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TRANSIENT HEAT CONDUCTION PROBLEM 
FOR A COMPOSITE LAYER ON A HOMOGENEOUS SUBSTRATE 
 

The paper deals with the transient heat conduction problems of a periodic 
composite layer joined with a homogeneous half-space. The layer is composed of 
periodically repeated cells with rectangular cross-sections. The composite solid is 
heated on its boundary by a normal heat flux with uniform intensity. From the 
results, some solutions of the heat conduction problems for the particular cases of 
the composite structure are also derived. The influence of thermal and geometric 
properties of the composite components on the temperature distributions is 
presented in the form of graphs. 

 
1. Introduction. Composite materials with periodic structures are widely 

utilized in building engineering, machine elements, and aviation structures. 
Composite components possess different thermal characteristics. The 
investigations connected with modeling and solving heat conduction problems 
in periodic composites are important and are the subject of many papers [1–
11, 13–15]. A variety of methods exact, approximate and purely numerical are 
available for deriving mathematical solutions for periodic composites. 
However, in cases when the number of repeated cells is large, it seems useful 
to employ homogenization procedures and description of heat conductions 
with approximate models. One of the methods is the homogenized model with 
microlocal parameters [14]. The homogenized model enables determining of 
mean and local temperature gradients and heat fluxes in each material 
component of the composite.  

This paper is a continuation of our previous studies [7, 8]. The composite 
structure permits to obtain some special cases of the periodically homogene-
ous strip: a layered body, a composite with periodically distributed inclusions, 
a chessboard structure and a homogeneous body. Thus, from the derived 
solution the distributions of temperature and heat flux for the particular cases 
of the composite strip structure are obtained.  

2. The homogenized composite model. We consider the nonstationary 
heat conduction problem of a periodic com-
posite layer resting on a homogeneous half-
space. Both structures are assumed to be 
nondeformable. The nonhomogeneous layer 
is composed of periodically repeated cells 
with rectangular cross-section, see Fig. 1. 
Let ,a b  be the cross-sectional dimensions 

of the fundamental composite cell and 1 1,a b  
the dimensions of the cross-section of the 
first composite component. Perfect thermal 
contact on the interfaces is assumed. The composite body is heated on its 
boundary by a normal heat flux with constant intensity q  at time 0t > . Let 

2( , ) ;  0 ,  0x y x a y b∆ = ∈ < < < <{ }  represent the cross-section of the fun-

damental cell, see Fig. 1. Denote by i∆  the cross-section of the i-th composite 

component with thermal conductivity iK , thermal capacity ,  1,2,3, 4ic i = , 

and density 1 2 3 4ρ = ρ = ρ = ρ = ρ . 
The nonstationary heat conduction problem of the composite strip will be 

described within the framework of the homogenized model with microlocal 
parameters [7, 9, 14]. According to the results of [7] the temperature sT  in the 
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composite layer is written in the following form (the summation convention 
holds with respect to all repeated indices): 

 ( , , ) ( , , ) ( , ) ( , , ),      1,2,3, 4s i iT x y t x y t x y x y t i= θ + γ = , (1) 

where 2:i →   are known a priori ∆ -periodic functions called shape 
functions which satisfy the conditions 

 ( , ) 0,          ( , ) max ( , )i ix y dx dy x y a b
∆

= <∫   . 

The function θ  is an unknown function interpreted as the macrotempe-
rature, and the functions iγ  stand for extra unknown functions called the 
thermal microlocal parameters, which are related to the periodic structure of 
the body. The shape functions are chosen so that the continuity conditions on 
the interfaces are satisfied. Let the shape functions be given in the form [7]: 

 
1 1,4

1,3 1 1 1 1 2,3

3,1 4,2

0.5 , ( , ) ,

( , ) ( ) (1 ) 0.5 , ( , ) ,

0, ( , ) ,

x a x y

x y a a x y

x y

 − ∈ ∆
= − η − η − ∈ ∆
 ∈ ∆ ∆ 

 /  

 
1 1,2

2,4 1 2 2 1 4,3

2,1 3,2

0.5 , ( , ) ,

( , ) ( ) (1 ) 0.5 , ( , ) ,

0, ( , ) ,

y b x y

x y b b x y

x y

 − ∈ ∆
= − η − η − ∈ ∆
 ∈ ∆ ∆ 

 /  (2) 

where 
 1 1 2 1,             a a b bη = η =/ / . (3) 

Denote by ( )f ⋅  the mean value of ∆ -periodic integrable function ta-

king constant values if  in i∆ : 

