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ÓÄÊ 517.95 
 
О. М. Боценюк 
 
ПРО ОЦІНКИ СПАДАННЯ ЗА ЧАСОМ РОЗВ’ЯЗКІВ  
ЗМІШАНОЇ ЗАДАЧІ ДЛЯ ОДНОГО КВАЗІЛІНІЙНОГО  
ПАРАБОЛІЧНОГО РІВНЯННЯ ДРУГОГО ПОРЯДКУ 
 

Ðîçãëÿíóòî çì³øàíó çàäà÷ó äëÿ îäíîãî êâàç³ë³í³éíîãî ïàðàáîë³÷íîãî ð³âíÿííÿ 
äðóãîãî ïîðÿäêó â íåîáìåæåí³é îáëàñò³. Âñòàíîâëåíî îö³íêè ñïàäàííÿ ðîçâ’ÿç-
ê³â, ÿê³ çàëåæàòü â³ä ãåîìåòð³¿ îáëàñò³. 

 
Äîñë³äæåííþ ñòàá³ë³çàö³¿ ïðè t → ∞  ðîçâ’ÿçê³â ð³çíèõ çì³øàíèõ çàäà÷ 

äëÿ ïàðàáîë³÷íèõ ð³âíÿíü â íåîáìåæåíèõ îáëàñòÿõ ïðèñâÿ÷åíî ïðàö³ [1–3, 
5] (äèâ. òàêîæ ë³òåðàòóðó â íèõ). Õàðàêòåðíîþ îñîáëèâ³ñòþ öèõ ïðàöü º òå, 
ùî â îö³íêàõ ñïàäàííÿ ðîçâ’ÿçê³â âðàõîâóºòüñÿ äåÿêà ãåîìåòðè÷íà õàðàêòå-
ðèñòèêà îáëàñò³. 

Ôîðìóëþâàííÿ çàäà÷³ òà îñíîâíèé ðåçóëüòàò. Íåõàé ,  2n nΩ ⊂ ≥ , – 
íåîáìåæåíà îáëàñòü ç äîñòàòíüî ãëàäêîþ ìåæåþ Γ  ³ (0, )Σ = Γ × ∞ , Q =  

(0, )= Ω × ∞ . Ðîçãëÿíåìî â Q  çì³øàíó çàäà÷ó 

 
1

( , , ) ( , , ) 0,     ( , )
n

i i
ii

u d a x t u g x t u x t Q
t dx=

∂ − ∇ + = ∈
∂ ∑ ( ) , (1) 

 
1

( , , ) ( , , ) 0,              ( , )
n

i i i
i

a x t u g x t u x t
=

∇ + ν = ∈ Σ∑( ) , (2) 

 0( ,0) ( ),             u x u x x= ∈ Ω . (3) 

Òóò 1( , , )nν = ν ν  – îäèíè÷íèé âåêòîð íîðìàë³ äî ìåæ³ Γ = ∂Ω ; u∇ =  

1
, ,

n

u u
x x

∂ ∂ =  ∂ ∂ 
 . Ïðèïóñêàºìî, ùî ôóíêö³¿ ( , , ),   ,   ( , , )n

i ia x t g x tξ ξ ∈ η , 

,  1, ,n i nη ∈ =  , º òèïó Êàðàòåîäîð³, òîáòî äëÿ ìàéæå âñ³õ ( , )x t Q∈  

ôóíêö³¿ ( , , ),  ( , , )i ia x t g x tξ → ξ η → η  íåïåðåðâí³ ³ n∀ξ ∈  , ∀η ∈   ôóíêö³¿ 

( , ) ( , , ),  ( , ) ( , , )i ix t a x t x t g x t→ ξ → η  âèì³ðí³. Áóäåìî ïðèïóñêàòè âèêîíàííÿ 
òàêèõ óìîâ: 

 
2

1

( , , ) ( , , ) ( ) ,     0
n

i i i i
i

a x t a x t ∗ ∗ ∗

=

ξ − ξ ξ − ξ ≥ µ ξ − ξ µ >∑( ) , (4) 

 ( , , ) ( , , ) ,     0,    1, ,i ia x t a x t M M i n∗ ∗ξ − ξ ≤ ξ − ξ > =  , (5) 

 ( , ,0) 0,            1, ,ia x t i n≡ =  , (6) 

 ( , , ) ( , , ) ,   0,    0i ig x t g x t K K
αα∗ ∗ ∗ η − η ≤ η + η η − η α > > 

 
, (7) 

 ( , ,0) 0,             1, ,ig x t i n≡ =  . (8) 

Îïèøåìî îáëàñò³, â ÿêèõ ðîçãëÿäàºòüñÿ çàäà÷à (1)–(3). Ðîçãëÿíåìî 
ôóíêö³þ 1( ) inf mes ( ) : mes ,  n nl v G G v G−= ∂ Ω ={  – äîâ³ëüíà â³äêðèòà ï³ä-

