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ÓÄÊ 539.3 
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ПРУЖНА ВЗАЄМОДІЯ ДВОХ ПІВПЛОЩИН ЗА ЛОКАЛЬНОГО ЗСУВУ 
ГРАНИЦЬ НА ДІЛЯНЦІ МІЖКОНТАКТНОГО ПРОСВІТУ 
 

Äîñë³äæåíî âçàºìîä³þ äâîõ ïðóæíèõ ³çîòðîïíèõ ï³âïëîùèí ç ³äåíòè÷íèõ ìà-
òåð³àë³â, îäíà ç ÿêèõ ìàº ì³ëêó ïîâåðõíåâó âè¿ìêó, ïðè ïðîñòîìó íàâàíòà-
æåíí³ [2], çà ÿêîãî â³äíîøåííÿ ì³æ ïðèêëàäåíèìè äî ò³ë ìîíîòîííî çðîñòà-
þ÷èìè çîâí³øí³ìè íîðìàëüíèìè òà çñóâíèìè çóñèëëÿìè çàëèøàºòüñÿ ñòà-
ëèì. Çàäà÷ó ñôîðìóëüîâàíî ç âèêîðèñòàííÿì ïðèíöèïó «çàùåìëåíî¿» äåôîð-
ìàö³¿ [2, 21], òîáòî ââàæàºòüñÿ, ùî â³äíîñíèé çñóâ áåðåã³â ì³æïîâåðõíåâîãî 
çàçîðó ï³ñëÿ âõîäæåííÿ ¿õ ó êîíòàêò íå çì³íþºòüñÿ. Çàäà÷ó çâåäåíî äî ñèí-
ãóëÿðíîãî ³íòåãðàëüíîãî ð³âíÿííÿ â³äíîñíî ñòðèáêà äîòè÷íèõ ïåðåì³ùåíü 
ãðàíèöü ï³âïëîùèí íà ä³ëÿíö³ ì³æêîíòàêòíîãî çàçîðó òà äî ³íòåãðàëüíîãî 
ð³âíÿííÿ Àáåëÿ â³äíîñíî äîòè÷íèõ íàïðóæåíü, ùî âèíèêàþòü íà ñêîíòàêòî-
âàíèõ ãðàíèöÿõ ó ìåæàõ âè¿ìêè. Äëÿ êîíêðåòíî¿ ôîðìè âè¿ìêè ðîçâ’ÿçîê 
îòðèìàíî â çàìêíåíîìó âèãëÿä³. Ïðîàíàë³çîâàíî çàëåæí³ñòü êîíòàêòíèõ ïà-
ðàìåòð³â ðîçãëÿíóòî¿ ñèñòåìè â³ä ïðèêëàäåíèõ íàâàíòàæåíü. 

 
 Âñòóï. Ï³ä ÷àñ âçàºìîä³¿ ò³ë ç óçãîäæåíèìè ïîâåðõíÿìè ì³æ íèìè ìî-
æóòü âèíèêàòè ì³æêîíòàêòí³ çàçîðè, çóìîâëåí³ ëîêàëüíèìè ãåîìåòðè÷íèìè 
÷è ô³çè÷íèìè íåîäíîð³äíîñòÿìè ãðàíèöü àáî ä³ºþ ïðèïîâåðõíåâèõ ñèëîâèõ 
³ òåïëîâèõ ÷èííèê³â. Âïëèâ ëîêàëüíî¿ â³äñóòíîñò³ êîíòàêòó íà ìåõàí³÷íó é 
òåðìîìåõàí³÷íó ïîâåä³íêó ò³ë çà â³äñóòíîñò³ ñèë òåðòÿ âèâ÷àâñÿ ó ïðàöÿõ 
[3–8, 10, 11, 19]. Äîñë³äæåíî ôðèêö³éíó âçàºìîä³þ ðóõîìèõ ò³ë ç óçãîäæå-
íèìè ãðàíèöÿìè [9], êîëè êóëîí³âñüê³ ñèëè òåðòÿ âèíèêàþòü íà âñ³é ïîâåðõ-
í³ äîòèêó. Âîäíî÷àñ äëÿ ìàøèíîáóäóâàííÿ, ãåîìåõàí³êè, á³îìåõàí³êè, åíåð-
ãåòèêè òà ³íøèõ ãàëóçåé àêòóàëüíèì º âèÿâëåííÿ çàêîíîì³ðíîñòåé êîíòàêò-
íî¿ ïîâåä³íêè ñòðóêòóð çà íàÿâíîñò³ íà ïîâåðõíÿõ ñïðÿæåííÿ îäíî÷àñíî ä³-
ëÿíîê ç÷åïëåííÿ, ïðîêîâçóâàííÿ ³ â³äñóòíîñò³ êîíòàêòó. Òàê³ çàäà÷³ äëÿ ò³ë 
ç óçãîäæåíèìè ãðàíèöÿìè ùå íå ðîçãëÿäàëèñÿ. 
 Âïëèâ ç÷åïëåííÿ ³ ïðîêîâçóâàííÿ íà âçàºìîä³þ ò³ë á³ëüø äåòàëüíî âè-
â÷àâñÿ äëÿ âèïàäêó êîíòàêòíèõ ïàð ç íåóçãîäæåíèìè ãðàíèöÿìè, äëÿ ÿêèõ 
õàðàêòåðíîþ º ìàëà ïîð³âíÿíî ç ðîçì³ðàìè ò³ë ä³ëÿíêà êîíòàêòó [1, 11, 14–
18, 20]. Â³äîìî [2], ùî ðîçâ’ÿçîê êîíòàêòíî¿ çàäà÷³ ç óðàõóâàííÿì âèíèêíåí-
íÿ ³ çì³íè ä³ëÿíîê ïðîêîâçóâàííÿ ³ñòîòíî çàëåæèòü â³ä ³ñòîð³¿ íàâàíòàæåí-
íÿ ³, âçàãàë³ êàæó÷è, âèìàãàº äîñë³äæåííÿ íà îñíîâ³ ³íêðåìåíòàëüíîãî ï³ä-
õîäó. Ðàçîì ç òèì ó âèïàäêó ò³ë êàíîí³÷íî¿ ôîðìè ïîáóäîâàíî çàìêíåí³ 
ðîçâ’ÿçêè çàäà÷ ïðî ëîêàëüíèé êîíòàêò äëÿ ïåâíèõ òèï³â íàâàíòàæåííÿ, 
çîêðåìà, ïðîñòîãî íàâàíòàæåííÿ, ïðè ÿêîìó çñóâí³ òà íîðìàëüí³ çóñèëëÿ 
ë³í³éíî çâ’ÿçàí³ [2]. 
 Ó ö³é ñòàòò³ äîñë³äæåíî êîíòàêòíó âçàºìîä³þ äâîõ ï³âïëîùèí ç óçãîä-
æåíèìè ãðàíèöÿìè, îäíà ç ÿêèõ ìàº ëîêàëüíó ãåîìåòðè÷íó íåð³âí³ñòü, çà 
ïðîñòîãî íàâàíòàæåííÿ. Äëÿ ïîáóäîâè àíàë³òè÷íîãî ðîçâ’ÿçêó ñôîðìóëüî-
âàíî¿ çàäà÷³ ³ñòîòíî âèêîðèñòîâóºòüñÿ ïðèíöèï «çàùåìëåíî¿» äåôîðìàö³¿, 
çã³äíî ç ÿêèì âçàºìíèé çñóâ ïîâåðõîíü, ùî âèíèêàº íà ä³ëÿíö³ çàçîðó, ï³ñ-
ëÿ âñòóïó ¿õ ó êîíòàêò çàëèøàºòüñÿ íåçì³ííèì. 

