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УТОЧНЕНИЯ И ДОПОЛНЕНИЯ К СТАТЬЕ «ОБ ОДНОМ 
МЕТОДЕ ПОЛУЧЕНИЯ ИНТЕГРАЛЬНЫХ ПРЕОБРАЗОВАНИЙ  
С ПРИМЕНЕНИЕМ К ПОСТРОЕНИЮ ТОЧНЫХ РЕШЕНИЙ  
КРАЕВЫХ ЗАДАЧ МАТЕМАТИЧЕСКОЙ ФИЗИКИ»  
 

Â ðàáîòå [4] ïðè âûâîäå íîâûõ èíòåãðàëüíûõ ïðåîáðàçîâàíèé ïðèøëîñü ðå-
øàòü ñèíãóëÿðíóþ çàäà÷ó Øòóðìà – Ëèóâèëëÿ. Åå ðåøåíèå ïîëó÷åíî ïðå-
äåëüíûì ïåðåõîäîì èç ïîäõîäÿùåé ðåãóëÿðíîé (ðåøåííîé òàì æå) çàäà÷è 
Øòóðìà – Ëèóâèëëÿ. Îäíàêî ýòîò ïðåäåëüíûé ïåðåõîä òàì âûïîëíåí ôîð-
ìàëüíî áåç ñòðîãîãî îáîñíîâàíèÿ. Â íàñòîÿùåé ñòàòüå ñ íåêîòîðûìè óòî÷-
íåíèÿìè äàåòñÿ ñòðîãîå îáîñíîâàíèå ñäåëàííîãî ïðåäåëüíîãî ïåðåõîäà. 

 
1. Â ðàáîòå [4] äëÿ ôóíêöèé ( )f θ , çàäàííûõ íà îòðåçêå 0 1,ω ω[ ] , ñîäåð-

æàùåìñÿ â èíòåðâàëå 0 < θ < π , óñòàíîâëåíî èíòåãðàëüíîå ïðåîáðàçîâàíèå 
(20) ñ ôîðìóëîé îáðàùåíèÿ (21). ßäðî èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ ïðåä-
ñòàâëÿåò ñîáîé ëèíåéíóþ êîìáèíàöèþ ñôåðè÷åñêèõ ôóíêöèé (14). Óñòàíîâ-
ëåííîå èíòåãðàëüíîå ïðåîáðàçîâàíèå îñíîâàíî íà ðåøåíèè ðåãóëÿðíîé [5] 
çàäà÷è Øòóðìà – Ëèóâèëëÿ. Îäíàêî ïðè 0 0ω =  óêàçàííûå çàäà÷è ñòàíî-

âÿòñÿ ñèíãóëÿðíûìè è ïîýòîìó âûïîëíåííûé â [4] ôîðìàëüíî ïðåäåëüíûé 
ïåðåõîä 0 0ω →  íóæäàåòñÿ â ñòðîãîì îáîñíîâàíèè. Ýòîò ïðåäåëüíûé ïåðå-

õîä ñóùåñòâåííî áàçèðîâàëñÿ íà òîì, ÷òî ôóíêöèÿ 

 2( ) sin 1 , ;1 ; sin ,     0
2

U Fµ θ θ = θ ⋅ + µ + ν µ − ν + µ µ ≥ 
 

, (1) 

íå èìåþùàÿ ñèíãóëÿðíîñòè ïðè 0θ = , óäîâëåòâîðÿåò óðàâíåíèþ Ëåæàíäðà 
(18) èç [4], â ÷åì ìîæíî óáåäèòüñÿ íåïîñðåäñòâåííî ïîäñòàíîâêîé. Îäíàêî 
ýòî íå ÿâëÿåòñÿ îñíîâàíèåì îòîæäåñòâëÿòü åå, óìíîæåííóþ íà ïðîèçâîëü-

íûé ìíîæèòåëü, ñî ñôåðè÷åñêîé ôóíêöèåé (cos )Pµ
ν θ , ÷òî ñäåëàíî â [4]. Äëÿ 

íàøèõ öåëåé óäîáíî âûáðàòü äðóãîé ìíîæèòåëü è ïîä÷åðêíóòü îòëè÷èå åå 

îò (cos )Pµ
ν θ , ñíàáäèâ òèëüäîé, ò. å.  

