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КРАЙОВА ЗАДАЧА ДЛЯ СЛАБКО НЕЛІНІЙНИХ РІВНЯНЬ ІЗ 
НЕРОЗВ’ЯЗНОЮ ВІДНОСНО СТАРШОЇ ПОХІДНОЇ ЛІНІЙНОЮ ЧАСТИНОЮ 
 

Äîñë³äæåíî îäíîçíà÷íó ðîçâ’ÿçí³ñòü êðàéîâî¿ çàäà÷³ ç óìîâàìè òèïó óìîâ 

Ä³ð³õëå çà çì³ííîþ t  ³ ïåð³îäè÷íèìè óìîâàìè çà çì³ííèìè 1 , , px x  äëÿ 

ñëàáêî íåë³í³éíèõ äèôåðåíö³àëüíèõ ð³âíÿíü âèñîêîãî ïîðÿäêó ç³ ñòàëèìè êî-
åô³ö³ºíòàìè â ë³í³éí³é ÷àñòèí³, ÿêà º íåðîçâ’ÿçíîþ â³äíîñíî ñòàðøî¿ ïîõ³ä-
íî¿ çà ÷àñîì. 

 
Ðîçâ’ÿçí³ñòü çàäà÷ ç äàíèìè íà âñ³é ãðàíèö³ îáëàñò³ äëÿ ã³ïåðáîë³÷íèõ ³ 

áåçòèïíèõ ð³âíÿíü ³ç ÷àñòèííèìè ïîõ³äíèìè ïîâ’ÿçàíà, âçàãàë³, ç ïðîáëåìîþ 
ìàëèõ çíàìåííèê³â (äèâ. [1, 2, 5–8, 10–14, 16] ³ á³áë³îãðàô³þ â [11]). Ó ö³é 
ðîáîò³, ÿêà º ðîçâèòêîì ïðàöü [3–5], äîñë³äæåíî îäíîçíà÷íó ðîçâ’ÿçí³ñòü 
çàäà÷³ ç äàíèìè íà âñ³é ãðàíèö³ îáëàñò³ äëÿ ñëàáêî íåë³í³éíèõ äèôåðåíö³-
àëüíèõ ð³âíÿíü ³ç íåðîçâ’ÿçíîþ â³äíîñíî ñòàðøî¿ ïîõ³äíî¿ çà ÷àñîì ë³í³é-
íîþ ÷àñòèíîþ ó âèïàäêó, êîëè ïîðÿäîê îïåðàòîðà äèôåðåíö³þâàííÿ çà x  
ïðè ñòàðø³é ïîõ³äí³é çà ÷àñîì º îäíèì ³ç íàéâèùèõ. 

Â îáëàñò³ 1( , ) : 0 ,  p p pD t x t T x+= ∈ < < ∈ Ω ⊂{ }  , äå ( 2 )p pΩ = π/   
– p -âèì³ðíèé òîð, ðîçãëÿäàºìî çàäà÷ó  
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 ( , ) ( , , ( , ))f t x t x u t x= + εΦ , (1) 

 
2 2

2 2
0

0,       0,1, , 1
q q

q q
t t T

u u q n
t t= =

∂ ∂= = = −
∂ ∂

 , (2) 

äå 
1 121 1

,  0,1, , 1;  
p p

s s
r

r s ss ss s
s m sp p

M a r n L b
x xx x x x≤ ≤

∂ ∂ ∂ ∂   = = − =   ∂ ∂   ∂ ∂ ∂ ∂
∑ ∑

 
 

– åë³ïòè÷íèé äèôåðåíö³àëüíèé âèðàç; r
sa , sb ∈  ; 2 m≥ ; ε ∈  ; ôóíêö³ÿ 

( , , )t x uΦ  âèçíà÷åíà òà íåïåðåðâíà çà çì³ííîþ t  ³ äîñèòü ãëàäêà çà ,x u  â 
îáëàñò³  

 0
1 ( , , ) : ( , ) ,  ( , )D t x u t x D u S u r= ∈ ∈{ } , 

äå  

 (2 ,2 )
0 (2 ,2 ) 0

( )
( , ) ( ) : n

n

C D
S u r u C D u u r= ∈ − ≤{ }

 , 

0 0 ( , )u u t x≡  – ðîçâ’ÿçîê çàäà÷³ (1), (2) ïðè 0ε = . Âèãëÿä îáëàñò³ D  íàêëà-

äàº óìîâè 2π -ïåð³îäè÷íîñò³ çà çì³ííèìè 1, , px x  íà ôóíêö³¿ ( , ), ( , )u t x f t x , 

( , , )t x uΦ .  
Çàóâàæèìî, ùî çàäà÷à ç óìîâàìè (2) äëÿ ë³í³éíîãî ð³âíÿííÿ âèãëÿäó (1) 

ó âèïàäêó, êîëè 2 m< , ðîçãëÿäàëàñÿ â ðîáîò³ [3], à äëÿ ñèñòåìè ë³í³éíèõ 
ð³âíÿíü âèãëÿäó (1) ó çàãàëüíîìó âèïàäêó – â ðîáîò³ [4]. 

Ðîçãëÿíåìî ñïî÷àòêó íåçáóðåíó çàäà÷ó (1), (2) (êîëè 0ε = ). Øóêàòèìå-
ìî ¿¿ ðîçâ’ÿçîê ó âèãëÿä³ ðÿäó 

 
0

( , ) ( ) exp ( , )k
k

u t x u t ik x
≥

= ∑ . (3) 
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Ïðè öüîìó êîåô³ö³ºíòè ( )ku t , pk ∈  , º â³äïîâ³äíî ðîçâ’ÿçêàìè òàêèõ çà-

äà÷:  

 1
1

(2 ) (2 )
1

0

( ) ( ) ( ) ( ) ( ) ( )p
n

ssn r r
k s p k k

r s m

L ik u t a ik ik u t f t
−

= ≤

+ =∑ ∑  , (4) 

 (2 ) (2 )(0) ( ) 0,        0,1, , 1q q
k ku u T q n= = = − , (5) 

äå 

 1( ) ( , ) exp ( , ) ,       
2

p

p
kf t f t x ik x dx k

Ω

= − ∈
π ∫  . 

