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ÓÄÊ 517.5  
 
О. В. Зрум, О. Б. Скасків  
 

НЕРІВНОСТІ ТИПУ ВІМАНА ДЛЯ ЦІЛИХ ФУНКЦІЙ ВІД ДВОХ 
КОМПЛЕКСНИХ ЗМІННИХ З ШВИДКОКОЛИВНИМИ КОЕФІЦІЄНТАМИ  
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1 2( , )r r r += ∈  .  

 
Âñòóï ³ ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó. Êëàñè÷íà íåð³âí³ñòü Â³-

ìàíà 

 1 2( ) ( )(ln ( ))f f fM r r r / +ε≤ µ µ  

âèêîíóºòüñÿ [2, c. 28] äëÿ êîæíî¿ ö³ëî¿ ôóíêö³¿ 
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Ñòîñîâíî êëàñè÷íî¿ íåð³âíîñò³ Â³ìàíà â³äîìèé â³äêðèòèé Ï. Ëåâ³ [10] 
åôåêò (äèâ. òàêîæ [4, 7, 8]), ÿêèé ìîæíà ÿê³ñíî îïèñàòè òàê, ùî ó äåÿêî-
ìó éìîâ³ðí³ñíîìó ïðîñòîð³ ìàéæå íàïåâíî (ì. í.) ïîêàçíèê 1 2/  ìîæíà çàì³-
íèòè íà 1 4/ .   

Äæ. Ñò³ë [13] âñòàíîâèâ (äèâ. òàêîæ [6]), ùî åôåêò Ëåâ³ ñïðàâäæóºòüñÿ 
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â³äîì³ ð³çí³ âàð³àíòè íåð³âíîñò³ Â³ìàíà (äèâ. [1, 5, 9, 11, 12]). Ó öüîìó çâ’ÿç-
êó íà Ëüâ³âñüêîìó ì³æâóç³âñüêîìó ñåì³íàð³ ç òåîð³¿ àíàë³òè÷íèõ ôóíêö³é 
ïðîôåñîðè À. À. Ãîëüäáåðã ³ Ì. Ì. Øåðåìåòà (1996 ð.) ñòàâèëè çàïèòàííÿ 
ïðî íàÿâí³ñòü åôåêò³â, â³äêðèòèõ Ï. Ëåâ³ òà Äæ. Ñò³ëîì, ó êëàñ³ ö³ëèõ 
ôóíêö³é â³ä äåê³ëüêîõ çì³ííèõ, çîáðàæåíèõ ñòåïåíåâèìè ðÿäàìè.  
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Ó ñòàòò³ [3] àâòîðè äîâåëè, ùî åôåêò Ëåâ³ ñïðàâäæóºòüñÿ ó âèïàäêó 
àíàëîãà íåð³âíîñò³ Â³ìàíà, âñòàíîâëåíîãî äëÿ ö³ëèõ ôóíêö³é â³ä äâîõ çì³í-
íèõ Ï. Ôåíòîíîì [9]. Ñòîñîâíî ³íøèõ çãàäàíèõ âèùå àíàëîã³â íåð³âíîñò³ Â³-
ìàíà, ïèòàííÿ íà ñüîãîäí³ çàëèøàºòüñÿ â³äêðèòèì, õî÷à âèãëÿäàº â³ðîã³ä-
íèì, ùî é äëÿ íèõ åôåêò Ëåâ³ ñïðàâäæóºòüñÿ.  

Çàçíà÷èìî ëèøå, ùî (äèâ. [3]) ó âèïàäêó, êîëè âïîðÿäêóâàííÿ ïîñë³äîâ-

íîñò³ 2
1( , ) : 0 ,  ,  0n m j j jn m j j∗ ∗ ∗

, + +θ : ∈ = θ ≥ θ > θ ≥{ }{ } , çà çðîñòàííÿì çàäî-

âîëüíÿº óìîâó Àäàìàðà  
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äëÿ íå¿ çãàäàíèé âèùå åôåêò Ëåâ³ (à, îòæå, åôåêò Ñò³ëà) º ïðàâèëüíèì (çà 
òåîðåìîþ ç [3]). Ïðè öüîìó ó âèïàäêó, êîëè âèêîíóºòüñÿ óìîâà Àäàìàðà ç 
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íîþ ñèñòåìîþ, òîìó S  íåîáîâ’ÿçêîâî çàäîâîëüíÿº óìîâè òåîðåìè ç [3].  
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Òåîðåìà À [9]. Äëÿ êîæíî¿ ö³ëî¿ ôóíêö³¿ f  âèãëÿäó (1) ³ äëÿ êîæíîãî 
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Òåîðåìà 1. ßêùî äëÿ ïîñë³äîâíîñò³ ,( )n mθ = θ  âèêîíóºòüñÿ óìîâà (2), 

