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ПРИ КОНВЕКТИВНОМУ НАГРІВАННІ 
 

Âèçíà÷åíî òåìïåðàòóðíå ïîëå òà çóìîâëåíèé íèì íàïðóæåíî-äåôîðìîâàíèé 
ñòàí êðóãîâîãî òåðìî÷óòëèâîãî öèë³íäðà, ïîâåðõíÿ ÿêîãî çàçíàº ñòàëîãî 
òèñêó ³ ÷åðåç íå¿ çä³éñíþºòüñÿ éîãî íàãð³âàííÿ øëÿõîì êîíâåêòèâíîãî òåï-
ëîîáì³íó ç çîâí³øí³ì ñåðåäîâèùåì, òåìïåðàòóðà ÿêîãî ë³í³éíî çàëåæèòü â³ä 
÷àñó. Íåë³í³éíà çàäà÷à òåïëîïðîâ³äíîñò³ ðîçâ’ÿçóºòüñÿ ìåòîäîì ë³íåàðèçóþ-
÷èõ ïàðàìåòð³â ç âèêîðèñòàííÿì ïåðåòâîðåííÿ Ëàïëàñà. Êâàç³ñòàòè÷íà 
çàäà÷à òåðìîïðóæíîñò³ çâåäåíà äî ³íòåãðàëüíîãî ð³âíÿííÿ Âîëüòåððà äðó-
ãîãî ðîäó, ðîçâ’ÿçîê ÿêîãî ïîáóäîâàíî ìåòîäîì ïðîñòèõ ³òåðàö³é. 

 
Âñòóï. Ñó÷àñíèé ðîçâèòîê òåõí³êè ³ íîâèõ òåõíîëîã³é ñòàâëÿòü ï³äâè-

ùåí³ âèìîãè äî ì³öíîñò³ òà íàä³éíîñò³ êîíñòðóêö³é, âèãîòîâëåííÿ òà åêñïëó-
àòàö³ÿ ÿêèõ ïðîõîäÿòü ó øèðîêèõ ä³àïàçîíàõ òåìïåðàòóð çà îäíî÷àñíî¿ ä³¿ 
íà íèõ ñèëîâèõ íàâàíòàæåíü. Çà òàêèõ óìîâ ïðè âèçíà÷åíí³ ïîë³â òåìïåðà-
òóðè òà íàïðóæåíü íåîáõ³äíî âðàõîâóâàòè òåìïåðàòóðíó çàëåæí³ñòü õàðàê-
òåðèñòèê ìàòåð³àë³â [1, 17]. Ïðè öüîìó îñîáëèâó ö³íí³ñòü ìàþòü àíàë³òè÷í³ 
ðîçâ’ÿçêè çàäà÷ òåðìîïðóæíîñò³. Âîíè çðó÷í³ ïðè ÷èñëîâîìó àíàë³ç³ òà º 
êîðèñíèìè ïðè ïîáóäîâ³ ðîçâ’ÿçê³â çàäà÷ îïòèìàëüíîãî çà øâèäêîä³ºþ êå-
ðóâàííÿ ïðîöåñàìè íàãð³âàííÿ ò³ë ïðè îáìåæåííÿõ íà òåìïåðàòóðó òà íà-
ïðóæåííÿ. Ö³ çàäà÷³ çâîäÿòüñÿ äî îáåðíåíèõ çàäà÷ òåðìîïðóæíîñò³, ðîçâ’ÿ-
çàííÿ ÿêèõ ñóòòºâî ñïðîùóºòüñÿ, ÿêùî â³äîì³ â³äïîâ³äí³ ðîçâ’ÿçêè ïðÿìèõ 
çàäà÷ ó íàïðóæåííÿõ [4, 16]. 

Ïîñòàíîâêà çàäà÷³. Ðîçãëÿíåìî çàäà÷ó ïðî âèçíà÷åííÿ íåñòàö³îíàðíîãî 
òåìïåðàòóðíîãî ïîëÿ t  òà ñïðè÷èíåíîãî íèì íàïðóæåíî-äåôîðìîâàíîãî 
ñòàíó áåçìåæíîãî öèë³íäðà ðàä³óñà 0r , òåïëîô³çè÷í³ (êîåô³ö³ºíò òåïëîïðî-

â³äíîñò³ tλ , îá’ºìíà òåïëîºìí³ñòü vc ) ³ ìåõàí³÷í³ (ìîäóëü çñóâó G , êîåô³ö³-

ºíò Ïóàññîíà ν , òåìïåðàòóðíèé êîåô³ö³ºíò ë³í³éíîãî ðîçøèðåííÿ tα ) õà-
ðàêòåðèñòèêè ìàòåð³àëó ÿêîãî çàëåæàòü â³ä òåìïåðàòóðè. Öèë³íäð ìàº ð³â-
íîì³ðíèé ðîçïîä³ë òåìïåðàòóðè pt , à éîãî ïîâåðõíÿ 0r r=  ïåðåáóâàº ï³ä ä³-

ºþ òèñêó âåëè÷èíè 0p . Ó ïî÷àòêîâèé ìîìåíò ÷àñó 0τ =  â³í ïî÷èíàº êîí-

âåêòèâíî îáì³íþâàòèñÿ òåïëîì ÷åðåç ïîâåðõíþ 0r r=  ³ç çîâí³øí³ì ñåðåäî-

âèùåì, òåìïåðàòóðà ÿêîãî ë³í³éíî çðîñòàº ç³ øâèäê³ñòþ V  â³ä ïî÷àòêîâî 
ñòàëîãî çíà÷åííÿ ct . Âèêîðèñòîâóþ÷è ìàòåìàòè÷íó ìîäåëü òåðìîïðóæíîñò³ 
òåðìî÷óòëèâîãî ò³ëà, âèçíà÷èìî òåìïåðàòóðíå ïîëå öèë³íäðà òà çóìîâëå-
íèé íèì ³ ïðèêëàäåíèì äî ïîâåðõí³ 0r r=  òèñêîì íàïðóæåíî-äåôîðìîâà-