Ïðèïóñòèìî, ùî äëÿ âñ³õ pk ∈    

 1
1

2

( ) ( ) ( ) 0pss
s p

s

L ik b ik ik
≤

≡ ≠∑ 


. (6) 

ßêùî 0( ) 0L ik =  äëÿ äåÿêîãî âåêòîðà 0
pk ∈  , òî â³äïîâ³äíà çàäà÷à (4), (5) 

áóäå ïåðåâèçíà÷åíîþ ³ äëÿ ³ñíóâàííÿ ºäèíîãî ðîçâ’ÿçêó ö³º¿ çàäà÷³ òðåáà 
íàêëàñòè äîäàòêîâ³ îáìåæåííÿ íà êîåô³ö³ºíòè ð³âíÿííÿ (1).  

Çã³äíî ç ëåìîþ 1 ³ç [10] ³ñíóþòü ñòàë³ 1C  òà 1( )K K C≡  òàê³, ùî  

 2
1,    ,     ( )pk k K L ik C k∀ ∈ ≥ ≥  . (7) 

Çàóâàæèìî, ùî òóò ³ íàäàë³ ,  jC j ∈  , – äîäàòí³ ñòàë³, íå çàëåæí³ â³ä k.  

Ïîçíà÷èìî ÷åðåç 1 1( ), , ( )n nk kλ ≡ λ λ ≡ λ  êîðåí³ ð³âíÿííÿ  
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1

0

( ) ( )
0,      

( )

pssrn
s pn r p

r s m

a ik ik
k

L ik

−

= ≤

λ + λ = ∈∑ ∑


 , (8) 

³ íàäàë³ ââàæàòèìåìî, ùî äëÿ êîæíîãî pk ∈   ö³ êîðåí³ º ð³çíèìè òà â³ä-
ì³ííèìè â³ä íóëÿ. Òîä³ êîðåí³ õàðàêòåðèñòè÷íîãî ð³âíÿííÿ, ÿêå â³äïîâ³äàº 
ð³âíÿííþ (4),  

 1
1

2 2
1

0

( ) ( ) ( ) 0p
n

ssn r r
s p

r s m

L ik a ik ik
−

= ≤

γ + γ =∑ ∑   

ìàþòü âèãëÿä  

 ( ) ( ) exp ( (arg ( ))/2),         1, ,j j j jk k i k j nγ ≡ γ = λ λ =  , 

 ( ) ( ) exp ( (arg ( ))/2),   1, , ,   p
n j n j j jk k i k j n k+ +γ ≡ γ = − λ λ = ∈  . (9) 

Íà ï³äñòàâ³ îö³íîê äëÿ êîðåí³â ïîë³íîìà [15, ñ. 102] ³ íåð³âíîñòåé (6), (7) 
îäåðæóºìî îö³íêè  

 /2
2(1 ) ,     ( 2 )/ ,     1, , 2 ,    p

j C k m n j n kµγ ≤ + µ = − = ∈  . (10) 

Ôóíäàìåíòàëüíà ñèñòåìà ðîçâ’ÿçê³â îäíîð³äíîãî ð³âíÿííÿ  

 1
1

(2 ) (2 )
1

0

( ) ( ) ( ) ( ) ( ) 0p
n

ssn r r
k s p k

r s m

L ik u t a ik ik u t
−

= ≤

+ =∑ ∑   (11) 

çîáðàæóºòüñÿ ó âèãëÿä³  

 ,( ) exp ( ),      ( ) exp ( ),      1, ,kj j k n j ju t t u t t j n+= γ = −γ =  , 

à õàðàêòåðèñòè÷íèé âèçíà÷íèê ( )k∆  çàäà÷³ (4), (5) âèçíà÷àºòüñÿ ôîðìóëîþ  

 2 2 2

1 1

( ) 2 sh ( ) ( )
n

n
j s r

j r s n

k T
= ≤ < ≤

∆ = −γ γ − γ∏ ∏ . 
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Òåîðåìà 1. Äëÿ ºäèíîñò³ ðîçâ’ÿçêó çàäà÷³ (1), (2) ïðè 0ε =  ó ïðîñòîð³ 
(2 ,2 ) ( )nC D  íåîáõ³äíî é äîñòàòíüî, ùîá âèêîíóâàëèñü óìîâè  

       1 exp (2 ) 0,       1, ,p
jk T j n∀ ∈ − γ ≠ =  . (12) 

Ä î â å ä å í í ÿ  çä³éñíþºìî çà ñõåìîþ äîâåäåííÿ òåîðåìè 2.4 ³ç [11, 
ðîçä. 1].  