 
4 4

1 1

1 1

i

i i i
i i

f f dx dy f
ab ab= =∆

≡ = ∆∑ ∑∫ , (4) 

where 
 1 1 1 1 1 1(0, ) (0, ),      a b a b∆ = × ∆ = , 

 2 1 1 2 1 1( , ) (0, ),      ( )a a b a a b∆ = × ∆ = − , 

 3 1 1 3 1 1( , ) ( , ),      ( )( )a a b b a a b b∆ = × ∆ = − − , 

 4 1 1 4 1 1(0, ) ( , ),      ( )a b b a b b∆ = × ∆ = − . (5) 

By using equations (2)–(5) and according to the results of papers [7, 14], 
the governing equations of the homogenized model with microlocal parame-
ters can be written in the form 

 , , , , , , , 0xx yy i x i x i y i y tK K K cθ + θ + γ + γ − ρ θ =( )   , (6) 

 2 2
1, , 1, 1 2, , 2, 2( ) 0,     ( ) 0x x x y y yK K K Kθ + γ = θ + γ =    , (7) 

 2 2
3, , 3, 3 4, , 4, 4( ) 0 ,    ( ) 0x x x y y yK K K Kθ + γ = θ + γ =    , (8) 

where the following set of material constants is obtained 

 1 2 1 1 2 2 1 2 3 1 2 4(1 ) (1 )(1 ) (1 )K K K K K= η η + − η η + − η − η + η − η , 

 1 2 1 1 2 2 1 2 3 1 2 4(1 ) (1 )(1 ) (1 )c c c c c= η η + − η η + − η − η + η − η , 
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 1, 1 2 1 2 2, 1 2 1 4( ),         ( )x yK K K K K K= η η − = η η −  , 

 3, 1 2 4 3 4, 1 2 2 3(1 )( ),      (1 ) ( )x yK K K K K K= η − η − = − η η −  , 

 1, 2, 3, 4, 0y x y xK K K K= = = =    , 

 2
1, 1 2 1 1 2 1( ) (1 )xK K K= η η + η − η [ / ] ,  

 2
2, 1 2 1 2 4 2( ) (1 )yK K K= η η + η − η [ / ] , 

 2
3, 1 2 4 1 3 1( ) (1 ) (1 )xK K K= η − η + η − η [ / ] , 

 2
4, 1 2 2 2 3 2( ) (1 ) (1 )yK K K= − η η + η − η [ / ] . (9) 

By using relations (7)–(9) the microlocal parameters iγ  can be eliminated 
from equation (6). Thus, we obtain 

 1 , 2 , , 0xx yy tA A cθ + θ − ρ θ = , (10) 

where 

 

2 2

1, 3,
1 2 2

1, 3,( ) ( )

x x

x x

K K
A K

K K
= − −

 

 
, 

 

2 2

2, 4,
2 2 2

2, 4,( ) ( )

y y

y y

K K
A K

K K
= − −

 

 
. (11) 

Since ( , ) max ( , )i x y a b<  for every ( , )x y , then for small max ( , )a b  the 

underlined terms in equation (1) are small and will be neglected (functions 
( )i ⋅  take infinitesimal values during the homogenization procedure, see [14]). 

However, the derivatives ,i x  and ,i y  are not small and they cannot be 

neglected, so we have: 

 , , , , , ,,            ,        s s x x i x i s y y i y iT T T≈ θ ≈ θ + γ ≈ θ + γ  . (12) 

Thus, by using equations (7)–(9) and (12) the heat flux vector iq  takes the 
form 
 1 1 , 2 , 2 1 , 3 ,,  ,        ,  x y x yB B B B= θ θ = θ θq q[ ] [ ] , (13) 

 3 4 , 3 , 4 4 , 2 ,,  ,        ,  x y x yB B B B= θ θ = θ θq q[ ] [ ] , 

where 

 1 2 1 4
1 2

1 1 1 2 2 1 2 4
,           

(1 ) (1 )
K K K K

B B
K K K K

= =
− η + η − η + η

, 

 2 3 3 4
3 4

2 2 2 3 1 4 1 3
,           

(1 ) (1 )
K K K K

B B
K K K K

= =
− η + η − η + η

. (14) 

From equations (13) and (14) it follows that the continuity conditions for 
the heat flux on the composite interfaces are satisfied. 

