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СВЯЗАННЫЕ ТЕРМОУПРУГИЕ ПОЛЯ  
В СЛОЕ ПРИ СОСРЕДОТОЧЕННЫХ ВОЗБУЖДЕНИЯХ 
 

Ïîñòðîåíà ïîëíàÿ ñèñòåìà îäíîðîäíûõ ðåøåíèé óðàâíåíèé ñâÿçàííîé çàäà÷è 

òåðìîóïðóãîñòè äëÿ ñëîÿ â 3  ñ ó÷åòîì êîíå÷íîé ñêîðîñòè ðàñïðîñòðàíå-
íèÿ òåïëà. Ñ ó÷åòîì ñòðóêòóðû îäíîðîäíûõ ðåøåíèé ïîëó÷åíà ìàòðèöà 
ôóíäàìåíòàëüíûõ ðåøåíèé, ñîîòâåòñòâóþùàÿ äåéñòâèþ â ñëîå ãàðìîíè÷åñ-
êèõ âî âðåìåíè ñîñðåäîòî÷åííûõ óñèëèé è òåïëîâûõ èñòî÷íèêîâ. Ðàññìîòðå-
íû ïðèìåðû ñîñðåäîòî÷åííûõ ãàðìîíè÷åñêèõ è èìïóëüñíûõ âîçáóæäåíèé 
ñëîÿ. 

 
Îäíèì èç ýôôåêòèâíûõ ìåòîäîâ ðåøåíèÿ ãðàíè÷íûõ çàäà÷ ìàòåìàòè-

÷åñêîé ôèçèêè ÿâëÿåòñÿ ìåòîä îäíîðîäíûõ ðåøåíèé. Îí äîñòàòî÷íî õîðîøî 
îòðàáîòàí â çàäà÷àõ ãèäðîäèíàìèêè è òåïëîïðîâîäíîñòè, óïðóãîñòè è 
ýëåêòðîóïðóãîñòè [2, 5, 7, 9, 11–14, 18] è äð. Â äàííîé ñòàòüå ñõåìà ïîñòðî-
åíèÿ îäíîðîäíûõ ðåøåíèé ðàñïðîñòðàíåíà íà óðàâíåíèÿ ñâÿçàííîé òåðìî-
óïðóãîñòè äëÿ ñëîÿ. 

Îòìåòèì, ÷òî ïðè ðåøåíèè òðåõìåðíûõ ãðàíè÷íûõ çàäà÷ äëÿ ïëàñòèí 
ìåòîäîì îäíîðîäíûõ ðåøåíèé âîçíèêàåò ïðîáëåìà ñîîòâåòñòâèÿ ìåæäó ãðà-
íè÷íûìè óñëîâèÿìè òåîðèè óïðóãîñòè è ãðàíè÷íûìè óñëîâèÿìè äëÿ ñ÷åò-
íîé ñîâîêóïíîñòè ìåòàãàðìîíè÷åñêèõ ôóíêöèé, âõîäÿùèõ â îäíîðîäíûå ðå-
øåíèÿ. Ýòîò âîïðîñ ðàññìàòðèâàëñÿ â [2]. Åñëè êîíôèãóðàöèÿ îáëàñòè îò-
ëè÷íà îò êðóãîâîé, òî öåëåñîîáðàçíî èñïîëüçîâàòü òåõíèêó ñèíãóëÿðíûõ 
èëè ðåãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé â ñî÷åòàíèè ñ ìåòîäîì îäíîðîä-
íûõ ðåøåíèé. Â ðàáîòå [15] áûëî íàéäåíî âçàèìíî îäíîçíà÷íîå ñîîòâåòñò-
âèå ìåæäó ïëîòíîñòÿìè â èíòåãðàëüíûõ ïðåäñòàâëåíèÿõ ìåòàãàðìîíè÷åñ-
êèõ ôóíêöèé è ôèçè÷åñêèìè âåëè÷èíàìè – ñêà÷êàìè êèíåìàòè÷åñêèõ âå-
ëè÷èí íà ãðàíè÷íûõ ïîâåðõíîñòÿõ ðàçðåçîâ. Ýòîò ïóòü íåóäîáåí òåì, ÷òî 
ïðèâîäèò ê íåîáõîäèìîñòè ðåãóëÿðèçàöèè ðàñõîäÿùèõñÿ èíòåãðàëîâ è, êàê 
ñëåäñòâèå, – ê îäíîìåðíûì èíòåãðî-äèôôåðåíöèàëüíûì óðàâíåíèÿì äîñòà-
òî÷íî ñëîæíîé ñòðóêòóðû [4, 15, 17, 20]. 