íèé ñòàí. 
Âèçíà÷åííÿ òåìïåðàòóðíîãî ïîëÿ. Çóìîâëåíå òàêèìè ä³ÿìè òåìïåðà-

òóðíå ïîëå âèçíà÷àºìî ç íåë³í³éíîãî ð³âíÿííÿ òåïëîïðîâ³äíîñò³ [8, 9] 
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Âèáåðåìî çà â³äë³êîâó òåìïåðàòóðó äåÿêå ¿¿ çíà÷åííÿ 0t , à çà õàðàê-

òåðíèé ðîçì³ð – ðàä³óñ öèë³íäðà 0r ; ââåäåìî áåçðîçì³ðí³ òåìïåðàòóðó 

0T t t= / , êîîðäèíàòó 0r rρ = /  ³ ïîäàìî õàðàêòåðèñòèêè ìàòåð³àëó öèë³íäðà 

ó âèãëÿä³ 0( ) ( )t T∗χ = χ χ , äå âåëè÷èíè ç ³íäåêñîì «0» ìàþòü â³äïîâ³äí³ ðîç-

ì³ðíîñò³, à âåëè÷èíè ç ³íäåêñîì «∗ » º ôóíêö³ÿìè â³ä áåçðîçì³ðíî¿ òåìïåðà-

òóðè, ïðè÷îìó 0( )ptχ = χ , ( ) 1pT∗χ = , äå 0/p pT t t= . 

Ïðèïóñòèìî, ùî òåìïåðàòóðí³ çàëåæíîñò³ êîåô³ö³ºíòà òåïëîïðîâ³äíîñò³ 

òà îá’ºìíî¿ òåïëîºìíîñò³ º áëèçüêèìè ( ( ) ( )t vT c T∗ ∗λ ≈ ), à òîìó êîåô³ö³ºíò 

òåìïåðàòóðîïðîâîäíîñò³ ââàæàºìî ñòàëîþ âåëè÷èíîþ: ( ) ( )t va t c t= λ =/  

0 0 0 0( ) ( ) ( )t t v v t vT c T c T c∗ ∗= λ λ ≈ λ /( )/ . Öå ïðèïóùåííÿ, ÿê çàçíà÷åíî â [14], 

äîáðå âèêîíóºòüñÿ äëÿ ÷èñòèõ ìåòàë³â, äåÿêèõ òåïëî³çîëÿö³éíèõ ìàòåð³àë³â 

³ ãðàô³òó [15]. ßêùî, êð³ì öüîãî, ââåñòè áåçðîçì³ðíèé ÷àñ 
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äå 0c cT t t= / .    

Çàñòîñîâóþ÷è äî íåë³í³éíî¿ çàäà÷³ (3), (4) ïåðåòâîðåííÿ Ê³ðõãîôà [3]  
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³ âðàõîâóþ÷è çðîáëåí³ ïðèïóùåííÿ, îòðèìàºìî òàêó êðàéîâó çàäà÷ó íà 
çì³ííó θ : 
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Òóò ( )T θ  – âèðàç áåçðîçì³ðíî¿ òåìïåðàòóðè ÷åðåç çì³ííó Ê³ðõãîôà θ , ÿêèé 

äëÿ êîíêðåòíî¿ çàëåæíîñò³ ( )t T∗λ  çíàõîäèìî ç ð³âíÿííÿ (5). 
Âíàñë³äîê çðîáëåíîãî ïåðåòâîðåííÿ íåë³í³éíå ð³âíÿííÿ òåïëîïðîâ³äíîñ-

ò³ òðàíñôîðìóâàëîñÿ ó ë³í³éíå íà çì³ííó θ ; íåë³í³éíà óìîâà êîíâåêòèâíîãî 
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òåïëîîáì³íó ë³íåàðèçóâàëàñÿ ÷àñòêîâî, à íåë³í³éí³ñòü â îòðèìàí³é óìîâ³ 
çîñåðåäèëàñÿ ó âèðàç³ øóêàíî¿ òåìïåðàòóðè íà ïîâåðõí³ öèë³íäðà 1ρ = ; 
ãðàíè÷í³ óìîâè íà îñ³ öèë³íäðà çàëèøèëèñÿ ë³í³éíèìè, à ïî÷àòêîâà óìîâà 
íà çì³ííó Ê³ðõãîôà ñòàëà îäíîð³äíîþ. 

Îñòàòî÷íó ë³íåàðèçàö³þ ïåðøî¿ ç óìîâ (7) çä³éñíèìî çà äîïîìîãîþ çà-
ì³íè [13] 
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θ = + θ +æ ,  (8) 

äå æ  – ïîêè ùî íåâ³äîìà ñòàëà, òîáòî çàì³ñòü íå¿ ïðè ïîáóäîâ³ ðîçâ’ÿçêó 
êðàéîâî¿ çàäà÷³ (6), (7) âèêîðèñòàºìî ãðàíè÷íó óìîâó 
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Äëÿ ïîáóäîâè àíàë³òè÷íîãî ðîçâ’ÿçêó ö³º¿ ë³í³éíî¿ êðàéîâî¿ çàäà÷³ ñêî-
ðèñòàºìîñÿ ïåðåòâîðåííÿì Ëàïëàñà [6] çà ÷àñîâîþ êîîðäèíàòîþ. Çàñòîñó-
âàâøè éîãî, îòðèìàºìî òàêó çàäà÷ó íà òðàíñôîðìàíòó Ëàïëàñà çì³ííî¿ 
Ê³ðõãîôà:  
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−θ = θ∫  – ïàðàìåòð ïåðåòâîðåííÿ Ëàïëàñà.  