 1. Ôîðìóëþâàííÿ çàäà÷³. Ðîçãëÿíåìî êîíòàêòíó âçàºìîä³þ äâîõ ïðóæ-
íèõ ï³âïëîùèí 1D  (íèæíüî¿) òà 2D  (âåðõíüî¿), ìàòåð³àëè ÿêèõ ³äåíòè÷í³, 

òîáòî ìàþòü îäíàêîâ³ ìîäóë³ çñóâó ( 1 2G G G= = ) ³ êîåô³ö³ºíòè Ïóàññîíà 

( 1 2ν = ν = ν ). Ìåæà âåðõíüîãî ò³ëà ïðÿìîë³í³éíà, à ìåæà íèæíüîãî ïðÿìîë³-

í³éíà ñêð³çü, çà âèíÿòêîì ä³ëÿíêè [ ,  ]x b b∈ − , äå âîíà ìàº ì³ëêó ïîëîãó 

âè¿ìêó, ôîðìà ÿêî¿ îïèñóºòüñÿ ôóíêö³ºþ 
3/22
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Ïî÷àòêîâî, çà â³äñóòíîñò³ íàâàíòàæåííÿ, ò³ëà òîðêàþòüñÿ íà ä³ëÿíêàõ 
x b≤ −  òà x b≥ , à íà ä³ëÿíö³ x b<  âíàñë³äîê íàÿâíîñò³ âè¿ìêè âèíèêàº 

ì³æ íèìè çàçîð (ïðîñâ³ò) çàââèøêè 
3/22

0 2
1 xr

b
 − 
 

. Î÷åâèäíî, ùî ôîðìà ì³æ-

êîíòàêòíîãî çàçîðó çì³íþâàòèìåòüñÿ, ÿêùî äî ò³ë áóäóòü ïðèêëàäåí³ ìåõà-
í³÷í³ íàâàíòàæåííÿ. 
 Ðîçãëÿíåìî êâàç³ñòàòè÷íèé ïðîöåñ íàâàíòàæåííÿ ï³âïëîùèí îäíî÷àñíî 
ïðèêëàäåíèìè íà íåñê³í÷åííîñò³ ìîíîòîííî çðîñòàþ÷èìè ð³âíîì³ðíî ðîçïî-
ä³ëåíèìè ñòèñêóþ÷èìè çóñèëëÿìè ³íòåíñèâíîñò³ P  òà çñóâíèìè çóñèëëÿìè 
³íòåíñèâíîñò³ T . Ââàæàºìî, ùî ïðîöåñ íàâàíòàæåííÿ ïðîñòèé [2], òîáòî â 
êîæåí ìîìåíò ÷àñó ì³æ ïðèêëàäåíèìè çóñèëëÿìè ³ñíóº ë³í³éíà çàëåæí³ñòü 
T f P= ⋅ , äå 0 òf k< < , òk  – êîåô³ö³ºíò òåðòÿ. 

