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ÓÄÊ 517.547.2 
 
П. В. Філевич, С. І. Фединяк 
 
ПРО ОДНЕ СПІВВІДНОШЕННЯ МІЖ МАКСИМУМОМ  
МОДУЛЯ, МАКСИМУМОМ МОДУЛЯ ПОХІДНОЇ І ЦЕНТРАЛЬНИМ  
ІНДЕКСОМ ДЛЯ ЦІЛИХ ФУНКЦІЙ  
 

Íåõàé ( )fM r  – ìàêñèìóì ìîäóëÿ, ( )f rν  – öåíòðàëüíèé ³íäåêñ òðàíñöåí-

äåíòíî¿ ö³ëî¿ ôóíêö³¿ f , à 
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Âñòóï. Íåõàé A  – êëàñ òðàíñöåíäåíòíèõ ö³ëèõ ôóíêö³é, f A∈  ³  
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Äîáðå â³äîìî (äèâ., íàïðèêëàä, [1, § 73] ÷è [2, § 17]), ùî äëÿ êîæíî¿ 
ôóíêö³¿ f A∈  ³ñíóº âèíÿòêîâà ìíîæèíà (1, )fE ⊂ +∞  ñê³í÷åííî¿ ëîãàðèô-

ì³÷íî¿ ì³ðè òàêà, ùî  

 ( ) ( ),         ,      f f fK r r r r E∼ ν → +∞ ∉ . 

Ó ðîáîò³ [3] äîâåäåíî, ùî â êëàñ³ òðàíñöåíäåíòíèõ ö³ëèõ ôóíêö³é âè-
ãëÿäó (1) ³ òàêèõ, ùî 0,  0na n≥ ≥ , ³ñíóº îö³íêà äëÿ ( )fK r  çíèçó ÷åðåç 

( )f rν , ÿêà ñïðàâäæóºòüñÿ äëÿ êîæíî¿ ôóíêö³¿ f  ç öüîãî êëàñó ³ äëÿ âñ³õ 

äîñèòü âåëèêèõ r  (òîáòî áåç âèíÿòêîâî¿ ìíîæèíè): 
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ν
. 

Ó ðîçãëÿíóòîìó êëàñ³ îñòàííÿ íåð³âí³ñòü º òî÷íîþ [3]: ³ñíóº òðàíñöåíäåíòíà 
ö³ëà ôóíêö³ÿ (1) òàêà, ùî 0,  0na n≥ ≥ , äëÿ ÿêî¿ öÿ íåð³âí³ñòü ïåðåòâîðþ-

ºòüñÿ ó ð³âí³ñòü.  
Ó ö³é ðîáîò³ âñòàíîâëåíî îö³íêó äëÿ ( )fK r  çíèçó ÷åðåç ( )f rν ,  ÿêà 

âèêîíóºòüñÿ äëÿ êîæíî¿ f A∈  (òîáòî áåç æîäíèõ îáìåæåíü íà êîåô³ö³ºíòè) 
³ äëÿ âñ³õ äîñòàòíüî âåëèêèõ r .  

Òåîðåìà 1. Äëÿ êîæíî¿ ôóíêö³¿ f A∈  ñïðàâäæóºòüñÿ íåð³âí³ñòü  
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Îñê³ëüêè ( ) ( )f fK r k r≥ , òî òåîðåìà 1 âèïëèâàº ç òàêîãî òâåðäæåííÿ.  
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Òåîðåìà 2. (i) Äëÿ êîæíî¿ ôóíêö³¿ f A∈  ñïðàâäæóºòüñÿ íåð³âí³ñòü  
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(ii) ³ñíóº f A∈ , äëÿ ÿêî¿ íåð³âí³ñòü (3) ïåðåòâîðþºòüñÿ ó ð³âí³ñòü.  

