 1 2( , ) ( [0, ])i
kH t C Tζ ∈ ×  ðàçîì ³ç ïîõ³äíèìè ëîêàëüíî ë³ïøèöåâ³ çà âñ³-

ìà çì³ííèìè;  

5°) 1( ),  ( ) ([0, ])it t C Tψ β ∈  ðàçîì ³ç ïîõ³äíîþ çàäîâîëüíÿþòü óìîâó Ë³ï-

øèöÿ ç äåÿêèìè ñòàëèìè 0ψ  ³ 0β  â³äïîâ³äíî;  

6°) âèêîíóþòüñÿ ïðèïóùåííÿ (7), (12) òà óìîâè óçãîäæåííÿ (15).  
Òîä³ ³ñíóº ºäèíèé óçàãàëüíåíèé ðîçâ’ÿçîê çàäà÷³ (1)–(6), âèçíà÷åíèé íà 

÷àñîâîìó ïðîì³æêó [0, ]ε  äëÿ ε  äîñòàòíüî ìàëîãî.  

Ä î â å ä å í í ÿ. Ââåäåìî 1
0( , , , , , , , )S S p F f U p= ε α β  – ï³äïðîñò³ð ïðî-

ñòîðó ,  (0, ]S Tε ε ∈ , íàêëàâøè íà éîãî åëåìåíòè òàê³ îáìåæåííÿ:  

(²) ôóíêö³¿ 0 0( ( ) (0, , ( )) ),  1,2u
k ka t h a g a t k− = , ë³ïøèöåâ³ ç³ ñòàëîþ α ;  

(²²) ( , ) ( ) ,  1, , ,  ( , ) u
i iu x t g x i n x t Gε− ≤ β = ∈ ;  

(²²²) ôóíêö³¿ ,  1, ,iu i n=  , ë³ïøèöåâ³ çà çì³ííîþ x  ç³ ñòàëîþ p ;  

(²V) ( ) ,   1, , ,   [0, ]if t F i n t≤ = ∈ ε ;  

(V) ôóíêö³¿ ,  1, ,if i n=  , ë³ïøèöåâ³ ç³ ñòàëîþ 0f ;  

(V²) ,  1, , ,  ( , ) u
xiu U i n x t Gε≤ = ∈ ;  

(V²²) ôóíêö³¿ ,  1, ,xiu i n=  , ë³ïøèöåâ³ çà çì³ííîþ x  ç³ ñòàëîþ 1p .  

Íà S  îçíà÷èìî îïåðàòîð A . Íåõàé ( , , )xu u f S∈ , òîä³ : ( , , )xA u u f   

( , , )xAu Au Af , äå 1 1 1( ) ,    ( ) ,    ( )n n n
i i x i x i i iAu A u Au A u Af A f= = == = = , iA u , 

: ,  : [0, ]Au
i x iA u G A fε → ε →  , à çíà÷åííÿ iA u , i xA u , Au

ka , iA f  îá÷èñëþ-

þòüñÿ çà òàêèìè ôîðìóëàìè:  

 ( )( , )iA u x t =  

 
( , ; )

( , ; ) ( ( ; , ), )( )( ( ; , ), )

i

t

i ij i j i
jx t Au

x t Au a x t A u x t
χ

= ϑ + ϕ τ τ ϕ τ τ +
 ∑∫



   

 ( ) ( ( ; , ), ) ( ( ; , ), )i i i i if b x t c x t d+ τ ϕ τ τ + ϕ τ τ τ


, 
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 0

0

( ) ( , ( ), ( ( ), ))
t

Au u u
k k ka t a h a u a d= + τ τ τ τ τ∫ , 

 1( )( ) ( ) ( ( ), ) ( ) ( ( ), )
( ( ), )i i ij j i

i j

A f t t a t t t c t t
b t t

 ′= β − ψ β − ψ +ψ 
∑  

 
0

( (0; ( ), )) ( ( ), ) ( ) exp ( ( ; ( ), ), )
t

i i i ix ig t t t t t t t d ′ ′ ′+ ϕ ψ λ ψ − ψ − λ ϕ σ ψ σ σ + 
 ∫[ ]  

 
0

( ( ; ( ), ), )( )( ( ; ( ), ), )
t

ijx i j i
j

a t t A u t t  ′+ ϕ τ ψ τ ϕ τ ψ τ + ∑∫   

 ( ( ; ( ), ), )( )( ( ; ( ), ), )ij i j x ia t t A u t t + ϕ τ ψ τ ϕ τ ψ τ +
  

 ( ) ( ( ; ( ), ), ) ( ( ; ( ), ), )i ix i ix if b t t c t t ′ ′+ τ ϕ τ ψ τ + ϕ τ ψ τ ×


 

 ( ( ), ) ( ) exp ( ( ; ( ), ), )
t

i ix it t t t t d d
τ

 ′ ′× λ ψ − ψ − λ ϕ σ ψ σ σ τ  
  ∫[ ] , 

 ( )( , ) ( , ; , )i x iA u x t x t Au Af′= ϑ +  

 
( , ; )

( ( ; , ), )( )( ( ; , ), )

i

t

ijx i j i
jx t Au

a x t A u x t
χ

  ′+ ϕ τ τ ϕ τ τ + ∑∫


  

 ( ( ; , ), )( )( ( ; , ), ) ( ) ( ( ; , ), )ij i j x i i ix ia x t A u x t f b x t ′+ ϕ τ τ ϕ τ τ + τ ϕ τ τ +
  

 ( ( ; , ), ) exp ( ( ; , ), )
t

ix i ix ic x t x t d d
τ

  ′ ′+ ϕ τ τ − λ ϕ σ σ σ τ  
  ∫ . 

Òóò 1 1( ) ,  ( )n n
i i x i x iAu A u Au A u= == =    , à iA u  òà i xA u  º çâóæåííÿìè â³äïîâ³ä-

íî iu  òà xiu  íà AuGε .  

