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ЗАСТОСУВАННЯ ДИСКРЕТНИХ РЯДІВ ФУР’Є ДО РОЗВ’ЯЗАННЯ 
КРАЙОВИХ ЗАДАЧ СТАТИКИ ПРУЖНИХ ТІЛ НЕКАНОНІЧНОЇ ФОРМИ 
 

Äëÿ ðîçâ’ÿçàííÿ äâîâèì³ðíèõ êðàéîâèõ çàäà÷ ïðî íàïðóæåíèé ñòàí ïëàñòèí, 
îáîëîíîê ³ ïðîñòîðîâèõ ò³ë çàïðîïîíîâàíî íåòðàäèö³éíèé ï³äõ³ä, ùî áàçó-
ºòüñÿ íà çâåäåíí³ äâîâèì³ðíèõ çàäà÷ äî îäíîâèì³ðíèõ ³ç çàñòîñóâàííÿì äèñ-
êðåòíèõ ðÿä³â Ôóð’º. Äâîâèì³ðíà êðàéîâà çàäà÷à ì³ñòèòü ÿê ìíîæíèêè ïðè 
ðîçâ’ÿçóâàëüíèõ ôóíêö³ÿõ ãåîìåòðè÷í³ òà ìåõàí³÷í³ ïàðàìåòðè, ùî íå äî-
çâîëÿþòü â³äîêðåìèòè çì³íí³. Ââåäåííÿ äîïîâíÿëüíèõ ôóíêö³é, ÿê³ âêëþ÷à-
þòü â ñåáå ðîçâ’ÿçóâàëüí³ ôóíêö³¿ ³ ¿õí³ ïîõ³äí³ ðàçîì ç âêàçàíèìè ìíîæíè-
êàìè, äîçâîëÿº çà ðàõóíîê ðîçâèíåííÿ óñ³õ ôóíêö³é â ðÿäè Ôóð’º â îäíîìó êî-
îðäèíàòíîìó íàïðÿìêó çâåñòè çàäà÷ó äî îäíîâèì³ðíî¿. Ïðè ³íòåãðóâàíí³ îä-
íîâèì³ðíî¿ êðàéîâî¿ çàäà÷³ àìïë³òóäí³ çíà÷åííÿ äîïîâíÿëüíèõ ôóíêö³é âè-
çíà÷àþòüñÿ çà äîïîìîãîþ ðÿä³â Ôóð’º ôóíêö³é, ùî çàäàí³ íà äèñêðåòí³é ìíî-
æèí³ òî÷îê. Îäíîâèì³ðíó êðàéîâó çàäà÷ó ðîçâ’ÿçóºìî ñò³éêèì ÷èñåëüíèì ìå-
òîäîì äèñêðåòíî¿ îðòîãîíàë³çàö³¿. Íàâåäåíî ðåçóëüòàòè ðîçâ’ÿçàííÿ çàäà÷ ó 
âèãëÿä³ ãðàô³ê³â ³ òàáëèöü. 

 
Ïðè ðîçâ’ÿçóâàíí³ äâîâèì³ðíèõ êðàéîâèõ çàäà÷ ïðî íàïðóæåíèé ñòàí 

ïëàñòèí, îáîëîíîê ³ ïðîñòîðîâèõ ò³ë ó áàãàòüîõ âèïàäêàõ âèêîðèñòîâóþòü 
ï³äõîäè, ÿê³ áàçóþòüñÿ íà ïîäàíí³ ðîçâ’ÿçêó ó âèãëÿä³ ðÿä³â Ôóð’º çà îäí³-
ºþ êîîðäèíàòîþ, ùî äîçâîëÿº çíèçèòè ðîçì³ðí³ñòü ³ çâåñòè çàäà÷ó äî îäíî-
âèì³ðíî¿, ðîçâ’ÿçàííÿ ÿêî¿ ìîæíà çä³éñíèòè íàáëèæåíèìè àíàë³òè÷íèìè 
àáî ÷èñåëüíèìè ìåòîäàìè. Îäíàê öå ìîæíà çðîáèòè ëèøå çà óìîâè, êîëè 
äèôåðåíö³àëüí³ ð³âíÿííÿ çàäà÷³ òà ãðàíè÷í³ óìîâè º òàêèìè, ùî äîïóñêà-
þòü â³äîêðåìëåííÿ çì³ííèõ. Àëå çàëåæíî â³ä ôîðìè îáëàñò³, çì³íè òîâùè-
íè, ìåõàí³÷íèõ òà ³íøèõ ôàêòîð³â ó äåÿêèõ êëàñàõ çàäà÷ íåìîæëèâî â³äîê-
ðåìèòè çì³íí³ é çâåñòè çàäà÷ó äî ðîçâ’ÿçóâàííÿ ñèñòåìè çâè÷àéíèõ äèôå-
ðåíö³àëüíèõ ð³âíÿíü. 

Ïðîïîíîâàíó ñòàòòþ ïðèñâÿ÷åíî îäíîìó ç ï³äõîä³â äî ðîçâ’ÿçàííÿ âêà-
çàíèõ êëàñ³â çàäà÷ ³ç çàñòîñóâàííÿì äèñêðåòíèõ ðÿä³â Ôóð’º. 