òî äëÿ êîæíîãî 0δ >  ³ äëÿ êîæíî¿ ö³ëî¿ ôóíêö³¿ âèãëÿäó (1) ì. í. â ( )K f, θ  

äëÿ âñ³õ 2 \ ( , )r E t+∈ δ  âèêîíóºòüñÿ íåð³âí³ñòü  

 1/2 1( , ) ( ) ln ( )(ln ln ( ))f f f fM r t r r r +δ≤ µ µ µ , (4) 
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Äîïîì³æí³ òâåðäæåííÿ.  

Ëåìà 1 [13]. Íåõàé 0( )k k=θ   – äîâ³ëüíà ïîñë³äîâí³ñòü íàòóðàëüíèõ ÷è-
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ùî é ñë³ä áóëî äîâåñòè. ◊ 
Ä î â å ä å í í ÿ  òåîðåìè 1. Íå çìåíøóþ÷è çàãàëüíîñò³, ìîæåìî ââà-

æàòè, ùî ,1 : 0 1n m# n a≥ ≠ ≥{ }  ³ ,1 : 0 1n m# m a≥ ≠ ≥{ } . Òîä³ 1 2( , )f r rµ →  

→ +∞  ïðè 1r → +∞  äëÿ ô³êñîâàíîãî 2 0r >  ³, íàâïàêè, ïðè 2r → +∞  äëÿ 

ô³êñîâàíîãî 1 0r > .  Ñïðàâä³, ó ïðîòèëåæíîìó âèïàäêó, íåõàé, íàïðèêëàä, 

,1 : 0 0n m# n a≥ ≠ ={ }  ³, îòæå, 1 2 2( , ) ( )f z z f z≡  º ôóíêö³ºþ â³ä îäí³º¿ êîìï-

ëåêñíî¿ çì³ííî¿ ³ çà êëàñè÷íîþ íåð³âí³ñòþ Â³ìàíà (1) îòðèìóºìî, ùî çîâí³ 
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äåÿêî¿ ìíîæèíè E  ñê³í÷åííî¿ ëîãàðèôì³÷íî¿ ì³ðè 2( )r E∉  äëÿ âñ³õ [0,1]t ∈  

 1 2
1 2 2 2 2( ) ( ) ( )(ln ( ))f f f fM r r t M r t r r / +ε, , ≡ , ≤ µ µ .  

Çâ³äñè âèïëèâàº íåð³âí³ñòü (4) òåîðåìè, îñê³ëüêè äëÿ [1, ] ([1, ] )RE R R E= ×   

 1 2 2

1 2 2[1, ]
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RE R E

dr dr dr
R O R R

r r r
= ⋅ = → +∞∫∫ ∫
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Äëÿ k ∈   ïîçíà÷èìî 2
1 2 1 2( , ) : ln ( , ) 1k fG r r r k r r k+= = ∈ ≤ µ < + { }  

([1, ) [1, ))+∞ × +∞ . Î÷åâèäíî, ùî kG  – îáìåæåíà, à òàêîæ çà íàøèì ïðèïó-

ùåííÿì kG ≠ ∅  äëÿ âñ³õ äîñèòü âåëèêèõ k.  Íåõàé k j
j k

G G
+∞

+

=
=  .  

Íåõàé äëÿ ö³ëî¿ ôóíêö³¿ 1 2( , )f z z  âèãëÿäó (1) ³ äëÿ 1 2( , )r r r= , 1 2( , )x x x=  

 1 2
, 1 2

0

( ) ,       ( ) ln ( , )x xn m
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n m

M r a r r g x M e e
+∞
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= =∑ , 

 1 2(ln , ln )
( ) ,       1,2j

j

g r r
A r j

x
∂

= ∈
∂

{ } . 

Ó ðîáîò³ [3], âëàñíå êàæó÷è, äîâåäåíî òàêå òâåðäæåííÿ.  