ìíîæèíà â Ω} . Íåõàé ôóíêö³ÿ ( ),  0g v v > , íåïåðåðâíà, ìîíîòîííî íåñïàä-

íà ³ íåõàé ³ñíóº òàêå 0 00,  1 nε > ε ≤ / , ùî ôóíêö³ÿ 01 ( )v g v−ε /  ìîíîòîííî íå-

ñïàäíà ³ ( ) ( )  0l v g v v≥ ∀ > . Ïîçíà÷èìî 



17 

 
2

0 0

( )
( )

v dd
P v

g

ξ θ θξ
=

ξ θ∫ ∫  

³ íåõàé íåïåðåðâíà ôóíêö³ÿ ( ),  0w t t > , º îáåðíåíîþ äî ( )P v . Áóäåìî ïðè-

ïóñêàòè, ùî ³ñíóº òàêå 0>æ , ùî ôóíêö³ÿ ( )t t w t→ /æ  ìîíîòîííî íåñïàäíà. 

Ñêàæåìî, ùî îáëàñòü Ω  çàäîâîëüíÿº óìîâó À, ÿêùî ³ñíóþòü ôóíêö³¿ 
( ),  ( )g v w t , ÿê³ çàäîâîëüíÿþòü ïåðåðàõîâàí³ âèùå óìîâè. 

Ìåòà çàïðîïîíîâàíî¿ ðîáîòè – çíàéòè óìîâè ðîçâ’ÿçíîñò³ çàäà÷³ (1)–(3) 
³ äîñë³äèòè ïîâåä³íêó ðîçâ’ÿçêó ïðè t → ∞  çàëåæíî â³ä ãåîìåòð³¿ ìåæ³ Γ . 
Ó âèïàäêó ( , , ) 0ig x t u ≡  ³ ïðè äåùî çàãàëüí³øèõ ïðèïóùåííÿõ íà ( , , )ia x t ξ  
çàäà÷ó (1)–(3) (ç ïðèñóòí³ì ó ïðàâ³é ÷àñòèí³ ð³âíÿííÿ (1) íåë³í³éíèì ÷ëåíîì 

1 ,  1,  0qu u q−λ ≥ λ ≥ ) äîñë³äæåíî â ðîáîò³ [3]. 

Ïîçíà÷åííÿ. Íåõàé Ω  – çàäàíà îáëàñòü â n . Íîðìó â ïðîñòîð³ ( )pL Ω , 

1 p≤ ≤ ∞ , ïîçíà÷àºìî ÷åðåç ,p p Ω⋅ = ⋅  ³ ïîêëàäåìî òàêîæ 2⋅ = ⋅ . Íåõàé 

1( )H Ω  º 2L -ïðîñòîðîì Ñîáîëºâà. Ïîçíà÷èìî ÷åðåç V  çàìèêàííÿ â 1( )H Ω  

çà íîðìîþ v v v= ∇ +  ìíîæèíè ôóíêö³é ³ç êëàñó 1
0 ( )nC  , íåïåðåðâíî 

äèôåðåíö³éîâíèõ ç êîìïàêòíèì íîñ³ºì â n . Ïîêëàäåìî 2 ( )H L= Ω . Ïðîñò³ð 
V  âêëàäåíèé â H  ³ ù³ëüíèé â íüîìó, ïðè÷îìó âêëàäåííÿ íåïåðåðâíå. Íå-

õàé H∗  ³ V∗  ïîçíà÷àþòü ïðîñòîðè, ñïðÿæåí³ äî H  ³ V . Îòîòîæíþþ÷è çà 

òåîðåìîþ Ð³ñà H  ³ H∗ , ïðèõîäèìî äî âêëþ÷åíü V H V∗⊂ ⊂ . ×åðåç ,⋅ ⋅  ïî-

çíà÷èìî ñêàëÿðíèé äîáóòîê ì³æ V∗  ³ V . Îçíà÷èìî îïåðàòîðè ( ) :A t V V∗→  

³ ( ) :G t V V∗→  çà äîïîìîãîþ ð³âíîñòåé 

 
1

( ) , ( , , ) ( ; , )     ,
n

i
ii

vA t u v a x t u dx a t u v u v V
x= Ω

∂= ∇ = ∀ ∈
∂∑ ∫ , 

 ( )
1

, ( , , ) ( ; , )
n

i
ii

vG t u v g x t u dx g t u v
x= Ω

∂= − =
∂∑ ∫ , 

äëÿ ( ),  u V L v V∞∈ Ω ∈  ³ äëÿ ìàéæå âñ³õ 0t > . ×åðåç u′  ïîçíà÷àºìî ïî-

õ³äíó çà çì³ííîþ t  â 0, ; ( 0, );T V L T V∗ ∗ ∗=( ) ( )] [ ] [D D . 