 Ïðè ñòèñêó ï³âïëîùèí ¿õí³ ãðàíèö³ â îáëàñò³ âè¿ìêè çáëèæóþòüñÿ ³ 
âñòóïàþòü ó êîíòàêò íà íîâèõ ä³ëÿíêàõ, ïðèëåãëèõ äî êðà¿â âè¿ìêè x b= ± , 
âíàñë³äîê ÷îãî äîâæèíà çàçîðó 2a  ³ éîãî âèñîòà ( )h x  ìîíîòîííî çìåíøó-
þòüñÿ. Ââàæàºìî, ùî íà ä³ëÿíêàõ íàëÿãàííÿ ãðàíèö³ ï³âïëîùèí ïåðåáóâà-
þòü ó ç÷åïëåíí³. Ä³ÿ çñóâíèõ íàâàíòàæåíü çóìîâëþº çñóâ ãðàíèöü ï³âïëî-
ùèí îäíà â³äíîñíî îäíî¿ â ìåæàõ çàçîðó. Ïðè çîáðàæåíîìó íà ðèñ. 1 íà-
ïðÿì³ ïðèêëàäåíèõ íà íåñê³í÷åííîñò³ çóñèëü T  ãðàíèöÿ âåðõíüî¿ ï³âïëîùè-
íè â ãîðèçîíòàëüíîìó íàïðÿì³ áóäå ðîç-
òÿãíóòîþ ïîáëèçó ïðàâîãî ê³íöÿ çàçîðó 
x a= +  ³ ñòèñíóòîþ á³ëÿ ë³âîãî ê³íöÿ 
x a= − . Ãðàíèöÿ íèæíüîãî ò³ëà, íàâïà-
êè, áóäå ñòèñíóòîþ â îêîë³ ïðàâîãî òà 
ðîçòÿãíóòîþ â îêîë³ ë³âîãî ê³íöÿ çàçîðó. 
Òîìó ïðè íàâàíòàæåíí³ ì³æ ï³âïëîùè-
íàìè â ìåæàõ çàçîðó âèíèêàº ñòðèáîê 
äîòè÷íèõ ïåðåì³ùåíü ( )U x  ³ íà íîâèõ 
ä³ëÿíêàõ íàëÿãàííÿ ãðàíèö³ âñòóïàþòü ó 
êîíòàêò ç ïîïåðåäí³ì â³äíîñíèì çñóâîì. 
Â³í íå çì³íþºòüñÿ íà öèõ ä³ëÿíêàõ ç ïî-
äàëüøèì çìåíøåííÿì äîâæèíè çàçîðó, 
îñê³ëüêè ñêîíòàêòîâàí³ ãðàíèö³ ïåðåáó-
âàþòü ó ç÷åïëåíí³. Íà íèõ âèíèêàþòü 
äîòè÷í³ íàïðóæåííÿ ( )q x , ÿê³ óòðèìóþòü ãðàíèö³, ùî íàëÿãàþòü, â³ä 
â³äíîñíîãî ïðîêîâçóâàííÿ. Ó ë³òåðàòóð³ ïîïåðåäíÿ ïîçäîâæíÿ äåôîðìàö³ÿ 
ñêîíòàêòîâàíèõ ïîâåðõîíü, ÿêà â ïðîöåñ³ ïîäàëüøîãî ïðîñòîãî 
íàâàíòàæåííÿ íå çì³íþºòüñÿ, îòðèìàëà íàçâó «çàùåìëåíî¿» äåôîðìàö³¿ 
[2, 21]. Ãðàíèö³ ò³ë ïîçà âè¿ìêîþ íàëÿãàëè äî íàâàíòàæåííÿ, òîìó â³äíîñíèé 
çñóâ íà íèõ íå âèíèêàº. 
 Ãðàíè÷íî-êîíòàêòí³ óìîâè ñôîðìóëüîâàíî¿ çàäà÷³ ìàòèìóòü âèãëÿä 

– íà ä³ëÿíêàõ 1L  êîíòàêòó ï³âïëîùèí ïîçà âè¿ìêîþ ( 0,  y x b= ≥ ): 

 ( ,0) ( ,0),        ( ,0) ( ,0)y y xy xyx x x x+ − + −σ = σ τ = τ , 

 ( ,0) ( ,0),        ( ,0) ( , 0)u x u x v x v x+ − + −= = ; (1) 

– íà ä³ëÿíêàõ 2L  êîíòàêòó â ìåæàõ âè¿ìêè ( 0,  y a x b= < < ): 

 ( ,0) ( ,0)y yx x+ −σ = σ , (2) 

 ( ,0) ( ),           ( , 0) ( )xy xyx q x x q x+ −τ = τ = , (3) 

 ( ,0) ( , 0) ( )v x v x r x− +− = − ; (4) 

∞σ =−y P  

∞τ =−xy T  
∞σ =−y P  

( )h x  

D2 

D1 

x 

y 

 a −a  b −b 

 

∞τ =−xy T  
Рис. 1 
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– íà ïîâåðõí³ çàçîðó 3L  ( 0,  y x a= < ): 

 ( ,0) 0, ( , 0) 0y yx x+ −σ = σ = , (5) 

 ( ,0) 0, ( , 0) 0xy xyx x+ −τ = τ = ; (6) 

– íà íåñê³í÷åííîñò³ â êîæí³é ç ï³âïëîùèí ,  1,2kD k = : 

 ( , ) ,           ( , ) 0y xx P yσ ± ∞ = − σ ± ∞ = , 

 ( , ) ( , )xy xyx y T fPτ ± ∞ = τ ± ∞ = − ≡ − . (7) 

Òóò ,  ,  y x xyσ σ τ  – êîìïîíåíòè òåíçîðà íàïðóæåíü; ,u v  – êîìïîíåíòè âåê-

òîðà ïåðåì³ùåíü; ³íäåêñàìè « − », « + » ïîçíà÷åíî ãðàíè÷í³ çíà÷åííÿ ôóíê-
ö³é íà ë³í³¿ L  ó ï³âïëîùèíàõ 1 2,  D D . 
 Çàçíà÷èìî, ùî âåëè÷èíà ä³ëÿíêè â³äñóòíîñò³ áåçïîñåðåäíüîãî êîíòàêòó 

3L  ( , )a a−  ì³æ ò³ëàìè çàçäàëåã³äü íåâ³äîìà é çì³íþºòüñÿ â ïðîöåñ³ íàâàíòà-

æåííÿ. Ðîçïîä³ë äîòè÷íèõ íàïðóæåíü ( )q x  íà ä³ëÿíêàõ , ,  x b a a b∈ − − [ ] [ ]  
âèçíà÷àºòüñÿ ç óìîâè íåçì³ííîñò³ «çàùåìëåíî¿» äåôîðìàö³¿ ãðàíèöü ï³âïëî-

ùèí 
( ,0) ( , 0)

( )
u x u x

U x
x x

− +∂ ∂   ′ = −   ∂ ∂   
, 2x L∈ , ó ïðîöåñ³ íàâàíòàæåííÿ òà 

óìîâè ¿¿ îáìåæåíîñò³. 