1. Ï³äõ³ä äî ðîçâ’ÿçàííÿ äâîâèì³ðíèõ êðàéîâèõ çàäà÷. Ðîçãëÿíåìî 
îäèí ï³äõ³ä äî ðîçâ’ÿçàííÿ äâîâèì³ðíèõ êðàéîâèõ çàäà÷ ç³ çì³ííèìè ïàðà-
ìåòðàìè â äâîõ êîîðäèíàòíèõ íàïðÿìêàõ, ùî îïèñóþòü íàïðóæåíî-äåôîð-
ìîâàíèé ñòàí ïðóæíèõ ò³ë ï³ä ä³ºþ ð³çíèõ íàâàíòàæåíü çà ïåâíèõ ãðàíè÷-
íèõ óìîâ. Öåé ï³äõ³ä áàçóºòüñÿ íà çàñòîñóâàíí³ äèñêðåòíèõ ðÿä³â Ôóð’º ïðè 
çâåäåíí³ äâîâèì³ðíî¿ êðàéîâî¿ çàäà÷³ äî îäíîâèì³ðíî¿. 

Íåõàé íàïðóæåíî-äåôîðìîâàíèé ñòàí ïðóæíîãî ò³ëà îïèñóºòüñÿ ñèñòå-
ìîþ äèôåðåíö³àëüíèõ ð³âíÿíü ó ÷àñòèííèõ ïîõ³äíèõ ó âèãëÿä³ 

 , , ( , ),        , , 1,
k

ji
i ik

ZZ
f i j k

∂∂  = Φ α β + α β = ∂α  ∂β
 , (1) 

äå ( , )i iZ Z= α β  – øóêàí³ ðîçâ’ÿçóâàëüí³ ôóíêö³¿, 1 2 1 2,  α ≤ α ≤ α β ≤ β ≤ β ; 

iΦ  – ë³í³éí³ ôóíêö³¿ â³äíîñíî ñâî¿õ àðãóìåíò³â; ( , )if α β  – ïðàâ³ ÷àñòèíè, 

Oα β  – îðòîãîíàëüíà êðèâîë³í³éíà ñèñòåìà êîîðäèíàò. Äëÿ â³äêðèòèõ ïðóæ-
íèõ ò³ë äî ö³º¿ ñèñòåìè ð³âíÿíü äîäàþòüñÿ ãðàíè÷í³ óìîâè íà êîíòóðàõ 

const,  constα = β = . Äëÿ çàìêíåíèõ â îäíîìó êîîðäèíàòíîìó íàïðÿìêó ò³ë 
ãðàíè÷í³ óìîâè â öüîìó íàïðÿìêó çàì³íþþòüñÿ óìîâàìè ïåð³îäè÷íîñò³. 

Êðàéîâà çàäà÷à äëÿ ñèñòåìè ð³âíÿíü (1) äëÿ çàìêíåíèõ, íàïðèêëàä, ó 
íàïðÿìêó Oβ  ïðóæíèõ ò³ë çà ðàõóíîê ïåð³îäè÷íîñò³ äîçâîëÿº äëÿ âñ³õ øó-

êàíèõ ôóíêö³é ïîäàòè ðîçâ’ÿçêè ó âèãëÿä³ ðÿä³â Ôóð’º çà êîîðäèíàòîþ β . 
Àëå ïðè öüîìó ïîòð³áíî, ùîá óñ³ ÷ëåíè ð³âíÿíü ç â³äïîâ³äíèìè êîåô³ö³ºíòà-
ìè íå ïåðåøêîäæàëè â³äîêðåìëåííþ çì³ííèõ ó öüîìó íàïðÿìêó. Ó á³ëüø 
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ïðîñòèõ çàäà÷àõ òàêèì ÷èíîì ìîæíà â³äîêðåìèòè çì³íí³ çà äîïîìîãîþ ïî-
äàííÿ âñ³õ ôóíêö³é ó âèãëÿä³ ðÿä³â Ôóð’º 

 
0

( ) cos ( ) sin ,       1,i in in
n

Z Z n Z n i
∞

=

′= α β + α β =∑ [ ] . (2) 

Àëå â áàãàòüîõ âèïàäêàõ ñèñòåìà äèôåðåíö³àëüíèõ ð³âíÿíü (1) ì³ñòèòü 
÷ëåíè ç êîåô³ö³ºíòàìè, ÿê³ õàðàêòåðèçóþòü ãåîìåòðè÷í³ ïàðàìåòðè òà ³í., 
ùî íå äîçâîëÿþòü â³äîêðåìèòè çì³íí³ òà ïîäàòè øóêàí³ ôóíêö³¿ ó âèãëÿä³ 
ðÿä³â Ôóð’º. Äëÿ ïîäîëàííÿ öèõ ïåðåøêîä ââîäÿòü äîïîâíÿëüí³ ôóíêö³¿, ÿê³ 
âèðàæàþòüñÿ ÷åðåç ðîçâ’ÿçóâàëüí³ ôóíêö³¿ ³ ¿õí³ ïîõ³äí³. Òîä³ îòðèìóºìî 
ðîçâ’ÿçóâàëüíó ñèñòåìó ð³âíÿíü ó âèãëÿä³  

          , , , ( , ), , , 1, , 1, , 1,
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j pi
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F f i j k r R p P

∂∂  = α β ϕ + α β = = = ∂α  ∂β
 , (3) 

äå 

 , , , ,      ,
s t

p p i i
r r s t

Z Z
s t

∂ ∂ ϕ = ϕ α β ≤ 
 ∂α ∂β

 . (4)  

Ïðè öüîìó ìàºìî, ùî ñèñòåìà äèôåðåíö³àëüíèõ ð³âíÿíü (3) ì³ñòèòü 

êð³ì ðîçâ’ÿçóâàëüíèõ ôóíêö³é iZ , äîïîâíÿëüí³ ôóíêö³¿ p
rϕ , òàê ùî 

çàãàëüíà ê³ëüê³ñòü íåâ³äîìèõ ôóíêö³é ïåðåâèùóº ïîðÿäîê ñèñòåìè ð³âíÿíü. 
Öå òðåáà âðàõîâóâàòè ïðè ðîçâ’ÿçóâàíí³ êðàéîâî¿ çàäà÷³. 