Îçíà÷åííÿ. Ñëàáêèì ðîçâ’ÿçêîì çàäà÷³ (1)–(3) íàçâåìî ôóíêö³þ ( , )u x t  

òàêó, ùî 2 2
   (0, ; ),   (0, ; ( )),   (0, ; ) 0,   (0)u L T V u L T L u L T V T u∞ ∞ ∗′∈ ∈ Ω ∈ ∀ > =  

0u= , 1
0 ( ) ( )u L L∞∈ Ω Ω , ³ ( )u t  çàäîâîëüíÿº íàñòóïíå ð³âíÿííÿ:  

 ( ) ( ) ( ) ( ) ( )u t A t u t G t u t′ + =  â 0, ;T V∗ ∗( )] [D . (9) 

Òåîðåìà 1. Íåõàé Ω  çàäîâîëüíÿº óìîâó À ³ âèêîíóþòüñÿ óìîâè (4)–(8). 
Ïðèïóñòèìî, ùî  

 1/2

0
sup ( ( ) 1)
t

w t t−α

>
+ ≤ L[ ] , (10) 

äå L  – ñòàëà. Òîä³ ³ñíóº äîäàòíà êîíñòàíòà δ  òàêà, ùî, ÿêùî 

0 01
u u ∞+ < δ , òî çàäà÷à (1)–(3) ìàº ºäèíèé ñëàáêèé ãëîáàëüíèé ðîçâ’ÿçîê 

( , )u x t  ³ äëÿ íüîãî âèêîíóºòüñÿ îö³íêà 

 1
0 0 1

( ) ( ( 1)) ,         0u t c u u w t t−
∞ ∞≤ + + ≥( ) . (11) 
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Äîïîì³æí³ òâåðäæåííÿ. Ðîçãëÿíåìî çàäà÷ó 

 ( ) ( ) ( ) ( ),        (0) 0u t A t u t F t u′ + = = , (12) 

äå (0, ; )pF L T V∗∈  çàäàºòüñÿ çà äîïîìîãîþ ð³âíîñò³ 

 
1

( ), ( , )         
n

i
ii

vF t v f x t dx v V
x= Ω

∂= − ∀ ∈
∂∑ ∫ , (13) 

³ 1( , , )nf f=f   – çàäàíà ôóíêö³ÿ, 20, ; ( ) ( ) ,  2,  0pL T L L p T∞∈ Ω Ω > >f ( ) . 

Ïîçíà÷èìî 
0

( ) : ( , ) ,   ( ) sup mes ( )k k k
s t

A t x u x t k a t A s
≤ ≤

= ∈ Ω > ={ } , 0k ≥ , 

0t ≥ , (sgn ) max ,0u u kζ = −{ } . Íàäàë³ ë³òåðîþ c  áóäåìî ïîçíà÷àòè ð³çí³ 
äîäàòí³ ñòàë³. 

Òåîðåìà 2. Äëÿ ðîçâ’ÿçêó u  çàäà÷³ (12) ìàº ì³ñöå îö³íêà 

 ( )u t ∞ ≤  

 
1/

1

0

( ( )) ( ( )) ( )   0,   0,
pt

pq
k k qk c a t P a t s ds k t T− γ  

≤ + ∀ > ∀ ∈ 
 

∫ f/ [ ]( ) , (14) 

äå 1 1
0 0( 2)/2 ,   2 ,   2 ( ) 1,   1/p p p p q n− −γ = − < ≤ ∞ + ε < ε ≤ , à ïðè p = ∞  çà-

ì³ñòü ³íòåãðàëà â (14) áóäå 
0,
sup ( ) q

t
sf

[ ]
 ³ 1

2
γ = . 

Ä î â å ä å í í ÿ. Ïîìíîæèâøè ñêàëÿðíî îáèäâ³ ÷àñòèíè ð³âíÿííÿ (12) 
íà ζ  ³ âðàõîâóþ÷è (13), (4), îäåðæèìî 

 2 2

( )

1 ( ) ( )
2

kA t

d t t dx
dt

ζ + µ ∇ζ ≤ − ⋅ ∇ζ∫ f . (15) 

Ìàºìî 

 22

( ) ( ) ( ) ( )

1
2 2

k k k kA t A t A t A t

dx dx dx dxε− ⋅ ∇ζ ≤ ∇ζ ≤ ∇ζ + ≤
ε∫ ∫ ∫ ∫f f f  

 22 1( ) ( ) mes ( )      0
2 2

r
kqt t A tε≤ ∇ζ + ∀ε >

ε
f ( ) , (16) 

äå ( 2)/r q q= − . ²ç (15) çà äîïîìîãîþ (16), âèáðàâøè ε  äîñòàòíüî ìàëèì, 
îòðèìàºìî 

 22 2( ) ( ) ( ) mes ( ) r
kq

d t c t c t A t
dt

ζ + ∇ζ ≤ f ( ) . (17) 

Ïîçíà÷èìî ( ) : ( )kA v x v x k+ = ∈ Ω >{ } . Ó ðîáîò³ [2] äîâåäåíî íåð³âí³ñòü 

 22

( ) ( )

( ( ) ) mes ( )       

k k

k

A v A v

v x k dx c P A v v dx v V
+ +

+− ≤ ∇ ∀ ∈∫ ∫( ) . (18) 

Äëÿ ôóíêö³¿ ( )tζ  çà äîïîìîãîþ (18) îòðèìàºìî íåð³âí³ñòü 

 2 2( ) mes ( ) ( ) ,       0kt c P A t t kζ ≤ ∇ζ ≥( ) . (19) 