Íåõàé ñïðàâäæóþòüñÿ óìîâè (12). Òîä³ äëÿ êîæíîãî pk ∈   ³ñíóº ºäèíà 
ôóíêö³ÿ ¥ð³íà çàäà÷³ (4), (5), çà äîïîìîãîþ ÿêî¿ ¿¿ ðîçâ’ÿçîê çîáðàæóºòüñÿ ó 
âèãëÿä³  

 
0

( ) ( , ) ( )
T

k k ku t G t f d= τ τ τ∫ . (13) 

Ó êâàäðàò³ 2( , ) : 0 ,TK t t T= τ ∈ ≤ τ ≤{ } , êð³ì ñòîð³í 0τ =  ³ Tτ = , ôóíêö³¿ 

( )kG t, τ , pk ∈  , âèçíà÷àþòüñÿ ôîðìóëàìè  

 
2 21

1,

sh ( ( ))sgn ( )
( , )

2
( ) ( )

n
j

k n
j

j r j
r r j

tt
G t

L ik=

= ≠

γ τ −− τ
τ = +

γ γ − γ
∑

∏
 

 
( ) 2 3

2 2 2 2, , 1

1, 1,

( 1) (sh ( ( )) sh ( ) sh ( ) sh ( ( ))

( ) ( ) ( ) sh ( )

s j sn
n s r j r j r

n n
s j r

p j p r j
p p j p p r

S t T t T

L ik T

−
−

=

= ≠ = ≠

− γ γ − γ τ + γ γ − τ
+

γ − γ γ − γ γ
∑

∏ ∏
, (14) 

äå j
n sS −  – ñóìà âñ³õ ìîæëèâèõ äîáóòê³â åëåìåíò³â 2 2 2 2

1 1 1, , , , ,j j n− +γ γ γ γ  , 

âçÿòèõ ó ê³ëüêîñò³ n s−  ó êîæíîìó äîáóòêó; 0 1jS ≡ .  

Íà ñòîðîí³ 0 ( )Tτ = τ =  êâàäðàòà TK  ôóíêö³¿ ( , )kG t τ  äîâèçíà÷àºìî çà 

íåïåðåðâí³ñòþ ñïðàâà (çë³âà).  
Íà ï³äñòàâ³ ôîðìóë (3), (13) ðîçâ’ÿçîê çàäà÷³ (1), (2) çîáðàæóºòüñÿ ðÿ-

äîì  

 
0 0

( , ) ( , ) ( ) exp ( , )
T

k k
k

u t x G t f d ik x
≥

= τ τ τ∑ ∫ , (15) 

ÿêèé, âçàãàë³, º ðîçá³æíèì, îñê³ëüêè ìîäóë³ âèðàç³â  

 2 2

1,

( ),        sh( ),        1, ,
n

p j j
p p j

T j n
= ≠

γ − γ γ =∏  , 

áóäó÷è â³äì³ííèìè â³ä íóëÿ, ìîæóòü íàáóâàòè ÿê çàâãîäíî ìàëèõ çíà÷åíü 

äëÿ íåñê³í÷åííî¿ ìíîæèíè âåêòîð³â pk ∈  .  
Ïîçíà÷èìî 1 2( ) 2 ( 2 )(2 3) (2 )A s m n s n= α + α + − + − / .  

Òåîðåìà 2. Íåõàé ³ñíóþòü òàê³ ñòàë³ 3C , 4C , 1α , 2α , ùî äëÿ âñ³õ 

âåêòîð³â pk ∈   ñïðàâäæóþòüñÿ îö³íêè  

 1
3

0

sh ( )
max (1 ) ,      1, ,

sh ( )
j

t T j

t
C k j n

T
α

≤ ≤

γ
≤ + =

γ
 , (16) 

 22 2
4

1

( ) (1 ) ,          1, ,
n

p j
p p j

C k j n−α

= , ≠

γ − γ ≥ + =∏  . (17) 

ßêùî 0(0, ) ( )hf C D∈ , 0 (2 ) 1h A n p= + +[ ] , òî ïðè 0ε =  ³ñíóº ðîçâ’ÿçîê 
0 ( , )u t x  çàäà÷³ (1), (2) ç ïðîñòîðó (2 ,2 ) ( )nC D , ÿêèé íåïåðåðâíî çàëåæèòü 

â³ä ( , )f t x .  
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Ä î â å ä å í í ÿ. Çà óìîâ òåîðåìè  

 0 (0, )05 ( )0
max ( ) (1 ) ,       h

h p
k k C Dt T
f f t C k f k−

≤ ≤
≡ ≤ + ∈  . (18) 

Íà ï³äñòàâ³ ôîðìóëè (14) òà îö³íîê (10), (16)–(18) îòðèìóºìî  

 
0

0

0

( ) 2
6

0
0

max ( , ) ( ) (1 )
Ts

A s
k k kst T

G t f d C f k
t

−

≤ ≤

∂ τ τ τ ≤ +
∂ ∫  , (19) 

äå 0 0,1, ,2 ,  ps n k= ∈  . ²ç ôîðìóëè (15) ³ íåð³âíîñòåé (18), (19) îäåðæóºìî 

òàêó îö³íêó äëÿ íîðìè ðîçâ’ÿçêó çàäà÷³ (1), (2):  

 (2 2 ) ( )nC Du , =  

 
0

10
0

2

0 2 0 01

max ( , ) ( ) exp ( , )
p

Tn s s

k ksssDs s kp

G t f d ik x
t x x

+

= ≤ ≥

∂= τ τ τ ≤
∂ ∂ ∂

∑ ∑ ∑ ∫


 

 
0

0
0

2

00 0 2 0

max ( , ) ( ) (1 )
Tn s

s
k kst Tk s s

G t f d k
t≤ ≤≥ = ≤

∂≤ τ τ τ + ≤
∂

∑ ∑ ∑ ∫


 

 0

0

2
( ) 2

6
0 0 2

(1 )
n

A s s
k

k s s

C f k − +

≥ = ≤

≤ + ≤∑ ∑ ∑ 


 