Ð³âíÿííÿ (10) º ìîäèô³êîâàíèì ð³âíÿííÿì Áåññåëÿ ³ éîãî çàãàëüíèé 
ðîçâ’ÿçîê ìàº âèãëÿä 

 0 0( ) ( )AI s BK sθ = ρ + ρ , (12) 

äå 0 0( ),  ( )I K⋅ ⋅  – ìîäèô³êîâàí³ ôóíêö³¿ Áåññåëÿ íóëüîâîãî ïîðÿäêó [10]; A , 

B  – äîâ³ëüí³ ñòàë³.  
Ç äðóãî¿ ³ òðåòüî¿ óìîâ (11) âèïëèâàº, ùî ñòàëà 0B = . Ï³ñëÿ çíàõîä-

æåííÿ ç ïåðøî¿ ³ç ãðàíè÷íèõ óìîâ (11) âèðàçó äëÿ ñòàëî¿ A  îòðèìàºìî 
çîáðàæåííÿ Ëàïëàñà çì³ííî¿ Ê³ðõãîôà 
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äå 0 1 0( ) ( ),  ( ) ( ) Bi ( )s I s s s I s I s∗Φ = ρ ϕ = + . 

Îñê³ëüêè îáèäâà äîäàíêè â ðîçâ’ÿçêó (13) º â³äíîøåííÿìè óçàãàëüíåíèõ 
ïîë³íîì³â â³äíîñíî ïàðàìåòðà s , ïðè÷îìó ïîë³íîìè çíàìåííèê³â íå ì³ñòÿòü 
â³ëüíèõ ÷ëåí³â, òî äëÿ âèêîíàííÿ îáåðíåíîãî ïåðåòâîðåííÿ Ëàïëàñà ìîæíà 
ñêîðèñòàòèñü òåîðåìîþ ðîçêëàäó Âàùåíêà – Çàõàð÷åíêà [11]. Çíàìåííèêè 
îáîõ äðîá³â ìàþòü êîð³íü 0s =  (äëÿ çíàìåííèêà ïåðøîãî äðîáó 0s =  – 
ïðîñòèé, à äëÿ äðóãîãî – äâîêðàòíèé êîð³íü) ³ áåçìåæíó ê³ëüê³ñòü ïðîñòèõ 

êîðåí³â 2
n ns = −µ  ( n i sµ = , 1i = − ), äå nµ  º êîðåíÿìè ð³âíÿííÿ 
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ÿêå îòðèìàíå ç ð³âíÿííÿ ( ) 0sϕ = ; 0 1( ),  ( )J J⋅ ⋅  – ôóíêö³¿ Áåññåëÿ íóëüîâîãî 

³ ïåðøîãî ïîðÿäêó [10]. Âðàõîâóþ÷è ñêàçàíå, çíàõîäèìî, ùî 
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Ïåðåõ³ä äî îñòàííüîãî âèðàçó çðîáëåíî íà îñíîâ³ ðåêóðåíòíîãî ñï³ââ³äíî-
øåííÿ 1 0 1( ) ( ) ( )xJ x xJ x J x′ = −  ³ õàðàêòåðèñòè÷íîãî ð³âíÿííÿ (14). Äëÿ ÷èñëî-

âèõ äîñë³äæåíü çðó÷íî nA  çàïèñàòè ó âèãëÿä³ 
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Çíàþ÷è çì³ííó Ê³ðõãîôà, òåìïåðàòóðó çà çàäàíî¿ òåìïåðàòóðíî¿ çà-

ëåæíîñò³ êîåô³ö³ºíòà òåïëîïðîâ³äíîñò³ ( )t T∗λ  çíàõîäèìî ç ð³âíÿííÿ (5). 
Íàïðèêëàä, ÿêùî êîåô³ö³ºíò òåïëîïðîâ³äíîñò³ º ë³í³éíîþ ôóíêö³ºþ òåìïå-

ðàòóðè ( ) 1 ( ),  constt pT k T T k∗λ = + − = , òî ³ç (5) îòðèìàºìî 

 1 1 2 1 pT k k T−= + θ − +( ) . (18) 

Çíàéäåíà çì³ííà Ê³ðõãîôà (15) º ôóíêö³ºþ áåçðîçì³ðíèõ êîîðäèíàòè ρ  òà 

÷àñó Fo , ÿêà òî÷íî çàäîâîëüíÿº ð³âíÿííÿ (6) òà óìîâè (7) çà âèíÿòêîì 
ïåðøî¿ ç íèõ. Êð³ì âõ³äíèõ äàíèõ çàäà÷³ (Bi,  ,  Pd,  c pT T ), âîíà ì³ñòèòü 

äîâ³ëüíèé ïàðàìåòð æ , ÿêèé âèêîðèñòàºìî, ùîá çàäîâîëüíèòè ³ç çàäàíîþ 
òî÷í³ñòþ íåë³í³éíó ïåðøó ãðàíè÷íó óìîâó (7). Ï³äñòàâèâøè âèðàç äëÿ 
òåìïåðàòóðè (18) ó ïåðøó ç óìîâ (7), âðàõóâàâøè ïðè öüîìó âèêîíàííÿ 
óìîâè (9), äëÿ âèçíà÷åííÿ ïàðàìåòðà æ  îòðèìóºìî ð³âíÿííÿ 

 
21

2
(1 )kρ=

θ = −
+
æ

æ
. (19) 

Òåìïåðàòóðó íåòåðìî÷óòëèâîãî öèë³íäðà ( ( ) 1t T∗λ = ) îá÷èñëþºìî çà 
ôîðìóëîþ 

 
0 pT T

=
= θ +

æ
,  (20) 