²ç (17), âðàõîâóþ÷è (19), âèïëèâàº 

 
2

22 ( )
( ) ( ) mes ( )

mes ( )
r

kq
k

c td t c t A t
dt P A t

ζ
ζ + ≤ f ( )

( )
. (20) 

²íòåãðóþ÷è íåð³âí³ñòü (20), îòðèìóºìî 
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 22

0

( ) exp ( ) mes ( )
mes ( )

t t
r

kq
ks

dt c c s A s ds
P A

 σζ ≤ − σ 
∫ ∫ f ( )

( )
. (21) 

Îñê³ëüêè ôóíêö³ÿ P  ìîíîòîííî íåñïàäíà, òî ç (21) âèïëèâàº  

 22

0

( )
( ) ( ) exp ( )

( ( ))

t
r
k q

k

c t s
t c a t s ds

P a t
− ζ ≤ − 

 ∫ f . (22) 

Çàñòîñóâàâøè äî ³íòåãðàëà â (22) íåð³âí³ñòü Ãåëüäåðà ç ïîêàçíèêàìè 
/( 2)p p −  ³ /2,  2p p > , îäåðæèìî 

 
( 2)/

2/
2

0

( ) ( ) ( ( )) ( )
p p

pt
pr

k k qt c a t P a t s ds
−  

ζ ≤  
 

∫ f( ) . (23) 

Çàçíà÷èìî, ùî ç (22) òàêîæ âèïëèâàº íåð³âí³ñòü 

 22

0,
( ) ( ) ( ( )) sup ( )r

k k q
t

t c a t P a t sζ ≤ f
[ ]

. (24) 

ßêùî 0h k> > , òî 2 2( ) ( ) mes ( )ht h k A tζ ≥ − , ³ òîìó ç (23) ä³ñòàíåìî 

 
2/

2

0

( ) ( ) ( ) ( ( )) ( )
pt

pr
h k k qa t c h k a t P a t s ds− γ  

≤ −  
 

∫( ) f , (25) 

äå ( 2)/p pγ = − . Çàñòîñóºìî äî (25) òàêóó ëåìó. 

Ëåìà 1. Íåõàé ϕ  – íåâ³ä’ºìíà ³ ìîíîòîííî íåçðîñòàþ÷à ôóíêö³ÿ íà 

0 ,k ∞[ )  òàêà, ùî 

 0( ) ( ) ( ) ( ( )) ,        h C h k k P k h k k−α β γϕ ≤ − ϕ ϕ > >( ) , 

äå    , , ,C α β γ  – äîäàòí³ ñòàë³, P  – íåâ³ä’ºìíà ìîíîòîííî íåñïàäíà ôóíê-

ö³ÿ íà 0, ∞[ )  òàêà, ùî 0  0,1 ,   0   ( ) ( )P Pε∃ε > ∀λ ∈ ∀ξ ≥ λξ ≤ λ ξ( ] . Òîä³ 

0( ) 0k dϕ + = , äå 

 1
0 02 ( ( )) ( ( )) ,       /(1 ) 0d C k P kα α −µ β− γ= ϕ ϕ µ = α − β − εγ <( ) . (26) 

Ä î â å ä å í í ÿ. Ðîçãëÿíåìî ïîñë³äîâí³ñòü 0 2 ,  r
rk k d d r−

+= + − ∈  . 

Çà ïðèïóùåííÿì  

 ( 1)
1( ) 2 ( ) ( ( )) ,        r

r r rk C d k P k r+ α −α β γ
+ +ϕ ≤ ϕ ϕ ∈ ( ) . (27) 

Äîâåäåìî çà ³íäóêö³ºþ, ùî 

 0( ) 2 ( )r
rk kµϕ ≤ ϕ ,  äå /(1 ) 0µ = α − β − εγ < . (28) 

Ïðè 0r =  íåð³âí³ñòü (28) òðèâ³àëüíà. Ïðèïóñòèìî, ùî âîíà â³ðíà ïðè 1, ,r , 

³ ïîêàæåìî, ùî òîä³ âîíà âèêîíóºòüñÿ ³ ïðè 1r + . Ä³éñíî, çã³äíî ç (27) 

 ( 1)
1 0 0( ) 2 2 ( ) ( ( ))r r r

rk C d k P k+ α −α µβ+ µεγ β γ
+ϕ ≤ ϕ ϕ( )  

³, âðàõîâóþ÷è (26), îòðèìóºìî, ùî ( 1)
1( ) 2 r

rk + µ
+ϕ ≤ . Ïðàâà ÷àñòèíà öüîãî 

âèðàçó ïðÿìóº äî íóëÿ ïðè r → +∞ , ³, îòæå, 00 ( ) ( ) 0rk d k≤ ϕ + ≤ ϕ → . ◊ 

Çàñòîñóâàâøè ëåìó 1 äî (25) (
2/

0

( ) ( ),  ( ) ,  2
pT

p
k qk a T C c s ds

 
ϕ = = α = 

 
∫ f , 

0,   2rβ = ε = ε ), îòðèìàºìî 
0

( ) 0k da T+ = , ³ òîìó 0( )   0,u t k d t T∞ ≤ + ∀ ∈ [ ] , 

0 0k∀ > . Òîä³, âðàõîâóþ÷è (26), îäåðæèìî (14) ïðè 2 p< < ∞ . Ïðè p = +∞  

äîâåäåííÿ àíàëîã³÷íå, ò³ëüêè çàì³ñòü (23) ðîçãëÿäàºìî (24). ◊ 
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Îö³íêà ðîçâ’ÿçê³â.  