 2( 1)(sin )
(cos ) 1 , ;1 ; sin

( 1) 2
P F

µ
µ
ν

Γ ν + θ θ θ = + ν + µ µ − ν + µ Γ ν + µ +  
 . (2) 

Ýòà ôóíêöèÿ áóäåò ëèíåéíî íåçàâèñèìîé ê ñôåðè÷åñêîé ôóíêöèè 

(cos )Qµ
ν θ , ò. ê. îáå îíè óäîâëåòâîðÿþò óðàâíåíèþ Ëåæàíäðà, êîòîðîå ÿâëÿ-

åòñÿ ñàìîñîïðÿæåííûì, è ïîýòîìó èõ âðîíñêèàí îáëàäàåò ñâîéñòâîì [4] 

 1(cos ), (cos ) , const
sin

W P Q W P Qµ µ µ µ
ν ν ν νθ θ = = ⋅

θ
 [ ] ( ) . (3) 

×òîáû âû÷èñëèòü const , íóæíî çíàòü çíà÷åíèå âðîíñêèàíà ïðè êàêîì-

ëèáî çíà÷åíèè àðãóìåíòà θ . Ýòî ñäåëàòü ïðîùå âñåãî äëÿ 
2
πθ = , ò. ê. ïðè 

ýòîì çíà÷åíèè àðãóìåíòà âûðàæåíèå äëÿ ôóíêöèè (cos )Qµ
ν θ  è åå ïðîèç-

âîäíîé äàåòñÿ ôîðìóëàìè 3.4 (21) è 3.4 (22) èç [1], à ôîðìóëà 2.8 (50) èç [1] 
ïîçâîëÿåò âû÷èñëèòü 

 
/2

( 1) ( 1)
(cos )

1
( 1) 1

2 2

Pµ
ν θ=π

πΓ µ + Γ ν +θ =
ν + µ µ − ν +   Γ ν + µ + Γ + Γ   

   

 , (4) 
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/2

(cos ) 2 ( 1) ( 1)

1 1 1( 1) ( ) ( )
2 2 2

dP
d

µ
ν

θ=π

θ Γ ν + Γ µ + π=
θ    Γ ν + µ + Γ + µ + ν Γ µ − ν   

   


. (5) 

Èñïîëüçóÿ ïåðå÷èñëåííûå ôîðìóëû, âìåñòî (3) áóäåì èìåòü 

 
2 ( 1) ( 1) cos

(cos ), (cos )
( 1) sin

W P Q
µ

µ µ
ν ν

Γ µ + Γ ν + πµθ θ = −
Γ ν + µ + θ

[ ] . (6) 

Ââåäåííàÿ ôóíêöèÿ (2) îáëàäàåò ñâîéñòâîì 

 
0

00 0
(cos ) 0,    0,        (cos ) 0,     1mP l Pµ µ

ν νθ= ω =
θ = µ > θ = µ >  , (7) 

(ôóíêöèîíàë 0
ml îïðåäåëåí ôîðìóëîé (13) èç [4]). 

Êðîìå òîãî, îíà, êàê è (cos )Pµ
ν θ , óäîâëåòâîðÿåò óðàâíåíèþ Ëåæàíäðà 

(18) èç [4] è ïîýòîìó ñïðàâåäëèâî ðàâåíñòâî äëÿ èíòåãðàëà ( )1Jν  ñ çàìåíîé 

òàì (cos )Pµ
ν θ  íà (cos )Pµ

ν θ , òåì ñàìûì ïîëó÷àåì ôîðìóëó äëÿ 
2

(cos )Pµ
ν θ . 