Â ñâÿçè ñî ñêàçàííûì îäíèì èç àâòîðîâ áûë ïðåäëîæåí íîâûé ïîäõîä ê 
ðåøåíèþ ïðîñòðàíñòâåííûõ ñòàöèîíàðíûõ äèíàìè÷åñêèõ è ñòàòè÷åñêèõ 
çàäà÷ óïðóãîñòè äëÿ ìíîãîñâÿçíûõ ïëèò, îïèðàþùèéñÿ íå íà îäíîðîäíûå, à 
íà 2h -ïåðèîäè÷åñêèå ôóíäàìåíòàëüíûå ðåøåíèÿ äëÿ ñëîÿ. Íà ýòîì ïóòè 
óäàåòñÿ èçáåæàòü óêàçàííûõ âûøå òðóäíîñòåé, ïðèõîäÿ ê õîðîøî èçó÷åí-
íûì îäíîìåðíûì èíòåãðàëüíûì óðàâíåíèÿì. Ìàòðèöû ôóíäàìåíòàëüíûõ 
ðåøåíèé â óïðóãîñòè è ýëåêòðîóïðóãîñòè äëÿ ñëîÿ ïîñòðîåíû â [16, 19]. Íè-
æå ñõåìà ïîñòðîåíèÿ 2h -ïåðèîäè÷åñêèõ ôóíäàìåíòàëüíûõ ðåøåíèé ðàñ-
ïðîñòðàíÿåòñÿ íà ñâÿçàííóþ çàäà÷ó òåðìîóïðóãîñòè. 

1. Îäíîðîäíûå ðåøåíèÿ. Îñíîâíàÿ ñèñòåìà óðàâíåíèé ñâÿçàííîé òåð-

ìîóïðóãîñòè [1, 3, 10] ïîñëå èñêëþ÷åíèÿ âðåìåííîãî ìíîæèòåëÿ i te− ω  ïðè-
íèìàåò âèä 
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Çäåñü 4,  1,2,3, ,  j jU j U X∗=  è Q∗  – àìïëèòóäû ïåðåìåùåíèé ju , òåì-

ïåðàòóðû 0T Tθ = − , èíòåíñèâíîñòåé îáúåìíûõ ñèë jF  è òåïëîâûõ 

èñòî÷íèêîâ Q  ñîîòâåòñòâåííî; ,  ,  E ν ρ  – ìîäóëü Þíãà, êîýôôèöèåíò 

Ïóàññîíà è ïëîòíîñòü; ,  ,  T T cεα λ  – êîýôôèöèåíòû ëèíåéíîãî ðàñøèðåíèÿ, 

òåïëîïðîâîäíîñòè è óäåëüíàÿ òåïëîåìêîñòü ìàòåðèàëà; TV  è 2V  – ñêîðîñòè 
ðàñïðîñòðàíåíèÿ òåïëîâûõ è ìåõàíè÷åñêèõ ñäâèãîâûõ âîçìóùåíèé â ñðåäå; 

0T  – òåìïåðàòóðà òåëà â èñõîäíîì íåâîçìóùåííîì ñîñòîÿíèè; ∗τ  – âðåìÿ 

ðåëàêñàöèè òåïëîâîãî ïîòîêà; ω  – êðóãîâàÿ ÷àñòîòà. 
Àìïëèòóäû òåíçîðà íàïðÿæåíèÿ îïðåäåëÿþòñÿ ðàâåíñòâàìè [10] 

 4(3 2 ) ,    , 1,2,3ij i j j i T ijS U U e U i j= µ ∂ + ∂ + λ − λ + µ α δ =( ) [ ] , (2) 

ãäå ijδ  – ñèìâîë Êðîíåêåðà. 

Ïðè ïîñòðîåíèè îäíîðîäíûõ ðåøåíèé óðàâíåíèé (1) ïîëàãàåì 0jX = , 

1, 2, 3j = , è 0Q = . Â äåêàðòîâîé ñèñòåìå êîîðäèíàò 1 2 3Ox x x  ðàññìîòðèì 

ñëîé 1 2 3,  ,  x x x h− ∞ < < ∞ ≤  ïðè ñëåäóþùèõ ãðàíè÷íûõ óñëîâèÿõ íà åãî 

îñíîâàíèÿõ 3x h= ± : 

 3 13 23
3

0,       0u
x
∂θ= σ = σ = =

∂
. 

Ñîãëàñíî óñòàíîâèâøåéñÿ â ëèòåðàòóðå òåðìèíîëîãèè ðåøåíèÿ îäíî-
ðîäíîé ñèñòåìû (1) ïðè îäíîðîäíûõ ãðàíè÷íûõ óñëîâèÿõ íà îñíîâàíèÿõ 
ñëîÿ íàçûâàþòñÿ îäíîðîäíûìè [9, 11]. 

Èç (1) îáû÷íûì ïðèåìîì èñêëþ÷èì íåèçâåñòíûå ,  1,2,3jU j = . Â ðå-

çóëüòàòå ïðèõîäèì ê ñèñòåìå îòíîñèòåëüíî ôóíêöèé 4U  è e  âèäà 
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1 0
1 Te e U+ ν∆ + γ − α ∆ =

− ν
, 

 2 2
4 0,      ( )Tm e i U m m i∗ ∗ ∗ω + ∆ + γ + γ = = + ωτ( ) . 

Îòñþäà ïîëó÷àåì 

 2 2
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∗
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, 

 2 2 2 2 2
1 2 1,        (1 )Tb i∗ = γ γ + γ γ = + σ γ( ) . 

Ïåðâîå óðàâíåíèå (3) èíòåãðèðóåì îïåðàòîðíûì ìåòîäîì [9]. Èìåÿ â 
âèäó ñèììåòðè÷íîå ðåøåíèå, íàõîäèì 
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2 4
a a

b k∗ ∗
∗ζ = − ± − = ζ − β β = ∇ = ∂ + ∂ .  (4) 

Âîçâðàùàÿñü òåïåðü ê èñõîäíîé ñèñòåìå (1) è ââîäÿ òóäà âûðàæåíèÿ 
äëÿ ôóíêöèè 4U  è e  èç (4), ïîëó÷àåì òðè íåñâÿçàííûõ óðàâíåíèÿ 
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0 0 0 0,      ,      2(1 )j j T Ta i
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ω
( ) . 