Àíàëîã³÷íî¿ äî (3) îö³íêè äëÿ ( )fk r  çâåðõó ÷åðåç ( )f rν  íå ³ñíóº, íà ùî 

âêàçóº òàêà  
Òåîðåìà 3. Äëÿ äîâ³ëüíî¿ çðîñòàþ÷î¿ äî +∞  íà ( , )−∞ +∞  ôóíêö³¿ α  

³ñíóº ö³ëà ôóíêö³ÿ f A∈  òàêà, ùî  
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Ä î â å ä å í í ÿ. Òåîðåìà 3 âèïëèâàº ç òåîðåìè 2. Ä³éñíî, íåõàé 

0( )k kc ∞
=  – çðîñòàþ÷à äî +∞  ïîñë³äîâí³ñòü äîäàòíèõ ÷èñåë, à 0( )k kn ∞

=  – çðîñ-

òàþ÷à ïîñë³äîâí³ñòü íàòóðàëüíèõ ÷èñåë òàêà, ùî 3
1( )k kk n n +α ≤  äëÿ êîæ-

íîãî 0k ≥ .  Òîä³ íà ï³äñòàâ³ ëåìè ç [4] (äèâ. íàâåäåíó íèæ÷å ëåìó) ³ñíóº 
f A∈  òàêà, ùî 1( )f kr n +ν =  äëÿ âñ³õ 1[ , )k kr c c +∈  ³ 0k ≥ . Îñê³ëüêè ôóíêö³ÿ 

( )fk r  º íåïåðåðâíîþ íà (0, )+∞ , òî äëÿ êîæíîãî 0k ≥  ³ñíóº k kr c<  òàêå, 

ùî 2 ( ) ( )f k f kk r k c> . Òîä³ çà òåîðåìîþ 2 ìàºìî, ùî  

 3
1( ( )) ( ) ( ( )) ( ( )),       f k k k f k f kr n o n o k c o k r k+α ν ≤ α = = = → ∞( ) , 

òîáòî ñïðàâäæóºòüñÿ (4). ◊ 
Çàóâàæèìî òàêîæ, ùî ïèòàííÿ ñòîñîâíî òî÷íîñò³ íåð³âíîñò³ (2), íà â³ä-

ì³íó â³ä íåð³âíîñò³ (3), çàëèøàºòüñÿ â³äêðèòèì.  
Ä î â å ä å í í ÿ  òåîðåìè 2. Äîâåäåìî ñïî÷àòêó òâåðäæåííÿ (i). Íåõàé 

1k n≥ ≥  – ö³ë³ ÷èñëà, ( ) ( ) ( )
0 1( , , ) 0,1k k k k

kx x x −= ∈ [ ] ,  

 

1/21
2 ( ) 2 2

0( )
, 1

( )

0

( )

( )

1

k
k
j

jk
n k k

k
j

j

j x n

h x

x

−

=
−

=

 + 
 

=
+

∑

∑
, 

( ) ( )
, ,inf ( ) : [0,1]k k k

n k n kA h x x= ∈{ }  ³ ,inf :n n kB A k n= ≥{ } . Òîä³ íåð³âí³ñòü 

(3) âèïëèâàº ç ð³âíîñò³  

 6
3

3lim
16

n

n

B

n→∞
= . (5) 

Ñïðàâä³, íåõàé 0,  r f A> ∈  – ö³ëà ôóíêö³ÿ âèãëÿäó (1), ( )f rν = ν  ³ µ =  

( )f r= µ . Âèêîðèñòîâóþ÷è ð³âí³ñòü Ïàðñåâàëÿ, îòðèìóºìî  

 

1 2 1 2
2 22 2 2 2

0 0

0 0

( ) ( )

( ) lim

k
j j

j j
j j

f kkj j
j j

j j

j a r j a r

k r

a r a r

/ /∞

= =
∞ ν≤ →∞

= =

      
   

≥ = =
∑ ∑

∑ ∑
 

 

2 1 2
2 2

0,

0,

lim

1

jk
j

j j

jkk j

j j

a r
j

B
a r

/

= ≠ν
νν≤ →∞

= ≠ν

   + ν   µ   
= ≥

+µ

∑

∑
. 