 0 (0, )0
1 (2 ) 2

5 6 ( )
0

2 (1 ) (1 ) h
hp p A n

C D
k

n C C k k f−+ −

≥

≤ + + ≤∑   

 (0, )0
1

5 6 ( )
0

2 (1 ) h
p p p

C D
k

n C C k f+ − −δ

≥

≤ + ≡ ρ∑ , (20) 

äå 5 6,  C C  – ñòàë³ ç îö³íîê (18), (19) â³äïîâ³äíî, 0 1 (2 )A n< δ ≤ − { } , b{ } – 

äðîáîâà ÷àñòèíà ÷èñëà b . Ç³ çá³æíîñò³ ðÿäó â ïðàâ³é ÷àñòèí³ íåð³âíîñò³ (20) 
âèïëèâàº äîâåäåííÿ òåîðåìè. ◊ 

Ëåìà 1. ßêùî 2 m> , òî îö³íêè (16) ñïðàâäæóþòüñÿ äëÿ âñ³õ âåêòî-

ð³â pk ∈   ïðè 1 0α = .  

Ä î â å ä å í í ÿ  àíàëîã³÷íå äî äîâåäåííÿ ëåìè 2 â [4]. ◊ 

Ëåìà 2. Íåõàé 1( ) ( , , )pk k kΦ ≡ Φ …  – îáìåæåíà ïîñë³äîâí³ñòü ä³éñíèõ 

÷èñåë. Òîä³ íåð³âí³ñòü  

 1( ) ,     0 1
(1 ) (1 )m m p

ak
k k + +ε

Φ − < < ε <
+ +
 , 

äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà) ÷èñåë 0a >  ìàº íå á³ëüøå í³æ ñê³í-
÷åííå ÷èñëî ðîçâ’ÿçê³â ó ö³ëèõ ÷èñëàõ 1, , ,  pk k  , äå 0≠ .  

Ä î â å ä å í í ÿ  àíàëîã³÷íå äî äîâåäåííÿ ëåìè 2.4 ç [11, ãë. 1]. ◊ 

Ëåìà 3. ßêùî 2 m= , òî íåð³âíîñò³ (16) âèêîíóþòüñÿ ïðè 1 pα >  

äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â  ) ÷èñåë T  ³ äëÿ âñ³õ âåêòîð³â 
pk ∈  .  

Ä î â å ä å í í ÿ. Ïîçíà÷èìî ÷åðåç jQ  ìíîæèíó òàêèõ pk ∈  , äëÿ 

ÿêèõ Im ( ) ,  ,  1, ,jT k j nγ ≠ π ∈ =   . Íà ï³äñòàâ³ íåð³âíîñò³  

 2sin ,      0
2

x x x π≥ ≤ ≤
π

, 

òà íåð³âíîñòåé  
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 sh ( ( ) ) max Re ( ) ,  sin ( Im ( ))j j jk T T k T kγ ≥ γ γ{ } , 

 ,    1, ,jk Q j n∈ =  , (21) 

îòðèìóºìî  

 2sh( ( ) ) sin (Im ( ) ) Im ( ) ( )j j j jk T k T T k d kγ ≥ γ ≥ γ − π ≥
π

 

 
/2

/2 /2

Im ( ) ( )2 (1 )
,  ,  1, ,

(1 ) (1 )

j j
j

k d kT k
k Q j n

k T k

µ

µ µ

γ π+
≥ − ∈ =

π + +
 , (22) 

äå ( )jd k  – ö³ëå ÷èñëî, äëÿ ÿêîãî  

 Im ( ) ( )
2j jT k d k πγ − π ≤ . 

Âèêîðèñòîâóþ÷è ëåìó 2, ³ç (22) îòðèìóºìî, ùî äëÿ ìàéæå âñ³õ ÷èñåë T  
òà äëÿ âñ³õ ,  1, ,jk Q j n∈ =  , ñïðàâäæóþòüñÿ íåð³âíîñò³  

 1 1/2/2
7 8 1sh ( ( ) ) (1 ) (1 ) (1 ) ,  0p p

j k T C k k C k− −µ −δ − −δµγ ≥ + + ≥ + δ > . (23) 

ßêùî \p
jk Q∈  , òî Im ( )jT kγ = π  äëÿ äåÿêîãî ∈  . Òîìó íà ï³ä-

ñòàâ³ ôîðìóë (9) çíàõîäèìî, ùî  

 sin ((arg )/2) ,      \ ,     1, ,p
j j jT k Q j nλ λ = π ∈ =   , 

çâ³äêè âèïëèâàº  

 2 2 21cos ((arg )/2) ,    \ ,   1, ,p
j j j

j

T k Q j n
T

λ = λ − π ∈ =
λ

   . 

Íà ï³äñòàâ³ ôîðìóëè (21), âèêîðèñòîâóþ÷è ëåìó 2, îäåðæóºìî, ùî äëÿ ìàé-
æå âñ³õ ÷èñåë T  ñïðàâäæóºòüñÿ îö³íêà  

 
22 2 2 2 2sh ( ( ) ) Re ( ) cos ((arg )/2)j j j j jk T T k T Tγ ≥ γ = λ λ ≥ λ − π ≥  

 2
2 2

2
92

(1 ) (1 )
(1 ) (1 )

j pT k C k
k T k

− −δµ
µ µ

λ π≥ + − ≥ + ≥
+ +

  

 22
9 2(1 ) ,       0pC k − −δ≥ + δ > . (24) 

²ç íåð³âíîñòåé (23), (24) òà îö³íîê  

 10
0
max sh ( ( ) ) ,        1, , ,      p

j
t T

k t C j n k
≤ ≤

γ ≤ = ∈  , 

âèïëèâàº äîâåäåííÿ ëåìè. ◊ 
Ïîçíà÷èìî ÷åðåç d  âåêòîð ç êîìïoíåíòàìè 0

( )Re ,  1,
rrd a r pν= =  , äå  

 0 0

1

( ) (0, ,0 ,2 ,0, ,0),     /2r

r

m m m
−

ν = =  [ ] , 

à ÷åðåç e  – âåêòîð, ùî ñêëàäàºòüñÿ ç ä³éñíèõ òà óÿâíèõ ÷àñòèí êîåô³ö³ºí-
ò³â ð³âíÿííÿ (1), çà âèíÿòêîì êîîðäèíàò âåêòîðà d .  