Äëÿ ïîáóäîâè ðîçâ’ÿçêó âèõ³äíî¿ êðàéîâî¿ çàäà÷³ ïîäàìî âñ³ ôóíêö³¿, 
ùî âõîäÿòü ó ñèñòåìó ð³âíÿíü (3), ó âèãëÿä³ ðîçâèíåíü ó ðÿäè Ôóð’º çà 
êîîðäèíàòîþ β , òîáòî ìàºìî 

 
0 0

( , ) ( ) cos ,      ( , ) ( ) sin
M M

m m m m
m m

X X Y Y
= =

α β = α λ β α β = α λ β∑ ∑    , (5) 

äå ,X Y   – ðîçâ’ÿçóâàëüí³ òà äîïîâíÿëüí³ ôóíêö³¿ ñèñòåìè (3); 2 /m m Tλ = π , 

T  – ïåð³îä. 
Ï³äñòàâëÿþ÷è ðÿäè (5) ó ñèñòåìó ð³âíÿíü (3), ï³ñëÿ â³äîêðåìëåííÿ 

çì³ííèõ ³ äåÿêèõ ïåðåòâîðåíü äëÿ àìïë³òóäíèõ çíà÷åíü ðÿä³â (5) îòðèìóºìî 
çâ’ÿçàíó ñèñòåìó çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü ó âèãëÿä³  

 ( , , ) ( )pim
im im rm im

dZ
F Z f

d
= α ϕ + α

α
, 

 1, ,    0, ,    1, ,    1,i m M r R p P= = = = . (6) 

Àíàëîã³÷íî ïîñòóïàºìî ç ãðàíè÷íèìè óìîâàìè òà îäåðæóºìî ãðàíè÷í³ 
óìîâè äëÿ àìïë³òóäíèõ çíà÷åíü ôóíêö³é imZ  íà ê³íöÿõ ³íòåðâàëó 1α ≤ α ≤  

2≤ α . Ó ñèñòåìó ð³âíÿíü (6), êð³ì àìïë³òóäíèõ çíà÷åíü ðîçâ’ÿçóâàëüíèõ 
ôóíêö³é, âõîäÿòü ùå àìïë³òóäí³ çíà÷åííÿ äîïîâíÿëüíèõ ôóíêö³é, ÿê³ òðåáà 
âèçíà÷àòè îêðåìî. Äëÿ ¿õ âèçíà÷åííÿ ïðè ³íòåãðóâàíí³ ñèñòåìè (6) ÷èñåëü-
íèì ìåòîäîì äèñêðåòíî¿ îðòîãîíàë³çàö³¿ îäíî÷àñíî äëÿ âñ³õ ãàðìîí³ê íà 
êîæíîìó êðîö³ ïðè ô³êñîâàíîìó çíà÷åíí³ α  îá÷èñëþºìî àìïë³òóäí³ çíà÷åí-
íÿ äîïîâíÿëüíèõ ôóíêö³é ó äåÿêèõ òî÷êàõ ³íòåðâàëó 1 2β ≤ β ≤ β , âèêîðèñ-
òîâóþ÷è àìïë³òóäí³ çíà÷åííÿ ðîçâ’ÿçóâàëüíèõ ôóíêö³é [4]. Áóäóºìî ðÿäè 
Ôóð’º äëÿ ôóíêö³é, çàäàíèõ íà äèñêðåòí³é ìíîæèí³ òî÷îê [11, 12]. Ç³ çá³ëü-
øåííÿì ê³ëüêîñò³ òî÷îê, ó ÿêèõ îá÷èñëþþòüñÿ çíà÷åííÿ äîïîâíÿëüíèõ 
ôóíêö³é, äèñêðåòíèé ðÿä Ôóð’º âñå ìåíøå â³äð³çíÿºòüñÿ â³ä òî÷íîãî ðÿäó 
Ôóð’º ³ òàêèì ÷èíîì ìîæíà îòðèìàòè ðåçóëüòàò ³ç âèñîêîþ òî÷í³ñòþ. Çà 
äîïîìîãîþ ñõåìè Ðóíãå [7, 11] çíàõîäèìî êîåô³ö³ºíòè öèõ ðÿä³â, ï³äñòàâëÿ-
ºìî ¿õ ó ñèñòåìó ð³âíÿíü (6) ³ ïðîäîâæóºìî ¿¿ ³íòåãðóâàííÿ. Íà ê³íöÿõ ³í-
òåðâàëó 1 2α ≤ α ≤ α  çàäîâîëüíÿºìî ãðàíè÷í³ óìîâè. 
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2. Ìåòîä äèñêðåòíî¿ îðòîãîíàë³çàö³¿. Äàë³ âèêëàäåìî îñíîâí³ ïîëîæåí-
íÿ ìåòîäó äèñêðåòíî¿ îðòîãîíàë³çàö³¿. Ïðè ðîçâ’ÿçóâàíí³ äåÿêèõ êëàñ³â êðà-
éîâèõ çàäà÷ äëÿ ë³í³éíèõ çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü âèíèêàþòü 
òðóäíîù³ ïðè ðåàë³çàö³¿ îá÷èñëþâàëüíîãî ïðîöåñó, ÿê³ îáóìîâëåí³ æîðñò-
ê³ñòþ äèôåðåíö³àëüíèõ ð³âíÿíü, òîáòî îäíî÷àñíî ìàþòü ì³ñöå ðîçâ’ÿçêè 
ð³âíÿííÿ, ÿê³ ðîñòóòü ïîâ³ëüíî ³ äóæå øâèäêî. Ó äåÿêèõ âèïàäêàõ íàâ³òü íà 
êîìï’þòåðàõ ³ç âåëèêîþ ê³ëüê³ñòþ çíà÷óùèõ öèôð íå ìîæíà îòðèìàòè íà-
ä³éíîãî ðåçóëüòàòó. Äëÿ òàêèõ êðàéîâèõ çàäà÷ ìåòîä çâåäåííÿ êðàéîâèõ 
çàäà÷ äî çàäà÷³ Êîø³ óæå íå ìîæíà çàñòîñóâàòè. Ó öèõ âèïàäêàõ ïðîïîíó-
þòüñÿ ³íø³ ï³äõîäè, ùî äîçâîëÿþòü óíèêíóòè çàçíà÷åíèõ òðóäíîù³â. 