Âñòàíîâèìî óìîâè íà ïàðàìåòðè, çà ÿêèõ ïðîñò³ð S  áóäå ³íâàð³àíòíèì 
â³äíîñíî ä³¿ îïåðàòîðà A , òîáòî ( , , )xAu Au Af S∈ , ÿêùî ( , , )xu u f S∈ .  

Íåõàé ( , , )xu u f  – äîâ³ëüíèé åëåìåíò ç S . Ç óìîâè 2°) òåîðåìè 1 òà 

îáìåæåíü (I), (II) ïðîñòîðó S  âèïëèâàº ³ñíóâàííÿ ñòàëî¿ Ë³ïøèöÿ ôóíêö³¿ 

( , ( ), ( ( ), ))u u
kh t a t u a t t  çà çì³ííèìè ,  t ζ  òà ω , ÿêó ïîçíà÷èìî ÷åðåç 0h . Óâ³â-

øè ïîçíà÷åííÿ 0 0 0: (0, , ( )),  1,2k kh h a g a k= = , 0 0max
kk

h h:= { } , çàïèøåìî  

 0 0 0 0
0( ) (0, , ( )) max , ,Au

k k k kk

d a t h a g a t h h r h
dt ′ ′′

− ≤ ε + α ε β + + α ε{ }( ) ( ) ( ) . 

Òîìó, âèìàãàþ÷è âèêîíàííÿ íåð³âíîñòåé  

 
0

0
min , ,          ,       1

2( )
r

hr h

β  αε ≤ β β ≤ ≥ 
+ α 

, (16) 

îòðèìóºìî ³íâàð³àíòí³ñòü îáìåæåííÿ (I) ïðîñòîðó S .  
Ç ïðèïóùåíü 1°), 3°)–5°) òåîðåìè òà îö³íîê (16) îòðèìóºìî ³ñíóâàííÿ 

ñòàëèõ ,  ,  ,  ,  ,  ,  A B C H GΛ Ψ  òà Φ  òàêèõ, ùî ( , )i x tλ ≤ Λ , ( , )ix x t′λ ≤ Λ , 

( , )ija x t A≤ , ( , )ijxa x t A′ ≤ , ( , )ib x t B≤ , ( , )ixb x t B′ ≤ , ( , )ic x t C≤ , 

( , )ixc x t C′ ≤ , ( , ) Aux t Gε∈ , ( ( ), )i Au
kH a t t H≤ , ( ( ), ) ,  1,2i Au

kaH a t t H′ ≤ =


 , 

( ( ), )i Au
ktH a t t H′ ≤ , ( )ig x G≤ , ( )ig x G′ ≤ , ( )tψ ≤ Ψ , ( )t′ψ ≤ Ψ , ( )i tβ ≤  
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≤ Φ , ( )i t′β ≤ Φ , à òàêîæ ñòàëèõ 0 0 0 0 0, , , ,a b c Hλ  òàêèõ, ùî ( , ), ( , )i ijx t a x tλ , 

( , )ib x t , ( , ),  ( , ) Au
ic x t x t Gε∈ , – ë³ïøèöåâ³ çà âñ³ìà çì³ííèìè, ix

′λ , ijxa′ , ixb′ , 

ixc′  – çà çì³ííîþ x , à ( ( ), )i Au
kH a t t  ðàçîì ç ïîõ³äíèìè ( ( ), )i Au

kaH a t t′


, 

1,2= , òà ( ( ), )i Au
ktH a t t′  – çà çì³ííèìè ζ , t  ç â³äïîâ³äíèìè êîíñòàíòàìè.  

Ââàæàþ÷è ïàðàìåòðè ε  òà β  äîñòàòíüî ìàëèìè, âèâîäèìî îö³íêó  

 ( , ( ), ( ( ), )) ( ( ), ) 0,  1,2,   1, ,u u Au
k i kh t a t u a t t a t t k i n− λ ≥ γ > = =  , (17) 

ÿêà çàáåçïå÷óº êîðåêòí³ñòü îçíà÷åííÿ îïåðàòîðà A .  

Ðîçãëÿíåìî îáìåæåííÿ (II). Íåõàé ( , ) ,  ( , ; ) 0Au
ix t G x t Auε∈ χ = , òîä³  

 ( )( , ) ( ) ( )i iA u x t g x A G n FB C r− ≤ + β + + ε + Λε[ ] . 

ßêùî æ ( , ; ) 0i x t Auχ > , òî  

 0
0( )( , ) ( ) ( ) max 1, , ( )i iA u x t g x A G n FB C h H r− ≤ + β + + ε + + α Λ + ε{ }[ ] . 

 Ï³äñóìîâóþ÷è, äëÿ çáåðåæåííÿ âëàñòèâîñò³ (II) äîñòàòíüî, ùîá  

 0
0( ) max 1, , ( )A G n FB C h H r+ β + + + + α Λ + ε ≤ β{ }[ ] . (18) 

Ðîçãëÿíåìî îáìåæåííÿ (III). Íåõàé ( , ) Au
sx t Gε∈ , ( , ; ) 0i sx t Auχ = , 1,2s = . 

Ïîçíà÷èìî ð³çíèöþ çà ³íäåêñîì s  ñèìâîëîì ∆ . Âèêîðèñòàâøè ëåìó ¥ðîíó-
îëëà – Áåëëìàíà, âèâîäèìî îö³íêó  

 0 0
0 0 0( )( , ) ( )i s s sA u x t a G n Apn Fb c x e r x eλ ε λ ε∆ ≤ + β + + + ∆ ε + ∆[ ] . 