äå 
0=

θ
æ

 çíàõîäèìî ç (15). Âèðàç (20) ïðè Pd 0=  ñï³âïàäàº ç ðåçóëüòàòîì 

ðîáîòè [11, ñ. 244, ôîðìóëà (25)], à ïðè p cT T=  – ç ðåçóëüòàòîì ðîáîòè [11, 

ñ. 285, ôîðìóëà (4)]. 
Ðÿä ó ðîçâ’ÿçêó (15) øâèäêî çá³ãàºòüñÿ, òîìó, ïî÷èíàþ÷è ç äåÿêîãî 

1Fo Fo> , íèì ìîæíà çíåõòóâàòè. ×àñ 1Fo  ââàæàþòü ÷àñîì íàñòàííÿ êâàç³-
ñòàö³îíàðíîãî [11] ÷è àñèìïòîòè÷íîãî [12] ðåæèìó íàãð³âàííÿ. Ó öüîìó âè-
ïàäêó çì³ííà Ê³ðõãîôà ìàº âèãëÿä 

 21 2Pd Fo 1
4 Bi

cT∗ ∗
∗

  θ = + − + − ρ    
,  (21) 

äå çíàéäåíå ç ð³âíÿííÿ (19)  

 

Pd 2
Bi 1
2 Pd Foc

k

T
k

∗ +
= −

+ +
æ .  
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Âèçíà÷åííÿ íàïðóæåíü. Äëÿ âèçíà÷åííÿ íàïðóæåíü, ñïðè÷èíåíèõ 
çíàéäåíèì îñåñèìåòðè÷íèì òåìïåðàòóðíèì ïîëåì, ïðèêëàäåíèìè äî ïî-
âåðõí³ öèë³íäðà çóñèëëÿìè òà ä³þ÷èìè â éîãî îá’ºì³ ìàñîâèìè ñèëàìè, ñêî-
ðèñòàºìîñü ð³âíÿííÿì ð³âíîâàãè [2, 5] 

 2( ) ( ( ))r
d f
d

ρ σ = ρ σ − ρ
ρ

, (22) 

ñï³ââ³äíîøåííÿìè ì³æ ä³àãîíàëüíèìè êîìïîíåíòàìè ,  ,  r ze e eϕ  òåíçîðà äå-

ôîðìàö³é ³ êîìïîíåíòàìè ,  ,  r zϕσ σ σ  òåíçîðà íàïðóæåíü [2, 5] 

 1 1( ) ( ) ( ) (1 ) ( )r r z r ze T e T
E Eϕ

+ ν= σ − ν σ + σ + Φ = σ − νσ − ν + + ν Φ[ ] , 

 1 1( ) ( ) (1 ) (1 ) ( )r z r ze T e T
E Eϕ ϕ

+ ν= σ − ν σ + σ + Φ = − ν σ − σ − ν + + ν Φ[ ] [ ] , 

 1 1( ) ( ) ( ) ( )z z r ze T T
E Eϕ= σ − ν σ + σ + Φ = σ − νσ + Φ[ ] , (23) 

òà ð³âíÿííÿì ñóö³ëüíîñò³ [2, 5] 

 r

de
e e

d
ϕ

ϕρ = −
ρ

, 

ÿêå ï³ñëÿ âèêîðèñòàííÿ ô³çè÷íèõ ñï³ââ³äíîøåíü (23) òà ð³âíÿííÿ ð³âíîâàãè 
(22) ìîæíà çàïèñàòè ó íàïðóæåííÿõ: 

 
21 1 1(1 ) ( )

2z r
d de T f
d E d G G

ρ− ν   σ − ν + + ν Φ = σ −   ρ ρ  
.  (24) 

Ó ð³âíÿííÿõ ³ ñï³ââ³äíîøåííÿõ (22)–(24) 2(1 )G E= + ν/[ ]  – ìîäóëü çñó-

âó; r ϕσ = σ + σ  – ñóìàðíå íàïðóæåííÿ; 0( ) ( )

p

T

t
T

T t T dTΦ = α∫  – îá’ºìíà äå-

ôîðìàö³ÿ; 0( ) ( , ( , ))f r F T Foρ = ρ ρ  – ìàñîâ³ ñèëè ðîçì³ðíîñò³ íàïðóæåíü çà ðà-
õóíîê ïåðåõîäó äî áåçðîçì³ðíî¿ êîîðäèíàòè ρ . 

Îñê³ëüêè íà ïîâåðõí³ öèë³íäðà çàäàíå íîðìàëüíå çóñèëëÿ 0p , òî 

 01r p
ρ=

σ = − . (25) 

Îñüîâå íàïðóæåííÿ zσ  ïîâèííî çàäîâîëüíÿòè ³íòåãðàëüíó óìîâó ð³âíî-
âàãè, ÿêà ìàº âèãëÿä [5] 

 
1

0

( )z d pρσ ρ ρ =∫ , (26) 

äå 2
0(2 )p P r= π/ , à P  – çàäàíå íà òîðöÿõ öèë³íäðà çóñèëëÿ. 