Íàâåäåìî îäèí ìåòîä, ùî äîçâîëÿº ó çàçíà÷åíèõ âèïàäêàõ ïîáóäóâàòè 
ñò³éêèé îá÷èñëþâàëüíèé ïðîöåñ ðîçâ’ÿçàííÿ êðàéîâî¿ çàäà÷³ äëÿ ñèñòåìè 
äèôåðåíö³àëüíèõ ð³âíÿíü [1–3] 

 ( ) ( ),        
d

t t a t b
dt

= + ≤ ≤y
A y f , (7) 

ç ãðàíè÷íèìè óìîâàìè 

 1 1( )a =B y b , (8) 

 2 2( )b =B y b , (9) 

äå 1 2, , , ny y y=y { }  – âåêòîð-ñòîâïåöü; f  – âåêòîð-ñòîâïåöü ïðàâî¿ ÷àñ-

òèíè; ( )tA  – çàäàíà êâàäðàòíà ìàòðèöÿ ïîðÿäêó n ; 1 2,B B  – çàäàí³ ïðÿìî-

êóòí³ ìàòðèö³ â³äïîâ³äíî ïîðÿäê³â k n×  ³ ( )n k n− × , äå k n< ; 1 2,b b  – çà-
äàí³ âåêòîðè. 

Ðîçãëÿíåìî ñóòü ìåòîäó. Ðîçâ’ÿçîê êðàéîâî¿ çàäà÷³ (7)–(9) øóêàòèìåìî 
ó âèãëÿä³ 

 1
1

( ) ( ) ( )
m

j j m
j

t C t t+
=

= +∑y y y , (10) 

äå min ( , )m k n k= −  (äëÿ âèçíà÷åíîñò³ ïîêëàäåìî m n k= − ); jy  – ðîç-

â’ÿçêè çàäà÷ Êîø³ äëÿ ñèñòåìè ð³âíÿíü (7) ïðè 0=f  ç ïî÷àòêîâèìè óìîâà-
ìè, ùî çàäîâîëüíÿþòü ãðàíè÷í³ óìîâè (8) íà ë³âîìó ê³íö³ ³íòåðâàëó ïðè 

1 10;  m+=b y  – ðîçâ’ÿçîê çàäà÷³ Êîø³ äëÿ ñèñòåìè (7) ç ïî÷àòêîâèìè óìîâà-

ìè, ùî çàäîâîëüíÿþòü ãðàíè÷í³ óìîâè (8); m  – ê³ëüê³ñòü ãðàíè÷íèõ óìîâ íà 
ïðàâîìó ê³íö³ ³íòåðâàëó ³íòåãðóâàííÿ. 

Ìåòîä äèñêðåòíî¿ îðòîãîíàë³çàö³¿ äàº ìîæëèâ³ñòü îäåðæàòè ñò³éêèé 
îá÷èñëþâàëüíèé ïðîöåñ çà ðàõóíîê îðòîãîíàë³çàö³¿ âåêòîð³â-ðîçâ’ÿçê³â 
çàäà÷ Êîø³ â ñê³í÷åíí³é ê³ëüêîñò³ òî÷îê ³íòåðâàëó çì³íè àðãóìåíòó. 

Ðîç³á’ºìî âåñü ³íòåðâàë ,a b[ ] íà ìàë³ â³äð³çêè òî÷êàìè ³íòåãðóâàííÿ 

,  0,1, ,st s N=  , òàê, ùî 0 ,  Nt a t b= = . Ñåðåä öèõ òî÷îê âèáèðàºìî òî÷êè 

îðòîãîíàë³çàö³¿ ,  0,1, ,iT i M=  . Öå çàëåæèòü â³ä ñòóïåíÿ íåîáõ³äíî¿ òî÷-
íîñò³ ðîçâ’ÿçêó çàäà÷³ é íå çàëåæèòü â³ä ³íøèõ âèìîã. 