Ä î â å ä å í í ÿ  òåîðåìè 1. Âèêîðèñòàºìî ìåòîä çð³çàííÿ. Äëÿ çàäàíî¿ 
äîäàòíî¿ ôóíêö³¿ 0, )m C∈ +∞([ )  îçíà÷èìî îïåðàòîð mS  íà V : 

 ( ) min max ( ),  ( ) ,  ( ) ,      ,    0mS v v x m t m t v V t= − ∈ ≥{ }{ } .  

Íàäàë³ ïðèïóñêàºìî, ùî 0 ( )   0m t m t< ≤ ∀ ≥ , äå constm = . Ðîçãëÿíåìî 
«àïðîêñèìóþ÷ó» çàäà÷ó 

 0( ) ( ) ( ) ( ) ( ( )),      (0)m m m m mu t A t u t G t S u t u u′ + = = . (29) 

Çàñòîñîâóþ÷è ìåòîä Ôàåäî – Ãàëüîðê³íà, ïîêàæåìî, ùî äëÿ âñ³õ 2
0 ( )u L∈ Ω  

³ ( )m t  çàäà÷à (29) ìàº ºäèíèé ãëîáàëüíèé ðîçâ’ÿçîê 2
loc (0, ; )mu L V∈ ∞ , 

0, ;mu C H∈ ∞[ )( ) . Íåõàé 1 2, ,w w { }  – ïîâíà â V  ñèñòåìà ë³í³éíî íåçàëåæ-

íèõ ôóíêö³é ç êîìïàêòíèì íîñ³ºì â n  ³ íåõàé kV  – ë³í³éíà îáîëîíêà ìíî-

æèíè 1, , kw w{ } . Äëÿ êîæíîãî k ∈   îçíà÷èìî íàáëèæåíèé ðîçâ’ÿçîê mku  

çàäà÷³ (29) òàêèì ÷èíîì:  

 ( )mk ku t V∈ , 

 ( , ) ( ; ( ), ) ( ; ( ( )), )      mk k mk k m mk k k ku v a t u t v g t S u t v v V′ + = ∀ ∈ , (30) 

 0(0)mk ku u= , (31) 

äå ÷åðåç ( , )⋅ ⋅  ïîçíà÷åíî ñêàëÿðíèé äîáóòîê â 2 ( )L Ω  ³ 0ku  ó (31) º îðòî-

ãîíàëüíîþ ïðîåêö³ºþ â H  ôóíêö³¿ 0u  íà kV . Ïîêëàâøè â (30) ( )k mkv u t=  ³ 

çàñòîñóâàâøè ëåìó ¥ðîíóîëëà, îòðèìàºìî àïð³îðíó îö³íêó 

 
22 2 2

0
0

( ) exp      
t

mk mku t u ds c u c m t kα+ ∇ ≤ ∀ ∈∫ ( ) . (32) 

Àíàëîã³÷íèì ñïîñîáîì, ÿê ïðè äîâåäåíí³ òåîðåìè 3.1 ó [4, ñ. 226], âèâîäèìî 
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0,
1( ) ( ) ( ) ( )      ,     0
4T mkF t u t d c T k

+∞
γ

−∞

τ χ τ τ ≤ ∀ ∈ < γ <∫ [ ][ ] , (33) 

äå 0, ( )T tχ[ ]  – õàðàêòåðèñòè÷íà ôóíêö³ÿ 0,T[ ]  ³ ( )F ϕ τ[ ]  – ïåðåòâîðåííÿ Ôó-

ð’º ôóíêö³¿ ( )tϕ  çà çì³ííîþ t . Îö³íêè (32), (33) ³ òåîðåìà 2.2 ç [4, ñ. 220] äî-

çâîëÿþòü ñòâåðäæóâàòè, ùî ³ñíóþòü ôóíêö³ÿ 2 (0, ; )mu L T V∈ , mu ∈  

(0, ; )L T H∞∈  ³ ï³äïîñë³äîâí³ñòü mku ′  òàê³, ùî mmku u′ →  ñëàáêî â 2 (0, ; )L T V , 

mmku u′ →  ∗ -ñëàáêî â 2(0, ; ( ))L T L∞ Ω  ³ ñèëüíî â 2 2(0, ; ( )),  L T L k′ ′Ω → ∞ , äå 

′Ω  – áóäü-ÿêà îáìåæåíà ï³äîáëàñòü îáëàñò³ Ω . Ö³ ðåçóëüòàòè ïðî çá³æ-
í³ñòü äàþòü ìîæëèâ³ñòü ç âèêîðèñòàííÿì ìåòîäó ìîíîòîííîñò³ ïåðåéòè äî 
ãðàíèö³ â (30), (31) ³ îòðèìàòè ³ñíóâàííÿ ãëîáàëüíîãî ðîçâ’ÿçêó çàäà÷³ (29). 
ªäèí³ñòü ðîçâ’ÿçêó äîâîäèìî çà äîïîìîãîþ ëåìè ¥ðîíóîëëà. 