Ëåìà 3. Äëÿ êîæíîãî 0δ >  ³ñíóº ìíîæèíà 1 1( )E E= δ  òàêà, ùî äëÿ 

âñ³õ 
0 1\kr G E+∈   

 1 1
1 1 2 2 1 2max { ( , ), ( , ) 5 2 ln ( )(ln ln ( ))f fA r r A r r r r+δ +δ≤ ⋅ µ µ{ } , (9) 

ïðè öüîìó 

 2 1, 1, 1ln meas ( ) (ln ),   ,    ( )R R RE O R R E E− δ = → +∞ δ = ∆ .  

Ïðîäîâæóþ÷è ä î â å ä å í í ÿ  òåîðåìè 1, â³äì³òèìî, ùî 2ln −  

0 1

0
1
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k

j
j

G c k
−

=
− = < +∞ . Îòæå, íåõàé 

0 1

2 1
1

( ) ( ) ( )
k

j
j

E E E G
−

=

 δ = δ δ  
 

   , äå 

( )E δ  – âèíÿòêîâà ìíîæèíà ó íåð³âíîñò³ (3) ç ε = δ . Çàóâàæèìî òåïåð, ùî 

äëÿ 2 3 2 2( ) 5 2 ln ( )(lnln ( ))f fd d r C r r+δ + δ= = ⋅ ⋅ µ µ  (äèâ. [3]) çà íåð³âíîñòÿìè (9) 

³ (3) ç ε = δ  äëÿ 2 ( )r E∉ δ  ìàºìî  

 , 1 2 1 2
2

1 ( ( ) ( )) ( )n m
n m f

n m d

a r r A r A r M r
d+ ≥

≤ + ≤∑  

 
2

15 2 ( ) ln ( )(ln ln ( ))f f fM r r r
d

+δ
+δ⋅≤ µ µ ≤  

 
2

2 2 2
( )5 2 ( ) ln ( )(ln ln ( )) ( )

ln ( )
f

f f f f
f

r
C r r r r

d r

+δ
+ δ µ⋅≤ µ µ µ = < µ

µ
, (10) 

äå 0C >  – ñòàëà ç íåð³âíîñò³ (3) ç ε = δ.  Íåõàé òåïåð 2\ ( )k kG G E∗ = δ . ×å-

ðåç I  ïîçíà÷èìî ìíîæèíó òèõ 0k k≥ , äëÿ ÿêèõ kG∗ ≠ ∅ . Çðîçóì³ëî, ùî 

#I = +∞ . Äëÿ k I∈  âèáåðåìî ( )k
kr G∗∈ .  Òîä³ äëÿ âñ³õ kr G∗∈   

 ( ) 1 1 ( )( ) ( ),            ( ) ( )k k k k
f f f fr e e r r e e r+ +µ < ≤ µ µ < < µ , (11) 

à òàêîæ  

 2
2[1, ) \ ( ) k

k I
E G∗

∈
+∞ δ =  . (12) 
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Äëÿ k I∈  ïîçíà÷èìî ( )
12 ( )k

kN d r= [ ], äå 2 3
1( ) 5 2 ln ( ( ))fd r C e r+δ= ⋅ ⋅ µ ×  

2 2(ln ln( ( )))fe r + δ× µ , ³ äëÿ kr G∗∈   

 
1 2 2 2

, 1 2 [0,2 ]:( , ) max
n m

k
k

i tin imn m
n mN

n m N

a r r e eW r t
,π θψ + ψ

+ ≤

 ψ ∈ π=  
 

∑ . 

Äàë³ ì³ðêóºìî ïîä³áíî, ÿê ó [3]. Íåõàé äëÿ âèì³ðíî¿ ìíîæèíè kG G∗⊂ , 

k I∈ ,  

 2

2

meas ( )
( )

meas ( )
k

k

G
G

G∗ν = , (13) 

äå 2meas  – ì³ðà Ëåáåãà â 2 . Çàóâàæèìî, ùî kν  – éìîâ³ðí³ñíà ì³ðà, îçíà-

÷åíà íà ñ³ì’¿ âèì³ðíèõ çà Ëåáåãîì ï³äìíîæèí kG∗ .  Íåõàé k
k I

G∗

∈
Ω =   ³ ìíî-

æèíà : 1jI k j= ≥ ⊂{ }  , äå 1,  1j jk k j+< ≥ . Äëÿ âèì³ðíî¿ ï³äìíîæèíè 

G ⊂ Ω  îçíà÷èìî  

 
1

1 1
0

1 1( ) 1 ( )
22

j j

j jj

k k

k kk
j

G G G
+

+

−+∞
∗

+
=

  ν = − ν    
∑  , (14) 