ßêùî æ ( , ; ) 0,  1,2i sx t Au sχ > = , òî çà óìîâè  

 0

02
h

γ+ α + Λ ε ≤
λ

( ) , (19) 

ñïðàâäæóºòüñÿ îö³íêà  

 0
0 0 0( )( , ) ( )i s sA u x t a G n Apn Fb c x eλ ε∆ ≤ + β + + + ∆ ε +[ ]  

 00
0

2( ) max ,1 sA G n FB C H h x eλ ε+ + β + + + + α ∆
γ

[ ]{ } . 

Ââàæàþ÷è r  äîñòàòíüî âåëèêèì ³ çìåíøèâøè ε  çã³äíî ç íåð³âíîñòÿìè  

 0 0 0( ) 1,      1a G n Apn Fb c+ β + + + ε ≤ ε ≤[ ] , (20) 

îòðèìóºìî óìîâó ³íâàð³àíòíîñò³ âëàñòèâîñò³ (III)  

 0 (1 )e r pλ + ≤ . (21) 

Ïåðåéäåìî äî âëàñòèâîñò³ (IV) ïðîñòîðó S . Ùîá çàäîâîëüíèòè óìîâó 
(11), îáìåæèìî ε  ñï³ââ³äíîøåííÿì  

 0 0 0
1 2( ) min (0) , (0)h a a+ α + Λ + Ψ ε ≤ ψ − − ψ{ } . (22) 

Ç ïðèïóùåííÿ (12) âèïëèâàº ³ñíóâàííÿ ñòàëî¿ 0b >  òàêî¿, ùî ( ( ), )ib t tψ ≥  

,  1, ,b i n≥ =  . Çàïèøåìî îö³íêó  

 1( )( ) (1 ) ( ) ( )iA f t An C G e A G U n
b

Λε≤ Φ + + + Λ + Ψ + + β + +([  

 ( )FB C eΛε+ + Λ + Ψ ε]) . 

Òîìó, ÿêùî âèêîíóþòüñÿ íåð³âíîñò³  
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 1 (1 ) ( ) 1F An C G e
b

Λ≥ Φ + + + Λ + Ψ +[ ] , (23) 

 ( ) ( ) 1A G U n FB C eΛ+ β + + + Λ + Ψ ε ≤( ) , (24) 

òî ñïðàâäæóºòüñÿ îö³íêà ( )( ) ,  1, ,iA f t F i n≤ =  .  

Ðîçãëÿíåìî âëàñòèâ³ñòü (V). Íåõàé [0, ], 1,2st s∈ ε = , ³ ïðèïóñòèâøè, ùî 

 1max , 1p p ε ≤{ } , (25) 

îòðèìóºìî îö³íêó  

 02
1

1( )( ) ( )i s sA f t F e r t
b

λ +Λ ∆ ≤ + Λ + Ψ ∆ 
 

, 

äå 1F  – äåÿêà ñòàëà.  
Îòæå, äëÿ çáåðåæåííÿ âëàñòèâîñò³ (V) äîñòàòíüî, ùîá  

 02
1 0

1 ( )F e r f
b

λ +Λ+ Λ + Ψ ≤ . (26) 

Ïåðåéäåìî äî îáìåæåííÿ (VI) ïðîñòîðó S . Íåõàé ( , ) Aux t Gε∈ . Îçíà-

÷èâøè ñòàëó h  ÿê òàêó, ùî  

 ( , ( ), ( )( ( ), )) ,    1,2,     0Au Au
kh t a t Au a t t h k t≤ = ≤ ≤ ε , 

âèâîäèìî ñï³ââ³äíîøåííÿ  

 1( )( , ) (2 1) ( ) max 1,i xA u x t G H h A G n FB C eΛε≤ + + + + β + + +
γ

[ ] { }  

 ( )A G U n FB C eΛε+ + β + + + ε( ) . 

Òîìó, âèìàãàþ÷è âèêîíàííÿ íåð³âíîñòåé  

 1(2 1) ( ) max 1, 1U G H h A G n FB C eΛ≥ + + + + β + + +
γ

{ }[ ] , (27) 

 ( ) 1A G U n FB C eΛ+ β + + + ε ≤( ) , (28) 

çàáåçïå÷óºìî îö³íêó ( )( , ) ,  1, ,i xA u x t U i n≤ =  .  

Ðîçãëÿíåìî íà çàâåðøåííÿ îáìåæåííÿ (VII). Íåõàé ( , ) Au
sx t Gε∈ , 1, 2s = . 

ßêùî ( , ; ) 0,  1,2i sx t Au sχ = = , òî  

 1
0 0( )( , ) ( ) max , 2i x sA u x t r G a G U n A p p n∆ ≤ + λ ε + + β + + +[ { }(  

 02
0 0 0( ) sFb c A G U n FB C e xλ +Λ+ + ε + + β + + + λ ε ∆]) ( ) . 

Äîñë³äèâøè ïîä³áíî âèïàäîê ( ( , ; ); , ) ( ( , ; )),  1,2Au
i i s s k i sx t Au x t a x t Au sϕ χ = χ =  , 

çà óìîâè  

 
0 0

0 2 1( )
3

a a
h

−
+ α + Λ ε ≤  (29) 

³ âèêîðèñòàâøè ñï³ââ³äíîøåííÿ  

 ( )( , ) ( ) (1 ) max ,i s s s sA u x t A G n FB C p x t∆ ≤ + β + + + + Λ ∆ ∆( ) { } , 

îòðèìóºìî óìîâó ³íâàð³àíòíîñò³ âëàñòèâîñò³ (VII) ïðîñòîðó S   

 1 0 2
2max , (2 )(1 ) (2 1) ( )P r Hh An H h A G n FB C

 + + + Λ + + + + β + + × 
  γ

( )  