Áîëåå òîãî, îñòàþòñÿ ñïðàâåäëèâûìè è ôîðìóëû (14)–(16) èç [4], åñëè â íèõ 
ñäåëàòü àíàëîãè÷íóþ çàìåíó. Åñëè ïîëó÷åííûé â ï. 2 ðàáîòû [4] ðåçóëüòàò 
òàêèì îáðàçîì ïåðåôðàçèðîâàòü è ó÷åñòü (7), òî ôîðìàëüíûé ïðåäåëüíûé 
ïåðåõîä 0 0ω →  ëåãêî âûïîëíèòü. Äåéñòâèòåëüíî, íà îñíîâàíèè (7) òðàíñ-

öåíäåíòíûå óðàâíåíèÿ (15) èç [4] ïåðåéäóò â òàêèå: 

 1 (cos ) 0,     ,      0,1,2, ,        0,1m
jl P j mµ

ν θ = ν = ν = =  , (8) 

à ñîáñòâåííûå ôóíêöèè (14) èç [4] â ñèëó (8) ïðèìóò âèä 

 1( , ) (cos ) (cos ),      0,1,     m
m j jy l Q P mµ µ

ν νθ ν = θ θ = ν = ν , (9) 

 
22 2

( , ) (cos ) (cos )m
m j iy l Q Pµ µ

ν νθ ν = θ θ[ ] . 

Ïóñòü ôóíêöèÿ ( )f θ  îïðåäåëåíà íà îòðåçêå 10, 0,ω = ω[ ] [ ] . Òîãäà äëÿ 
íåå áóäåò ñïðàâåäëèâî ðàçëîæåíèå (16) èç [4], â êîòîðîì ñëåäóåò ó÷åñòü (9). 
Â ðåçóëüòàòå ïîëó÷èì ðàçëîæåíèå 

 
2

0 0

(cos )
( ) (cos ) ( ) sin

(cos )

j

j

j
j

P
f P f d

P

µ ω∞ ν µ
ν

µ=
ν

θ
θ = θ θ θ θ

θ
∑ ∫





, 

 
2 2

0

(cos ) (cos ) sinP P d
ω

µ µ
ν νθ = θ θ θ∫ [ ] . (10) 

Ýòî ðàçëîæåíèå ïîðîæäàåò èíòåãðàëüíîå ïðåîáðàçîâàíèå 

 
2

00

(cos )
(cos ) ( ) sin ,       ( )

(cos )

j

j

j j
j

P
f P f d f f

P

µω ∞ νµ
ν

µ=
ν

θ
= θ θ θ θ θ =

θ
∑∫





. (11) 

Ñîáñòâåííûå ÷èñëà jν  ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ (8), à êâàäðàò íîðìû 

(cos )Pµ
ν θ  âû÷èñëÿåòñÿ ñîãëàñíî èçëîæåííîìó â ï. 2 ðàáîòû [4] ïî ôîðìóëå 

 
2

2 (cos )sin(cos ) (cos )
2 1

P
P P

µ
µ µ ν

ν ν
∂ ωωθ = − ω −ν + ∂ω∂ν


   

 
(cos )

(cos )
P

P
µ

µν
ν

∂ ω ∂− ω ∂ω ∂ν 


 . (12) 
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Ïîëó÷åííûå ñ ïîìîùüþ ôîðìàëüíîãî ïðåäåëüíîãî ïåðåõîäà 0 0ω →  

ôîðìóëû (11) èëè (10) íóæäàþòñÿ â ñòðîãîì îáîñíîâàíèè, è, â ÷àñòíîñòè, 
ñëåäóåò ïîêàçàòü, ÷òî óðàâíåíèå (8) èìååò ñ÷åòíîå ÷èñëî âåùåñòâåííûõ 
êîðíåé. Òåì áîëåå ýòî íåîáõîäèìî, òàê êàê âûïîëíåííûé ïðåäåëüíûé ïåðå-
õîä â [4] ïðèâåë ê ðåçóëüòàòó, ýêâèâàëåíòíîñòü êîòîðîãî ïîëó÷åííîìó çäåñü 
íå óäàëîñü ïîêàçàòü. 