Íåõàé ó òî÷ö³ iT  áóäü-ÿêèì ÷èñåëüíèì ìåòîäîì, íàïðèêëàä Ðóíãå – 

Êóòòà, çíàéäåíî ðîçâ’ÿçêè çàäà÷ Êîø³, ÿê³ ïîçíà÷èìî ÷åðåç ( )r iTu , äå 

1,2, , 1r m= + . 

Òàêèì ÷èíîì, ó òî÷ö³ iT  äî îðòîãîíàë³çàö³¿ ìàºìî âåêòîðè 

 1 2 1( ),  ( ), ,  ( ),  ( )i i m i m iT T T T+u u u u . 

Ïðîîðòîíîðìóºìî âåêòîðè ( ),  1,2, ,j iT j m=u  , ó òî÷ö³ iT  ³ ïîçíà÷èìî ¿õ 

÷åðåç  

 1 2( ),  ( ), , ( )i i m iT T Tz z z . 
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Âåêòîðè rz  âèðàæàþòüñÿ ÷åðåç âåêòîðè iu  òàêèì ÷èíîì: 

 
1

1

1 ,       1,2, ,
r

r r rj j
rr j

r m
−

=

 = − ω = ω  ∑z u z  , 

äå 
1

2

1

( , ),  ,  ( , )
r

rj r j rr r r rj
j

j r
−

=

ω = < ω = − ω∑u z u u . 

Âåêòîð 1m +z  íå íîðìóºìî é îá÷èñëþºìî çà ôîðìóëîþ 

 1 1 1, 1, 1
1

,      ( , )
m

m m m j j m j m j
j

+ + + + +
=

= − ω ω =∑z u z u z . 

Ï³ñëÿ ïåðåòâîðåíü îòðèìàºìî ìàòðè÷íó ð³âí³ñòü 

 

1 1

2 2

1 1

( ) ( )

( ) ( )

( ) ( )

( ) ( )

i i

i i

j

m i m i

m i m i

T T

T T

T T

T T+ +

=

u z

u z

u z

u z

  , 

äå 

 

11

21 22

1 2 3

1,1 1,2 1,3

( ) 0 0 0

( ) ( ) 0 0

( ) ( ) ( ) 0

( ) ( ) ( ) 1

i

i i

i

m i m i m i

m i m i m i

T

T T

T T T

T T T+ + +

ω
ω ω

=
ω ω ω

ω ω ω




    



 . (11) 

Âåêòîðè ( )r iTz  º ïî÷àòêîâèìè çíà÷åííÿìè çàäà÷ Êîø³ äëÿ îäíîð³äíî¿ 

( 1,2, , )r m=   ³ íåîäíîð³äíî¿ ( 1)r m= +  ñèñòåì äèôåðåíö³àëüíèõ ð³âíÿíü 

(7) â ³íòåðâàë³ 1i iT t T +≤ ≤ . 

Ï³ñëÿ âèêîíàííÿ ³íòåãðóâàííÿ íà îñòàííüîìó â³äð³çêó 1m mT t T− ≤ ≤  òà 

îðòîãîíàë³çàö³¿ ó òî÷ö³ MT  ìàºìî 

 1
1

( ) ( ) ( )
m

M
M j j M m M

j

T C T T+
=

= +∑y z z . (12) 

Çàäîâîëüíÿþ÷è ãðàíè÷í³ óìîâè íà ïðàâîìó ê³íö³ ³íòåðâàëó ³íòåãðóâàí-
íÿ, òîáòî ï³äñòàâëÿþ÷è (12) ó (9), ä³ñòàíåìî ñèñòåìó ë³í³éíèõ àëãåáðà¿÷íèõ 

ð³âíÿíü äëÿ âèçíà÷åííÿ íåâ³äîìèõ M
jC . Ï³ñëÿ çíàõîäæåííÿ M

jC  ðîçâ’ÿçîê 

êðàéîâî¿ çàäà÷³ (7)–(9) ó òî÷ö³ Mt T=  äàºòüñÿ ôîðìóëîþ (12). Íà öüîìó çà-

ê³í÷óºòüñÿ ïðÿìèé õ³ä ðîçâ’ÿçóâàííÿ çàäà÷³.  

Ïðè çâîðîòíîìó õîä³ çà çíà÷åííÿìè ñòàëèõ ,  1,2, ,i
jC j m=  , âèçíà÷àº-

ìî ñòàë³ 1i
jC − , ïî÷èíàþ÷è ç i M= . Òîä³ ìàºìî 

 
11i i

i
−− =C C[ ] , (13) 

äå i
  – òðàíñïîíîâàíà ìàòðèöÿ (11); iC  – âåêòîð-ñòîâïåöü ç êîìïîíåíòà-

ìè 1 2,  , ,  ,  1i i i
mC C C . Òàêèì ÷èíîì ìîæíà çíàéòè çíà÷åííÿ ñòàëèõ i

jC  â 

óñ³õ òî÷êàõ, ïî÷èíàþ÷è ç i M= . 
Ïðè ðåàë³çàö³¿ öüîãî àëãîðèòìó íåîáõ³äíî çáåð³ãàòè ³íôîðìàö³þ ïðî 