 00 0 1
0 03 2

2 2(1 ) max ,1 max ,1h h p B h f e pλ + Λ × + Λ + α + + α ≤ 
 γ γ 

{ } { } , 

äå 1P  – äåÿêà ñòàëà.  
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Çàóâàæèìî, ùî ñèñòåìà âñ³õ íàâåäåíèõ âèùå óìîâ º ñóì³ñíîþ. Ñïðàâä³, 
ñïåðøó çàáåçïå÷èìî âèêîíàííÿ ñï³ââ³äíîøåíü (16), âèáðàâøè β , ïîò³ì ε  

äîñòàòíüî ìàëèìè. Çìåíøèìî ïàðàìåòðè β  òà ε , ùîá âèêîíóâàëàñÿ íåð³â-

í³ñòü (17) äëÿ äåÿêîãî 0γ > . Äàë³ çàô³êñóºìî F , ï³ñëÿ ÷îãî U  çã³äíî ç íå-

ð³âíîñòÿìè (23) òà (27). Òåïåð çàô³êñóºìî çíà÷åííÿ p  ³ 0f  çã³äíî ç óìîâàìè 

(21), (26), ïîò³ì 1p  â³äïîâ³äíî äî (30). Íà çàâåðøåííÿ ìîæåìî ïðè âèáðàíèõ 

çíà÷åííÿõ β , F , U , p , 0f  ³ 1p  çìåíøèòè ε , ùîá çàáåçïå÷èòè âèêîíàííÿ 

ñï³ââ³äíîøåíü (18)–(20), (22), (24), (25), (28) òà (29).  
Ïðèïóñòèìî, ùî âêàçàí³ óìîâè âèêîíàí³, é âñòàíîâèìî îáìåæåííÿ íà 

ïàðàìåòð ε , çà ÿêîãî îçíà÷åíèé íàìè îïåðàòîð A  º îïåðàòîðîì ñòèñêó. Íå-

õàé ( , , ) ,  1,2s s s
xu u f S s∈ = , ³ ïîçíà÷èìî 1 1 1 2 2 2: (( , , ), ( , , ))x xu u f u u fρ = ρ . Ñïðàâ-

äæóºòüñÿ íåð³âí³ñòü  

 0 0
,

0

( ) max ( ) , ( ( ), )
s s s

t
Au u s u
k k i k

k i
a t h a u a d h∆ ≤ ∆ τ ∆ τ τ τ ≤ ερ∫ { } . 

Îö³íþþ÷è ( )( , )s
iA u x t∆   ³ ( )( , )s

i xA u x t∆  , âèâîäèìî ñï³ââ³äíîøåííÿ  

 0
, , , ,

max max ( )( , ) max ( )( , ) (1 )s s
i i x

i x t i x t
A u x t A u x t h

 ∆ , ∆ ≤ + ρ 
 

  . 

Ðîçãëÿíåìî ð³çíèöþ ( )( , )s
iA u x t∆ . Íåõàé 

1 2
( , ) Au Aux t G Gε ε∈   ³ 

( , ; ) 0,  1,2s
i x t Au sχ = = , òîä³  

 0( )( , ) (1 )s
iA u x t An h B∆ ≤ + ρ + ρ ε( ) . 

ßêùî æ ( , ; ) 0,  1,2s
i x t Au sχ > = , îòðèìóºìî îö³íêó  

 0 0 0( )( ) (1 ) ( )s
iA u x t An h B H h A G n FB| ∆ , |≤ + ρ + ρ ε + ερ + + β + +( ) (  

 0
0 0

2max ,1C H h h+ + + α ερ
γ

{ }) . 

Ï³äñóìîâóþ÷è, çàïèøåìî  

 0 0 0( )( , ) (1 ) ( ) ( )s
iA u x t An h B H p h A G n∆ ≤ + ρ + ρ ε + + ερ + + β +( ) (  

 0
0 0 1 0

2max ,1 ( )FB C H h h R h p+ + + + α ερ = + ερ
γ

{ }) . 

Ðîçãëÿäàþ÷è ð³çíèöþ ( )( )s
iA f t∆ , îòðèìóºìî îö³íêó  

 0 2
1( )( ) 2 (1 ) ( )s

iA f t A n h B e R
b

Λ∆ ≤ + ρ + ρ Λ + Ψ ε = ερ( ) . 

Òóò 1R , 2R  – ñòàë³, ùî âèçíà÷àþòüñÿ âèõ³äíèìè äàíèìè çàäà÷³.  

Ïåðåéäåìî äî ðîçãëÿäó ( )( , )s
i xA u x t∆ . Íåõàé 

1 2
( , ) Au Aux t G Gε ε∈  , 

( , ; ) 0,  1,2s
i x t Au sχ = = . Òîä³  

 0( )( , ) 2 (1 )s
i xA u x t A n h B eΛ∆ ≤ + ρ + ρ ε( ) . 

ßêùî æ ( , ; ) 0,  1,2s
i x t Au sχ > = , òî ñïðàâäæóºòüñÿ ñï³ââ³äíîøåííÿ 

 0 0 0
1( )( , ) (2 1) ( ) (2 ) ( )s

i xA u x t H h a G n Hh An A G n
∆ ≤ + + + β + + + β + γ

((  

 0
0 0 0 0

2(1 ) max ,1 1FB C p f B Fb c h h + + + + Λ + + + + α + + γ 
{ }) )  
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 0 1 0 2
1 (2 )( ) (2 1) ( )Hh An R h p BR H h A G n FB+ + + + + + + + β + +
γ
( ) (  

 0 2 2
3 0 02

1 2(1 ) max ,1 1C R h h p h p  + + + Λ + α + + +   γ γ
{ })  

 0 0
2( ) 2 (1 )A G U n FB C h A n h B eΛ+ + β + + + + + + εργ 

( ) ( ) . 

Òîìó  

 1
4 5 6 0( )( , ) max ,s

i xA u x t R R p p R f∆ ≤ + + ερ{ }( ) . 