3. Problem formulation. Consider the composite strip heated by a normal 
heat flux with constant intensity q  at time 0t >  on the upper boundary 

plane. Let d nb=  be the thickness of the composite layer, where n  is a 
sufficiently large natural number (Fig. 1). The strip is assumed to be perfectly 
joined with the homogenous half-space y d≥ . From the assumptions given 
above it follows that the problem is independent with respect of the vari-
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able x . So, we consider the following equations of heat conduction: 

 1
, , 0,        0 ,       0yy s tk y d t−θ − θ = < ≤ > , (15) 

and 

 1
, , 0,        ,       0f yy f f tT k T y d t−− = ≥ > , (16) 

where 2sk A c= ρ( )/  and fk  are the thermal diffusivities of the composite 

strip and foundation, respectively. 
The boundary conditions will be taken into account in the following 

approximate form 

 2 , ( , ) ,     0,     0yA y t q y tθ = − = > , (17) 

 2 , ,( , ) ( , ),     ( , ) ( , ),    0,    0f y f f yd t T d t A y t K T y t y tθ = θ = = > , (18) 

where fK  is the thermal conductivity of the foundation. The initial conditions 

are assumed as 

 ( ,0) 0,      0 ,         ( ,0) 0,      fy y d T y d yθ = ≤ ≤ = ≤ < ∞ , (19) 

and the condition of regularity at infinity is 

 ( , ) 0fT y t →  for y → ∞ . (20) 

4. Solution of the problem. Denoting the Laplace transforms by [12] 

 
0 0

( , ) ( , ) exp ( ) ,     ( , ) ( , ) exp ( )f fy p y t pt dt T y p T y t pt dt
∞ ∞

θ = θ − = −∫ ∫ , 

the solution of the nonstationary heat conductivity problem (15)–(20) can be 
written as 

 1 1( , ) ch ( ) sh ( )
( )

q
y p d y p Ak d y p Ak

p p N p
θ = − + ε −/ /[ ] [ ] , (21) 

 ( , ) exp ( )
( )

f f
q

T y p y d p k
p p N p

= − − /[ ] , (22) 

where 

 2

1 11

( ) sh chf

f

KA p p
N p d d

Ak AkAk k

   = +   
   

, (23) 

 1

2

f

f

K Ak
A k

ε = , (24) 

 1 4 1 2 3

2 2 4 2 2 2 3

(1 )
,      

(1 ) (1 )

K K KKA K
c K K K

∗ ∗ ∗∗
∗

∗ ∗ ∗ ∗

η − η
= = +

− η + η − η + η
, (25) 

 1 2 1 2 1 2 3 1 2 4(1 ) (1 )(1 ) (1 ) )c c c c∗ ∗ ∗ ∗= η η + − η + − η − η + η − η , (26) 

 2 3 4
2 3 4

1 1 1
,       ,       

K K K
K K K

K K K
∗ ∗ ∗= = = , 

 2 3 4
2 3 4

1 1 1
,       ,       

c c c
c c c

c c c
∗ ∗ ∗= = = , (27) 

1 1 1( )k K c= ρ/  is the thermal diffusivity of the first composite component. We 
note that the parameter ε  (24) refers to the coefficient of thermal activity of 
the foundation concerning a composite strip.  

Decomposing the denominator ( )N p  (23) in a series by the parameter 

(1 ) (1 )β = − ε + ε/ , the solutions in (21) and (22) can be rewritten as 
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 1

101

( , ) exp (2 )
n

n

q k p
y p dn y

Akp pK K c

∞

∗ ∗
=

 γ  θ = − + +   
∑  

 
11

exp (2 )
n

n

p
dn y

Akp p

∞

=

 γ + − −    
∑ , (28) 

 ( , )fT y p =  

 1

101

2
exp (2 ) ( )

(1 )

n

fn

q k p p
dn d y d

Ak kp pK K c

∞

∗ ∗
=

γ  = − + − −  + ε
∑ , (29) 

where 

 
 ,  0 1,

( 1) , 1 0.n

β ≤ β <γ =  − β − < β <
 

The forms (28) and (29) of the solutions permit finding readily their 
inverse Laplace transforms [12] 

 1

0 11 11

2 2 2
( , ) ( , ) ierfc ierfc

2 2
n n

s
n n

q k t dn y dn y
T y t y t

Ak t Ak tK K c

∞ ∞

∗ ∗
= =

+ −    ≈ θ = γ + γ        
∑ ∑ , 

 0 y d≤ ≤ , (30) 

 1

0 11

4 (2 1)
( , ) ierfc ,    

2 2(1 )

n
f

n f

q k t y ad n
T y t y d

Ak t k tK K c

∞

∗ ∗
=

− += γ + ≥ 
 + ε

∑ , (31) 

where 2ierfc ( ) exp ( ) erfc ( )x x x x= − π −/ , erfc ( ) 1 erf ( )x x= −  and erf ( )x  is 
the error function. The solutions (30) and (31) are the basis for our subsequent 
numerical investigations. 