 2. Çâåäåííÿ çàäà÷³ äî ñèíãóëÿðíîãî ³íòåãðàëüíîãî ð³âíÿííÿ (Ñ²Ð). 
Ïîäàìî íàïðóæåííÿ ³ ïîõ³äí³ â³ä ïåðåì³ùåíü ÷åðåç êîìïëåêñí³ ïîòåíö³àëè 
Êîëîñîâà – Ìóñõåë³øâ³ë³ ó âèãëÿä³ [12, 8] 

 ( ) ( ) ( ) ( )y xy k k k³ z z z z z P ³T′σ − τ = Φ − Φ − − Φ − + , 

 2 ( ) ( ) ( ) ( ) ( ) (3 ) /4,   1,2k k kG u ³v z z z z z P k′ ′ ′+ = Φ + Φ − − Φ + − =æ æ , (8) 

äå kz D∈ , ,  3 4z x ³y= + = − νæ . Êóñêîâî-àíàë³òè÷í³ ôóíêö³¿ ( ),  1,2k z kΦ = , 

çàãàñàþòü íà íåñê³í÷åííîñò³: ( ) 0kΦ ∞ = . Çàçíà÷èìî, ùî ïîäàííÿ (8) çàäî-

âîëüíÿþòü óìîâè (7) íà íåñê³í÷åííîñò³. 
 Äëÿ âèçíà÷åííÿ ïîòåíö³àë³â 1( )zΦ , 2 ( )zΦ  ðîçãëÿíåìî äîïîì³æíó çàäà-
÷ó ïðî êîíòàêò ï³âïëîùèí, íà ë³í³¿ ðîçìåæóâàííÿ ÿêèõ âèêîíóþòüñÿ óìîâè 

 ( ,0) ( ,0),             ( ,0) ( ,0),     y y xy xyx x x x x L+ − + −σ = σ τ = τ ∈ , 

 ( ,0) ( , 0) ( ),     ( ,0) ( , 0) ( ),    v x v x V x u x u x U x x L− + − +− = − = ∈ , (9) 

äå ( )U x , ( )V x  – ñòðèáêè äîòè÷íèõ ³ íîðìàëüíèõ ïåðåì³ùåíü ãðàíèöü ò³ë 
òàê³, ùî 
 ( ) 0U x =   ïðè  x b> ,  

 

  

0,     ,

( ) ( ), ,

( ) ( ),    .

x b

V x r x a x b

r x h x x a

≥
= − < <
 − − ≤

 (10) 

 Çàäîâîëüíèâøè çà äîïîìîãîþ ïîäàíü (8) óìîâè (9), îòðèìàºìî ïîñë³äîâ-
í³ñòü çàäà÷ ë³í³éíîãî ñïðÿæåííÿ, ðîçâ’ÿçàâøè ÿê³ [12], âèçíà÷àºìî êîìï-
ëåêñí³ ïîòåíö³àëè ( )k zΦ : 

 1 2
( ) ( ) ( )

( ) ,     
(1 )

b b a

b b a

U t dt r t dt h t dtGz i i z D
³ t z t z t z

− − −

′ ′ ′ Φ = − − ∈ π + − − − ∫ ∫ ∫æ
, 

 1 1
( ) ( ) ( )

( ) ,    
(1 )

b b a

b b a

U t dt r t dt h t dtGz i i z D
³ t z t z t z

− − −

′ ′ ′ Φ = − − − ∈ π + − − − ∫ ∫ ∫æ
, 
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 2 1 1 2( ) ( ),       z z z D DΦ = − Φ ∈  . (11) 

 Çàçíà÷èìî, ùî ðîçâ’ÿçîê äîïîì³æíî¿ çàäà÷³ (9) áóäå ðîçâ’ÿçêîì îñíîâ-
íî¿ çàäà÷³ (1)–(7) òîä³, êîëè â³í çàäîâîëüíÿòèìå íåâðàõîâàí³ â (9) óìîâè (5), 
(3) ³ (6), à ñàìå: 

 ( ,0) ( ),      xy x Q x x b−τ = ≤ , (12) 

 ( ,0) 0,           y x x a−σ = < , (13) 

äå 
  0,    ,

( )
( ), .

x a
Q x

q x a x b

<=  ≤ ≤
 

 Âèêîðèñòàºìî ö³ óìîâè äëÿ âèçíà÷åííÿ íåâ³äîìèõ ôóíêö³é ( )U x  ³ 

( )h x . Äëÿ öüîãî âèçíà÷èìî ç ïîäàíü (8), (11) ãðàíè÷í³ çíà÷åííÿ íîðìàëüíèõ 
³ äîòè÷íèõ íàïðóæåíü íà ë³í³¿ ðîçìåæóâàííÿ ï³âïëîùèí: 

 
( ) ( )2( ,0)

(1 )

b a

y
b a

r t dt h t dtGx P
t x t x

−

− −

′ ′ σ = + − π + − − ∫ ∫æ
, (14) 

 
( )2( ,0)

(1 )

b

xy
b

U t dtGx T
t x

−

−

′
τ = − −

π + −∫æ
. (15) 