Èíòåãðèðóÿ óðàâíåíèÿ (5), ïîëó÷àåì 
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( ) sin ( ) shj
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k
U x x A A k x C−

=

= − δ δ ∂ + ∂ +
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∑ , (6) 

 2 2 2
1 2 3 2 1 2 1 2( , , ),   ,   ( , ),   ( , )j j j k kx x x x C a C x x A A x x∗= δ = β + γ = = . 

Ñîîòíîøåíèÿ (4), (6) ïðåäñòàâëÿþò ñèììåòðè÷íîå ðåøåíèå ñèñòåìû (1) â 
îïåðàòîðíîé ôîðìå. 

Ðàçëîæèì ôóíêöèè 1 2( , )kA x x  íà ïîòåíöèàëüíóþ è âèõðåâóþ ÷àñòè: 

 2 2
1 1 1 2 2 2 2 1 1 2,        A h A h= ∂ Ψ + ∂ Ψ = ∂ Ψ − ∂ Ψ( ) ( )  

è ââåäåì èõ â âûðàæåíèÿ (6). Âû÷èñëÿÿ ïî ôîðìóëàì (2), (4) àìïëèòóäû 
íàïðÿæåíèé 13 23,  S S , à òàêæå 4 3U x∂ ∂/ , ïðèõîäèì èç ãðàíè÷íûõ óñëîâèé 

3 13 23 3 40,  0U S S U= = = ∂ =  íà îñíîâàíèÿõ ñëîÿ 3x h= ±  ê ñëåäóþùåé 
ñèñòåìå ñîîòíîøåíèé: 

 1 2 2 10,        0u v u v∂ − ∂ = ∂ + ∂ = , 
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1
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k k hC
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sin 2 shj
j j

j j

k
u h h k hC−

=

= − δ δ ∇ + δ Ψ +
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∑( ) , 

 2
2sinv h h= δ δ Ψ .  (7) 

Ïåðâûå äâà óðàâíåíèÿ â (7) ïðåäñòàâëÿþò ñîáîé ðàâåíñòâà Êîøè – Ðè-
ìàíà, îòêóäà ïîëó÷àåì 

 Re ( ),         Im ( )u f z v f z= = ,  (8) 

ãäå ( )f z  – ïðîèçâîëüíàÿ àíàëèòè÷åñêàÿ ôóíêöèÿ êîìïëåêñíîãî ïåðåìåí-

íîãî 1 2z x ix= + . 
Èíòåãðèðóÿ âòîðîå èç óðàâíåíèé (8), íàõîäèì 

 (2) 2 2 (2)
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0 2 2
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sin ( )
n n n

n

f z

h h

∞

=
Ψ = ψ + ∇ + µ ψ =

γ γ
∑ ( ) ,  (9) 

 2 2 2
2 ,        ,         0,1,n n n

n n
h

πµ = γ − λ λ = =  . 

Òàêèì îáðàçîì, ôóíêöèÿ 2Ψ , îòâåòñòâåííàÿ çà âèõðåâóþ ÷àñòü 
îäíîðîäíûõ ðåøåíèé, ïðåäñòàâëåíà íàáîðîì ìåòàãàðìîíè÷åñêèõ ôóíêöèé 

(2) ,  0,1,n nψ =  . Îñòàâøèåñÿ óðàâíåíèÿ â (7) â ñîâîêóïíîñòè ñî âòîðûì èç 

óðàâíåíèé (8) ìîæíî ïðåîáðàçîâàòü ê ðàâíîñèëüíîé ôîðìå 
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2

1
1 2 2 2

12 2

Re ( )
sin ,          sh 0j

j j
j j

kf z
h k hC

h
−

=

δ δ Ψ = − =
γ ζ + γ

∑ , 

 
2

1

sh 0j j j
j

k k hC
=

=∑ . (10) 

Èíòåãðèðîâàíèå ïåðâîãî îïåðàòîðíîãî óðàâíåíèÿ (10) äàåò 

 (1)
1 2

1 2 2

Re ( )

sin ( )
n

n

f z

h h

∞

=

Ψ = ψ −
γ γ

∑ ,  (11) 

ãäå (1)
nψ  – ìåòàãàðìîíè÷åñêèå ôóíêöèè, óäîâëåòâîðÿþùèå òîìó æå óðàâíå-

íèþ, ÷òî è ôóíêöèè (2)
nψ . 

Íàêîíåö, èíòåãðèðóÿ äâà ïîñëåäíèõ óðàâíåíèÿ (10), íàõîäèì 

 ( ) 2 2 ( )

0

,           0k k
k n kn n

n

C
∞

=

= ϕ ∇ + ε ϕ =∑ ( ) ,  (12) 

 2 2 ,          1,2,       0,1kn n k k nε = − λ − ζ = =  . 