Òóò 3 4 5 6,  ,  ,  R R R R  – äåÿê³ ñòàë³, ÿê³ âèçíà÷àþòüñÿ ÷åðåç âèõ³äí³ äàí³. 
Ï³äñóìîâóþ÷è, âðàõóâàâøè îòðèìàí³ íåð³âíîñò³, ìàºìî  

 1 1 1 2 2 2(( , , ), ( , , ))x xAu Au Af Au Au Afρ ≤  

 1
1 0 4 5 6 0 2max ,  max , ,  R h p R R p p R f R≤ + + + ερ{ }{ } . 

Òàêèì ÷èíîì, ÿêùî âèêîíóºòüñÿ óìîâà  

 1
1 0 4 5 6 0 2max ,  max , ,  1R h p R R p p R f R+ + + ε <{ }{ } , 

âèçíà÷åíå íàìè â³äîáðàæåííÿ A S S: →  º ñòèñêóþ÷èì. ßê íàñë³äîê ç òåî-
ðåìè Áàíàõà ïðî íåðóõîìó òî÷êó âèïëèâàº ³ñíóâàííÿ ³ ºäèí³ñòü â S  ðîç-
â’ÿçêó ( , , )xu u f  ð³âíÿíü (9), (10), (13) ³ (14); ïðè öüîìó ç óðàõóâàííÿì îáìå-
æåíü íà ïàðàìåòðè ïðîñòîðó óìîâè (8), (11) òàêîæ çàäîâîëüíÿþòüñÿ. À, îò-
æå, çà îçíà÷åííÿì öåé ðîçâ’ÿçîê º óçàãàëüíåíèì.  

Ðîçâ’ÿçîê çàäà÷³ (1)–(6) ºäèíèé íå ëèøå â ïðîñòîð³ S , àëå é áåç òàêîãî 
îáìåæåííÿ. Ñïðàâä³, ïðèïóñòèâøè ³ñíóâàííÿ äâîõ ðîçâ’ÿçê³â, ïåðåì³ùóºìî 
ïî÷àòîê â³äë³êó ÷àñó â òî÷íó íèæíþ ìåæó çíà÷åíü t , äëÿ ÿêèõ ö³ ðîçâ’ÿç-

êè íå ñï³âïàäàþòü, ï³ñëÿ ÷îãî âèáèðàºìî çíà÷åííÿ ε , F , U , p , 0f  òà 1p  

òàê, ùîá îáèäâà ðîçâ’ÿçêè ïîòðàïèëè â ìíîæèíó S , ùî íåìîæëèâî. Òåîðå-
ìó äîâåäåíî. ◊ 

Íàñë³äîê 1. ßêùî ( , , )x Tu u f S∈  – óçàãàëüíåíèé ðîçâ’ÿçîê çàäà÷³ (1)–

(6), ïðè÷îìó 1( ),  1, ,u
i Tu C G i n∈ =  , ³ çàäîâîëüíÿºòüñÿ óìîâà ïåðåâèçíà-

÷åííÿ (6), òî öåé ðîçâ’ÿçîê áóäå êëàñè÷íèì ³ ñïðàâäæóâàòèìåòüñÿ òî-

òîæí³ñòü ( , ) ( , ),  ( , ) ,  1, ,u
i xi Tu x t u x t x t G i n

x
∂ ≡ ∈ =

∂
 .  

Íàñë³äîê 2. ßêùî ìåæ³ ( )u
ka t  îáëàñò³ u

TG  º â³äîìèìè, òî â ïðèïóùåí-

íÿõ òåîðåìè 1 ìîæíà ñòâåðäæóâàòè ³ñíóâàííÿ ºäèíîãî êëàñè÷íîãî ðîç-
â’ÿçêó çàäà÷³ (1), (4)–(6) íà äîñòàòíüî ìàëîìó ÷àñîâîìó ïðîì³æêó.  

4. Ãëîáàëüíà ðîçâ’ÿçí³ñòü çàäà÷³. Íåõàé ³ñíóº ñòàëà h  òàêà, ùî 

( , , ) ,  1,2kh h k⋅ ⋅ ⋅ ≤ = , êð³ì òîãî, 1 2( , , ) 0,  ( , , ) 0h h⋅ ⋅ ⋅ ≤ ⋅ ⋅ ⋅ ≥  íà 2 2[0, ] nT +×  , ³ íå-

õàé ( , ),  1, ,i x t i nλ =  , º íåñïàäíèìè çà çì³ííîþ x  íà : ( , ) : 0T x t t TαΩ = ≤ ≤{ , 
0 0
1 2( ) ( )a h t x a h t− + α ≤ ≤ + + α } , äå 0α >  – äîâ³ëüíå. Ïðèïóñòèìî ³ñíóâàííÿ 

ñòàëî¿ 0γ >  òàêî¿, ùî âèêîíóºòüñÿ íåð³âí³ñòü  

 ( , , ) ( , ) ,    1, , ,   1, 2,    0k i kh t x t i n k t Tζ ω − λ ≥ γ = = ≤ ≤ , 

 0 0 0 0 2
1 1 1 1 2 2 2 2( ) , ,       , ( ) ,    na h t x a a x a h t− + α ≤ ζ ≤ ≤ ζ ≤ + + α ω ∈  . 
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Ââåäåìî ïîçíà÷åííÿ. Íåõàé , , , , , , , , , , ,G H b A A B B C CΨ Φ Λ   – ñòàë³, ÿê³ 

âèçíà÷àþòüñÿ òàêèì ÷èíîì: ( ) ,  ( )i ig x G g x G′≤ ≤ , 0 0
1 2[ , ]x a a∈ , ( , )i

kH t Hζ ≤ , 

( , ) ,  ( , )i i
k ktH t H H t Hζ
′ ′ζ ≤ ζ ≤


 íà 0
1 1: ( , ) : 0 ,  ( )T t t T a h tζαΩ = ζ ≤ ≤ − + α ≤ ζ ≤{  

0 0 0
1 2 2 2,  ( )a a a h t≤ ≤ ζ ≤ + + α } , ( ( ), ) ,  ( ) ,  ( ) ,  ( )i i ib t t b t t t′ ′ψ ≥ ψ ≤ Ψ β ≤ Φ β ≤  