 Çàäîâîëüíèâøè çà äîïîìîãîþ ïîäàííÿ (14) óìîâó (13), îòðèìàºìî ñèí-
ãóëÿðíå ³íòåãðàëüíå ð³âíÿííÿ â³äíîñíî ïîõ³äíî¿ â³ä âèñîòè ì³æêîíòàêòíîãî 
çàçîðó ( )h x′ : 

 
2

0
2

3( ) (1 )1 1( ) ,      
2 2

a

a

rh t dt PxF x x L
t x b Gb−

′ + = ≡ − + ∈ π −  ∫
æ

. (16) 

 Îñê³ëüêè ôîðìà âè¿ìêè îïèñóºòüñÿ ãëàäêîþ ôóíêö³ºþ ( )r x , òî âèñîòà 
ì³æêîíòàêòíîãî çàçîðó äîð³âíþº íóëåâ³ â éîãî êðàéí³õ òî÷êàõ: 

 ( ) ( ) 0h a h a− = = , (17) 

à áåðåãè çàçîðó çìèêàþòüñÿ ïëàâíî, òîáòî ïîõ³äíà â³ä âèñîòè çàçîðó òåæ 
äîð³âíþº íóëåâ³ â öèõ òî÷êàõ: 

 ( ) ( ) 0h a h a′ ′− = = . (18) 

 ßê âèïëèâàº ç ïîäàííÿ (14), óìîâà (18) çàáåçïå÷óº îáìåæåí³ñòü íîð-
ìàëüíèõ êîíòàêòíèõ íàïðóæåíü íà ãðàíèöÿõ ï³âïëîùèí. 
 Îáìåæåíèé ðîçâ’ÿçîê ð³âíÿííÿ (16) øóêàòèìåìî, áåðó÷è äî óâàãè (18). 
Ðîçâ’ÿçîê ³ñíóº, ÿêùî ïðàâà ÷àñòèíà (16) çàäîâîëüíÿº óìîâó [12]  

 
2 2

( )
0

a

a

F t dt

a t−

=
−

∫ , 

ç ÿêî¿ îòðèìóºìî çàëåæí³ñòü äîâæèíè çàçîðó â³ä ïðèêëàäåíîãî íàâàíòà-
æåííÿ 

 0
(1 )

1
3

b P
a b G r

+= − æ
. (19) 

 Ðîçâ’ÿçàâøè ñèíãóëÿðíå ³íòåãðàëüíå ð³âíÿííÿ (16) â³äíîñíî ôóíêö³¿ 
( )h x′  òà ïðî³íòåãðóâàâøè ¿¿ ç óðàõóâàííÿì óìîâè (17), âèçíà÷èìî âèñîòó 

çàçîðó 

 
3 3/22

0 2
( ) 1 ,      a xh x r x a

b a
   = − <   
   

. (20) 

 Íîðìàëüí³ êîíòàêòí³ íàïðóæåííÿ (14) ç óðàõóâàííÿì ñï³ââ³äíîøåíü 
(19), (20) íàáóäóòü âèãëÿäó 
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2 2
0
3 2

2 2 2
0

2 2 2

0,    ,

6
( ,0) 1, ,

(1 )
6

1 1 ,     .
(1 )

 

y

x a

a Gr x xx a x b
ab a

Gr x x a x x x b
b b ab b a

−

<

σ = − − < <

+
   − − − > +  

æ

æ

 (21) 

 Çàäîâîëüíÿþ÷è óìîâó (12) çà äîïîìîãîþ ñï³ââ³äíîøåííÿ (15), îòðèìóº-
ìî íàñòóïíå ñèíãóëÿðíå ³íòåãðàëüíå ð³âíÿííÿ â³äíîñíî ïîõ³äíî¿ â³ä ñòðèáêà 
äîòè÷íèõ ïåðåì³ùåíü ãðàíèöü ï³âïëîùèí ( )U x′  íà ä³ëÿíö³ âè¿ìêè: 

 
( )1 1 ( ( ))

2

b

b

U t dt
T Q x

t x G
−

′ += − +
π −∫ æ . (22) 

 Âèêîðèñòîâóþ÷è çàëåæíîñò³ (7), (19), äîòè÷í³ çóñèëëÿ T  ïîäàìî ÷åðåç 
äîâæèíó çàçîðó: 

 
2

0
2

3
1

(1 )

fGr aT
b b

 = − +  æ
. (23) 

 Íà ï³äñòàâ³ ð³âíîñò³ (23) ð³âíÿííÿ (22) ïåðåïèøåìî ó âèãëÿä³ 

 
2

0
2

3( )1 1 1 ( ) ,      
2 (1 )

b

b

fGrU t dt a Q x x b
t x G b b−

′  +  = − − + <  π − +   ∫ æ
æ

. (24) 

 ßê âèïëèâàº ç ð³âíîñò³ (19), ïðè 03

(1 )

Gr
P

b
=

+ æ
 çàçîð ö³ëêîì çàêðèºòüñÿ 

( 0a = ). Ïîçíà÷èìî ÷åðåç 0 ( )U x  ³ 0 ( )q x  ñòðèáîê äîòè÷íèõ ïåðåì³ùåíü ãðà-

íèöü ï³âïëîùèí ³ äîòè÷í³ íàïðóæåííÿ íà ä³ëÿíö³ âè¿ìêè x b≤  ïðè ïîâíî-

ìó çàêðèòò³ çàçîðó. Ïîêëàâøè â ð³âíÿíí³ (24) 0a = , îòðèìàºìî ð³âíÿííÿ, 

ÿêå çàäîâîëüíÿº ôóíêö³ÿ 0 ( )U x′ : 

 0 0
0

( ) 31 1 ( ) ,      
2 (1 )

b

b

U t dt fGr
q x x b

t x G b
−

′ +  = − + < π − + ∫ æ
æ

. (25) 