Ëåìà 4. Äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â p ) âåêòîð³â d  ³ äî-
â³ëüíîãî ô³êñîâàíîãî âåêòîðà e  îö³íêè (17) ñïðàâäæóþòüñÿ äëÿ âñ³õ âåê-

òîð³â \ (0)pk ∈ { }  ïðè 2 0( 1)( 2 2 ( 2)( 2 ) 2 )n m p n m nα > − − + + + − −  / .  

Ä î â å ä å í í ÿ  çä³éñíþºòüñÿ çà ñõåìîþ äîâåäåííÿ ëåìè 3 ç [10] ³ç 
óðàõóâàííÿì îö³íîê (10). ◊ 
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Ðîçãëÿíåìî òåïåð çàäà÷ó (1), (2), êîëè 0ε ≠ . Öÿ çàäà÷à åêâ³âàëåíòíà 
íåë³í³éíîìó ³íòåãðàëüíîìó ð³âíÿííþ  

 0( , ) ( , ) ( , , , ) ( , , ( , ))
D

u t x u t x t x u d d= + ε τ ξ Φ τ ξ τ ξ τ ξ∫ K  (25) 

çà óìîâè, ùî ðÿä  

 
0

1 ( , ) exp ( , ( ))
(2 )

kp
k

G t ik x
≥

τ − ξ
π

∑  (26) 

ð³âíîì³ðíî çá³ãàºòüñÿ â îáëàñò³ D D×  äî ôóíêö³¿ ( , , , )t x τ ξK .  

Ëåìa 5. Íåõàé ñïðàâäæóþòüñÿ íåð³âíîñò³  

 2 ,       ,       3(2 ) /(2( ))m m p n m m p> > > − −  , (27) 

³ íåõàé 11
1 1( ) ( ) pss

s p
s m

M a ik ik
x ≤

∂  ≡ ∂  ∑   – åë³ïòè÷íèé äèôåðåíö³àëüíèé 

âèðàç òàêèé, ùî  

 1\ (0)      ( ) 0pk M ik∀ ∈ ≠ { } . (28) 

Òîä³ ðÿä (26) ð³âíîì³ðíî çá³ãàºòüñÿ â îáëàñò³ D D× .  
Ä î â å ä å í í ÿ. Ïîêàæåìî, ùî çà óìîâè (28) íåð³âí³ñòü (17) ñïðàâä-

æóºòüñÿ ïðè 2 2 mα ≥ − . ²ç åë³ïòè÷íîñò³ îïåðàòîðà 1M
x
∂  ∂ 

 òà óìîâè (28) 

âèïëèâàº, ùî ³ñíóþòü ñòàë³ 11C  ³ 1 1 11( )K K C≡  òàê³, ùî  

 11
1 1 11,    ,    ( ) ( ) (1 )pssp m

s p
s m

k k K a ik ik C k
≤

∀ ∈ ≥ … ≥ +∑ . (29) 

²ç ð³âíîñòåé  

 12 2 1 1 1
1

1

( ) ( 1) ( ) ( ) ( ) p
n

ssn
q j s p

s mq q j

L ik a ik ik− −

≤= , ≠

γ − γ = − +∑∏   

 1
2

1 1 1 1
1

1 | |

( 1) ( ) ( 1) ( ) ( ) p
n

ssn r r n
s p j j

r s m

L ik r a ik ik n
−

− − + −

= ≤

 + − + … λ + λ 
∑ ∑ , 

 1, ,j n= … , (30) 

òà íåð³âíîñò³ (29) âèïëèâàº, ùî ³ñíóþòü ñòàë³ 12C  ³ 2 2 12( )K K C≡  òàê³, ùî  

 2 2 2
3 12

1,

,  ,  ( ) (1 ) ,    1, ,
n

p m
q j

q
q j

k k K C k j n−

=
≠

∀ ∈ ≥ γ − γ ≥ + = …∏  , (31) 

äå 3 1 2max ,K K K= { } . Çà óìîâ (27) ³ç (14), íåð³âíîñò³ (31) ³ ëåìè 1 îòðèìóºìî 

 3
13 3max ( , ) exp ( , ( )) (1 ) ,    0p

k
D D

G t ik x C k − −δ

×
τ − ξ ≤ + δ > . (32) 

²ç îö³íîê (32) âèïëèâàº ð³âíîì³ðíà çá³æí³ñòü ðÿäó (26) â îáëàñò³ D D× . 
Ëåìó äîâåäåíî. ◊ 

Ëåìa 6. Íåõàé 2 m= , pn> . Òîä³ ðÿä (26) ð³âíîì³ðíî çá³ãàºòüñÿ â 

îáëàñò³ D D×  äëÿ äîâ³ëüíîãî ô³êñîâàíîãî âåêòîðà e  òà äëÿ ìàéæå âñ³õ 
(ñòîñîâíî ì³ðè Ëåáåãà) âåêòîð³â d  ³ ÷èñåë T .  