,  [0, ];  ( , ) ,  ( , ) ,   ( , ) ,  ( , )    ij ijx i ixt T a x t A a x t A b x t B b x t B′ ′≤ Φ ∈ ≤ ≤ ≤ ≤ , 

( , )ic x t C≤ , ( , )ixñ x t C′ ≤ , ( , )i x tλ ≤ Λ , ( , ) Tx t α∈Ω ; ( , )ij ka t Aζ ≤  , ( , )i kb tζ ≤  

B≤  , ( , ) ,  ( , ) T
i kc t C t ζαζ ≤ ζ ∈ Ω ; 1,  Θ Θ  – ñòàë³ òàê³, ùî ïðè [0, ]t T∈   

 ( ( ), ) ( )i t t t′λ ψ − ψ ≤ Θ , 

 1( ) ( ( ), ) ( ) ( ( ), )i ij j i
j

t a t t t c t t′β − ψ β − ψ ≤ Θ∑ . 

Òàêîæ ïîçíà÷èìî  

 ( , , ) ( ) :xu u f τ =  

 

0 0 0 0
1 2 1 2

1, , , 1, , , 1, , ,
0 , 0 , 0

: max max ( , ) ,  max ( , ) ,  max ( )i xi i
i n i n i n

a h a h a h a h

u u f
= = =
≤θ≤τ ≤θ≤τ ≤θ≤τ

− θ≤ξ≤ + θ − θ≤ξ≤ + θ

 = ξ θ ξ θ θ 
   

. 

 Äîâ³ëüíèé óçàãàëüíåíèé ðîçâ’ÿçîê ( , , )x Tu u f S∈  çàäà÷³ (1)–(6) íåîá-
õ³äíî çàäîâîëüíÿº ñï³ââ³äíîøåííÿ  

 1

1 1 1( , , ) ( ) max ,  ,  (2 1) ,  ( )
1x

b
u u f t G H H h C C T

b
Θ +  ≤ + + Θ + Θ + − µ γ 

( )
/

 

 
max / , 1

max ,
(1 )

b
An G H CT

Θ
+ + +

γ − µ
{ }

{ }( )  

 1
max / , 1 max / , 1

( )
(1 ) 1

b b
B C T CT

b
Θ Θ

+ Θ + Θ + +
γ − µ − µ

{ } { }
 

 
0

max / , 1 1 1 2 ( 2 ) ( , , ) ( )
1

t

x
b

An B A n B u u f d
b

Θ  + + Θ + + τ τ − µ γ γ  ∫ { }
 

çà óìîâè, ùî 1: 1B
b

µ = Θ <
γ
 . Âèçíà÷èâøè î÷åâèäíèì ÷èíîì ñòàë³ 1W , 2W  é 

âèêîðèñòàâøè ëåìó ¥ðîíóîëëà – Áåëëìàíà, âèâîäèìî îö³íêó  

 2
1( , , ) ( ) W T

xu u f t W e≤ . 

Íåõàé 0 0 0 0,  ,  ,  a b cλ  – ñòàë³ Ë³ïøèöÿ â³äïîâ³äíî ôóíêö³é ( , )i x tλ , 

( , )ija x t , ( , )ib x t  òà ( , )ic x t  çà âñ³ìà çì³ííèìè ³ ix
′λ , ijxa′ , ixb′  òà ixc′  – çà 

çì³ííîþ x  íà ìíîæèí³ T
αΩ ; 0h  – ñòàëà Ë³ïøèöÿ ôóíêö³¿ ( , , )kh t ζ ω  íà ìíî-

æèí³ 22
1: W TT n

i W eζαΩ × ω ∈ ω ≤ + δ{ } , äå 0δ >  – äîâ³ëüíå; 0H  – ñòàëà 

Ë³ïøèöÿ ôóíêö³¿ ( , )i
kH tζ  ³ ¿¿ ïåðøèõ ïîõ³äíèõ íà ìíîæèí³ T

ζαΩ . Ïîçíà÷èìî  

 2
0 1 12

2 1: (2 )(1 ) (2 1) W THh An H h A W e n
b

 ν = + + Λ + + + + δ + Θ +
γ

( ) (  

 2 2
1 03 2

2 2 11 (1 ) max ,1 ( )W TW e B C h h B
b

+ Θ + + + Λ + α + Λ + Ψ 
 γ γ

{ }) . 
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 Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 1 òà ïðèïóùåííÿ 
ïåðøîãî àáçàöó ï. 4, à òàêîæ çàäîâîëüíÿþòüñÿ íåð³âíîñò³ 1µ <  ³ 1ν ≤ . 

Òîä³ çàäà÷à (1)–(6) ìàº ºäèíèé óçàãàëüíåíèé ðîçâ’ÿçîê, âèçíà÷åíèé íà 
÷àñîâîìó ïðîì³æêó [0, ]T , äå T  – ÿê çàâãîäíî âåëèêå.  

Ä î â å ä å í í ÿ. Ðîçãëÿíåìî ï³äïðîñò³ð S  ïðîñòîðó S , íàêëàâøè íà 

ôóíêö³¿ ( ),  1,2u
ka t k = , äîäàòêîâ³ âèìîãè ìîíîòîííîñò³: 1 ( )ua t  º íåçðîñòàþ-

÷îþ, à 2 ( )ua t  – íåñïàäíîþ. Âðàõîâóþ÷è çíàêîñòàë³ñòü ôóíêö³é ( , , )kh ⋅ ⋅ ⋅ , ö³ 

âëàñòèâîñò³ º ³íâàð³àíòíèìè â³äíîñíî ä³¿ îïåðàòîðà A .  
Òåîðåìà 1 ñòâåðäæóº ëîêàëüíó ðîçâ’ÿçí³ñòü çàäà÷³ (1)–(6) íà ÷àñîâîìó 

³íòåðâàë³ 1[0, ]ε . Çàóâàæèìî, ùî ç ìîíîòîííîñò³ ( , )i x tλ  âèïëèâàþòü íåð³â-
íîñò³  

 ( ; , ) ,    exp ( ( ; , ), ) 1,    1, ,
t

i s s ix ix t x x t d i n
τ

 ′∆ϕ τ ≤ ∆ − λ ϕ σ σ σ ≤ = 
 ∫  . 