2. Äëÿ ñòðîãîãî îáîñíîâàíèÿ ôîðìóëû (10) ñëåäóåò âûïèñàòü ñîîòâåòñò-
âóþùóþ ñèíãóëÿðíóþ çàäà÷ó Øòóðìà – Ëèóâèëëÿ è ñâåñòè åå ê èíòåã-
ðàëüíîìó óðàâíåíèþ. Ñîãëàñíî ñîîòíîøåíèÿì (12) èç [4] íàçâàííûå çàäà÷è 
áóäóò èìåòü âèä 

 ( , ) ( 1) sin ( , ) 0,       0s m mL y yθ ν − ν ν + θ θ ν = < θ < ω , 

 1 ( , ) 0,        ( , ) ,        0,1m
m ml y y mθ ν = θ ν < ∞ = , (13) 

ãäå 2( ) sin ( ) cosec ( )sL y y y′′θ = − θ θ + µ θ θ[ ] . 
Ìîæíî óáåäèòüñÿ, ÷òî ðåøåíèåì ýòèõ êðàåâûõ çàäà÷ áóäóò ôóíêöèè 

 ( , ) (cos ),        0,1my P mµ
νθ ν = θ = , (14) 

åñëè â êà÷åñòâå ν  áðàòü êîðíè óðàâíåíèé (8). ×òîáû äîêàçàòü ñóùåñòâîâà-
íèå ñ÷åòíîãî ìíîæåñòâà êîðíåé ýòèõ óðàâíåíèé è îðòîãîíàëüíîñòü ñîáñò-
âåííûõ ôóíêöèé (14), êàê è â ï. 1 [4], íóæíî ñâåñòè êðàåâûå çàäà÷è (13) ê 
èíòåãðàëüíîìó óðàâíåíèþ Ôðåäãîëüìà ñ íåïðåðûâíûì è ñèììåòðè÷íûì 
ÿäðîì. Äëÿ ýòîãî ïîñòðîèì ôóíêöèþ Ãðèíà äëÿ ñàìîñîïðÿæåííîé êðàåâîé 
çàäà÷è 

 1( ) ( ),   0 ,      ( ) 0,    (0) ,    0,1m
sL y f l y y mθ = θ < θ < ω θ = < ∞ = . (15) 

Îáùèì ðåøåíèåì îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ èç (13) áóäåò 
ôóíêöèÿ 

 0 0 1 0( ) (cos ) (cos )y c P c Qµ µθ = θ + θ , (16) 

ïðè÷åì âðîíñêèàí ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé ñîãëàñíî (6) îïðåäå-
ëÿåòñÿ ôîðìóëîé 

 0 0(cos ), (cos ) 2 cos cosecW P Qµ µ µθ θ = − πµ θ[ ] . (17) 

Åñëè ïîòðåáîâàòü, ÷òîáû ôóíêöèÿ (16) óäîâëåòâîðÿëà ïåðâîìó èç ãðàíè÷-
íûõ óñëîâèé èç (13), òî ïðèäåì ê ðàâåíñòâó 

 
1

1 0 1 0 1 0,       (cos ) (cos )m m m mc c c c l P l Q
−µ µ

µ µ= − = θ θ [ ] . (18) 

Ïîäñòàâèâ (18) â (16), ïîñòðîèì ôóíêöèþ 

 0 0( ) (cos ) (cos )m mP c Qµ µ
µ µψ θ = θ − θ , (19) 

êîòîðàÿ óäîâëåòâîðÿåò îäíîðîäíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ èç 

(15) è ãðàíè÷íîìó óñëîâèþ 1 ( ) 0m ml µψ θ = . Ïîñêîëüêó êðàåâûå çàäà÷è ñàìî-

ñîïðÿæåíû, òî ôóíêöèè Ãðèíà ( , )mG tθ  äëÿ íèõ áóäóò ñèììåòðè÷íû, ò. å. 

( , ) ( , ),  0,1m mG t G t mθ = θ = . 

×òîáû ôóíêöèÿ Ãðèíà óäîâëåòâîðÿëà ýòîìó óñëîâèþ, à òàêæå îäíî-
ðîäíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ (ïðè tθ >  è tθ < ) è ãðàíè÷íûì 
óñëîâèÿì èç (15), äîñòàòî÷íî åå âçÿòü â âèäå 

 
0 0

0 0

(cos ) ( ), ,
( , )     0,1

( ) (cos ), ,

m

m m

c P t t
G t m

c P t t

µ
µ

µ
µ

 θ ψ θ <θ = =
ψ θ θ >



 . (20) 
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Êîíñòàíòó 0c  íàéäåì èç óñëîâèÿ ðàçðûâíîñòè ïåðâîé ïðîèçâîäíîé ôóíê-

öèè Ãðèíà, à òàêæå ôîðìóëû (17). Â ðåçóëüòàòå ïîëó÷èì 1
0 2 cosmc c− µ

µ= πµ . 