Ä î â å ä å í í ÿ. Çà óìîâ ëåìè íà ï³äñòàâ³ (14) òà ëåì 3 ³ 4 âèïëèâàº, 
ùî äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà) âåêòîð³â d  ³ ÷èñåë T  ñïðàâä-
æóþòüñÿ îö³íêè 

 4
14 4   max ( , ) exp ( , ( )) (1 ) , 0,   p p

k
D D

G t ik x C k k−δ

×
τ − ξ ≤ + δ > ∈  . (33) 

²ç (33) âèïëèâàº ð³âíîì³ðíà çá³æí³ñòü ðÿäó (26) â îáëàñò³ D D× . Ëåìó äîâå-
äåíî. ◊ 
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Çàïèøåìî ð³âíÿííÿ (25) ó âèãëÿä³ îïåðàòîðíîãî ð³âíÿííÿ  

 
0

( , ) ( , )uu t x A u t x= , 

äå vA  – íåë³í³éíèé ³íòåãðàëüíèé îïåðàòîð, âèçíà÷åíèé ó êóë³ 0( , )S u r  
ôîðìóëîþ  

 ( , ) ( , ) ( , , , ) ( , , ( , ))v
D

A u t x v t x t x u d d≡ + ε τ ξ Φ τ ξ τ ξ τ ξ∫ K . (34) 

Ïîçíà÷èìî 1min ,  ,  1,2
( ) ( )i

i i

r i
h h

 ε = = ψ ψ 
, äå  

 1 23(2 )/2 1 ,         2 1h m n p h np= − + + = +[ ] , 

 1
5 6( ) 2 (2 1) ( ) (1 )zz n z C C r +ψ = + Φ + + ρ , 

 
0

100 10 1
1

( , , )
( ) max max

p

s s

ssss s z D
p

t x u
z

u x x

+

≤ + ≤ +

∂ ΦΦ =
∂ ∂ …∂

,  

5 6,  ,  C C ρ  – ñòàë³ ç îö³íîê (18)–(20) â³äïîâ³äíî.  

Òåîðåìà 3. Íåõàé 2 m> , âèêîíóþòüñÿ óìîâè (12), (27), (28) ³ íåõàé 
0(0, ) ( )hf C D∈ , äå 0 3(2 )/2 1h m n p= − + +[ ] , à ôóíêö³ÿ ( , , )t x uΦ  íåïåðåðâíà 

çà t  ³ ìàº îáìåæåí³ ïîõ³äí³ â îáëàñò³ 1D  çà çì³ííèìè ,x u  äî ïîðÿäêó 

1 1h + . Òîä³ äëÿ âñ³õ ε  òàêèõ, ùî 1ε < ε , ³ñíóº ºäèíèé ðîçâ’ÿçîê çàäà÷³ 

(1), (2), ÿêèé íàëåæèòü êóë³ (2 ,2 ) ( )nS C D⊂   ³ íåïåðåðâíî çàëåæèòü â³ä 

ôóíêö³¿ ( , )f t x .  

Ä î â å ä å í í ÿ. Ïîçíà÷èìî ÷åðåç V  ñóêóïí³ñòü ôóíêö³é 2 ( )nv C D∈ , 
äëÿ ÿêèõ  

 2
0

1( )
( )nC D

v u r h− ≤ χ = − ε ψ . 

Ïîêàæåìî, ùî äëÿ äîâ³ëüíî¿ ôóíêö³¿ ( , )v t x  ³ç V  îïåðàòîð vA  ïåðåâî-

äèòü êóëþ 0( , )S u r  â ñåáå, ÿêùî 
1( )

r
h

ε <
ψ

.  

Íåõàé 0( , ) ( ) exp ( , ) ( , )
p

m
m

u t x u t im x S u v
∈

= ∈∑


. Íà ï³äñòàâ³ ôîðìóëè  

 1, ( ) , , ( ) exp ( , ) exp ( , )
(2 ) pp

k m mp
m

t u t t x u t im x ik x dx
∈Ω

 Φ = Φ − 
 π

∑∫


{ }( ) , 

âðàõîâóþ÷è, ùî 0( , )u S u r∈ , îäåðæóºìî, ùî  

 5
0
max , ( ) (1 ) ,      p

k m
t T

t u t C B k k−α
α≤ ≤

Φ ≤ + ∈ { }( ) , (35) 

äå  

 1
1

( , , ( , ))
max max ,        0,1, , 1

r p D r

t x u t x
B h

x

α

α α≤ ≤

∂ Φ= α = +
∂

 . 

Êîðèñòóþ÷èñü ïðàâèëîì äèôåðåíö³þâàííÿ ñêëàäíî¿ ôóíêö³¿, çíàõîäèìî  

 (2 ,2 )1 ( )( ) 1 nC DB h u α
α ≤ Φ + ≤( )  

 (2 ,2 ) (2 ,2 )
0 0

1 ( ) ( )
( ) 1 n nC D C D
h u u u α≤ Φ + − + ≤( )   

 1 1( )(1 ) ,      0,1, , 1h r hα≤ Φ + + ρ α = + . (36) 
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²ç ôîðìóëè (34), âðàõîâóþ÷è îö³íêè (19), (31), (35), (36) ³ ëåìó 1, îòðèìóºìî 
îö³íêó  

 (2 ,2 ) (2 ,2 )
0 0

( ) ( )
( , ) ( , ) n nv C D C D

A u t x u t x v u− ≤ − +   

 
(2 ,2 ) ( )

( , ) ( , , ( , )) exp ( , ( ))
(2 ) p n

kp
D k C D

G t f u ik x d d
∈

ε
+ τ τ ξ τ ξ − ξ τ ξ ≤

π
∑∫
 

 

 
0

0
0

02 2 0

(1 ) max ( , ) ( , ( ) )
p

Ts
s

k k mst Ts n sk

k G t u d
t≤ ≤≤ ≤∈

∂≤ χ + ε + τ Φ τ τ τ ≤
∂

∑ ∑ ∑ ∫
 

{ }  

 1 1
1 1 5 6 1 12 (2 1) ( ) (1 ) ( )hn h C C r h r+≤ χ + ε + Φ + + ρ = χ + ε ψ = . 