Èñêîìûå îäíîðîäíûå ðåøåíèÿ íàõîäèì, ðåàëèçóÿ ôèãóðèðóþùèå â 
ôîðìóëàõ (6) îïåðàòîð-ôóíêöèè ñ ó÷åòîì ñîîòíîøåíèé (9), (11) è (12). 
Îêîí÷àòåëüíî ïîñëå ïðåîáðàçîâàíèé ïîëó÷àåì 
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n n
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∞ ∞
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∑ ∑ . (13) 

Êàê è ñëåäîâàëî îæèäàòü, àíàëèòè÷åñêàÿ ôóíêöèÿ ( )f z  íå âõîäèò â 
îêîí÷àòåëüíûé ðåçóëüòàò. 

2. Ôóíäàìåíòàëüíûå ðåøåíèÿ äëÿ ñëîÿ. Ïóñòü âäîëü øíóðà 1 10x x= , 

2 20 3,  x x x h= ≤  ðàñïðåäåëåíû óñèëèÿ Re i t
j jY e X− ω= ( ) èëè òåïëîâûå èñ-

òî÷íèêè Re i tq e Q− ω= ( )  ñ àìïëèòóäàìè 

 1 2 1 2 4 3 3 3 3
0 1

, , , , cos ,    sinn n n n n n
n n

X X Q P P P x X P x
∞ ∞

= =

= λ = λ∑ ∑{ } { } . (14) 

Ïîëåâûå âåëè÷èíû, èñõîäÿ èç ñòðóêòóðû îäíîðîäíûõ ðåøåíèé (13), áóäåì 
ðàçûñêèâàòü â âèäå 

 1 2 4 1 2 4 3 3 3 3
0 1

, , , , cos ,     sinn n n n n n
n n

U U U U U U x U P x
∞ ∞

= =

= λ = λ∑ ∑{ } { } , 

 3 1 1 2 2 3
0

cos ,    n n n n n n n
n

e e x e U U U
∞

=

= λ = ∂ + ∂ + λ∑ . (15) 

Èñêëþ÷àÿ èç (1) âðåìÿ è òîëùèííóþ êîîðäèíàòó 3x , ñ ó÷åòîì ñîîòíî-
øåíèé (14), (15) ïîëó÷àåì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé îòíîñè-
òåëüíî êîýôôèöèåíòîâ Ôóðüå ïîëåâûõ âåëè÷èí 
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 2 2
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3 2
( ) 0,   1,2,3kn

n kn k n T n
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U e U x k

λ + µ ∇ + µ + ∂ σ − α + δ = = µ µ 
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p
d U m e i x x x x∗ ∗∇ + + ω + − ωτ δ = = ∈
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 2 2 2 2
3,    1,2,      ,    k n n T n

k
k d i

x
∂∂ = = ∂ = − λ = γ + γ − λ

∂
, 

ãäå ( )xδ  – äåëüòà-ôóíêöèÿ [1]. 
Îòñþäà ïîëó÷àåì ñíà÷àëà ñèñòåìó èç äâóõ óðàâíåíèé îòíîñèòåëüíî 

íåèçâåñòíûõ 4nU  è ne : 

 1 1 2 2 3
11 12 4 ( )

( 1)
n n n n

n n

p p p
e U x

∂ + ∂ + λ
− = − δ

µ σ +
  , 

 4
21 22 4 (1 ) ( )n

n n
T

p
e U i x∗+ = − − ωτ δ

λ
  ,  (17) 

 
ν
ν

2 2 2 2 2 2 2
11 1 12 21 22

1
,    ,   

1
,   n T n nm d∗+

= ∇ + γ − λ = α ∇ − λ = ω = ∇ +
−

   ( ) . 

Äàëüíåéøèå ðàññóæäåíèÿ öåëåñîîáðàçíî ïðîâåñòè äëÿ ÷åòûðåõ ðàç-
ëè÷íûõ âàðèàíòîâ âîçáóæäåíèÿ. Ïîäðîáíî ðàññìîòðèì ïåðâûé ñëó÷àé: 

1 2 30,  0X X X Q≠ = = = .  

Â ýòîì ñëó÷àå ïîëàãàåì (1) (1)
22 4 21,  n n n ne U= Φ = − Φ  . Òîãäà âòîðîå èç 

óðàâíåíèé (17) áóäåò óäîâëåòâîðåíî òîæäåñòâåííî, à ïåðâîå ïðèìåò âèä 

 2 2 2 (1) 1
1 ( )

( 1)
n

n n n

p
A B x∇ ∇ + ∇ + Φ = − ∂ δ

µ σ +
( ) , (18) 

 2 2 2
1

1
1n n n TA d m∗+ ν= γ − λ + + ωα

− ν
, 

 2 2 2 2
1

1
1n n n n TB d m∗+ ν= γ − λ − λ ωα

− ν
( ) . 

Èíòåãðèðîâàíèå óðàâíåíèÿ (18) â êëàññå D′  îáîáùåííûõ ôóíêöèé [1] äàåò 

 
2

(1) 1 (1)1
1 0 2 2

1 1 2

1( 1) ( ),    
4 ( 1)

jn n
n jn n

j n n

p
H r

i
−

=

α
Φ = − ∂ µ α =

µ σ + µ − µ
∑

( )
, 

 1 2 0 10 20 0,       ,        z x ix z x ix r z z= + = + = − , 

ãäå (1) ( )pH x  – ôóíêöèÿ Ãàíêåëÿ ïåðâîãî ðîäà ïîðÿäêà 1 2;  ,n np µ µ  – êîðíè 

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ 

 4 2 0,         0,1,n n n nZ A Z B n− + = =  . 