Çàìåòèì åùå, ÷òî íà îñíîâàíèè (2) è 3.4 (10) èç [1] èìåþò ìåñòî ôîð-
ìóëû 

 1
0 (cos ) 2 ( 1) tg

2
P

µ
µ µ − θ θ = Γ µ +  

 
 , 

 02 (cos ) ( ) cos ctg tg
2 2

Q
µ µ

µ  θ θ   θ = Γ µ µπ −        
. 

Ïîñòðîèâ ôóíêöèè Ãðèíà ïî ôîðìóëàì (20), êàê è â ï. 1 ðàáîòû [4], ñâåäåì 
êðàåâûå çàäà÷è Øòóðìà – Ëèóâèëëÿ (10) ê ýêâèâàëåíòíûì èíòåãðàëüíûì 
óðàâíåíèÿì ñ íåïðåðûâíûìè è ñèììåòðè÷íûìè ÿäðàìè. 

Ýòèì áóäåò äîêàçàíî ñóùåñòâîâàíèå ñ÷åòíîãî ìíîæåñòâà âåùåñòâåííûõ 
÷èñåë jν  è, ñòàëî áûòü, êîðíåé óðàâíåíèÿ (8). Òåì ñàìûì ñòðîãî îáîñíîâàíà 

ïðàâèëüíîñòü ôîðìóëû (10) è ýêâèâàëåíòíûõ åé ôîðìóë (11). 

3. Â ðàáîòå [4] íà îñíîâå ïîëó÷åííîãî òàì ïðåäåëüíîãî ïåðåõîäà 0ω →  

0→  ðàññìîòðåíû ÷àñòíûå ñëó÷àè óñòàíîâëåííîãî èíòåãðàëüíîãî ïðåîáðà-
çîâàíèÿ. Îäíàêî, ïîñêîëüêó ýòîò ïðåäåëüíûé ïåðåõîä íå îáîñíîâàí ñòðîãî, 
íåëüçÿ ãàðàíòèðîâàòü ïðàâèëüíîñòü ïîëó÷åííûõ òàì ðåçóëüòàòîâ. Çäåñü 
ïðîäóáëèðóåì ïîëó÷åííûå òàì ðåçóëüòàòû ñ ó÷åòîì ñäåëàííûõ óòî÷íåíèé, 
ò. å. îòïðàâëÿÿñü îò ôîðìóë (11) èëè (10). 

Êàê è â ðàáîòå [4], åñëè èíòåðâàë çàäàíèÿ ôóíêöèé (0, ) (0, )ω ∈ π  ïåðå-
õîäèò â èíòåðâàë (0, /2)π , òî ôîðìóëû (10) ñóùåñòâåííî óïðîùàþòñÿ, òàê 

êàê ñîáñòâåííûå ÷èñëà jν  íàõîäÿòñÿ â ÿâíîì âèäå. Äåéñòâèòåëüíî, â ñëó÷àå 

0m =  óðàâíåíèå (8), èç êîòîðîãî íàõîäÿòñÿ ñîáñòâåííûå ÷èñëà jν , ñ ó÷å-

òîì (13) èç [4], à òàêæå (4) è (5) ïðèîáðåòàåò âèä 

 
1

1 1( 1) ( 1) 1 ( ) ( 1) 0
2 2

−
    Γ ν + Γ ν + µ + Γ + ν + µ Γ µ − ν + =        

. (21) 

Íåîáõîäèìî íàéòè íóëè jν = ν  ýòîãî óðàâíåíèÿ, äëÿ êîòîðûõ ñîîòâåòñòâó-

þùèå ñîáñòâåííûå ôóíêöèè (cos ) 0
j

Pµ
ν θ ≠ . 