Ïîçíà÷èìî ( ) : ,  R x x R xΩ = < ∈ Ω{ }  (ââàæàºìî, ùî ïî÷àòîê êîîðäè-

íàò íàëåæèòü Ω ). Íåõàé mw  º ðîçâ’ÿçêîì òàêî¿ çàäà÷³:  

 
0 0( ) ( ) 0 0( ) ( ) ( ) ,    (0) ,   0m m R m m m Rw A t w G t S w w u RΩ Ω

′ + = χ = χ >( ) , (34) 

äå ( )RΩχ  – õàðàêòåðèñòè÷íà ôóíêö³ÿ ( )RΩ . Ïîìíîæèìî îáèäâ³ ÷àñòèíè ð³â-

íÿííÿ (34) íà 2 ( ) ( , )mx w x tθ , äå 
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0

1,      ,
( ) ( )/ , ,    ,    0

0,      ,

x R
x x R R x R R R

x R

≥ + ρθ = − ρ < < + ρ > ρ >
 ≤

.  

Òîä³ îòðèìàºìî  

 2 22

0 0

( ) 2 4
t t

m mw t w dx d M w w dx d
Ω Ω

θ + µ θ ∇ τ ≤ ∇ θ ∇θ τ∫ ∫ ∫ ∫ . (35) 

²ç (35) òàê ñàìî, ÿê ó òâåðäæåíí³ 3 ç [5], âèâîäèìî 0R R∀ >  îö³íêó  

 2 22 2
0 0

0

( , ) exp ( )
c c
R R

t

m mw x t dx w dx d c u c R R t
Ω Ω

+ ∇ τ ≤ − −∫ ∫ ∫ /( ) , (36) 

äå \ ( )c
R RΩ = Ω Ω . Ïîìíîæèâøè îáèäâ³ ÷àñòèíè ð³âíÿííÿ (34) íà ôóíêö³þ 

( ) 1 ( ),  1x xψ = − θ ρ = , ³ ïðî³íòåãðóâàâøè íà 0, tΩ × [ ] , îäåðæèìî 

 

0

0
0 ( )

( , ) ( ) ; ( ), ( )
t

m m
R

w x t x dx a w d u x dx
Ω Ω

ψ + τ τ ∇ψ τ =∫ ∫ ∫( ) . (37) 

²ç (37), âðàõîâóþ÷è (36), âèâîäèìî ñï³ââ³äíîøåííÿ 

 

0

0
( )

lim ( , ) ( ) ( )m
R

R

w x t x dx u x dx
→∞

Ω Ω

ψ =∫ ∫ . (38) 

Îçíà÷èìî max ,0 ,  min ,0v v v v+ −= ={ } { } . Íåõàé mw  ³ mw  – ðîçâ’ÿçêè 

çàäà÷³ (34) ç ïî÷àòêîâèìè óìîâàìè 0u+  ³ 0u−  â³äïîâ³äíî. Òîä³ çàâäÿêè ïðèí-

öèïó ïîð³âíÿííÿ ðîçâ’ÿçê³â äëÿ (34) ìàºìî ( , ) ( , ) ( , )m m mw x t w x t w x t≤ ≤  

äëÿ ìàéæå âñ³õ x ∈ Ω . Âèêîðèñòîâóþ÷è (38) äëÿ mw  ³ mw , çà äîïîìîãîþ 

òåîðåìè Ôàòó âèâîäèìî  

 0 01 11 1
,            0m mw u w u t+ −≤ ≤ ∀ ≥ . 

Ìàºìî 

 0 0 01 1 1 1 1 1
( )m m mw t w w u u u+ −≤ + ≤ + =  . 

Îòæå, 01 1
( )   0mw t u t≤ ∀ ≥ . 

Âèêîíàºìî ãðàíè÷íèé ïåðåõ³ä ïðè 0R → ∞  â (34). Íåõàé 0R k= ∈   ³ 

mkw  – â³äïîâ³äíèé ðîçâ’ÿçîê çàäà÷³ (34). Îñê³ëüêè ïîñë³äîâíîñò³ mkw  ³ 

mkw′ , k ∈  ,  îáìåæåí³ â 2 (0, ; )L T V  ³ 2 (0, ; )L T V∗  â³äïîâ³äíî, òî, âèêîðèñòî-

âóþ÷è òåîðåìó 2.1 ç [4, ñ. 217], âèä³ëèìî ï³äïîñë³äîâí³ñòü mkw ′  òàêó, ùî 

mmkw u′ →   ñëàáêî â 2 (0, ; )L T V  ³ ñèëüíî â 2 2(0, ; ( )),  L T L k′ ′Ω → ∞ , äå ′Ω  – 