 Ç óìîâè íåçì³ííîñò³ «çàùåìëåíî¿» äåôîðìàö³¿ âèïëèâàº, ùî çà íàÿâ-
íîñò³ çàçîðó ñòðèáîê äîòè÷íèõ ïåðåì³ùåíü íà ñêîíòàêòîâàíèõ ä³ëÿíêàõ âè-
¿ìêè äîð³âíþº ñòðèáêó äîòè÷íèõ ïåðåì³ùåíü ïðè ïîâíîìó çàêðèòò³ çàçîðó: 

 0( ) ( ),     U x U x a x b= ≤ ≤ . (26) 

Òîìó ïîäàìî ôóíêö³þ ( )U x ó âèãëÿä³ 

 0( ) ( ) ( )U x U x U x= + ∆ , (27) 

äå ôóíêö³ÿ ( )U x∆  îïèñóº â³äõèëåííÿ ñòðèáêà äîòè÷íèõ ïåðåì³ùåíü çà íà-

ÿâíîñò³ çàçîðó â³ä ñòðèáêà 0 ( )U x  ïðè ïîâíîìó êîíòàêò³ ï³âïëîùèí. Ç 

ð³âíîñòåé (26) ³ (27) âèïëèâàº, ùî 

 ( ) 0U x∆ =  ïðè a x b< < . (28) 

Âðàõóâàâøè (27), (28) â ð³âíÿíí³ (24), îòðèìàºìî 

 
2

0 0
2

( ) 3( )1 1 1 1 ( )
2 (1 )

b a

b a

U t dt fGrU t dt a Q x
t x t x G b b− −

′ ′∆  +  + = − − +  π − π − +   ∫ ∫ æ
æ

, 

 x b< . (29) 
Â³äíÿâøè ð³âíÿííÿ (25) â³ä ð³âíÿííÿ (29), ìàòèìåìî ð³âí³ñòü 

 
2

0
03

3( )1 1 ( ) ( ) ,      
22

a

a

a frU t dt
Q x q x x b

t x Gb−

′∆ += − − <
π −∫ æ [ ] . (30) 
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 Çàïèñàâøè ð³âí³ñòü (30) íà â³äð³çêàõ x a< , îòðèìàºìî ñèíãóëÿðíå 

³íòåãðàëüíå ð³âíÿííÿ íà ôóíêö³þ ( )U x′∆ : 

 
2

0
1 03

3( )1 1( ) ( ),     
22

a

a

a frU t dt
F x q x x a

t x Gb−

′∆ += ≡ + ≤
π −∫ æ . (31) 

 ßê âèïëèâàº ç ïîäàííÿ (15), äëÿ îáìåæåíîñò³ äîòè÷íèõ êîíòàêòíèõ 
íàïðóæåíü íåîáõ³äíî, ùîá ( ) 0U a′∆ ± = . Òîìó âèçíà÷àòèìåìî îáìåæåíèé 
ðîçâ’ÿçîê ð³âíÿííÿ (31). Â³í ³ñíóº, ÿêùî ïðàâà ÷àñòèíà öüîãî ð³âíÿííÿ 

çàäîâîëüíÿº óìîâó 1

2 2

( )
0

a

a

F t dt

a t−

=
−

∫ , ç ÿêî¿ îòðèìàºìî ð³âíÿííÿ Àáåëÿ â³ä-

íîñíî êîíòàêòíîãî äîòè÷íîãî íàïðóæåííÿ 0 ( )q x : 

 
2

0 0
32 2

( ) 3

(1 )

a

a

q t dt a fGr

ba t−

π
= −

+−
∫ æ

, (32) 

ðîçâ’ÿçîê ÿêîãî ìàº âèãëÿä [13] 

 
2

0
0 3

6
( )

(1 )

fGr x
q x

b
= −

+ æ
. (33) 

 Ï³äñòàâèâøè îòðèìàíó ôóíêö³þ 0 ( )q x  ó ïðàâó ÷àñòèíó ³íòåãðàëüíîãî 

ð³âíÿííÿ (31), âèçíà÷èìî éîãî îáìåæåíèé ðîçâ’ÿçîê 

 
3 3/22

0 2
( ) 1 ,      a xU x fr x a

b a
   ∆ = − − <   
   

. (34) 

 Ç ð³âíîñò³ (30), çàïèñàíî¿ íà ³íòåðâàë³ a x b< < , çíàõîäèìî äîòè÷í³ 

íàïðóæåííÿ ( )q x  íà ä³ëÿíö³ êîíòàêòó ãðàíèöü ò³ë ó ìåæàõ âè¿ìêè: 

 
2

0
0 3

3 ( )2( ) ( ) ,     
(1 )(1 )

a

a

a fGr U t dtGq x q x a x b
t xb −

′∆
= + − < <

+ π −+ ∫ææ
. (35) 

Âðàõóâàâøè â (35) ïîäàííÿ (33) ³ (34), îòðèìàºìî 

 
2 2

0
3 2

6
( ) 1,       

(1 )

a fGr x xq x a x b
ab a

= − − < <
+ æ

. (36) 

Âðàõîâóþ÷è (36) ó ð³âíÿíí³ (25), çàïèøåìî éîãî îáìåæåíèé ðîçâ’ÿçîê 

 
3/22

0 0 2
( ) 1 ,      xU x fr x b

b
 = − < 
 

. (37) 

 Áà÷èìî, ùî ñòðèáîê äîòè÷íèõ ïåðåì³ùåíü ïðè ïîâíîìó çàêðèòò³ çàçîðó 
º ïðîïîðö³éíèì äî ôóíêö³¿ ïðîô³ëþ âè¿ìêè: 0 ( ) ( )U x fr x= − . 