Î÷åâèäíî, íóëÿìè óðàâíåíèÿ (21) áóäóò ïîëþñà Γ -ôóíêöèé, ñîäåðæà-
ùèõñÿ òàì â êâàäðàòíûõ ñêîáêàõ. Ó÷èòûâàÿ, ÷òî ïîëþñàìè ( )zΓ  ÿâëÿþòñÿ 
öåëûå îòðèöàòåëüíûå ÷èñëà (âêëþ÷àÿ íóëü), èìååì òðè ñåðèè íóëåé óðàâ-
íåíèÿ (21): 

à) ïîëþñà ôóíêöèè ( 1)jΓ ν + µ + , îïðåäåëÿåìûå èç ñîîòíîøåíèÿ 

1 ,  0,1,2,j j jν + µ + = − =  , ò. å. 1j jν = −µ − − , íî ïðè ýòèõ çíà÷åíèÿõ íèæ-

íåãî èíäåêñà, ñîãëàñíî ôîðìóëå (2), (cos ) 0
j

Pµ
ν θ ≡ . Ïîýòîìó êîðíè óðàâ-

íåíèé ýòîé ñåðèè íå ìîãóò áûòü ñîáñòâåííûìè ÷èñëàìè; 

á) ïîëþñà ôóíêöèè 11 ( ) ,  
2 j

 Γ + ν + µ ν = ν 
 

, èìåþò âèä 2 2j jν = − − − µ . 

Íî ýòè êîðíè íà îñíîâàíèè (2) ïðèâîäÿò ê çàíóëåíèþ (cos ) 0
j

Pµ
ν θ ≡ , è òîæå 

íå ìîãóò áûòü ñîáñòâåííûìè ÷èñëàìè; 

â) ïîëþñà ôóíêöèè 1 ( 1) ,  
2 j

 Γ µ − ν + ν = ν 
 

, îïðåäåëÿåìûå ôîðìóëîé 

 2 1j jν = + µ + . (22)  
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Ïðè ýòèõ çíà÷åíèÿõ êîðíåé óðàâíåíèÿ (8) ïðè 0m =  ïðèõîäèì ê ôîð-
ìóëå 

 2(2 2 )
(cos ) sin 2 2 2 , 2 1, 1 ; sin

(2 2 2 ) 2j

j
P F j j

j
µ µ
ν

Γ + + µ θ θ = θ ⋅ + + µ − − + µ Γ + + µ  
 . (23) 

Òàêèì îáðàçîì, ïðè 0m =  â ôîðìóëàõ (11) èëè (10) ñîáñòâåííûå ÷èñëà 
è ñîáñòâåííûå ôóíêöèè ìîæíî âûáèðàòü ïî ôîðìóëàì (22) è (23), ïðè÷åì 
ôîðìóëó (23) ñ ïîìîùüþ ñîîòíîøåíèÿ 10.9 (20) èç [2] ìîæíî âûðàçèòü ÷åðåç 

ìíîãî÷ëåí Ãåãåíáàóýðà ( )nC zλ : 

 1/2
2 1(cos ) ( ),      ( ) (sin ) (cos )

j j j j jP Cµ λ λ λ λ − λ
+ν θ = Γ ϕ θ ϕ θ = θ θ , (24) 

 2 3 1(2 1 2 ) (2 ) 2 (2 1)! ,    
2 2j j j jλ −  Γ = Γ + + λ Γ λ Γ + λ + + λ = µ + 

 
. 

Êâàäðàò íîðìû ýòèõ ñîáñòâåííûõ ôóíêöèé âû÷èñëÿåòñÿ ïî ôîðìóëå 

 
/22 22 2

0

(cos ) (cos ) sin ( )
j j j jP P d

π
µ µ λ λ
ν νθ = θ θ θ = Γ ϕ θ∫ [ ] ( ) , 

 
/2

2 2 2
2 1

0

( ) (cos ) (sin )j jC d
π

λ λ λ
+ϕ θ = θ θ θ∫ [ ] . 

Ïîñëåäíèé èíòåãðàë ïîñëå çàìåíû cos xθ =  ïðèâîäèòñÿ ê âèäó 

 
1 22 2 1/2 2

2 1 2
0

2 (2 2 1)
( ) (1 ) ( )

(2 1) ! ( 2 1) ( )
j j

j
x C x dx

j j

− λ
λ λ− λ

+
π Γ λ + +ϕ θ = − =
+ Γ λ + + Γ λ∫ [ ] . (25) 

Âòîðîå ðàâåíñòâî ïîëó÷àåì íà îñíîâàíèè ôîðìóëû 7.313 (2) èç [3] è ôîðìó-
ëû 10.9 (16) èç [2]. 