90 

Çâ³äñè çã³äíî ç (5) ìàºìî (3).  

Ïåðåéäåìî äî äîâåäåííÿ ð³âíîñò³ (5). Ïîêëàäåìî 23 3 2n= /[ ] . Òîä³ 

2n≤ −  äëÿ âñ³õ 0n n≥ . Íåõàé 0k n n≥ ≥ , ( ) ( )
0 1k kx x= = =  , ( ) 2( )k

jx j= /  

äëÿ 1, , 1j k= + − . Îñê³ëüêè äëÿ äîâ³ëüíèõ ö³ëèõ ÷èñåë 1m ≥ ≥  âèêî-
íóþòüñÿ íåð³âíîñò³  
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Íåõàé 1( )k n n≥ ≥ η . Òîä³ íà ï³äñòàâ³ (8) ìàºìî, ùî 3
1

k ≥
− η

, òîìó ç 

íåð³âíîñò³ (10) âèïëèâàº, ùî 3p k k≤ η ≤ − . Äîâåäåìî, ùî  
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Ïðèïóñòèìî ïðîòèëåæíå, òîáòî íåõàé 
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2 2 ( )2( )k
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py = , ëåãêî ïåðåñâ³ä÷èòèñü, ùî 

îñòàííÿ íåð³âí³ñòü º åêâ³âàëåíòíîþ äî íåð³âíîñò³  

 2 ( ) 2 2 ( ) 2 2 ( ) 2 2 ( ) 2( ) ( ) ( ) ( )k k k k
p j p jp y j y p y j y+ > − ε + + ε . (12) 
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Äàë³ ïîêàæåìî, ùî  

 1( , ) 1,             ( )p n k k n nη ≥ ≥ ≥ η . (16) 

Ïðèïóñòèìî ïðîòèëåæíå, òîáòî íåõàé ( , ) 1p n kη <  äëÿ äåÿêèõ 1( )k n n≥ ≥ η . 
Òîä³ ç (15) âèïëèâàº, ùî  
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Çâàæàþ÷è íà (15), (16) ³ (10), äëÿ äîâ³ëüíèõ 1( )k n n≥ ≥ η  îòðèìàºìî  
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Îñê³ëüêè ÷èñëî 10,
2

 η ∈  
 

 º äîâ³ëüíèì, òî ìàºìî  

 6
3

3lim inf
16

n

n

B

n→∞
≥ . (17) 

Êîìá³íóþ÷è (17) ³ (7), îòðèìóºìî (5). Ïåðøó ÷àñòèíó òåîðåìè 2 äîâåäåíî.  
Ïåðåéäåìî òåïåð äî äîâåäåííÿ òâåðäæåííÿ (ii). Ñêîðèñòàºìîñü òàêîþ 

ëåìîþ.  
Ëåìà [4]. Íåõàé ( )kn  – çðîñòàþ÷à ïîñë³äîâí³ñòü íåâ³ä’ºìíèõ ö³ëèõ 

÷èñåë, à ( )kc  – çðîñòàþ÷à äî +∞  ïîñë³äîâí³ñòü äîäàòíèõ ÷èñåë. ßêùî 

( )na  – êîìïëåêñíà ïîñë³äîâí³ñòü òàêà, ùî 
00 1 0na a −= = = , 

0
0na ≠ , ³ 

äëÿ âñ³õ 0k ≥  ìàºìî  

 
1 0 1

1
0

1 ,     ,    ( , )k

k kj j

k
n n

n n n n k kkn n
j j

a a a a c n n n
c

+ +

−
+−

=

= ≤ ∈∏ , 

òî ñòåïåíåâèé ðÿä (1) ç êîåô³ö³ºíòàìè na  çàäàº ö³ëó ôóíêö³þ f , äëÿ 

ÿêî¿:  
(i) 0( )f r nν =  äëÿ âñ³õ 0(0, )r c∈ ;  

(ii) 1( )f kr n +ν =  äëÿ âñ³õ 1[ , )k kr c c +∈  ³ 0k ≥ .  