5. Numerical results and final remarks. The temperature distributions in 
the composite strip and the homogeneous substrate given by equations (30) 
and (31) depend on many dimensionless parameters. These include thermal 
parameters, which are related to the thermal properties of the first 

component of composite 2 3 4 2 3 4,  ,  ,  ,  ,  K K K c c c∗ ∗ ∗ ∗ ∗ ∗  (27), and two geometrical 

parameters 1 2,  η η  (3). Introduce the following dimensionless variables 

 1
2

1
,       ,       ,       ,       

k t q hyd Td y t T
h h Kh

∗ ∗ ∗ ∗= = = = Λ =
Λ

, 

where sT T=  for 0 y d≤ ≤  and fT T=  for y d>  and h is a characteristic 

dimension (for example, the thermal penetration depth [10]). 
The distributions of dimensionless temperature in the composite layer 

and the homogeneous half-space are presented in Figs 2–11. The structure of 
the composite strip permits us to consider some particular cases of the body. 

Figs 2–11 are performed for the dimensionless time moment 0.5t∗ =  and the 

width of the strip 0.2d∗ =  in the case when 1 2 3 4c c c c c= = = = .  

The dimensionless temperature T∗  as a function of dimensionless 

variable y∗  for the layered structure of the strip is shown in Figs 2 and 3. 
The thermal conductivity of the substrate is taken to be the same as the 

thermal conductivity of the upper layer 3 4( ).fK K K= =  The temperature T∗  

referred to the homogeneous half-space with the conductivity coefficient fK  

is presented by curves 1; the temperature in the homogeneous strip-substrate 
system for 1 2fK K =/  in Fig. 2 and for 1 0.5fK K =/  in Fig. 3 is presented by 

curves 2.  
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The solid curves refer to the composite strip – substrate system for heat 
conduction ratio 1 3 1 4 2 12,  1fK K K K K K K K= = = =/ / / /  (Fig. 2) and for 

1 3 1 4 2 10.5, 1fK K K K K K K K= = = =/ / / /  (Fig. 3) at fixed geometric parameter 

1 1η =  and for values of the parameter 2 0.3, 0.5, 0.7η = .  
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The dimensionless temperature T∗  as a function of dimensionless 

variable y∗  in the non-homogeneous structure composed of the layered strip 
with the layering normal to the boundary and the homogeneous substrate is 

presented in Figs 4 and 5. The temperature T∗  referred to the homogeneous 
half-space is presented by curves 1; the temperature in the homogeneous 
strip-substrate system for 1/ 2fK K =  in Fig. 4 and for 1/ 0.5fK K =  in Fig. 5 

is presented by curves 2.  
The solid curves refer to the composite strip – substrate system for heat 

conduction ratio 1 2 1 3 1 4 12,   1fK K K K K K K K= = = =/ / / /  (Fig. 4) and for 

1 2 1 3 1 4 10.5,  1fK K K K K K K K= = = =/ / / /  (Fig. 5) at fixed geometric parameter 

2 1η =  and for values of the parameter 1 0.3, 0.5, 0.7η = .  
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 Fig. 4  Fig. 5 
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The temperature T∗  as a function of dimensionless variable y∗  for 
composite with periodically distributed rectangular inclusions at fixed values 

of the parameters 1 2,η η  is shown in Figs. 6 and 7. The temperature T∗  
referred to the homogeneous half-space is presented by curves 1; the 
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temperature in the homogeneous strip-substrate system for 1/ 2fK K =  in 

Fig. 6 and for 1/ 0.5fK K =  in Fig. 7 is presented by curves 2.  

The solid curves refer to the composite strip – substrate system for heat 
conduction ratio 1 2 1 3 1 4 1 2fK K K K K K K K= = = =/ / / /  (Fig. 6) and for 1fK K =/  

2 1 3 1 4 1 0.5K K K K K K= = = =/ / /  (Fig. 7) at several values of the geometric pa-

rameters 1η  and 2η . 
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 Fig. 8  Fig. 9 

Figs 8 and 9 show the dimensionless temperature on the boundary sur-

faces of the strip 0y∗ =  and y d∗ =  as functions of the parameter 1η  (the 

dashed curves) and 2η  (the solid curves) for different values of thermal con-
ductivities. The solid curves refer to the composite strip – homogeneous sub-
strate system for heat conduction ratio 1 3 1 4 1 2fK K K K K K= = =/ / / , 2 1 1K K =/  