äå 0 0k = . Çàóâàæèìî, ùî ν  – éìîâ³ðí³ñíà ì³ðà, îçíà÷åíà íà âèì³ðíèõ ï³ä-

ìíîæèíàõ Ω . Íà äåêàðòîâîìó äîáóòêó [0,1] × Ω  îçíà÷èìî òåïåð éìîâ³ðí³ñ-

íó ì³ðó 0P , ÿêà º ïðÿìèì äîáóòêîì éìîâ³ðí³ñíèõ ì³ð P  ³ ν , òîáòî 0P =  

P= ⊗ ν . Íåõàé òåïåð äëÿ k I∈   

 1/2
1,( , ) [0,1] : ( , ) ( ) ln

k kk N q N kF t r W r t A S r N= ∈ × Ω >{ } , 

 1/2
1,( ) [0,1] : ( , ) ( ) ln

k kk N q N kF r t W r t A S r N= ∈ >{ } , 

äå 2 2
, 1 2

0

( )
k

k

N
n m

n mN
n m

a r rS r
+ =

= ∑ ( ) , à 1 qA ,  – ñòàëà ç ëåìè 2 ïðè 1β = .  Òîä³ çà 

òåîðåìîþ Ôóá³í³ íà îñíîâ³ ëåìè 2 ç 1 2
n m

n m n mc a r r, ,=  ³ 1β =  äëÿ k I∈  îòðè-

ìàºìî 

 
2 2

0
( )

(2 1) (2 1)
( ) ( ( )) ( )

k

q q
k k

k kF r

B B
P F dP d P F r d

N N
Ω Ω

π + π + = ν = ν ≤ ν Ω = 
 ∫ ∫ ∫ . 

Çàóâàæèìî, ùî 3 ( ) 3ln ( )k
k fN r k> µ ≥ . Òîìó 0 ( )k

k I

P F
∈

< +∞∑  ³ çà ëåìîþ 

Áîðåëÿ – Êàíòåë³ ñåðåä ïîä³é :kF k I∈{ }  ç éìîâ³ðí³ñòþ, ùî äîð³âíþº îäè-

íèö³, â³äáóâàºòüñÿ ñê³í÷åííà ê³ëüê³ñòü ïîä³é. Çâ³äñè âèïëèâàº, ùî ³ñíóº F ⊂  
[0,1]⊂ × Ω  òàêà, ùî 0 ( ) 1P F =  ³ äëÿ êîæíî¿ òî÷êè ( , )t r F∈  ³ñíóº 0 0 ( , )k k t r=  

òàêå, ùî äëÿ âñ³õ 0k k≥ , k I∈ , âèêîíóºòüñÿ íåð³âí³ñòü  

 1/2
1,( , ) ( ) ln

k kN q N kW r t A S r N≤ . (15) 

×åðåç FΩ  ïîçíà÷èìî ïðîåêö³þ F  íà Ω , òîáòî : ( ) [( , ) ]F r t t r FΩ = ∈ Ω ∃ ∈{ } . 

Òîä³ ( ) 1k kF G∗
Ων =  äëÿ êîæíîãî k I∈ . Ñïðàâä³, ÿêùî áè äëÿ äåÿêîãî k ∈  

I∈ , 1jk k += , âèêîíóâàëàñü íåð³âí³ñòü ( ) 1k kF G q∗
Ων = < , òî äëÿ FΩ  îòðè-

ìàëè áè  
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1

0,

1 1( ) ( ) 1
22

s s

s

k k

k k
k I s s j

F F G
+ −+∞

∗
Ω Ω

∈ = ≠

  ν = ν ≤ − +    
∑ ∑  

 
1

1 1

1 11 ( )
22

j j

j jj

k k

k kk
F G

+

+ +

−

Ω
   + − ⋅ ν =     

  

 
1 1

0

1 1 1 11 (1 ) 1 1
2 22 2

s s j j

s j

k k k k

k k
s

q
+ +− −+∞

=

      = − − − − <            ∑ . 