Ïîêàæåìî òåïåð, ùî äëÿ äîâ³ëüíî¿ ôóíêö³¿ v V∈  îïåðàòîð vA  º îïå-

ðàòîðîì ñòèñêó, ÿêùî 
1( )

r
h

ε <
ψ

. Íåõàé 0
1 2, ( , )u u S u r∈  ³ íåõàé 

 1 2( , ) ( , , ( , )) ( , , ( , ))F t x t x u t x t x u t x≡ Φ − Φ . 

²ç ôîðìóëè (34), âðàõîâóþ÷è îö³íêè (19), (31), (35), (36), ëåìó 1 ³ ôîðìóëó 
Ëàãðàíæà ïðî ñê³í÷åíí³ ïðèðîñòè, îäåðæóºìî îö³íêó  

 (2 ,2 )1 2 ( )( , ) ( , ) nv v C DA u t x A u t x− ≤  

 
(2 ,2 ) ( )

( , , , ) ( , )
(2 ) n

p
D C D

t x F t x d d
ε

≤ τ ξ τ ξ ≤
π ∫ K



 

 (2 ,2 )1 2 1 ( )( ) nC Dh u u≤ ε ψ −  . 

ßêùî 1( ) 1hε ψ < , òî vA  º îïåðàòîðîì ñòèñêó. Î÷åâèäíî, ùî îïåðàòîð vA  
íåïåðåðâíèé çà v . Çã³äíî ç òåîðåìàìè 1 ³ 3 ç ðîáîòè [9] ð³âíÿííÿ (25), à, 
îòæå, ³ çàäà÷à (1), (2) ìàº ºäèíèé ðîçâ’ÿçîê, ùî íåïåðåðâíî çàëåæèòü â³ä 

( )f t x, . Òåîðåìó äîâåäåíî. ◊ 
Òåîðåìà 4. Íåõàé 2 m= , âèêîíóþòüñÿ óìîâè (12), np> , f ∈  

3(0 ) ( )hC D,∈ , 3 2 ( 1) 1h p n= + + , à ôóíêö³ÿ ( )t x uΦ , ,  íåïåðåðâíà çà t  ³ ìàº 

îáìåæåí³ ïîõ³äí³ â îáëàñò³ 1D  çà çì³ííèìè ,x u  äî ïîðÿäêó 2 1h + . Òîä³ 

äëÿ âñ³õ ε , 2ε < ε , äëÿ äîâ³ëüíîãî ô³êñîâàíîãî âåêòîðà e  òà äëÿ ìàéæå 

âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà) ÷èñåë T  ³ âåêòîð³â d  ³ñíóº ºäèíèé ðîçâ’ÿçîê 

çàäà÷³ (1), (2), ÿêèé íàëåæèòü êóë³ (2 2 ) ( )nS C D,⊂   ³ íåïåðåðâíî çàëåæèòü 

â³ä ôóíêö³¿ ( , )f t x .  
Ä î â å ä å í í ÿ  çä³éñíþºòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 3 ç óðà-

õóâàííÿì ëåì 3 ³ 4. ◊ 
 
 1. Àðíîëüä Â. È. Ìàëûå çíàìåíàòåëè. 1. Îá îòîáðàæåíèè îêðóæíîñòè íà ñåáÿ // 

Èçâ. ÀÍ ÑÑÑÐ. Ñåð. ìàò. – 1961. – 25, ¹ 1. – C. 21–86.  
 2. Áåðåçàíñêèé Þ. Ì. Ðàçëîæåíèå ïî ñîáñòâåííûì ôóíêöèÿì ñàìîñîïðÿæåííûõ 

îïåðàòîðîâ. – Êèåâ: Íàóê. äóìêà, 1965. – 798 ñ.  
 3. Á³ëóñÿê Í. Êðàéîâà çàäà÷à äëÿ äèôåðåíö³àëüíèõ ð³âíÿíü ç³ ñòàëèìè êîåô³ö³ºí-

òàìè, íå ðîçâ’ÿçàíèõ â³äíîñíî ñòàðøî¿ ïîõ³äíî¿ çà ÷àñîì // Ì³æíàð. íàóê. êîíô. 
«Íîâ³ ï³äõîäè äî ðîçâ’ÿçàííÿ äèôåðåíö³àëüíèõ ð³âíÿíü», Äðîãîáè÷, 1–5 æîâò. 
2001: Òåçè äîï. – Ñ. 19.  

 4. Á³ëóñÿê Í. ²., Êîìàðíèöüêà Ë. ²., Ïòàøíèê Á. É. Çàäà÷à òèïó Ä³ð³õëå äëÿ ñèñ-
òåì ð³âíÿíü ³ç ÷àñòèííèìè ïîõ³äíèìè, íå ðîçâ’ÿçàíèõ â³äíîñíî ñòàðøî¿ ïîõ³äíî¿ 
çà ÷àñîì // Óêð. ìàò. æóðí. – 2002. – 54, ¹ 12. – Ñ. 1592–1602.  
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 5. Á³ëóñÿê Í. ²., Ïòàøíèê Á. É. Êðàéîâà çàäà÷à ç äàíèìè íà âñ³é ãðàíèö³ îáëàñò³ 
äëÿ ñëàáêîíåë³í³éíèõ ã³ïåðáîë³÷íèõ ð³âíÿíü // Óêð. ìàò. æóðí. – 2001. – 53, 
¹ 2. – Ñ. 244–249.  