Òîìó â ñï³ââ³äíîøåííÿõ ïîïåðåäíüîãî ïóíêòó ìîæíà çíåõòóâàòè ìíîæíèêà-

ìè 0exp λ  òà exp Λ . Íåõàé ( , , )xu u f S∈   – çíàéäåíèé óçàãàëüíåíèé ðîçâ’ÿ-

çîê. Ââàæàþ÷è éîãî çíà÷åííÿ ïðè 1t = ε  ïî÷àòêîâèì, îòðèìóºìî íîâó çàäà-
÷ó äëÿ çíàõîäæåííÿ ïðîäîâæåííÿ íàøîãî ðîçâ’ÿçêó íà ÷àñîâèé ³íòåðâàë 

1 1 2[ , ]ε ε + ε .  
Ïîä³áíî, ïîáóäóâàâøè ðîçâ’ÿçîê çàäà÷³ (1)–(6) íà ÷àñîâîìó ïðîì³æêó 
1

1

0, i
i

σ−

=

 ε  ∑ , ìîæåìî ïðîäîâæèòè éîãî íà ÷àñîâèé ³íòåðâàë 
1

1 1

,i i
i i

σ− σ

= =

 ε ε  ∑ ∑ , ïðè-

÷îìó öå ïðîäîâæåííÿ íàëåæàòèìå äî ïðîñòîðó 1
0( , , , , , , , )S S p F f U pσ

σ σ σ= ε α β  , 

ïàðàìåòðè ÿêîãî âèçíà÷àþòüñÿ ñï³ââ³äíîøåííÿìè  

 2
1 1

0

1min , ,        1
2

W TF W e
h b

 α  β = δ = Θ + Θ +  
  

, (31) 

 2 2
1 1

1(2 1) max 1, 1W T W TU W e H h A W e n FB C= + + + + δ + + +
γ

( ) { }( ) , (32) 

 1 2 1
1 1 0 1 1 1

11 max , ,     ( ) max ,p p p f F p p
b

σ
σ σ− σ− σ− σ−= + = + Λ + Ψ{ } { } , (33) 

 1 1
1 1 1 0 2

2max max , , (2 )(1 )p P p p Hh Anσ σ− σ−
 ≥ + + + Λ +

 γ
 { }  

 2
1 03

2(2 1) (1 )W TH h A W e n FB C h + + + + δ + + + Λ ×
γ

( ( ) )  

 02
2max ,1h p B fσ

σ
× + α + 

γ 
{ } ; (34) 

 
1

01 1

min , ,      ( )
2( )max ,

h
h p p

σ σ
σ− σ−

β γ ε ≤ β + α + Λ ε ≤  λ+ α { }
, 

 2
1 0max 1, ,W TA W e n FB C h H+ δ + + + + α Λ +( ) { }((  

 1
1 1max ,p pσ− σ− σ+ ε ≤ β{ })) , 

 2
0 1 0 0 1,       1W Ta W e n Ap n Fb cσ σ σ+ δ + + + ε ≤ ε ≤( )( ) , 
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 0 0
1 2

[0, ]
( ) min ( ) , ( )

t T
h t a a tσ ∈

+ α + Λ + Ψ ε ≤ ψ − − ψ{ } , 

 2
1 max , 1 1W TA W e U n FB C σ+ δ + + + Λ + Ψ ε ≤( ) { }( ) , 

 
0 0

1 2 1max , 1,          ( )
3

a a
p p hσ σ σ σ

−
ε ≤ + α + Λ ε ≤{ } , 

 1
1 0 4 5 6 0 2max , max , , 1R h p R R p p R f Rσ

σ σ σ σ+ + + ε <    { }{ } . (35) 

Òóò ñòàë³ 1 1 1 2 4 5 6, , , , , ,F P R R R R R        äîð³âíþþòü â³äïîâ³äíî ñòàëèì 1 1 1, ,F P R , 

2 4 5 6,  ,  ,  R R R R , ââåäåíèì ó ï. 3, ³ç çàì³íîþ G  òà G + β  â³äïîâ³äíî íà 

2
1

W TW e  ³ 2
1

W TW e + δ .  

Ï³äñòàâèâøè â íåð³âí³ñòü (34) çíà÷åííÿ pσ  òà 0f
σ ,  é âèêîðèñòàâøè 

îáìåæåííÿ 1ν ≤ ,  îòðèìóºìî ñï³ââ³äíîøåííÿ  

 ˆ ˆ1 1 1
1 1 1 1 1 1max 1, max , max ,p P p p P p pσ σ− σ− σ− σ−= + ν = +{ } { } { } . (36) 

Òàêèì ÷èíîì, çàô³êñóâàâøè çíà÷åííÿ β , F  òà U  çã³äíî ç (31), (32), é 

âèçíà÷èâøè pσ , 1pσ  òà 0f
σ  â³äïîâ³äíî äî (33), (36), âèáèðàºìî ïàðàìåòð σε , 

ùîá çàäîâîëüíÿëèñÿ óñ³ ñï³ââ³äíîøåííÿ (35): 
1max ,p pσ

σ σ

Ξε =
{ }

, äå ñòàëà Ξ  

íå çàëåæèòü â³ä σ . Îñê³ëüêè  

 ˆ1
1 1 1 1max , max 1,p p P r

∞ ∞ ∞

σ
σ= σ= σ=σ σ

Ξ Ξε = = = ∞
σ +

∑ ∑ ∑
{ }{ }

, 

òî çà ñê³í÷åííó ê³ëüê³ñòü êðîê³â ïðîäîâæèìî íàø ðîçâ’ÿçîê íà ÷àñîâèé 
³íòåðâàë [0, ]T  äëÿ äîâ³ëüíîãî ñê³í÷åííîãî T .  