Çâ³äñè çà òåîðåìîþ Ôóá³í³, çàñòîñîâóþ÷è ïîçíà÷åííÿ ( ) [0,1] : ( , )F r t t r= ∈ ∈{  

F∈ } , ìàºìî  

 0
( )

( ) ( ( )) ( ) 1
F F r F

P F dP d P F r d F

Ω Ω

Ω
 = ν = ν ≤ ν < 
 ∫ ∫ ∫ , 

ùî íåìîæëèâî.  
Ïîä³áíî äëÿ çâóæåííÿ F  íà [0,1] , [0,1] ( )

r
F F r

∈Ω
=  , ìàºìî [0,1]( ) 1P F = . 

Òåïåð ïðèïóñòèìî, ùî ³ñíóº 1 [0,1]F F⊂  òàêà, ùî 1 1( ) (0,1)P F q= ∈ :  

 1 2( ) :           ( ( )) ( ) 1,      ( ) : ( , )t F F t q t F t r t r F∧ ∧∀ ∈ ν = < = ∈ Ω ∈{ } , 

 [0,1] 1 [0,1] 1( \ ) :    (( \ ) ( )) 1t F F F F t∧∀ ∈ ν = . 

Òîä³ çà òåîðåìîþ Ôóá³í³  

 

[0,1] [0 1][0 1] 1

0 2

( ) ( \ ) ( )

1 ( ) ( ( ) 1)
F FF t F F t

P F d d dP q t dP
∧ ∧

,,

 = = ν + ν = + 
 ∫ ∫ ∫ ∫ . 

Îñê³ëüêè 2 ( ) 0q t ≥ , òî çâ³äñè 2 ( ) 0q t =  ì. í. Íåõàé 
1

( ),  
t F

F F t F F∗ ∧ ∗

∈
= ⊂ . 

Òîä³  

 

1

0

( )

( ) 0
F F t

P F d dP
∧

∗  = ν = 
 ∫ ∫ , 

çâ³äêè îòðèìóºìî 

 0 0 1 1 11 ( \ ) (( \ ) ) ( \ ) ( ) 1P F F P F F P F F q∗= ≤ × Ω = ⋅ ν Ω = −   , 

òîáòî ñóïåðå÷í³ñòü ³ç ïðèïóùåííÿì, ùî ³ñíóº ìíîæèíà 1 [0 1]F F ,⊂  ì³ðè 1q ∈  

(0,1)∈  òàêà, ùî ν -ì³ðà êîæíîãî ïåðåð³çó 1( ),  F t t F∧ ∈ , º ìåíøîþ â³ä îäè-

íèö³. Îòæå, ³ñíóº ï³äìíîæèíà 1 [0,1]F F⊂  ïîâíî¿ ì³ðè 1( ( ) 1)P F =  òàêà, ùî 

( ( )) 1F t∧ν =  äëÿ âñ³õ 1t F∈ . Ïîä³áíî, ÿê ³ âèùå, äîâîäèìî, ùî ç òîãî, ùî 

1( ) : ( ( )) 1t F F t∧∀ ∈ ν = , âèïëèâàº, ùî ( ) : ( ( ) ) 1kk I F t G∧ ∗∀ ∈ = . Ñïðàâä³, ÿê-

ùî áè äëÿ äåÿêîãî k I∈ , 1jk k += , âèêîíóâàëîñü ( ( ) ) 1k kF t G q∧ ∗ν = < , òî, 

ÿê ³ âèùå, îòðèìàëè áè ñóïåðå÷í³ñòü  

 
1

0

1 1( ( )) ( ( ) ) 1
22

s s

s

k k

k k
k I s

F t F t G
+ −+∞

∧ ∧ ∗

∈ =

  ν = ν ≤ − −    ∑ ∑  

 
1 11 1 1 1(1 ) 1 1 (1 ) 1 1

2 22 2

j j j j

j j

k k k k

k k
q q

+ +− −      − − − = − − − <            
. 
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Íåõàé äëÿ êîæíèõ 1t F∈  ³ k I∈  òî÷êà ( )
0 ( )k

kr t G∗∈  òàêà, ùî  

 
def( )

0
3( ( ), ) ( ),     ( ) sup ( , ) :
4k k

k
N k k N kW r t t M t M t W r t r G∗≥ ∈= { } . 