Î÷åâèäíî, íåîáõîäèìî âûáðàòü êîðíè ñ íåîòðèöàòåëüíûìè ìíèìûìè ÷àñ-
òÿìè. Äàëåå íàõîäèì 

 
2

(1) (1) 1 2 2 (1)1
22 1 0

1

( 1) ( )
4

jn n
n n n jn jn

j

p
e d H r

i
−

=

α
= Φ = − − µ ∂ µ

µ ∑ ( ) , 

 (1) (1)
4n nU m∗= − ω Φ . (19) 

Ñîîòíîøåíèÿ (19) äàþò âîçìîæíîñòü ñâåñòè ñèñòåìó (16) ê òðåì íåçàâè-
ñèìûì óðàâíåíèÿì âèäà 

 2 2
n knU∇ + µ =( )  

 
2

1 (1) 1
1 0 1

1

( 1) ( ) ( ) ,     1,2,3
4

jkn n n
jn k jn k

j

p p
H r x k

i
−

=

α
= − σ − ρ ∂ ∂ µ − δ δ =

µ µ∑ , 

 ν2 2
32(1 ) ,    jn n jn T nd m∗ρ = − µ + + α ω ∂ = − λ . 

Èíòåãðèðîâàíèå ýòîé ñèñòåìû äàåò 
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2

(1) (1) 1 (1)1 1
1 0 1 0

0

( ) ( 1) ( )
4 4

jn n n
kn k n jn k jn

j

ip p
U H r B H r

i
−

=

α σ
= δ µ − − ∂ ∂ µ

µ µ ∑ , (20) 

 
2

0 02 2 2 2
1

,  ,   ,   1,2,   0,1,jn jn
n jn n n

j n jn n jn

B B j n
=

ρ ρ
= = µ = µ = =

µ − µ µ − µ
∑  . 

Ëåãêî âèäåòü, ÷òî ñîîòíîøåíèå 1 1 2 2 3n n n n ne U U U= ∂ + ∂ + λ  ôóíêöèÿìè 

(19), (20) âûïîëíÿåòñÿ íà ñàìîì äåëå.  
Òàêèì îáðàçîì, ôîðìóëû (19), (20) ïîëíîñòüþ îïðåäåëÿþò ðåøåíèå 

ñèñòåìû (16) äëÿ ðàññìàòðèâàåìîãî âàðèàíòà âîçáóæäåíèÿ ñëîÿ. Òðè 
îñòàëüíûõ ñëó÷àÿ ðàññìàòðèâàþòñÿ ñîâåðøåííî àíàëîãè÷íî. Âûïèøåì 
çäåñü îêîí÷àòåëüíûå ðåçóëüòàòû 
 1°.  1 2 30,       0X X X Q≠ = = = : 

 (1) (1)1 ,      1,2,3, 4,       0,1,
4

n
kn kn

p
U g k n

i
= = =

µ
 , 

 
2

(1) (1) 2 (1)
1 0 1 0

0

( ) ( 1) ( )j
n n n jn jn

j

g H r B H r
=

= − µ + σα − ∂ µ∑ , 

 
2

(1) (1)
2 1 2 0

0

( 1) ( )j
n n jn jn

j

g B H r
=

= σα − ∂ ∂ µ∑ , 

 
2

(1) (1)
3 1 0

0

( 1) ( )j
n n n jn jn

j

g B H r
=

= − σα λ − ∂ µ∑ , 

 (1) (1) (1)
4 1 0 1 0 2( ),         ( ) ( ) ( )n n n n n ng m H r H r H r H r∗= − ωα ∂ = µ − µ ; (21) 

 2°.  2 1 30,      0X X X Q≠ = = = : 

 ( ) ( )2 22 ,
4

n
kn kn

p
U g

i
=

µ
 

 
2

(2) (1) (2) (1) 2 (1)
1 2 2 0 2 0

0

,           ( ) ( 1) ( )j
n n n n n jn jn

j

g g g H r B H r
=

= = − µ + σα − ∂ µ∑ , 

 
2

(2) (1) (2)
3 2 0 4 2

0

( 1) ( ),      ( )j
n n n jn jn n n n

j

g B H r g m H r∗

=

= − σα λ − ∂ µ = − ωα ∂∑ ; (22) 

 3°.  3 1 2   0,    0X X X Q≠ = = = : 

 (3) (3)3

4
n

kn kn

p
U g

i
=

µ
, 

 (3) (1) (3) (2) (3)
1 3 2 3 4,        ,       ( )n n n n n n n ng g g g g m H r∗= − = − = − α λ ω , 

 
2

(3) (1) 2 (1)
3 0 0

0

( ) ( 1) ( )j
n n n n jn jn

j

g H r B H r
=

= − µ − α λ σ − µ∑ ; (23) 

 4°.  1 2 30,       0Q X X X≠ = = = : 

 (4) (4) (4) (4)4
1 1 2 2,     ( ),      ( )

4 2(1 ) 2(1 )
n n T n T

kn kn n n n n

p E E
U g g H r g H r

i
β α β α

= = − ∂ = − ∂
µ − ν − ν

, 

 
2

(4) (4) 2 2 2 (1)
3 4 1 0

1

( ),   ( 1) ( )
2(1 )

jn T n
n n n n n jn jn

j

E
g H r g H r

=

β α λ
= = µβ − γ − λ − µ µ

− ν ∑ ( ) , 

 
2 2
1 2

1
n

T n n

i ∗ωτ −β =
λ µ − µ( )