Ç³íòåãðóâàâøè ð³âíÿííÿ ð³âíîâàãè (22) ç âèêîðèñòàííÿì ãðàíè÷íî¿ óìî-
âè (25), îòðèìóºìî òàêå ñï³ââ³äíîøåííÿ ì³æ ðàä³àëüíèìè òà ñóìàðíèìè íà-
ïðóæåííÿìè: 

 
2

0

1 ( ( ))r f d
ρ

σ = η σ − η η η
ρ ∫  (27)  

òà ³íòåãðàëüíó óìîâè ð³âíîâàãè 

 ( )
1

0
0

( )f d pρ σ − ρ ρ ρ = −∫ .  (28) 
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²íòåãðóþ÷è ð³âíÿííÿ ñóö³ëüíîñò³ (24) ç âèêîðèñòàííÿì ñï³ââ³äíîøåííÿ 
(27) ³ ì³íÿþ÷è ïîðÿäîê ³íòåãðóâàííÿ ó ïîâòîðíèõ ³íòåãðàëàõ, îòðèìóºìî 
òàêå ³íòåãðàëüíå ð³âíÿííÿ Âîëüòåððà äðóãîãî ðîäó äëÿ âèçíà÷åííÿ 
ñóìàðíèõ íàïðóæåíü σ : 

 
0

( ( , Fo))
( ,Fo) ( ) ( ) ( ,Fo)

1 ( ( , Fo))
G T

d
T

ρ
ρσ ρ − η ϕ ρ − ϕ η σ η η =

− ν ρ ∫ ( )  

 
( ( , Fo))

2 2 ( ( , Fo)) 2 1 ( ( ,Fo)) ( ( , Fo)
1 ( ( ,Fo)) z
G T

A T e T T
T
ρ = + ν ρ − + ν ρ Φ ρ −− ν ρ 

[ ]  

 2

0

( )
( ) ( ) ( )

( ( , Fo))
f

f d
G T

ρ
η  − + η ϕ ρ − ϕ η η η   η ∫ ( ) , (29) 

äå 
2

0

1 1( )
( ( , Fo))

d d
d G T

ρ
 ϕ ρ = η η η η∫ ; ,  zA e  – ñòàë³, ÿê³ âèçíà÷àþòüñÿ ç ãðàíè÷-

íèõ óìîâ (26), (28).  
Äëÿ ïîáóäîâè ðîçâ’ÿçêó ³íòåãðàëüíîãî ð³âíÿííÿ (29) âèêîðèñòîâóºìî 

ìåòîä ïðîñòèõ ³òåðàö³é, ÿêèé äîçâîëÿº çíàéòè éîãî ðîçâ’ÿçîê ó âèãëÿä³ ïî-
ñë³äîâíèõ íàáëèæåíü lim n

n→∞
σ = σ , äå n -íå íàáëèæåííÿ nσ  âèçíà÷àºòüñÿ 

÷åðåç ( 1n − )-øå íàáëèæåííÿ ç òàêîãî ðåêóðåíòíîãî ñï³ââ³äíîøåííÿ: 

 
( ( , Fo))

( ,Fo) 2 2 ( ( , Fo))
1 ( ( , Fo))n n zn
G T

A T e
T
ρ σ ρ = + ν ρ +− ν ρ 

 

 1
0

( ) ( ) ( ,Fo) 2 1 ( ( ,Fo)) ( ( , Fo))n d T T
ρ

−+ η ϕ ρ − ϕ η σ η η − + ν ρ Φ ρ −∫ ( ) [ ]  

 2

0

( )
( ) ( ) ( ) ,   1, 2,

( ( , Fo))
f

f d n
G T

ρ
η  − + η ϕ ρ − ϕ η η η = η  ∫ ( ) .  (30) 

Çà íóëüîâå íàáëèæåííÿ 0σ  ïðèéìàºìî âèðàç 

 0 0 0
( ( , Fo))

( ,Fo) 2 2 ( ( ,Fo))
1 ( ( , Fo)) z
G T

A T e
T
ρ σ ρ = + ν ρ −− ν ρ 

 

 
0

( )
2 1 ( ( ,Fo)) ( ( ,Fo))

( ( , Fo))
f

T T d
G T

ρ
η − + ν ρ Φ ρ − ηη ∫[ ] , (31) 

ÿêèé îòðèìóºìî ç ð³âíÿííÿ (29), êîëè â íüîìó çíåõòóâàòè ïîõ³äíîþ 

1
( ( , Fo)

d
d G T

  ρ ρ 
. 

Ñòàë³ ,  ,  0,1,n znA e n =  , âèçíà÷åí³ ç ³íòåãðàëüíèõ óìîâ (26) ³ (28), ÿê³ 

ïîâèíí³ âèêîíóâàòèñÿ äëÿ êîæíîãî íàáëèæåííÿ, ìàþòü âèãëÿä 

 1 1 2 2 1 2 2 1,      ,       0,1,n n n n
n zn

G b G b G b G b
A e n

− −
= = =

δ δ
 ,  (32) 

äå 

 
1 1

2 2
1 2 1 2

0 0

( ) ( ) ( )
2( ),     ,      

1 ( ) 1 ( )
G T G T T

G G G d G d
T T

ρ ρ νδ = − = ρ = ρ
− ν − ν∫ ∫ , 

 
1 1

2
10 0

0 0

(1 ( )) ( ) ( )
( ) 2

( )
T G T T

b p f d d
T

+ ν ρ Φ= − + ρ ρ ρ + ρ +
1 − ν∫ ∫  

 
1

0 0

( ) ( )
1 ( ) ( ( , Fo))

G T f
d d

T G T

ρ
ρ η+ η ρ
− ν η∫ ∫ , 
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1 1

20
0 0 0

(1 ( )) ( ) ( ) ( ) ( ) ( )
2

( ) 1 ( ) ( ( , Fo))
T G T T T G T f

b p d d d
T T G T

ρ
+ ν ρ Φ ρν η

= + ρ + η ρ
1 − ν − ν η∫ ∫ ∫ , 

 
1 1

2
1 0 1

0 0 0

( )
( ) ( ) ( ) ( ,Fo)

1 ( )n n
G T

b p f d d d
T

ρ

−
ρ

= − + ρ ρ ρ − η ϕ ρ − ϕ η σ η η ρ +
− ν∫ ∫ ∫ ( )  

 
1 1

0 0 0

(1 ( )) ( ) ( ) ( ) ( )
2

( ) 1 ( ) ( ( ,Fo))
T G T T G T f

d
T T G T

ρ
+ ν ρ Φ ρ η+ ρ + +1 − ν − ν η∫ ∫ ∫  

 2 ( ) ( ) ( )f d d+ η ϕ ρ − ϕ η η η ρ
( ) , 

 
1

2
2

0 0

( ) ( ) ( )
( ) ( ) ( )