 Çã³äíî ç (27), (34) ³ (37) âèçíà÷àºìî ñòðèáîê äîòè÷íèõ ïåðåì³ùåíü 
ãðàíèöü ò³ë  

 
3/2

3/2 3 3/22 2

0 2 2

2

0 2

,1 1     ,

( )

1 , .

x a xfr x a
bb a

U x
xfr a x b
b

       − − − <             = 
  − < <   

 (38) 

 Âðàõóâàâøè â ñï³ââ³äíîøåííÿõ (15) âèðàç (38) äëÿ ñòðèáêà äîòè÷íèõ 
ïåðåì³ùåíü, îòðèìàºìî äîòè÷í³ íàïðóæåííÿ íà ãðàíèöÿõ ï³âïëîùèí: 
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2 2
0
3 2

2 2 2
0

2 2 2

0,    ,

6
1, ,

( ,0) (1 )
6

1 1 ,     .
(1 )

 

xy

x a

a fGr x x a x b
x ab a

fGr x x a x x x b
b b ab b a

−

<

 − − < <τ = +
   − − − > +  

æ

æ

 (39) 

 Ïîð³âíþþ÷è âèðàçè (39) ³ (21), áà÷èìî, ùî êîíòàêòí³ äîòè÷í³ íàïðóæåí-
íÿ ïðîïîðö³éí³ äî êîíòàêòíèõ íîðìàëüíèõ íàïðóæåíü ç êîåô³ö³ºíòîì ïðî-
ïîðö³éíîñò³ f . Öåé âèñíîâîê óçãîäæóºòüñÿ ç â³äïîâ³äíèì ðåçóëüòàòîì äëÿ 
âèïàäêó ëîêàëüíîãî êîíòàêòó, îòðèìàíîãî â ïðàö³ [2]. 

 3. Àíàë³ç ðåçóëüòàò³â. ×èñëîâ³ ðîçðàõóíêè ïðîâåäåíî äëÿ áåçðîçì³ð-
íèõ âåëè÷èí 

0 0 0 0

(1 ) (1 )(1 )
;   ;   ;   ;   ;   

3 3 3
xy y

xy y

b bP bx a Ux a P U
b b Gr Gr Gr br

τ + σ ++= = = τ = σ = =
æ ææ

. 

Íà ðèñ. 2 çîáðàæåíî ðîçïîä³ë â³äíîñíîãî çñóâó ãðàíèöü ï³âïëîùèí 
(ñòðèáêà äîòè÷íèõ ïåðåì³ùåíü) íà ä³ëÿíö³ âè¿ìêè òà éîãî çì³íó ç³ çì³íîþ 
íàâàíòàæåííÿ (ïðè ô³êñîâàíîìó êîåô³ö³ºíò³ 0.25f = ).  

0 0
0

() 31 1 (),     
2(1)

b

b

Utdt fGr
qxxb

txGb
−

′ + =− + < π− + ∫ æ
æ

 
-0.5

-0.4

-0.3

-0.2

-0.1

-2 -1 0 1

P = 0.36

0.64

0.84
1

x

τxy f = 0.25

 
 Рис. 2 Рис. 3 

Êðèâà, ùî â³äïîâ³äàº çîâí³øíüîìó òèñêó 1P = , ïðè ÿêîìó â³äáóâàºòüñÿ 
ïîâíå çàêðèòòÿ çàçîðó, îõîïëþº çâåðõó êðèâ³ äëÿ ìåíøèõ çíà÷åíü òèñêó. Ç³ 
çá³ëüøåííÿì íàâàíòàæåííÿ ñòðèáîê äîòè÷íèõ ïåðåì³ùåíü çðîñòàº. Êîæíà 
êðèâà äëÿ ìåíøèõ çíà÷åíü òèñêó ñêëàäàºòüñÿ ç òðüîõ ÷àñòèí – 
öåíòðàëüíî¿, ÿêà â³äïîâ³äàº ä³ëÿíö³ çàçîðó äëÿ çàäàíîãî íàâàíòàæåííÿ, ³ 
äâîõ ñèìåòðè÷íèõ á³÷íèõ, ÿê³ ëÿãàþòü íà êðèâó ïðè çîâí³øíüîìó òèñêó 

1P =  ³ â³äïîâ³äàþòü ñêîíòàêòîâàíèì ïîâåðõíÿì. Öå â³äîáðàæàº çàêëàäåíèé 
â ïîñòàíîâö³ çàäà÷³ ïðèíöèï «çàùåìëåíî¿» äåôîðìàö³¿, çã³äíî ç ÿêèì 
â³äíîñíå çì³ùåííÿ òî÷îê ïîâåðõîíü ï³ñëÿ òîãî, ÿê âîíè ñêîíòàêòóâàëè, íå 
çì³íþºòüñÿ íàäàë³ ç³ çá³ëüøåííÿì íàâàíòàæåííÿ. Ìàêñèìàëüíîãî çíà÷åííÿ 
â³äíîñíèé çñóâ ïîâåðõîíü äîñÿãàº íà ñåðåäèí³ âè¿ìêè (ïðè 0x = ). 
 Íà ðèñ. 3 ïîêàçàíî ðîçïîä³ë êîíòàêò-
íèõ äîòè÷íèõ íàïðóæåíü ( ,0)xy xτ  äëÿ 

ð³çíèõ çíà÷åíü çîâí³øí³õ íîðìàëüíèõ çó-
ñèëü. Ç³ çá³ëüøåííÿì íàâàíòàæåííÿ êîí-
òàêòí³ íàïðóæåííÿ çðîñòàþòü, à ¿õ ìàê-
ñèìóì çàâæäè äîñÿãàºòüñÿ íà êðàþ âè¿ì-
êè ( 1x = ± ). Ïðè â³ääàëåí³ â³ä âè¿ìêè 
êîíòàêòí³ äîòè÷í³ íàïðóæåííÿ àñèìïòî-
òè÷íî ïðÿìóþòü äî äîòè÷íèõ íàïðóæåíü, 
çàäàíèõ íà íåñê³í÷åííîñò³. Ãîðèçîíòàëüí³ 
öåíòðàëüí³ ä³ëÿíêè íà ãðàô³êàõ â³äïî-
â³äàþòü íóëüîâèì íàïðóæåííÿì ó ìåæàõ 
çàçîðó. 