Ðîçãëÿíåìî ÿê³-íåáóäü ïîñë³äîâíîñò³ 0( )k kn ∞
=  ³ 0( )k kp ∞

=  ö³ëèõ ÷èñåë, ÿê³ 

çàäîâîëüíÿþòü óìîâè:  
1) 0 0 1 10n p n p= < < < < ;  

2) 3
k kn p<  äëÿ âñ³õ 0k ≥ ;  

3) 2 3
1

2
3k kn p+ =  äëÿ âñ³õ 0k ≥ .  
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Íåõàé 0 1c =  ³ 1 1k k kc n c+ +=  äëÿ âñ³õ 0k ≥ .  Ïîêëàäåìî  
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0
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n n n n
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Ðîçãëÿíåìî ñòåïåíåâèé ðÿä (1) ç òàê îçíà÷åíèìè êîåô³ö³ºíòàìè na .  Çà ëå-

ìîþ öåé ðÿä çàäàº ö³ëó ôóíêö³þ f , äëÿ ÿêî¿  

 1

11( ) ,       ( ) ,      0k k

k k

n n
f k k f k n nk kc n c a c a c k+

++ν = µ = = ≥ . (20) 

Âèêîðèñòîâóþ÷è (18), (19) ³ (20), ëåãêî ïîêàçàòè, ùî  

 10,     kk n n +∀ ≥ ∀ ≥ :  

 
1 1

1 1

1( ) ( )
k kn n n n

n k
n k f k f k

k k

c
a c c c

c n

+ +− −

+ +

   ≤ µ = µ   
   

. (21) 

Âðàõóâàâøè (21), äëÿ âñ³õ 0k ≥  îòðèìóºìî  

 
1

2 2
2 2 2 2 21

2 2 2 2 1 2
1 11 1 1 1

( ) 21( ) ( )
k

n k
n k f k f kj j j j

n n j jk k k k

n j j j
n a c c c

n n n n
+

+
− −

> ≥ ≥+ + + +

+  ≤ µ = µ + + ≤ 
 ∑ ∑ ∑  

 
2

2 2
1 2 1

1 1 1

1( ) 2 6 ( )
4 2 4

f k f kj j j
j j j

j j
c c

− −
≥ ≥ ≥

 ≤ µ + + < µ 
 ∑ ∑ ∑ . (22) 

Äàë³, äëÿ âñ³õ 0k ≥  ìàºìî  

 2 2 2 3 2 2( ) ( )
k

n
n k k f k k f k

n n

n a c n c p c
<

≤ µ ≤ µ∑ . (23) 

Êð³ì òîãî, çã³äíî ç (19), (20) ³ (6) ïðè k → ∞  îòðèìóºìî  

 
1 1 1

2 2 2 2 2 4 2
12

1

1( )
k k k

k k k

n p n
n

n k f k k k
n n n n n p

n a c c n p n
n

+ + −

+
= = = +

 = µ + + < 
 ∑ ∑ ∑  

 2 2 3 2
1

( 1)(2 1)
( )

6
k k k

f k k k k

p p p
c p p n +

+ + < µ + + + ≤ 
 

 

 2 2
1(3 (1)) ( )f k ko c n +≤ + µ . (24) 

Îòæå, íà ï³äñòàâ³ (22), (23) ³ (24)  

 2 2 2 2( ) (3 (1)) ( ) ( ),           k f k f k f kc S c o c c k≤ + µ ν → ∞ . (25) 