.  (24) 

Ôîðìóëû (21)–(24) îïðåäåëÿþò ìàòðèöó ôóíäàìåíòàëüíûõ ðåøåíèé 
äëÿ ñëîÿ, ñîîòâåòñòâóþùóþ ïðèíÿòûì ãðàíè÷íûì óñëîâèÿì íà åãî îñíî-
âàíèÿõ. 
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3. Ñîñðåäîòî÷åííîå ãàðìîíè÷åñêîå âîçáóæäåíèå ñëîÿ. Â êà÷åñòâå ïåð-
âîãî ïðèìåðà ðàññìîòðèì ñëó÷àé, êîãäà âäîëü øíóðà 1 2 30,  x x x h= = ≤  

äåéñòâóåò â íàïðàâëåíèè îñè 1x  íàãðóçêà, ðàñïðåäåëåííàÿ ïî ïàðàáîëè÷åñ-

êîìó çàêîíó âäîëü òîëùèííîé êîîðäèíàòû 3x : 

 
2
3

1 1 1 0 2

1
Re ,        i t x

Y e X X X
h

− ω − = =  
 

( ) . 

Êîýôôèöèåíòû Ôóðüå ôóíêöèè 1X , ôèãóðèðóþùèå â (14), òàêîâû: 

 1 0
10 0 1 2 2

42 ,         ( 1) ,         1,2,
3

n
n

X
p X p n

n
−= = − =

π
 . 

Ïî ôîðìóëàì (2) ñ ó÷åòîì ñîîòíîøåíèé (21) íàõîäèì êîìáèíàöèè àìï-
ëèòóä íàïðÿæåíèé: 

 ( ) ( )
1 11 22 1 3 2 22 11 12 2 3

0 0

cos ,    2 cosn n
n n

n n

S S S S x S S S iS S x
∞ ∞

= =

= + = λ = − + = λ∑ ∑ , 

 ( )
2 22 11 12 2 3

0

2 cosn
n

n

S S S iS S x
∞

=

= − − = λ∑  , (25) 

ãäå 

 
2

( ) ( ) ( ) (1) (1,1)
1 11 22 1 12

2

( ) ( )
2

n n n n n
n n n n

iS S S P H r g r∗µ λ= + = σ µ + β +
σγ

 

 ν
2

2 2 (1)
1

1

( 1) 2 ( ) cosj
n jn jn jn n jn

j

B H r
=

+ σα − µ µ + λ µ α


∑ ( ) , 

 
2( )

( ) ( ) ( ) (1)12
22 11 12 1( ) 2

2 2

2 1 ( )
2 2

n i
n n n n n n

nn i

PS e
S S iS H r

iS e

α

− α

  µ λ   = − = + µ +     γ    


  

 ( )
32

3,33 (1)
1 3

1

( 1) ( )
2

i i
jn

jn jn jn jni i
j

e e
B H r g

e e

α α

− α − α
=

σα     + − µ µ +         
∑ , 

 ν(1,1) (1) (1)
2 1 2 1 1 1( ) ( ) ( ),      2(1 )n n n n n n n Tg r H r H r m∗ ∗= µ µ − µ µ β = + ωα α , 

 (3,3) 3 (1) 3 (1)
3 3( ) ( ) ( ),        i

jn n n jn jng r H r H r z re α= µ µ − µ µ = . 

Çíàÿ êîìáèíàöèè (25), ìîæíî âû÷èñëèòü àìïëèòóäû íàïðÿæåíèé ijS . 

Íà ðèñ. 1 ïðåäñòàâëåíû êðèâûå èçìåíå-
íèÿ âåëè÷èíû 11 0S XΛ = /  â çàâèñèìîñ-

òè îò ðàññòîÿíèÿ òî÷êè íàáëþäåíèÿ 

1( ,  0,  0)x  äî èñòî÷íèêà äëÿ ïîëèñòèðîëà 

[3] ïðè 1h = . Êðèâûå 1, 2 ïîñòðîåíû 
äëÿ çíà÷åíèé 1 5hγ =  è 1 10hγ =  ñîîò-
âåòñòâåííî, ïðè ýòîì ïðèíÿòî, ÷òî 

510 c∗ −τ = . Êðèâàÿ 3 ñîîòâåòñòâóåò çíà-

÷åíèÿì 1 10hγ =  è 0∗τ = . 
Ïóñòü òåïåðü âäîëü øíóðà 

1 2 30,  x x x h= = ≤  ðàñïðåäåëåíû òåï-

ëîâûå èñòî÷íèêè èíòåíñèâíîñòè Re i tq e Q− ω= ( ) , ãäå 2 2
0 31Q Q x h= −( )/ . Ñî-

ãëàñíî ðàâåíñòâàì (24) êîìáèíàöèè (25), âåëè÷èíû ( )
33
nS  è àìïëèòóäíîå çíà-

÷åíèå òåìïåðàòóðû 0T Tθ = −  îïðåäåëÿþòñÿ â ýòîì ñëó÷àå ñîîòíîøåíèÿìè 

 