ìàòðèö³ i  ³ âåêòîðè ,  1,2, , 1r r m= +z  . 
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Îäåðæàíà ³íôîðìàö³ÿ â óñ³õ òî÷êàõ îðòîãîíàë³çàö³¿ ïðàêòè÷íî íå âè-
êîðèñòîâóºòüñÿ, à ïðè ðîçâ’ÿçóâàíí³ çàäà÷ îáìåæóþòüñÿ ò³ëüêè çíà÷åííÿìè 
øóêàíèõ ôóíêö³é ó ðÿä³ òî÷îê – ó òàê çâàíèõ òî÷êàõ âèäà÷³ ðåçóëüòàò³â, 
ÿêèõ ÷àñòî º çíà÷íî ìåíøå, í³æ òî÷îê îðòîãîíàë³çàö³¿. Âðàõîâóþ÷è öþ 
îáñòàâèíó, ìîæíà ñóòòºâî ñêîðîòèòè îáñÿã ðåçóëüòàò³â. 

Ç ð³âíîñò³ (13) ìîæíà îòðèìàòè 

 
1 1

0

p
i p i

i j
j

− −
−

−
=

 =  
 ∏C C . 

Òàêèì ÷èíîì, äëÿ çíàõîäæåííÿ âåêòîðà i p−C  íåîáõ³äíî çáåð³ãàòè ³í-

ôîðìàö³þ ïðî äîáóòîê ìàòðèöü 
1

0

p

i j
j

−

−
=

∏  , ùî äàº çíà÷íó åêîíîì³þ. 

Íåîáõ³äíà òî÷í³ñòü ðîçâ’ÿçêó êðàéîâî¿ çàäà÷³ äîñÿãàºòüñÿ çà ðàõóíîê 
çá³ëüøåííÿ ê³ëüêîñò³ òî÷îê îðòîãîíàë³çàö³¿ ³ ïðè öüîìó îö³íþºòüñÿ éîãî 
çá³æí³ñòü. Òàêîæ ìîæíà êîíòðîëþâàòè òî÷í³ñòü ðîçâ’ÿçêó ïðè ïîð³âíÿíí³ 
ðåçóëüòàò³â ðîçâ’ÿçàííÿ êðàéîâèõ çàäà÷ çë³âà íàïðàâî òà ñïðàâà íàë³âî çà 
ðàõóíîê ð³çíèõ îá÷èñëþâàëüíèõ ñõåì, äå çá³ã ðåçóëüòàò³â ñâ³ä÷èòü ïðî òî÷-
í³ñòü ðîçâ’ÿçêó. 

3. Îá´ðóíòóâàííÿ ìåòîäó íà ïðèêëàäàõ ðîçâ’ÿçóâàííÿ çàäà÷ äëÿ 
ïëàñòèí òà îáîëîíîê. Äåòàëüí³øå ðîçãëÿíåìî îñîáëèâîñò³ ìåòîäó, ùî áàçó-
ºòüñÿ íà çàñòîñóâàíí³ äèñêðåòíèõ ðÿä³â Ôóð’º, íà êîíêðåòíèõ ïðèêëàäàõ. 

Ðîçãëÿíåìî çãèí êâàäðàòíî¿ ïëàñòèíè çì³ííî¿ òîâùèíè [13]. Ïëàñòèíà 
ïåðåáóâàº ï³ä ä³ºþ ïîïåðå÷íîãî íàâàíòàæåííÿ 0 sin ( / ) sin ( / )q q x a y a= π π , 

øàðí³ðíî îïåðòà ïî âñ³õ êðàÿõ. Ñåðåäèííó ïëîùèíó ïëàñòèíè â³äíåñåìî äî 
ïðÿìîêóòíî¿ îðòîãîíàëüíî¿ ñèñòåìè êîîðäèíàò xOy , âîíà çàéìàº îáëàñòü 

0 ,  0x a y a≤ ≤ ≤ ≤ . Òîâùèíà ïëàñòèíè çì³íþºòüñÿ â îäíîìó êîîðäèíàòíî-
ìó íàïðÿìêó çà çàêîíîì 

 2
0 0( ) 1 (1 6 6 ) ,    1 1,     consth x h x x h= + α − + − < α < =[ ] . (14) 

Íàïðóæåíî-äåôîðìîâàíèé ñòàí òàêèõ ïëàñòèí îïèñóºòüñÿ ñèñòåìîþ 
äèôåðåíö³àëüíèõ ð³âíÿíü ó ÷àñòèííèõ ïîõ³äíèõ ç³ çì³ííèìè êîåô³ö³ºíòàìè 

 
ˆ 2 2

2
2 2

(1 )
y

M y

Q wD M q
y x x

∂ ∂ ∂ = − ν − ν − ∂  ∂ ∂
, 

 ˆ 2 (1 )
y y

y M

M
Q D

y x x

∂ ∂ϑ ∂= − − ν ∂ ∂ ∂ 
, 

 
2

2
1,     

y
y y

M

w wM
y y D x

∂ϑ∂ ∂= − ϑ = + ν
∂ ∂ ∂

, (15) 

äå 
3

212(1 )
M

EhD =
− ν

 – çãèííà æîðñòê³ñòü; ˆ
y y

HQ Q
x

∂= +
∂

 – çâåäåíå ïîïåðå÷íå 

çóñèëëÿ; H  – êðóòèëüíèé ìîìåíò; , ,y yM w ϑ  – â³äïîâ³äíî çãèííèé ìîìåíò, 

ïðîãèí ³ êóò ïîâîðîòó ïðè const;y =  E  – ìîäóëü ïðóæíîñò³; ν  – êîåô³ö³-
ºíò Ïóàññîíà. 