0

0.1

0.2

0.3

-1 -0.5 0 0.5

f = 0.1

0.2

0.3

0.4

x

U a = 0.2
P = 0.96

 
Рис. 4 
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 Ðèñ. 4 ³ëþñòðóº çàëåæí³ñòü ñòðèáêà äîòè÷íèõ ïåðåì³ùåíü ãðàíèöü ò³ë 
â³ä êîåô³ö³ºíòà ïðîïîðö³éíîñò³ f  ì³æ ïðèêëàäåíèìè íîðìàëüíèìè òà çñóâ-

íèìè çóñèëëÿìè äëÿ ô³êñîâàíî¿ äîâæèíè çàçîðó a  ( 0.2a = ), òîáòî â³ä 

çñóâíèõ çóñèëü T  ïðè ô³êñîâàíèõ íîðìàëüíèõ çóñèëëÿõ 0.96P = . Áà÷èìî, 
ùî çðîñòàííÿ ïàðàìåòðà f  çóìîâëþº çá³ëüøåííÿ â³äíîñíîãî çñóâó ãðàíèöü 
ÿê íà ä³ëÿíö³ çàçîðó, òàê ³ íà ñêîíòàêòîâàíèõ ä³ëÿíêàõ. 

 
 1. Ãàëèí Ë. À. Êîíòàêòíûå çàäà÷è òåîðèè óïðóãîñòè è âÿçêîóïðóãîñòè. – Ìîñêâà: 

Íàóêà, 1980. – 304 ñ. 
 2. Ãðèí÷åíêî Â. Ò., Óëèòêî À. Ô. Ðîëü èñòîðèè íàãðóæåíèÿ â ìåõàíèêå êîíòàêò-
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УПРУГОЕ ВЗАИМОДЕЙСТВИЕ ДВУХ ПОЛУПЛОСКОСТЕЙ ПРИ ЛОКАЛЬНОМ 
СДВИГЕ ГРАНИЦ НА УЧАСТКЕ МЕЖКОНТАКТНОГО ЗАЗОРА 
 
Èññëåäîâàíî âçàèìîäåéñòâèå äâóõ óïðóãèõ èçîòðîïíûõ ïîëóïëîñêîñòåé èç îäèíà-
êîâûõ ìàòåðèàëîâ, îäíà èç êîòîðûõ èìååò ìåëêóþ ïîâåðõíîñòíîþ âûåìêó, ïðè 
ïðîñòîì íàãðóæåíèè, êîãäà ñîîòíîøåíèå ìåæäó ïðèëîæåííûìè ê òåëàì ìîíî-
òîííî âîçðàñòàþùèìè âíåøíèìè íîðìàëüíûìè è ñäâèãîâûìè óñèëèÿìè îñòàåòñÿ 
ïîñòîÿííûì. Çàäà÷à ñôîðìóëèðîâàíà ñ èñïîëüçîâàíèåì ïðèíöèïà «çàùåìëåííîé» 
äåôîðìàöèè, òî åñòü ïðèíèìàåòñÿ, ÷òî îòíîñèòåëüíûé ñäâèã áåðåãîâ ìåæêîí-
òàêòíîãî çàçîðà ïîñëå âõîæäåíèÿ èõ â êîíòàêò íå ìåíÿåòñÿ ïðè äàëüíåéøåì 
íàãðóæåíèè òåë. Çàäà÷à ñâåäåíà ê ñèíãóëÿðíîìó èíòåãðàëüíîìó óðàâíåíèþ îò-
íîñèòåëüíî ñêà÷êà êàñàòåëüíûõ ïåðåìåùåíèé ãðàíèö ïîëóïëîñêîñòåé íà ó÷àñòêå 
ìåæêîíòàêòíîãî çàçîðà è ê èíòåãðàëüíîìó óðàâíåíèþ Àáåëÿ îòíîñèòåëüíî êà-
ñàòåëüíûõ íàïðÿæåíèé, âîçíèêàþùèõ íà ñêîíòàêòèðîâàííûõ ãðàíèöàõ â ïðåäå-
ëàõ âûåìêè. Äëÿ êîíêðåòíîé ôîðìû âûåìêè ðåøåíèå ïîëó÷åíî â çàìêíóòîì âèäå. 
Ïðîàíàëèçèðîâàíà çàâèñèìîñòü êîíòàêòíûõ ïàðàìåòðîâ ðàññìàòðèâàåìîé ñèñ-
òåìû îò ïðèëîæåííûõ íàãðóæåíèé. 
 
ELASTIC INTERACTION BETWEEN TWO HALF-PLANES UNDER LOCAL SHEAR 
OF BOUNDARIES IN THE REGION OF INTERFACE GAP 
 
The contact interaction between two elastic isotropic half-planes from identical mate-
rials, one of which has a shallow surface groove under incremental loading is studied. 
During loading the ratio of normal and shear forces remains constant. The plane 
problem is posed, based on the «frozen» deformation principle, i.e. there is a forbidden 
relative shear of points of boundaries which have contacted. The problem is reduced to 
a set of integral equations: 1) a singular integral equation for tangential displacements 
jump of the gap’s surfaces and 2) Abel’s integral equation for tangential stresses 
appearing on the sub-region of the initial groove which surfaces have contacted. For a 
specific form of the groove the solution is obtained in a closed form. The analysis of 
contact parameters of the contacting couple versus the applied loads is carried out. 
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