áóäü-ÿêà îáìåæåíà ï³äîáëàñòü îáëàñò³ Ω . Ö³ ðåçóëüòàòè ïðî çá³æí³ñòü äî-
çâîëÿþòü ïåðåéòè äî ãðàíèö³ â (34) ³ çàâäÿêè ºäèíîñò³ ðîçâ’ÿçê³â ìàòèìåìî, 
ùî m mu u= . Êð³ì òîãî, ìîæåìî ââàæàòè, ùî ( ) ( )mmkw t u t′ →  ñèëüíî 

â 2( )L ′Ω  (0, ],  ,  t T k′ ′∀ ∈ → ∞ Ω ⊂ Ω . Òîä³ çà äîïîìîãîþ òåîðåìè Ôàòó âèâî-
äèìî, ùî 

 01, 1,
( )     0,        mu t u t′Ω Ω

′≤ ∀ ≥ ∀Ω ⊂ Ω , 

çâ³äêè âèïëèâàº îö³íêà 01, 1,
( )   0mu t u tΩ Ω≤ ∀ ≥ . 
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Ïîçíà÷èìî ÷åðåç ( )mv t  ðîçâ’ÿçîê íà ,s T[ ]  òàêî¿ çàäà÷³: 

 ( ) ( ) ( ) ( ) ( ( )),     ( ) 0,     0m m m m mv t A t v t G t S u t v s s T′ + = = ≤ < , (39) 

äå ( )mu t  – ðîçâ’ÿçîê çàäà÷³ (29). Çàñòîñóâàâøè íåð³âí³ñòü (14) äî (39), ïðè 

p = ∞  ³ q = ∞  îòðèìàºìî 

 
1/2

1

,
( ) sup mes ( ) sup ( )   ,m k m m

s T s T
v t k c P A S u t s T+α

∞ ∞
≤τ≤

  ≤ + τ ∀ ∈     [ ]
[ ] . (40) 

Ìàºìî 01 1 1 1 1
( ) ( ) ( ) ( ) 2 ( ) 2   m m m m mv v u u u s u sτ ≤ τ − τ + τ ≤ ≤ ∀τ > . Âèêî-

ðèñòàâøè íåð³âí³ñòü ×åáèøîâà, îäåðæèìî 

 01 1
1 2sup mes ( ) sup ( )k m

s T s T
A v u

k k≤τ≤ ≤τ≤
τ ≤ τ ≤) .  

Ïîêëàäåìî 1 0 1
2k u
k

= . Òîä³ ç (40) âèïëèâàº íåð³âí³ñòü 

 11/2
0 11

,1

2( ) ( ) sup ( )m m m
s T

v t u c P k S u
k

+α
∞ ∞≤ +

[ ]
( ) . (41) 

Ðîçãëÿíåìî ðîçâ’ÿçîê çàäà÷³ (29) ç 0( ) ( ( ) 1)m t m w t= +/ , äå ÷èñëî 0 0m >   

âèáåðåìî íèæ÷å. Íåõàé 2s T= / . Òîä³ àíàëîã³÷íî, ÿê ó [3, òâåðäæåííÿ 5], 
ìàºìî 

 1 1
01 1

( ) ( ) ( 2) ( 2) ( 2)m m mu T v T c u T w T c u w T− −
∞− ≤ ≤/ / /( ) ( ) . 

Ïîêëàâøè â (41) 1 ( 2),  k w T t T= =/ , âèâîäèìî 

 1
0 01

( 2) ( )mw T u T c u c m +α
∞ ≤ + L/ , (42) 

äå L  – ñòàëà ç óìîâè (10). Íåõàé 0s = . Òîä³ ìàºìî ( )mu T ∞ ≤  

0( ) ( ) ( ) ( )m m m mu T v T v T u v T∞ ∞ ∞∞≤ − + ≤ + . Ïîêëàâøè â (41) 1 1k = , 

t T= , ìàòèìåìî 

 1/2 1
0 0 01

( ) 2 ( (1))mu T u u c P m +α
∞ ∞≤ + + . (43) 

Äîäàìî äî (43) íåð³âí³ñòü (42) ïîìíîæåíó íà 2æ , ³ òîä³, âðàõîâóþ÷è, ùî  

( ) 2 ( 2)w T w T≤ /æ , îòðèìàºìî 

 1
0 0 01

( ( ) 1) ( )      0mw T u T u c u c m T+α
∞ ∞+ ≤ + + ∀ > . (44) 

Ðîçãëÿíåìî ôóíêö³þ 1
1 0( )f x a x x a+α= − + , äå 0 1, , 0a a α > . Íåâàæêî  

äîâåñòè íàñòóïíó ëåìó. 

Ëåìà 2. ßêùî âèêîíóºòüñÿ óìîâà 

 
1

0
1

1
(1 ) 1

a
a

α α <  + α + α 

/

 , 

òî 0( ) 0f x < , äå 0 0 (1 )/x a= + α α . 