Ãðàíè÷í³ óìîâè íà êîíòóðàõ ìàþòü âèãëÿä 

 
3 2

2
0,    0

12x y
Eh ww M M

x
∂= ≡ ν − =
∂

 ïðè 0,   x x a= = , (16) 

 
3 2

2
0,    0

12y x
Eh ww M M

y
∂= ≡ ν − =
∂

 ïðè 0,   y y a= = . (17) 
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Öþ çàäà÷ó ìîæíà ðîçâ’ÿçàòè äâîìà ñïîñîáàìè. Îñê³ëüêè òîâùèíà ïëàñ-
òèíè çì³íþºòüñÿ ëèøå â îäíîìó êîîðäèíàòíîìó íàïðÿìêó (çà êîîðäèíà-
òîþ x ), òî, ïîäàâøè ðîçâ’ÿçóâàëüí³ ôóíêö³¿ ó âèãëÿä³ ðÿä³â Ôóð’º (2) çà 
êîîðäèíàòîþ y , ï³ñëÿ â³äîêðåìëåííÿ çì³ííèõ îòðèìóºìî ñèñòåìó çâè÷àé-
íèõ äèôåðåíö³àëüíèõ ð³âíÿíü, ÿêó ðîçâ’ÿçóºìî ÷èñåëüíèì ìåòîäîì äèñ-
êðåòíî¿ îðòîãîíàë³çàö³¿ (óçäîâæ êîîðäèíàòè x ). Ïðè öüîìó îòðèìàíèé ðîç-
â’ÿçîê ìîæíà ïðèéíÿòè çà òî÷íèé ç äîñòàòí³ì ñòóïåíåì òî÷íîñò³.  

Ó äðóãîìó ñïîñîá³ çàñòîñóºìî ìåòîä äèñêðåòíèõ ðÿä³â Ôóð’º. Äëÿ öüîãî 
çàì³íèìî äîïîâíÿëüíèìè ôóíêö³ÿìè ÷ëåíè ðîçâ’ÿçóâàëüíî¿ ñèñòåìè äèôå-
ðåíö³àëüíèõ ð³âíÿíü (15), ùî ïåðåøêîäæàþòü â³äîêðåìëåííþ çì³ííèõ ó íà-
ïðÿìêó êîîðäèíàòè x . Òîä³ îòðèìàºìî ñèñòåìó äèôåðåíö³àëüíèõ ð³âíÿíü 

 
ˆ

ˆ1

2 2
1 2
2 2

,             
12 6(1 )

y y y
y

Q M ME Eq Q
y y xx x

∂ ϕ∂ ∂ ∂ ∂ϕ
= − ν − = −

∂ ∂ + ν ∂∂ ∂
, (18) 

 
2 2

3 2

12(1 )
,       

y
y

w w
y y E x

∂ϑ − ν∂ ∂= − ϑ = ϕ + ν
∂ ∂ ∂

, 

äå 

 
2

3 3
1 2 32 3
( , ) ,       ( , ) ,      ( , )

y yMwx y h x y h x y
xx h

∂ϑ∂ϕ = ϕ = ϕ =
∂∂

. (19) 

Êîåô³ö³ºíòè ñèñòåìè äèôåðåíö³àëüíèõ ð³âíÿíü (18) ôîðìàëüíî íå çàëå-
æàòü â³ä êîîðäèíàòè x , õî÷à ñàì³ äîïîâíÿëüí³ ôóíêö³¿ çàëåæàòü. Ðîçâ’ÿçîê 
êðàéîâî¿ çàäà÷³ äëÿ ñèñòåìè (18), ùî çàäîâîëüíÿº ãðàíè÷í³ óìîâè íà êðàÿõ 

0,  x x a= = , à òàêîæ ôóíêö³¿ ,  1,2,3j jϕ = , ÿê³ âõîäÿòü ó ïðàâ³ ÷àñòèíè 

ð³âíÿíü, ïîäàìî ó âèãëÿä³ ðîçâèíåíü (5): 

 2 2,
1 1

( , ) ( ) sin ,       ( , ) ( ) cos
M M

m m m m
m m

Y x y Y y x x y y x
= =

= λ ϕ = ϕ λ∑ ∑  , (20) 

äå ˆ
1 3,  ,  ,  ,  ,  ,  ,  y y y mY Q M w q m a= ϑ ϕ ϕ λ = π { } / . 

Ï³äñòàâëÿþ÷è ðîçâèíåííÿ (20) ó (18) ³ ãðàíè÷í³ óìîâè (17), îäåðæèìî 
ñèñòåìó çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü â³äíîñíî àìïë³òóäíèõ çíà÷åíü 
öèõ ðîçâèíåíü 

 
ˆ

ˆ, ,2
1, , , 2,,   

12 6(1 )
y m y m

m m y m m y m m m

dQ dME EM q Q
dy dy

 = − λ ϕ − ν − = + λ ϕ  + ν 
, 

 
2

, 2
, 3,

12(1 )
,    ,   1,

y mm
y m m m m

ddw
w m M

dy dy E

ϑ − ν
= − ϑ = ϕ − νλ = , (21) 

òóò 1 20,  0Mq q q≠ = = = . 