1 ( ) ( ( , Fo))n
T G T f

b p f d d
T G T

ρ
ρν η = + + η ϕ ρ − ϕ η η η ρ −  − ν η∫ ∫ ( )  

 
1

1
0 0

( ) ( )
( ) ( ) ( ,Fo)

1 ( ) n
T G T

d d
T

ρ

−
ρν− η ϕ ρ − ϕ η σ η η ρ +

− ν∫ ∫ ( )  

 
1

0

(1 ( )) ( ) ( )
2 ,    1,2,

1 ( )
T G T T

d n
T

+ ν ρ Φ+ ρ =
− ν∫  . (33) 

Îñê³ëüêè ìåõàí³÷í³ õàðàêòåðèñòèêè ,  , tG ν α  çàëåæàòü â³ä òåìïåðàòó-

ðè, ÿêà º ôóíêö³ºþ â³ä êîîðäèíàòè ρ  ³ ÷àñó Fo , òî â ³íòåãðàëüíèõ âèðàçàõ 
ôîðìóë (29)–(33), äå â öüîìó áóëà íåîáõ³äí³ñòü, çì³ííà ρ  çàì³íåíà çì³ííîþ 
³íòåãðóâàííÿ. 

Çàóâàæèìî, ùî ôîðìóëà (27) ïðè 0ρ =  ³ ( ) 0fρ ρ =  ï³ñëÿ çàñòîñóâàííÿ 
ïðàâèëà Ëîï³òàëÿ äëÿ ðîçêðèòòÿ íåâèçíà÷åíîñò³ íàáóâàº âèãëÿäó 

 (0) (0) 2rσ = σ / . (34) 

Ðåçóëüòàòè ÷èñëîâèõ äîñë³äæåíü òà âèñíîâêè. Åêñïåðèìåíòàëüí³ òåì-
ïåðàòóðí³ çàëåæíîñò³ (äèâ. ðèñ. 1) òåïëîâèõ ³ ìåõàí³÷íèõ õàðàêòåðèñòèê çà-
ë³çà [7], ç ÿêîãî âèãîòîâëåíèé öèë³íäð, àïðîêñèìîâàíî ïîë³íîìàìè äðóãîãî 
ñòåïåíÿ â³äíîñíî òåìïåðàòóðè, çà âèíÿòêîì êîåô³ö³ºíòà òåïëîïðîâ³äíîñò³, 
ÿêèé àïðîêñèìóºìî ïîë³íîìîì ïåðøîãî ñòåïåíÿ. Îäèíèö³ âèì³ðó âåëè÷èí íà 
ðèñ. 1 òàê³: α  – [K-1], E  – [Ïà], ν  – áåçðîçì³ðíå, λ  – [Âò/(ì ⋅ K)]. Â³äïîâ³ä-
í³ çíà÷åííÿ ïàðàìåòð³â àïðîêñèìàö³¿, âèêîíàíî¿ ç âèêîðèñòàííÿì ìåòîäó 
íàéìåíøèõ êâàäðàò³â [18], òàê³: 0 77.25tλ = Âò/(ì ⋅ K), 00.2699,  k = − ν =  

0.3205= , 4
01 020.0275,  1.7886 10−ν = ν = ⋅ , 11

0 2.3215 10E = ⋅ Ïà, 01 0.0754E = , 
4

02 0.622 10E −= − ⋅ , 6
0 1.19 10t

−α = ⋅ K-1, 4
01 020.4639,  5.4908 10t t

−α = α = − ⋅ .  

t,°C

α
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 Рис. 1  Рис. 2 
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Óñ³ ðîçðàõóíêè ïðîâåäåíî ïðè Bi 1.3= , 40.2196 10a −= ⋅ ì2/ñ. Ïî÷àòêî-
âó òåìïåðàòóðó íàãð³âàþ÷îãî ñåðåäîâèùà ââàæàëè ð³âíîþ ïî÷àòêîâ³é òåì-
ïåðàòóð³ öèë³íäðà òà â³äë³êîâ³é òåìïåðàòóð³ 0 20 C (293K)t = ° , à, îòæå, 

1p cT T= = . 

Ðîçïîä³ë òåìïåðàòóðè â öèë³íäð³ ïðè àñèìïòîòè÷íîìó òåïëîâîìó ðå-
æèì³ çîáðàæåíî íà ðèñ. 2. Íà öüîìó ðèñóíêó øòðèõîâèìè ë³í³ÿìè çîáðàæå-
íî ðîçïîä³ëè òåìïåðàòóðè âçäîâæ ðàä³óñà öèë³íäðà ïðè ñòàëèõ, à ñóö³ëüíè-
ìè – ïðè çàëåæíèõ â³ä òåìïåðàòóðè òåïëîô³çè÷íèõ õàðàêòåðèñòèêàõ ìàòå-
ð³àëó. Òåìïåðàòóðíå ïîëå îá÷èñëåíî íà îñíîâ³ ñï³ââ³äíîøåíü (18), (19), (21) 
äëÿ çíà÷åíü êðèòåð³¿â Ôóð’º    Fo 0.7, 0.9, 1.3, 1.9=  ³ Ïðåäâîä³òºëºâà Pd 0.5= , 

(êðèâ³ 1), Pd 0.75=  (êðèâ³ 2).  
ßê âèäíî íà ðèñ. 2, ïðè àñèìïòîòè÷íîìó òåïëîâîìó ðåæèì³ òåìïåðà-