Åñëè òåïåðü ïîäñòàâèòü (22) è (24) â ðàçëîæåíèå (10), òî ìíîæèòåëü j
λΓ  

ñîêðàòèòñÿ è ïîëó÷àåì òàêîå èíòåãðàëüíîå ïðåîáðàçîâàíèå äëÿ ôóíêöèé, 
çàäàííûõ íà îòðåçêå 0, /2π[ ] : 

 
/2

2
00

( ) 1( ) sin ( ) ,    ( ) ,    
2( )

j
j j j

j j

f f d f f
λπ ∞

λ

λ=

ϕ θ
= ϕ θ θ θ θ θ = λ = µ +

ϕ θ
∑∫ . (26) 

Ñîáñòâåííûå ôóíêöèè ( )j
λϕ θ  îïðåäåëÿþòñÿ ôîðìóëîé (24), à èõ íîðìû – 

ðàâåíñòâîì (25) ïðè 1/2λ = µ + . 

Ôóíêöèè 1/2( ) ( )jU µ+θ = ϕ θ  óäîâëåòâîðÿþò äèôôåðåíöèàëüíîìó óðàâíå-

íèþ Ëåæàíäðà 

 
2

2

( ) sin
( 1) ( ) ( ) 0

sin sin
j j

U
U U

′ θ θ µ+ ν ν + θ − θ =
θ θ

′[ ]
 (27) 

ïðè jν , îïðåäåëÿåìûõ ôîðìóëîé (22), è ãðàíè÷íîìó óñëîâèþ ( /2) 0U π = .  

Âçÿâ îòðåçîê çàäàíèÿ ôóíêöèè ( )f θ  â âèäå 0, /2π[ ] , ðàññìîòðèì â (10) 

èëè â (11) ñëó÷àé 1m = . Åñëè â ãðàíè÷íîì ôóíêöèîíàëå 1
1l , îïðåäåëÿåìîì 

ôîðìóëàìè (13) èç [4], 1h  – ïðîèçâîëüíîå âåùåñòâåííîå ÷èñëî, òî äëÿ 

òðàíñöåíäåíòíîãî óðàâíåíèÿ (8) ïðè 1m =  íå óäàåòñÿ íàéòè ÿâíîãî ðåøå-
íèÿ è åãî ñëåäóåò ðåøàòü ÷èñëåííî. Îäíàêî, åñëè 1 0h = , òðàíñöåíäåíòíîå 
óðàâíåíèå (8) ñ ó÷åòîì ðàâåíñòâà (13) èç [4] è (5) ïåðåõîäèò â ñëåäóþùåå: 



80 

 
/2

2 ( 1) ( 1)
(cos ) 0

1 1( 1) ( 1) ( )
2 2

d P
d

µ
ν θ=π

πΓ µ + Γ ν +θ = =
θ    Γ ν + µ + Γ ν + µ + Γ µ − ν   

   

 . (28) 

Êàê è â ñëó÷àå 0m = , èìååì òðè ñåðèè êîðíåé óðàâíåíèÿ (28), ñîâïà-
äàþùèõ ñ ïîëþñàìè Γ -ôóíêöèé, ñòîÿùèõ â çíàìåíàòåëå, íî òîëüêî îäíà èç 
íèõ, à èìåííî 

  2 ,         0,1,2,j j jν = + µ =   (29) 

íå ïðèâîäèò ê çàíóëåíèþ ôóíêöèè 

 2(2 1)
(cos ) sin 2 2 1, 2 ,1 ; sin

(2 2 1) 2j

j
P F j j

j
µ µ
ν

Γ + µ + θ θ = θ ⋅ + µ + − + µ Γ + µ +  
 . 