Ç òîãî, ùî ( ) : ( ( ) ) 1k kk I F t G∧ ∗∀ ∈ ν = , çà íåïåðåðâí³ñòþ ( , )
kNW r t  ÿê ôóíê-

ö³¿ â³ä r  ïðè ô³êñîâàíîìó t  îòðèìóºìî, ùî ³ñíóº òî÷êà ( )( ) ( )k
kr t G F t∗ ∧∈   

òàêà, ùî  

 ( ) ( )
0

1( ( ), ) ( ( ), ) ( )
4k k

k k
N N kW r t t W r t t M t− < , 

çâ³äêè  

 ( ) ( )
0

3 1( ) ( ( ), ) ( ( ), ) ( )
4 4k k

k k
k N N kM t W r t t W r t t M t≤ ≤ + . 

Òîáòî ç îãëÿäó íà òå, ùî ( )( , ( ))kt r t F∈ , çà íåð³âí³ñòþ (15) îòðèìóºìî  

 ( ) ( ) 1/2
1,

1 ( ) ( ( ), ) ( ( )) ln
2 k k

k k
k N q N kM t W r t t A S r t N≤ ≤ . (16) 

Çàóâàæèìî òåïåð, ùî çà íåð³âí³ñòþ (3) ç ε = δ  ³ ( ) ( ) ( )k kr r t=  ìàºìî 

 2 ( ) ( ) ( ) 2 ( ) ( ) ( ) 1( ) ( ) ( ) ( ) ln ( )(ln ln ( ))k k k k k k
N f f f f fS r r M r C r r r +δ≤ µ ≤ µ µ µ . 

Çâ³äñè äëÿ 1t F∈  ³ âñ³õ 0 ( ),  k k t k I≥ ∈ ,  

 ( ) ( ) 1 2 ( ) ( ) (1 )/ 2( ) ( ) ln ( )(lnln ( ))k k k k
N f f fS r C r r r/ +δ≤ µ µ µ . (17) 

Îñê³ëüêè äëÿ kr G∗∈  âèêîíóºòüñÿ (11), òî ( )
1( ) ( )kd r d r≥ . Îòæå, äëÿ 1t F∈ , 

( ) kr F t G∧ ∗∈  , k I∈ , 0 ( )k k t≥  ìàºìî  

 
( )

1

, 1 2
2 ( )

( , ) ( , )
k

k

n m
f n m N

n m d r

M r t a r r W r t
+ ≥

≤ + ≤∑  

 , 1 2
2 ( )

( )n m
n m k

n m d r

a r r M t
+ ≥

≤ +∑ . 

Çâ³äñè çà äîïîìîãîþ (10), (16), (17) äëÿ 1,   ( ) ,   kt F r F t G k I∧ ∗∈ ∈ ∈ , k ≥  

0 ( )k t≥  îòðèìóºìî  

 ( ) 1/2
1,( , ) ( ) 2 ( ) ln

k

k
f f q N kM r t r A S r N≤ µ + ≤  

 ( ) 1/2 ( ) ( ) (1 )/2
1,( ) 2 ( ) ln ( )(ln ln ( ))k k k

f q f f fr A C r r r +δ≤ µ + µ µ µ ×  

 ( ) ( ) 1 2
1( 3 ln ln ( ( )) (2 2 ) ln ln ln ( ( )))k k

f fc e r e r /× + µ + + δ µ , 

äå 1 0c >  – äåÿêà ñòàëà. Çâ³äñè, âðàõîâóþ÷è íåð³âí³ñòü (14), äëÿ 1t F∈ , 

( ) ,   kr F t G k I∧ ∗∈ ∈ , 0 ( )k k t≥  îòðèìàºìî  

 1 2 (1 )/2
2( , ) ( ) (ln ( )) (ln ln ( ))f f f fM r t c r r r/ +δ≤ µ µ µ , (18) 

äå 2 0c >  – äåÿêà ñòàëà. Çàëèøàºòüñÿ âèáðàòè 1 0 ( )k k t>  òàê, ùîá äëÿ r ∈ 

1kG+∈  âèêîíóâàëîñü 2
2 (ln ln ( ))fc r δ/≤ µ . Çâ³äñè ³ ç (18) îòðèìóºìî òâåðäæåí-
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íÿ òåîðåìè, îñê³ëüêè áàæàíà íåð³âí³ñòü â³äïîâ³äíî äî (12) ì. í. âèêîíóºòüñÿ 

(äëÿ 1t F∈ , 1( ) 1P F = ) äëÿ âñ³õ 
1

2( ( ( )) ) \ ( ) ([1, )k k
k I

r G F t G E∗ ∧ +

∈
∈ δ = +∞     

1

2
2 3) \ ( ( ) ( )) [1, ) \ ( )kG E G E E+ ∗δ δ = +∞ δ   , äå 3 2( ) ( ) ( )E E E G∗δ = δ δ    