òóðíà çàëåæí³ñòü òåïëîô³çè÷íèõ õàðàêòåðèñòèê ìàòåð³àëó ñëàáî âïëèâàº 
íà òåìïåðàòóðíå ïîëå. Öåé âïëèâ çðîñòàº ç ðîñòîì ÷àñó ³ øâèäê³ñòþ íàãð³-
âàííÿ. ßêùî ïðè ñòàëèõ òåïëîô³çè÷íèõ õàðàêòåðèñòèêàõ ìàòåð³àëó (âåëè-

÷èíè Pd Pd, Bi Bi,  c cT T∗ ∗ ∗= = =  – ñòàë³) â óìîâàõ àñèìïòîòè÷íîãî òåïëîâî-
ãî ðåæèìó íà îñíîâ³ ôîðìóë (20), (21) ðîçïîä³ë òåìïåðàòóðè ó ñóö³ëüíîìó 
öèë³íäð³ ïðè çíà÷åíí³ êðèòåð³þ Ôóð’º Fo  â³äð³çíÿºòüñÿ â³ä àíàëîã³÷íîãî 

ðîçïîä³ëó òåìïåðàòóðè ïðè çíà÷åíí³ êðèòåð³þ Ôóð’º 0Fo  íà âåëè÷èíó 

0Pd ( Fo Fo )−  äëÿ äîâ³ëüíèõ çíà÷åíü ðàä³àëüíî¿ çì³ííî¿ ρ , òî äëÿ ìàòåð³à-

ë³â ³ç çàëåæíèìè â³ä òåìïåðàòóðè õàðàêòåðèñòèêàìè (âåëè÷èíè Pd∗ , Bi∗ , 

cT∗  çàëåæàòü â³ä òåìïåðàòóðè ³ Fo ) öÿ ð³çíèöÿ íåë³í³éíî çàëåæèòü â³ä êðè-

òåð³þ Ôóð’º Fo . 
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Íà ðèñ. 3–6 çîáðàæåíî ðîçïîä³ëè ðàä³àëüíèõ rσ  (ðèñ. 3, 5) ³ êîëîâèõ 

ϕσ  (ðèñ. 4, 6) òåðìîíàïðóæåíü ïðè çíà÷åíí³ Pd 0.75=  çà â³äñóòíîñò³ ìàñî-

âèõ ñèë ( ( ) 0)f ρ =  ³ òèñêó 0( 0)p =  äëÿ Fo 1.3=  ³ Fo 1.9= . Øòðèõîâèìè ë³í³-

ÿìè ïîçíà÷åíî ðîçïîä³ë òåðìîíàïðóæåíü ïðè âñ³õ ñòàëèõ õàðàêòåðèñòèêàõ 
ìàòåð³àëó. Êðèâ³ 1 â³äïîâ³äàþòü íàïðóæåííÿì ïðè çàëåæíèõ â³ä òåìïåðà-
òóðè òåïëîô³çè÷íèõ ( ( ), ( )t t v vT c c Tλ = λ = ) ³ ñòàëèõ ìåõàí³÷íèõ ( constE = , 

const, consttν = α = ) õàðàêòåðèñòèêàõ, êðèâ³ 2 – ïðè ( ), ( )t t v vT c c Tλ = λ =  

³ ( ), const, constt t T Eα = α = ν = , êðèâ³ 3 – ïðè ( ), ( )t t v vT c c Tλ = λ =  ³ 

( ), const, consttE E T= ν = α = , êðèâ³ 4 – ïðè çàëåæíèõ â³ä òåìïåðàòóðè 

âñ³õ òåïëîô³çè÷íèõ ³ ìåõàí³÷íèõ õàðàêòåðèñòèêàõ: ( ), ( )t t v vT c c Tλ = λ =  

( ), ( ), ( )t tE E T T T= ν = ν α = α . 
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 Рис. 9  Рис. 10 

Íà ðèñ. 7–10 çîáðàæåíî ðîçïîä³ëè äåôîðìàö³é ó ñóö³ëüíîìó öèë³íäð³ 
ïðè çíà÷åííÿõ Fo 1.3=  (ðèñ. 7, 8) ³ Fo 1.9=  (ðèñ. 9, 10) òà â³äñóòíîñò³ (êðèâ³ 
1–4) ³ íàÿâíîñò³ (êðèâ³ 5–7) ñèëîâèõ íàâàíòàæåíü 0p . Øòðèõîâèìè ë³í³ÿìè 

ïîêàçàíî ðîçïîä³ëè ðàä³àëüíèõ re  ³ êîëîâèõ eϕ  äåôîðìàö³é ïðè ñòàëèõ õà-

ðàêòåðèñòèêàõ ìàòåð³àëó. Êðèâ³ 1 â³äïîâ³äàþòü äåôîðìàö³ÿì ïðè çàëåæíèõ 
â³ä òåìïåðàòóðè òåïëîô³çè÷íèõ ( ( ), ( )t t v vT c c Tλ = λ = ) ³ ñòàëèõ ìåõàí³÷íèõ 

( const, const, consttE = ν = α = ) õàðàêòåðèñòèêàõ, êðèâ³ 2 – ïðè ( )t t Tλ = λ , 

( )v vc c T=  ³ ( ),  const, constt t T Eα = α = ν = , êðèâ³ 3 – ïðè ( ),t t vT cλ = λ =  

( )vc T=  ³ ( ), const, consttE E T= ν = α = , êðèâ³ 4 – ïðè ( ), ( )t t v vT c c Tλ = λ =  

( ), ( ), ( )t tE E T T T= ν = ν α = α , êðèâ³ 5–7 – ïðè âðàõóâàíí³ òåìïåðàòóðíèõ 
çàëåæíîñòåé âñ³õ õàðàêòåðèñòèê ìàòåð³àëó ³ ñòèñêóþ÷èõ ñèëîâèõ íàâàíòà-