0              0.4            0.8            1.2            1.6          x1 

3 

0.4 

0.8 

1.2 

Λ 

2 

1 

 
Рис. 1 
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 ν

2
( ) 2 2 2 (1)4
1 2 0

1

( 1) 2 ( )
4 1

n jn T
n jn n jn

j

P E
S H r

i =

α
= β − µ + λ − γ µ

− ∑ ( ) , 

 ν

( ) 22
2 (1)42

2( ) 2
12

( 1) ( )
4 1

n i
jn T

n jn jnn i
j

iP ES e
H r

S e

α

− α
=

α   = β − µ µ   −   
∑


, 

 ν

2
( ) 2 2 2 (1)4
33 2 0

1

( 1) 2 ( )
4 1

n jn T
n jn n jn

j

P E
S H r

i =

α
= β − µ + λ − γ µ

− ∑ ( ) , 

 
2

2 2 2 (1)4
4 1 0

1

( 1) ( )
4

jn
n n n jn jn

j

P
U H r

i =

= β − γ − λ − µ µ∑ ( ) , 

 1 0
40 0 4 2 2

42 ,     ( 1)
3

n
n

Q
P Q P

n
−= = −

λ
. (26) 

Îòìåòèì, ÷òî â äàííîì ñëó÷àå ãëàâíàÿ àñèìïòîòèêà íåêîòîðûõ ïîëåâûõ 
âåëè÷èí â òî÷êå ïðèëîæåíèÿ ñîñðåäîòî÷åííîãî ôóíêöèîíàëà çàâèñèò îò 
÷àñòîòû âîçáóæäåíèÿ, ÷òî íå íàáëþäàåòñÿ â ïàðàáîëè÷åñêîé ìîäåëè. Èñ-
ïîëüçóÿ àñèìïòîòèêó ôóíêöèé Ãàíêåëÿ ïðè ìàëûõ r , èç ñîîòíîøåíèé (26) 
íàõîäèì 

 ν
( ) ( ) ( ) ( )4
11 22 33 4 33 4

1 ,    ( 1) ln ,    
2 2 1

n n n nn T
n n

T

P ErS S S U i S U
h

∗ α
= = − = ωτ − = −

πλ −
. 

Ñîãëàñíî äàííûì [3] âðåìÿ òåïëîâîé ðå-

ëàêñàöèè ∗τ  äëÿ íåêîòîðûõ ïîëèìåðîâ ìîæåò 

äîñòèãàòü çíà÷åíèé 510 c−  è áîëåå. 
Íà ðèñ. 2 ïîêàçàíû ðåçóëüòàòû ðàñ÷åòîâ 

îòíîñèòåëüíîé âåëè÷èíû 4 0TU Qδ = λ /  â çàâè-

ñèìîñòè îò îòíîñèòåëüíîãî âîëíîâîãî ÷èñëà 

1hγ  â òî÷êå íàáëþäåíèÿ 5(10 ,  0,  0)−  äëÿ ïîëè-
ñòèðîëà. Ýòè äàííûå ìîæíî îáúÿñíèòü çà ñ÷åò 
âåñüìà íèçêîé òåïëîïðîâîäíîñòè ïîëèñòèðîëà. 

4. Ñîñðåäîòî÷åííîå èìïóëüñíîå âîçáóæäåíèå ñëîÿ. Ðàññìîòðèì âîç-
áóæäåíèå ñëîÿ ïðÿìîóãîëüíûì èìïóëüñîì, ðàñïðåäåëåííûì âäîëü øíóðà 

1 2 30,  x x x h= = ≤ . Ïðîñòðàíñòâåííóþ èíòåíñèâíîñòü îáúåìíûõ ñèë è 

òåïëîâûõ èñòî÷íèêîâ ïðåäñòàâèì â âèäå 

 3 3 3 3 3
0 1

( ) cos ( ),      1,2,    ( ) sin ( )k k kn n n n
n n

F f t f x x k F f t f x x
∞ ∞

= =

= λ δ = = λ δ∑ ∑ , 

 4 4 3
0

( ) cos ( )n n
n

q f t f x x
∞

=

= λ δ∑ . (27) 

Âåêòîð ïåðåìåùåíèÿ è ôóíêöèþ 0T Tθ = −  òàêæå ïðåäñòàâèì ñâîèìè 
ðÿäàìè Ôóðüå 

 3 3 3 3
0 1

cos ,     1,2,        sink kn n n n
n n

u u x k u u x
∞ ∞

= =

= λ = = λ∑ ∑ , 

 2
4 4 3 1 2

0

cos ,      ( , ),      ( , )n n mn mn
n

u u x u u x t x x x
∞

=

= θ = λ = = ∈∑  . 

Èñêëþ÷èâ â ñèñòåìå óðàâíåíèé ñâÿçàííîé òåðìîóïðóãîñòè êîîðäèíàòó 

3x , ïðèâåäåì åå ê âèäó 

 2 2
4

3 2
( )n kn k m mn T k nu u u

λ + µ∇ − λ + σ∂ ∂ − α ∂ +
µ

( )  

 
2

2
1 ( ) ( ) 0,        1,2,3kn

kn k

u
f f t x k

t

∂ρ+ δ − = =
µ µ ∂

, 

 

0                           2                          4                     γ1h 

0.02 

0.04 

δ 

 
Рис. 2 
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2

2 2 4 4
4 2 2 2

1 1n n
n n

T

u u
u

tV t a

∂ ∂
∇ − λ − − −

∂∂
( )  