ªäèí³ñòü îòðèìàíîãî ãëîáàëüíîãî ðîçâ’ÿçêó âèïëèâàº ç ºäèíîñò³ ëîêàëü-
íî¿ ðîçâ’ÿçíîñò³ çàäà÷³ (1)–(6). Òåîðåìó äîâåäåíî. ◊ 
 
 1. Áåðåãîâà Ã. ². Îáåðíåíà ã³ïåðáîë³÷íà çàäà÷à Ñòåôàíà // Ìàò. ñòóä³¿. – 1998. – 10, 

¹ 1. – Ñ. 41–53.  
 2. Äàíèëþê È. È. Çàäà÷à Ñòåôàíà // Óñïåõè ìàò. íàóê. – 1985. – 4 ,  ¹ 5.  – 

Ñ. 133–185.  
 3. Êèðèëè÷ Â. Ì. Îáåðíåíà ã³ïåðáîë³÷íà çàäà÷à Ñòåôàíà // Â³ñí. Ëüâ³â. óí-òó. Ñåð. 

Ìåõ.-ìàò. – 1993. – Âèï. 38. – Ñ. 21–24.  
 4. Êèðèëè÷ Â. Ì., Ìûøêèñ À. Ä. Îáîáùåííàÿ ïîëóëèíåéíàÿ ãèïåðáîëè÷åñêàÿ 

çàäà÷à Ñòåôàíà íà ïðÿìîé // Äèôôåðåíö. óðàâíåíèÿ. – 1991. – 27, ¹ 3. – 
C. 497–503.  

 5. Êðóòèêîâ Â. Ñ. Îá îäíîì ðåøåíèè îáðàòíîé çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ ñ 
íåëèíåéíûìè óñëîâèÿìè â îáëàñòÿõ ñ ïîäâèæíûìè ãðàíèöàìè // Ïðèêë. ìàòå-
ìàòèêà è ìåõàíèêà. – 1991. – 55, ¹ 6. – Ñ. 1058–1062.  

 6. Ëåòàâèí Ì. È. Î êîððåêòíîñòè ïîñòàíîâêè îäíîìåðíîé îäíîôàçíîé ãèïåð-
áîëè÷åñêîé çàäà÷è Ñòåôàíà // Äèôôåðåíö. óðàâíåíèÿ. – 1991. – 27, ¹ 8. – 
Ñ. 1395–1402.  

 7. Ðîìàíîâ Â. Ã. Îáðàòíûå çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè. – Ìîñêâà: Íàóêà, 1984. 
– 264 ñ.  

 8. Ôèëèìîíîâ À. Ì. Äîñòàòî÷íûå óñëîâèÿ ãëîáàëüíîé ðàçðåøèìîñòè ñìåøàííîé 
çàäà÷è äëÿ êâàçèëèíåéíûõ ãèïåðáîëè÷åñêèõ ñèñòåì ñ äâóìÿ íåçàâèñèìûìè ïå-
ðåìåííûìè. – 1980. – 18 ñ. – Äåï. â ÂÈÍÈÒÈ, ¹ 6-81-Äåï.  

 9. Øåìåòîâ Í. Â. Ãèïåðáîëè÷åñêàÿ çàäà÷à Ñòåôàíà // Íåêîòîðûå ïðèë. ôóíêö. 
àíàëèçà ê çàäà÷àì ìàò. ôèçèêè. – Íîâîñèáèðñê: Èí-ò ìàòåìàòèêè ÀÍ ÑÑÑÐ, 
1990. – Ñ. 127–144.  

 10. Fridman A., Hu B. The Stefan problem for a hyperbolic heat equation // Math. 
Anal. and Appl. – 1989. – 138, No. 1. – P. 249–279.  

 11. Gupta S. C. The classical Stefan problem, basic concepts, modelling and analysis. – 
Indian Inst. of Sci., Bangalore, India, 2003. – 999 p. 



112 

 
ГЛОБАЛЬНАЯ РАЗРЕШИМОСТЬ ОБРАТНОЙ  
ГИПЕРБОЛИЧЕСКОЙ ЗАДАЧИ СТЕФАНА  
 
Ðàññìîòðåíà çàäà÷à Ñòåôàíà äëÿ ëèíåéíîé ãèïåðáîëè÷åñêîé ñèñòåìû óðàâíåíèé 
ïåðâîãî ïîðÿäêà ñ íåèçâåñòíûìè êîýôôèöèåíòàìè â ïðàâîé ÷àñòè. Ïðèìåíÿÿ 
òåîðåìó Áàíàõà î íåïîäâèæíîé òî÷êå è ìåòîä ïîøàãîâîãî ïîñòðîåíèÿ ðåøåíèÿ, 
äîêàçàíî ñóùåñòâîâàíèå åäèíñòâåííîãî îáîáùåííîãî ðåøåíèÿ çàäà÷è íà êàê óãîäíî 
áîëüøîì îòðåçêå âðåìåíè.  
 
GLOBAL SOLVABILITY OF STEFAN INVERSE  
HYPERBOLIC PROBLEM  
 
The Stefan problem for a linear hyperbolic system of the first-order equations with 
unknown coefficients in the right-hand sides is considered. By use of the Banach fixed-
point theorem and the step-by-step method for construction of solution, the existence of 
unique generalized solution to the problem is proved on the however large time interval.  
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