Çàñòîñóºìî ëåìó 2 äî íåð³âíîñò³ (44). Ïîêëàäåìî â ëåì³ 2 1a c= , 

0 0 0 1
a u c u∞= + . Òîä³ ç (44) ïðè 0 0 0 0 1

(1 )/m x u c u∞= = + + α α( )  âèïëè-

âàº îö³íêà 0( ( ) 1) ( )mw T u T m∞+ < . Îòæå, ( ) ( )  0mu T m T T∞ < ∀ > , ³ òîìó 

( ( , )) ( , )  0m m mS u x t u x t t= ∀ > . Òîä³ ç (29) âèïëèâàº, ùî ôóíêö³ÿ ( )mu t   

çàäîâîëüíÿº ð³âíÿííÿ (9) ³ äëÿ íå¿ ìàº ì³ñöå îö³íêà (11). ◊ 
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Ïðî ïîâåä³íêó ðîçâ’ÿçê³â ïðè x → ∞ . 
Òâåðäæåííÿ 1. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè òåîðåìè 1 ³, 

êð³ì òîãî, 01
0 0( ) ,  ,  ( ) 0g v v u x−ε= α > ε =  ïðè 0x R> . Íåõàé ( , )u x t  º ðîç-

â’ÿçêîì çàäà÷³ (1)–(3), ÿêèé äàºòüñÿ òåîðåìîþ 1. Òîä³ 0t∀ >  ³ 0R R∀ >  

ìàº ì³ñöå íåð³âí³ñòü 

 22 2
0 0

0

( ) ( , ) ( ) exp ( ) /
c c
R R

t

RH t u x t dx u dx d c u c R R t

Ω Ω

≡ + ∇ τ ≤ − −∫ ∫ ∫ ( ) . (45) 

Ä î â å ä å í í ÿ. Ïîìíîæèìî îáèäâ³ ÷àñòèíè ð³âíÿííÿ (9) íà 
2 ( ) ( , )x u x tθ , äå ( )xθ  – ôóíêö³ÿ, ÿêà âèêîðèñòîâóºòüñÿ ïðè äîâåäåíí³ (35). 

Òîä³, ïðî³íòåãðóâàâøè íà 0, t[ ] , ìàòèìåìî 

 2 22

0 0

( ) 2 4
t t

u t u dx d M u u dx d
Ω Ω

θ + µ θ ∇ τ ≤ ∇ θ ∇θ τ +∫ ∫ ∫ ∫  

 1 22

0 0

2 4
t t

K u u dx d K u dx d+α +α

Ω Ω

+ ∇ θ τ + ∇θ θ τ∫ ∫ ∫ ∫ . (46) 

²ç (46) âèïëèâàº íåð³âí³ñòü 

 2 2 2 22 2 2
2 22

0 0 0

( ) ( ) ( )
t t t

cu t c u dx d u dxd c u u dα
∞

Ω Ω

θ + θ ∇ τ ≤ θ τ + τ θ τ τ
ρ∫ ∫ ∫ ∫ ∫ .(47) 

Çàñòîñóâàâøè äî (47) ëåìó ¥ðîíóîëëà ³ âðàõóâàâøè (11), îòðèìàºìî 

 0
2

0

( )
( ) ( )

t

R R

c u
H t H d+ρ ≤ τ τ

ρ ∫ . (48) 

²ç íåð³âíîñò³ (48) àíàëîã³÷íî, ÿê ó òâåðäæåíí³ 3 ç [5], âèâîäèìî îö³íêó (45). ◊ 
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ОБ ОЦЕНКАХ УБЫВАНИЯ РЕШЕНИЙ ПО ВРЕМЕНИ СМЕШАННОЙ ЗАДАЧИ ДЛЯ ОДНОГО 
КВАЗИЛИНЕЙНОГО ПАРАБОЛИЧЕСКОГО УРАВНЕНИЯ ВТОРОГО ПОРЯДКА 
 
Ðàññìîòðåíà ñìåøàííàÿ çàäà÷à äëÿ îäíîãî êâàçèëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâ-
íåíèÿ âòîðîãî ïîðÿäêà â íåîãðàíè÷åííîé îáëàñòè. Óñòàíîâëåíû îöåíêè óáûâàíèÿ 
ðåøåíèé, êîòîðûå çàâèñÿò îò ãåîìåòðèè îáëàñòè. 
 
ON TIME DECAY ESTIMATES OF SOLUTIONS TO MIXED PROBLEM FOR ONE 
QUASI-LINEAR PARABOLIC SECOND-ORDER EQUATION  
 
The mixed problem for one quasi-linear parabolic second-order equation in the unboun-
ded domain is considered. The decay estimates which depend on the geometry of do-
main are established. 
 
²í-ò ïðèêë. ïðîáëåì ìåõàí³êè ³ ìàòåìàòèêè Îäåðæàíî 
³ì. ß. Ñ. Ï³äñòðèãà÷à ÍÀÍ Óêðà¿íè, Ëüâ³â 11.03.05 