(Fig. 8) and for 1 3 1 4 1 2 10.5,  1fK K K K K K K K= = = =/ / / /  (Fig. 9) at fixed 

geometric parameter 1 1η = . The dashed curves refer to the case 1fK K =/  

2 1 3 1 4 12,  1K K K K K K= = = =/ / /  (Fig. 8) and 1 2 1 3 1 0.5fK K K K K K= = =/ / / , 

4 1 1K K =/  (Fig. 9) at fixed value 2 1η = . 
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 Fig. 10  Fig. 11 

The lines of constant dimensionless temperature on the boundary surface 

0y∗ =  are presented in Figs 10 and 11 in the case of a composite strip with 

periodically distributed inclusions for thermal conductivities 1 2 1fK K K K= =/ /  

3 1 4 1 2K K K K= = =/ /  (Fig. 10) and 1 2 1 3 1 4 1 0.5fK K K K K K K K= = = =/ / / /  

(Fig. 11) at different values of the geometrical parameters , 1,2i iη = . 
The results obtained for the temperature distributions in the composite 

strip attached to a homogeneous half-space given by equations (30) and (31) 
have permitted us to obtain the solutions of heat conduction problems for the 
layered strip, chessboard structures, the composite with periodically dis-
tributed inclusions. Assuming that 1 2 3 4K K K K= = =  and 1 2 3 4c c c c= = =  
from equation (30) we obtain the solution for the homogeneous layer. More-
over, the above case under assumption ,  ,  1,2,3, 4f i f iK K k k i= = = , leads to 

the case of homogeneous semi-space. 
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НЕСТАЦІОНАРНА ЗАДАЧА ТЕПЛОПРОВІДНОСТІ 
ДЛЯ КОМПОЗИТНОЇ СМУГИ НА ОДНОРІДНІЙ ОСНОВІ 
 
Ðîçãëÿíóòî íåñòàö³îíàðíó çàäà÷ó òåïëîïðîâ³äíîñò³ äëÿ ñìóãè, íàíåñåíî¿ íà îäíî-
ð³äíó îñíîâó. Ñìóãà ñêëàäàºòüñÿ ³ç ïåð³îäè÷íî¿ ñèñòåìè êîì³ðîê ïðÿìîêóòíîãî 
ïîïåðå÷íîãî ïåðåð³çó. Òàêå êóñêîâî-îäíîð³äíå íàï³âáåçìåæíå ò³ëî íàãð³âàºòüñÿ íà 
â³ëüí³é ïîâåðõí³ òåïëîâèì ïîòîêîì ñòàëî¿ ³íòåíñèâíîñò³. ×èñëîâ³ ðîçðàõóíêè 
ïðîâåäåíî äëÿ äåÿêèõ ÷àñòêîâèõ ôîðì êîìïîçèòó. Âïëèâ òåïëîô³çè÷íèõ ³ ãåîìåò-
ðè÷íèõ ïàðàìåòð³â çàäà÷³ íà ðîçïîä³ë òåìïåðàòóðè ïîäàíî ó âèãëÿä³ ãðàô³ê³â. 
 
НЕСТАЦИОНАРНАЯ ЗАДАЧА ТЕПЛОПРОВОДНОСТИ ДЛЯ 
КОМПОЗИЦИОННОЙ ПОЛОСЫ НА ОДНОРОДНОМ ОСНОВАНИИ 
 
Ðàññìîòðåíà íåñòàöèîíàðíàÿ çàäà÷à òåïëîïðîâîäíîñòè äëÿ ïîëîñû, íàíåñåííîé 
íà îäíîðîäíîå îñíîâàíèå. Ïîëîñà ñîñòîèò èç ïåðèîäè÷åñêîé ñèñòåìû ÿ÷ååê ïðÿìî-
óãîëüíîãî ïîïåðå÷íîãî ñå÷åíèÿ. Íà ñâîáîäíîé ïîâåðõíîñòè ñîñòàâíîå òåëî íàãðåâà-
åòñÿ òåïëîâûì ïîòîêîì ïîñòîÿííîé èíòåíñèâíîñòè. ×èñëîâûå ðàñ÷åòû ïðåä-
ñòàâëåíû äëÿ íåêîòîðûõ ÷àñòíûõ ñëó÷àåâ ôîðìû êîìïîçèòà. Âëèÿíèå òåïëîôè-
çè÷åñêèõ è ãåîìåòðè÷åñêèõ ïàðàìåòðîâ çàäà÷è íà ðàñïðåäåëåíèå òåìïåðàòóðû 
ïîêàçàíî â âèäå ãðàôèêîâ. 
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