1 1

1

k

j
j

G
−

=

  
 

  , ( \ ( ))k
k I

G G F t∗ ∗ ∧

∈
=  , à ( )E δ  – âèíÿòêîâà ìíîæèíà ó íåð³âíîñò³ 

(3) (ïðè ε = δ ) ç òåîðåìè À. Íàãàäàºìî, ùî 0( ) ( ( ) ( ( )))k k k
k I

G G F t∗ ∧

∈

ν = ν − ν =∑  

0= , à òàêîæ, ùî 0( )Gν  âèçíà÷àºòüñÿ ð³âí³ñòþ (14), ç ÿêî¿ íåãàéíî âèïëè-

âàº, ùî äëÿ âñ³õ k I∈   

 2
2

1( \ ( )) meas ( \ ( )) 0
meas ( )

k k k
k

G F t G F t
G

∗ ∧ ∗ ∧
∗ν = ⋅ = , 

òîáòî òàêîæ  

 1 2
2

1 2
\ ( )

ln meas ( \ ( )) 0

k

k

G F t

dr dr
G F t

r r
∗ ∧

∗ ∧− = =∫ ∫ . 

Òîìó 2
2ln meas ( [1, ] ) 0G R∗− =  ³ ïðè R → +∞   

 
1 1

2 3, 2 2, 2
1

ln meas ( ) ln meas ( ) ln meas
k

R R j
j

E E G
−

=
− δ ≤ − δ + − =  

 2 1, 2 3,ln meas ln meas (1) (2 6 2 ) ln (1)R RE E O B R O= − + − + ≤ + + δ + , 

äå ,j R j RE E= ∆ . Òåîðåìó äîâåäåíî. ◊ 
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НЕРАВЕНСТВА ТИПА ВИМАНА ДЛЯ ЦЕЛЫХ ФУНКЦИЙ ДВУХ КОМПЛЕКСНЫХ 
ПЕРЕМЕННЫХ С БЫСТРООСЦИЛЛИРУЮЩИМИ КОЭФФИЦИЕНТАМИ  
 

Ïóñòü 1 2 , 1 2
0

( , ) n m
n m

n m

f z z a z z
∞

+ =

= ∑  – öåëàÿ ôóíêöèÿ, 1 2( , )z z z= ∈ , à ( ) ( , )K f f z t


= =


 

,2
,

0

: [0,1]n mi t
n m

n m

a e t
+∞

π θ

+ =


= ∈ 


∑ , ãäå ,( )n mθ  – ôèêñèðîâàííàÿ ïîñëåäîâàòåëüíîñòü 

Àäàìàðà. Â ñòàòüå äîêàçàíî, ÷òî äëÿ êàæäîãî 0ε >  ïî÷òè íàâåðíîå â ( )K f  ñó-

ùåñòâóåò ìíîæåñòâî 2( , )E t +ε ⊂  , 
def

2
( , ) [1, ) [1, )

ln meas ( , ) (ln )

R

R
E t

drE t O R
r

ε +∞ × +∞

− ε = =∫


, 

R → +∞ , ( , ) ( , )R RE t E tε = ε ∆ , òàêîå, ÷òî äëÿ âñåõ 2 \ ( , )r E t+∈ ε  èìååò ìåñòî 

íåðàâåíñòâî 1/2 1( , ) ( ) ln ( )(ln ln ( ))f f f fM r t r r r +ε≤ µ µ µ , ãäå 1( , ) max ( , ) :fM r t f z t z= ={  

1 2 2,r z r= = } , , 1 2( ) max : 0,  0n m
f n mr a r r n mµ = ≥ ≥{ } , 2

1 2( , )r r r += ∈  .  

 
WIMAN’S INEQUALITIES FOR ENTIRE FUNCTIONS OF TWO COMPLEX 
VARIABLES WITH RAPIDLY OSCILLATING COEFFICIENTS 
 

Let 1 2 , 1 2
0

( , ) n m
n m

n m

f z z a z z
∞

+ =

= ∑  be an entire function, 1 2( , )z z z= ∈  and ( ) ( , )K f f z t
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∑ , where ,( )n mθ  is a fixed Hadamard sequence. In the 
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