Ïîñëåäóþùèìè ïðåîáðàçîâàíèÿìè àíàëîãè÷íî, êàê è ïðè 0m = , ïîëó÷àåì 
ôîðìóëû 

 1/2
2(cos ) ( ),      ( ) (sin ) (cos )

j j j j jP Cµ λ λ λ λ − λ
ν θ = Γ ϕ θ ϕ θ = θ θ    ,  (30) 

 2 1 1(2 2 ) (2 ) 2 (2 ) ! ,     
2 2j j j jλ −  Γ = Γ + λ Γ λ Γ + λ + λ = µ + 

 
 , 

ïðè ýòîì 

 
2

2 2

(2 2 )
( )

(2 ) ! ( 2 ) ( )2
j

j

j j
λ

λ
πΓ λ +

ϕ θ =
Γ λ + Γ λ

 . (31) 

Ïîñëå ïîäñòàíîâêè (29) è (30) â (10) ïðè 
2
πω = , ïîëó÷àåì èíòåãðàëüíîå 

ïðåîáðàçîâàíèå 

 
/2

2
00

( ) 1( ) sin ( ) ,    ( ) ,    
2( )

j
j j j

j j

f f d f f
λπ ∞

λ

λ=

ϕ θ
= ϕ θ θ θ θ θ = λ = µ +

ϕ θ
∑∫





. (32) 

Ñîáñòâåííûå ôóíêöèè ( )j
λϕ θ  îïðåäåëåíû ôîðìóëîé (30), à èõ íîðìû – 

ôîðìóëîé (31). Ôóíêöèè 1/2( ) ( )jU µ+θ = ϕ θ  óäîâëåòâîðÿþò óðàâíåíèþ Ëåæàí-

äðà (27) ïðè jν , âçÿòûõ ïî ôîðìóëå (29). Êðîìå òîãî, îíè óäîâëåòâîðÿþò 

ãðàíè÷íîìó óñëîâèþ 

 
1/2

/2

( )
0jd

d

µ+

θ=π

ϕ θ
=

θ


. 

Èíòåãðàëüíûå ïðåîáðàçîâàíèÿ (26) è (32) ïîëåçíû ïðè ðåøåíèè íåêî-
òîðûõ êðàåâûõ çàäà÷ äëÿ ïîëóñôåðû. 
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УТОЧНЕННЯ І ДОПОВНЕННЯ ДО СТАТТІ «ПРО ОДИН МЕТОД ОТРИМАННЯ 
ІНТЕГРАЛЬНИХ ПЕРЕТВОРЕНЬ ІЗ ЗАСТОСУВАННЯМ ДО ПОБУДОВИ  
ТОЧНИХ РОЗВ’ЯЗКІВ КРАЙОВИХ ЗАДАЧ МАТЕМАТИЧНОЇ ФІЗИКИ»  
 
Ó ðîáîò³ [4] ïðè âèâåäåíí³ íîâèõ ³íòåãðàëüíèõ ïåðåòâîðåíü äîâåëîñÿ ðîçâ’ÿçóâàòè 
ñèíãóëÿðíó çàäà÷ó Øòóðìà – Ë³óâ³ëëÿ. ¯¿ ðîçâ’ÿçîê îòðèìàíî ãðàíè÷íèì ïåðåõî-
äîì ³ç â³äïîâ³äíî¿ ðåãóëÿðíî¿ (ðîçâ’ÿçàíî¿ òàì æå) çàäà÷³ Øòóðìà – Ë³óâ³ëëÿ. 
Îäíàê öåé ïåðåõ³ä òàì âèêîíàíî ôîðìàëüíî áåç ñòðîãîãî îá´ðóíòóâàííÿ. Ó ö³é 
ñòàòò³ íàâåäåíî ñòðîãå îá´ðóíòóâàííÿ âèêîíàíîãî ãðàíè÷íîãî ïåðåõîäó ç äåÿêè-
ìè óòî÷íåííÿìè . 
 
SPECIFICATIONS AND ADDITIONS TO THE PAPER «ON ONE METHOD FOR 
OBTAINING INTEGRAL TRANSFORMS USING IN CONSTRUCTION PRECISE  
SOLUTIONS TO MATHEMATICAL PHYSICS BOUNDARY-VALUE PROBLEMS»  
 
In the work [4] at obtaining new integral transformations it was necessary to solve the 
singular Sturm – Liouville problem. Its solution is obtained by passing to the limit in 
the suitable regular (solved there also) Sturm – Liouville problem. However, this 
transition was done there formally without a strict proof. In the present work the strict 
proof of the made limit passing is given with some specifications. 
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