 ( )
2

4
4 42

1 ( ) 0n n
n

T

e e f
m f t f x

t tt
∗ ∗∂ ∂ ∂   − + τ + + τ δ =   ∂ λ ∂∂   

, (28) 

 3,       n m mn ne u= ∂ ∂ = − λ . 
Ïðèìåíèâ òåïåðü ê ñèñòåìå (28) îäíîñòîðîííåå ïðåîáðàçîâàíèå Ôóðüå 

ïî âðåìåíè 

 
0

1( , ) ( , ) ,       1,2,3, 4
2

i t
kn knU x e u x t dt k

∞
ωω = =

π ∫ , 

 
0

00

1( ) ( ) ,       ( , ) 0
2

i t kn
k k kn t

t

u
P e f t dt u x t

t

∞
ω

=
=

∂
ω = = =

∂π ∫ , 

ïðèâåäåì åå ê âèäó (16) îòíîñèòåëüíî òðàíñôîðìàíò Ôóðüå ñîîòâåòñòâóþ-
ùèõ ïîëåâûõ âåëè÷èí, ãäå ñïåêòðàëüíûå ôóíêöèè knP  îïðåäåëÿþòñÿ â 

ñîîòâåòñòâèè ñ ïðåäñòàâëåíèÿìè (27) ôîðìóëàìè 

 ( ) ,       1,2,3, 4,        0,1,kn k knP P f k n= ω = =  . (29) 

Ïóñòü 2 3 0F F q= = = , à èíòåíñèâíîñòü îáúåìíîé ñèëû â íàïðàâëåíèè 

îñè 1x  òàêîâà: 

 
2

23
1 1 1 1 22

( ) 1 ( ),     ( ) ( ) ( ) ,    ( , )
x

F f t x f t C t t T x x x
h

 = − δ = η − η − = ∈ 
 

[ ] , 

ãäå C  – âûñîòà ïðÿìîóãîëüíîãî èìïóëüñà, T  – åãî ïðîäîëæèòåëüíîñòü, 
( )tη  – åäèíè÷íàÿ ôóíêöèÿ Õåâèñàéäà [8]. 

Â ýòîì ñëó÷àå âåëè÷èíû, ôèãóðèðóþùèå â ôîðìóëå (29), èìåþò âèä 

 1
1( ) ,       ( ) 0,     2,3, 4

2

i T

k
CT eP P k

i T

ω −ω = ω = =
ωπ

, 

 1
10 1 2 2

2 4,      ( 1) ,        1,2,
3

n
nf f n

n
−= = − =

π
 , 

 0,      2,3, 4,        0,1,knf k n= = =  . (30) 
Âîëíîâûå ïîëÿ ïåðåìåùåíèé è òåìïåðàòóðû îïðåäåëÿþòñÿ ïðè ïîìî-

ùè îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå (ôîðìóëó äëÿ ïåðåìåùåíèÿ 3u  íå 
âûïèñûâàåì): 

 (1)
1 3

0 0

1
cos Re ( , ) ,   1,2, 4

4

i T
i t

k n n kn
n

eCu f x e g x d k
∞ ω∞

− ω

=

−
= λ ω ω =

πµ ω∑ ∫ , (31) 
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Íà ðèñ. 3 ïîêàçàí õàðàêòåð èçìåíåíèÿ âî 
âðåìåíè îòíîñèòåëüíîé âåëè÷èíû 1u u C= µ /  

â òî÷êå (3,  0,  0)  ïðè 100h = , 3cT =  è 
5cT =  äëÿ ïîëèñòèðîëà. 
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ЗВ’ЯЗАНІ ТЕРМОПРУЖНІ ПОЛЯ В ШАРІ ПРИ  
ЗОСЕРЕДЖЕНИХ ЗБУРЕННЯХ 
 
Ïîáóäîâàíî ïîâíó ñèñòåìó îäíîð³äíèõ ðîçâ’ÿçê³â ð³âíÿíü çâ’ÿçàíî¿ çàäà÷³ òåðìî-

ïðóæíîñò³ äëÿ øàðó â 3  ç óðàõóâàííÿì ñê³í÷åííî¿ øâèäêîñò³ ïîøèðåííÿ òåï-
ëà. Ç óðàõóâàííÿì ñòðóêòóðè îäíîð³äíèõ ðîçâ’ÿçê³â îòðèìàíî ìàòðèöþ ôóíäà-
ìåíòàëüíèõ ðîçâ’ÿçê³â, ùî â³äïîâ³äàº ä³þ÷èì ó øàð³ ãàðìîí³÷íèì çà ÷àñîì çîñå-
ðåäæåíèì çóñèëëÿì ³ òåïëîâèì äæåðåëàì. Ðîçãëÿíóòî ïðèêëàäè çîñåðåäæåíèõ 
ãàðìîí³÷íèõ òà ³ìïóëüñíèõ çáóðåíü øàðó. 
 
COUPLED THERMOELASTIC FIELDS IN THE LAYER  
IN THE CASE OF CONCENTRATED PERTURBATIONS 
 

The full system of coupled thermoelasticity homogeneous solutions for the layer in 3  
has been obtained in the case of finite heat distribution velocity. The matrix of the 
fundamental solutions has been obtained with the help of homogeneous solutions, 
according to the time harmonic concentrated forces and thermal sources, acting in the 
layer. The examples of the concentrated harmonic and impulse layer perturbations have 
been studied. 
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