Êð³ì òîãî, ñêîðèñòàâøèñü (6), ïðè k → ∞  ìàºìî  

 
1 1 1

2
2

1

1( ) ( ) 1 1
k k k

k k k

n p n
n

f k n k f k k
n n n n n p

M c a c c p
n

+ + −

= = = +

 ≥ = µ + + ≥ 
 ∑ ∑ ∑  

 2

1

1 1( )
1f k k k k

k k
c p n p

p n +

  ≥ µ − + − ≥  +  
 

 
2/33 3(2 (1)) ( ) 2 (1) ( ) ( )

2f k k f k kf
o c p o c c ≥ + µ = + µ ν 

 
. (26) 



94 

Íàðåøò³, ç (25) ³ (26) îòðèìóºìî  

 3 6
3

( ) 2 1 3lim sup 3
3 2 16( )

f k

k f k

k c

c→∞
≤ ⋅ ⋅ =

ν
, 

çâ³äêè é âèïëèâàº, ùî äëÿ ôóíêö³¿ f  íåð³âí³ñòü (3) ïåðåòâîðþºòüñÿ ó ð³â-

í³ñòü. Òåîðåìó 2 ïîâí³ñòþ äîâåäåíî. ◊ 
Çàóâàæåííÿ. Íåõàé (1) – àíàë³òè÷íà â êðóç³ 1z s: <{ }  ôóíêö³ÿ òàêà, 

ùî ( )f rν → +∞ , 1r ↑ . Àíàë³ç äîâåäåííÿ òåîðåìè 2 ïîêàçóº, ùî äëÿ òàêî¿ 

ôóíêö³¿ ìàºìî 

 6 6
3 31 1

( ) ( )3 3lim inf ,          lim inf
16 16( ) ( )

f f

r rf f

K r k r

r r↑ ↑
≥ ≥

ν ν
. 

Äðóãà ç öèõ íåð³âíîñòåé º òî÷íîþ. Ïîä³áíî äî äîâåäåííÿ òâåðäæåííÿ (ii) ç 
òåîðåìè 2 ìîæíà äîâåñòè, ùî ³ñíóº àíàë³òè÷íà â êðóç³ 1z s: <{ }  ôóíêö³ÿ 

f  òàêà, ùî ( )f rν → +∞ , 1r ↑ , äëÿ ÿêî¿ äðóãà ç çàçíà÷åíèõ íåð³âíîñòåé ïå-

ðåòâîðþºòüñÿ ó ð³âí³ñòü.  
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ОБ ОДНОМ СООТНОШЕНИИ МЕЖДУ МАКСИМУМОМ МОДУЛЯ, МАКСИМУМОМ 
МОДУЛЯ ПРОИЗВОДНОЙ И ЦЕНТРАЛЬНЫМ ИНДЕКСОМ ДЛЯ ЦЕЛЫХ ФУНКЦИЙ  
 
Ïóñòü ( )fM r  – ìàêñèìóì ìîäóëÿ, ( )f rν  – öåíòðàëüíûé èíäåêñ òðàíñöåíäåíòíîé 

öåëîé ôóíêöèè f , à 
2 1 2

2

0

1( ) ( )
2

i
fS r f re d

π /
θ = θ π ∫ . Óñòàíîâëåíî, ÷òî 

6
3

( ) 3lim inf
16( ) ( )

f

r f f

r S r

M r r

′

→+∞
≥

ν
, è äîêàçàíà òî÷íîñòü ýòîãî íåðàâåíñòâà.  

 
ON A RELATION BETWEEN THE MAXIMUM MODULUS, THE MAXIMUM  
MODULUS OF DERIVATIVE AND CENTRAL INDEX FOR ENTIRE FUNCTIONS  
 
Let ( )fM r  be the maximum modulus for transcendental entire function f , and ( )f rν  be 

the central index, and 

2 1 2
2

0

1( ) ( )
2

i
fS r f re d

π /
θ = θ π ∫ . The inequality 

3

( )
lim inf

( ) ( )

f

r f f

rS r

M r r

′

→+∞
≥

ν
 

6 3
16

≥  is established and it is proved that this inequality is exact.  
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