 6. Áîáèê ². Î., Ïòàøíèê Á. É. Êðàéîâ³ çàäà÷³ äëÿ ã³ïåðáîë³÷íèõ ð³âíÿíü ç³ ñòàëè-
ìè êîåô³ö³ºíòàìè // Óêð. ìàò. æóðí. – 1994. – 46, ¹ 7. – Ñ. 795–802.  

 7. Áóðñêèé Â. Ï. Ìåòîäû èññëåäîâàíèÿ ãðàíè÷íûõ çàäà÷ äëÿ îáùèõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé. – Êèåâ: Íàóê. äóìêà, 2002. – 315 ñ.  

 8. Ãîðáà÷óê Ì. Ë., Ôåäàê È. Â. Çàäà÷à Êîøè äëÿ äèôôåðåíöèàëüíî-îïåðàòîðíîãî 
óðàâíåíèÿ, ñâÿçàííîãî ñ êîëåáàíèÿìè ñòðàòèôèöèðîâàííûõ æèäêîñòåé // Äîêë. 
ÀÍ ÑÑÑÐ. – 1987. – 297, ¹ 1. – Ñ. 14–17.  

 9. Êàíòîðîâè÷ Ë. Â., Àêèëîâ Ã. Ï. Ôóíêöèîíàëüíûé àíàëèç. – Ìîñêâà: Íàóêà, 
1977. – 742 ñ.  

 10. Êîìàðíèöüêà Ë. ²., Ïòàøíèê Á. É. Êðàéîâ³ çàäà÷³ äëÿ äèôåðåíö³àëüíîãî ð³â-
íÿííÿ, íå ðîçâ’ÿçàíîãî â³äíîñíî ñòàðøî¿ ïîõ³äíî¿ çà ÷àñîì // Óêð. ìàò. æóðí. – 
1995. – 47, ¹ 9. – Ñ. 1197–1208.  

 11. Ïòàøíèê Á. È. Íåêîððåêòíûå ãðàíè÷íûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ 
óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè. – Êèåâ: Íàóê. äóìêà, 1984. – 264ñ.  

 12. Ðîìàíêî Â. Ê. Ãðàíè÷íûå çàäà÷è äëÿ îáùèõ äèôôåðåíöèàëüíûõ îïåpàòîpîâ ñ 
âûäåëåííîé ïåðåìåííîé: Àâòîpåô. äèñ. … ä-pà ôèç.-ìàò. íàóê. – Ìîñêâà, 1980. – 
26 ñ.  

 13. Ðîìàíêî Â. Ê. Î ãðàíè÷íûõ çàäà÷àõ äëÿ äèôôåðåíöèàëüíî-îïåðàòîðíûõ óðàâ-
íåíèé, íå ðàçðåøåííûõ îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé // Äîêë. ÀÍ ÑÑÑÐ. 
– 1977. – 235, ¹ 5. – Ñ. 1030–1033.  

 14. Óñïåíñêèé Ñ. Â., Äåìèäåíêî Ã. Â., Ïåðåïåëêèí Â. Ã. Òåîðåìû âëîæåíèÿ è ïðèëî-
æåíèÿ ê äèôôåðåíöèàëüíûì óðàâíåíèÿì. – Íîâîñèáèðñê: Íàóêà, 1984. – 224 ñ.  

 15. Ôàääººâ Ä. Ê., Ñîì³íñüêèé ². Ñ. Çá³ðíèê çàäà÷ ç âèùî¿ àëãåáðè. – Êè¿â: Âèùà 
øê., 1971. – 316 ñ.  

 16. Sv³r³dyuk G. A., Fedorov V. E. Linear Sobolev type equations and degenerate 
sem³groups of operators. – Ze³st: VSP, 2003. – 268 p.  

 
КРАЕВАЯ ЗАДАЧА ДЛЯ СЛАБО НЕЛИНЕЙНЫХ УРАВНЕНИЙ С НЕРАЗРЕШИМОЙ 
ОТНОСИТЕЛЬНО СТАРШЕЙ ПРОИЗВОДНОЙ ЛИНЕЙНОЙ ЧАСТЬЮ  
 
Èññëåäîâàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü êðàåâîé çàäà÷è ñ óñëîâèÿìè òèïà óñëîâèé 
Äèðèõëå ïî ïåðåìåííîé t  è ïåðèîäè÷åñêèìè óñëîâèÿìè ïî ïåðåìåííûì 1 , , px x  

äëÿ ñëàáî íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âûñîêîãî ïîðÿäêà ñ ïîñòîÿí-
íûìè êîýôôèöèåíòàìè â ëèíåéíîé ÷àñòè, íåðàçðåøèìîé îòíîñèòåëüíî ñòàðøåé 
ïðîèçâîäíîé ïî âðåìåíè.  
 
BOUNDARY-VALUE PROBLEM FOR WEAKLY NON-LINEAR EQUATIONS WITH LINEAR PART, 
UNSOLVABLE WITH RESPECT TO THE HIGHEST DERIVATIVE  
 
The conditions of existence of unique solution to the problem with Dirichlet conditions 
on the marked variable t  and periodic conditions on the rest coordinates 1 , , px x  for 

weakly non-linear equations with a linear part, unsolved with respect to the highest 
derivative with respect to time, are established.  
 
²í-ò ïðèêë. ïðîáëåì ìåõàí³êè ³ ìàòåìàòèêè Îäåðæàíî 
³ì. ß. Ñ. Ï³äñòðèãà÷à ÍÀÍ Óêðà¿íè, Ëüâ³â 12.08.04 
 