æåííÿõ. Íà ðèñ. 7, 8 êðèâ³ 5, 6 â³äïîâ³äàþòü çóñèëëÿì 6
0 5 10p = ⋅  ³ 
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71.0 10⋅ Ïà; íà ðèñ. 9, 10 êðèâ³ 5–7 â³äïîâ³äàþòü çóñèëëÿì 6
0 6 10p = ⋅ , 

6 67 10 ,  8 10⋅ ⋅  Ïà.  
Ç àíàë³çó ðèñ. 3–6 âèïëèâàº, ùî âðàõóâàííÿ òåìïåðàòóðíî¿ çàëåæíîñò³ 

ìîäóëÿ ïðóæíîñò³ ( )E T  ïðèâîäèòü äî ìåíøèõ çì³í òåðìîíàïðóæåíü ïîð³â-
íÿíî ç³ çì³íàìè â³ä óðàõóâàííÿ òåìïåðàòóðíî¿ çàëåæíîñò³ êîåô³ö³ºíòà ë³-
í³éíîãî ðîçøèðåííÿ ( )t Tα , ùî îáóìîâëåíî ìåíøèìè òåìïåðàòóðíèìè çì³-
íàìè ìîäóëÿ ïðóæíîñò³ â äîñë³äæóâàíîìó ä³àïàçîí³ òåìïåðàòóð. ßê âèäíî 
íà ðèñ. 7–10, âðàõóâàííÿ òåìïåðàòóðíî¿ çàëåæíîñò³ ìîäóëÿ ïðóæíîñò³ 

( )E T  ïðàêòè÷íî íå âïëèâàº íà ðîçïîä³ë äåôîðìàö³é, ùî é ñë³ä áóëî î÷³êó-
âàòè ç îãëÿäó íà ôîðìóëè (23), (30). Ñèëîâ³ ñòèñêóþ÷³ íàâàíòàæåííÿ çìåí-
øóþòü äåôîðìàö³¿, âèêëèêàí³ òåìïåðàòóðíèì ïîëåì. Ó íàâåäåíèõ ïðèêëà-
äàõ ìàêñèìàëüí³ çì³íè íàïðóæåíü ³ äåôîðìàö³é, âèêëèêàí³ âðàõóâàííÿì 
òåìïåðàòóðíî¿ çàëåæíîñò³ õàðàêòåðèñòèê ìàòåð³àë³â, ñòàíîâëÿòü â³äïîâ³äíî 

40≈ % ³ 15≈ %. Ðåçóëüòàòè îá÷èñëåíü ïîêàçàëè øâèäêó çá³æí³ñòü ³òåðàö³é-
íîãî ïðîöåñó ïðè îá÷èñëåíí³ íàïðóæåíü (äîñòàòíüî ïåðøèõ äâîõ íàáëè-
æåíü), à òàêîæ íà íåîáõ³äí³ñòü âðàõóâàííÿ òåìïåðàòóðíî¿ çàëåæíîñò³ âñ³õ 
õàðàêòåðèñòèê ìàòåð³àëó îäíî÷àñíî, îñê³ëüêè ñïîñòåð³ãàºìî ñóòòºâ³ ðîçá³æ-
íîñò³ ì³æ ðîçïîä³ëàìè íàïðóæåíü ïðè âñ³õ çàëåæíèõ â³ä òåìïåðàòóðè õà-
ðàêòåðèñòèêàõ ³ ïðè òàêèõ çàëåæíîñòÿõ îêðåìèõ ç íèõ. 
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ТЕРМОНАПРЯЖЕННОЕ СОСТОЯНИЕ ТЕРМОЧУВСТВИТЕЛЬНОГО 
ЦИЛИНДРА ПРИ КОНВЕКТИВНОМ НАГРЕВЕ 
 
Îïðåäåëåíî òåìïåðàòóðíîå ïîëå è âûçâàííîå èì íàïðÿæåííî-äåôîðìèðîâàííîå ñî-
ñòîÿíèå êðóãîâîãî òåðìî÷óâñòâèòåëüíîãî öèëèíäðà, ïîâåðõíîñòü êîòîðîãî íàõî-
äèòñÿ ïîä ïîñòîÿííûì äàâëåíèåì è ÷åðåç íåå îñóùåñòâëÿåòñÿ íàãðåâ ïóò¸ì êîí-
âåêòèâíîãî òåïëîîîáìåíà ñ âíåøíåé ñðåäîé, òåìïåðàòóðà êîòîðîé ëèíåéíî çàâè-
ñèò îò âðåìåíè. Íåëèíåéíàÿ çàäà÷à òåïëîïðîâîäíîñòè ðåøåíà ìåòîäîì ëèíåàðè-
çóþùèõ ïàðàìåòðîâ ñ èñïîëüçîâàíèåì ïðåîáðàçîâàíèÿ Ëàïëàñà. Êâàçèñòàòè÷åñ-
êàÿ çàäà÷à òåðìîóðóãîñòè ñâåäåíà ê èíòåãðàëüíîìó óðàâíåíèþ Âîëüòåððà âòîðî-
ãî ðîäà. Ðåøåíèå ïîñëåäíåãî ïîñòðîåíî ìåòîäîì ïðîñòûõ èòåðàöèé. 
 
THERMO-STRESSED STATE OF THERMOSENSITIVE CYLINDER 
UNDER CONVECTIVE HEATING  
 
The temperature field and stress-strained state in a circular thermosensitive cylinder 
induced by it is determined. The surface of the cylinder is subjected to constant loading 
and through this surface the cylinder is heated by the convective heat exchange with the 
environment, the temperature of which is time-dependent. The nonlinear heat 
conduction problem is solved using the method of linearizing parameters and the 
integral Laplace transformation. The quasi-static thermoelasticity problem is reduced to 
solving the integral Volterra second-kind equation. The last one is solved using the 
direct iteration procedure. 
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