Ãðàíè÷í³ óìîâè íàáóäóòü âèãëÿäó 

 ,0,      0m y mw M= =  ïðè 0,  y y a= = .  (22) 

Îäåðæàí³ ð³âíÿííÿ ñèñòåìè (21) ³íòåãðóþòüñÿ îäíîðàçîâî äëÿ óñ³õ ãàð-
ìîí³ê. Ó ïðîöåñ³ ³íòåãðóâàííÿ, íà êîæíîìó êðîö³ çàñòîñóâàííÿ ÷èñåëüíîãî 
ìåòîäó äèñêðåòíî¿ îðòîãîíàë³çàö³¿, áóäåìî îá÷èñëþâàòè àìïë³òóäí³ çíà÷åí-
íÿ äîïîâíÿëüíèõ ôóíêö³é (19). Äëÿ öüîãî çà ïîòî÷íèìè çíà÷åííÿìè àìïë³-
òóä ðîçâ’ÿçóâàëüíèõ ôóíêö³é äëÿ ô³êñîâàíîãî çíà÷åííÿ ky  îá÷èñëþºìî â 

ðÿä³ òî÷îê ,  1,ix i R= , â³äð³çêà [0, ]a  âåëè÷èíè 

 2
0( ) 1 (1 6 6 )i i ih x h x x= + α − +[ ] ,  

 3 2
1 1

1

( , ) ( ) ( ) sin
M

i
i k i m m k m i

m

x y h x w y x
=

ϕ = ϕ = − λ λ∑ ,  
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 3
2 2 ,

1

( , ) ( ) ( ) cos
M

i
i k i m y m k m i

m

x y h x y x
=

ϕ = ϕ = λ ϑ λ∑ , 

 3 3 ,3
1

1( , ) ( ) sin
( )

M
i

i k y m k m i
mi

x y M y x
h x =

ϕ = ϕ = λ∑ . 

Ïðîäîâæóºìî äëÿ ô³êñîâàíîãî çíà÷åííÿ ky  ôóíêö³¿ 1 3,ϕ ϕ  íåïàðíèì 

ñïîñîáîì, à ôóíêö³þ 2ϕ  – ïàðíèì ñïîñîáîì íà â³äð³çîê ,2a a[ ]  òà îá÷èñëþº-

ìî ïîò³ì ïîòî÷í³ çíà÷åííÿ , ( )j m kyϕ , âèêîðèñòîâóþ÷è ñòàíäàðòíó ïðîöåäóðó 

âèçíà÷åííÿ êîåô³ö³ºíò³â Ôóð’º ôóíêö³¿ â³ä çì³ííî¿ x , ÿêó çàäàíî òàáëèöåþ. 
Çíàéäåí³ çíà÷åííÿ , ( )j m kyϕ  ï³äñòàâëÿºìî â ñèñòåìó ð³âíÿíü (21) ³ âèêîíóº-

ìî íàñòóïíèé êðîê ³íòåãðóâàííÿ, ïåðåõîäÿ÷è â³ä òî÷êè ky  äî òî÷êè 1ky + . 

Íà ïî÷àòêó ³íòåãðóâàííÿ, âðàõîâóþ÷è ãðàíè÷í³ óìîâè, çàäàºìî ïî÷àòêîâ³ 
çíà÷åííÿ ðîçâ’ÿçóâàëüíèõ ôóíêö³é. 

ßê áóëî çàçíà÷åíî âèùå, ïðè çá³ëüøåíí³ ê³ëüêîñò³ òî÷îê, ó ÿêèõ îá÷èñ-
ëþþòüñÿ òàáëè÷í³ çíà÷åííÿ äîïîâíÿëüíèõ ôóíêö³é, äèñêðåòíèé ðÿä Ôóð’º 
óñå ìåíøå â³äð³çíÿºòüñÿ â³ä çâè÷àéíîãî, ïðî ùî ñâ³ä÷àòü äàí³ òàáë. 1. 

Ïðàêòè÷íî ïðè ðîçâ’ÿçóâàíí³ ïðèêëàäíèõ çàäà÷ ó á³ëüøîñò³ âèïàäê³â 
âèêîðèñòîâóþòü ëèøå íåáàãàòî ïåðøèõ ÷ëåí³â äèñêðåòíîãî ðÿäó Ôóð’º, òî-
ìó ùî êîåô³ö³ºíòè Ôóð’º øâèäêî ñïàäàþòü, à ç íèìè øâèäêî çìåíøóºòüñÿ 
âïëèâ äàëåêèõ ãàðìîí³ê. Â³äîìî, ùî â ïèòàíí³ ïðî òî÷í³ñòü íàáëèæåíü ïðè 
îá÷èñëåíí³ ðÿä³â Ôóð’º âàæëèâó ðîëü â³ä³ãðàº øâèäê³ñòü ñïàäàííÿ êîåô³ö³-
ºíò³â Ôóð’º, ùî, â ñâîþ ÷åðãó, ïîâ’ÿçàíî ç äèôåðåíö³àëüíèìè âëàñòèâîñòÿ-
ìè ôóíêö³¿, ïðîäîâæåíî¿ íà âåñü ³íòåðâàë ( , )−∞ ∞ . Ïîðÿä ç öèì ³ñíóþòü íà-
áëèæåí³ ï³äõîäè, ÿê³ äîçâîëÿþòü ïîð³âíÿòè çíà÷åííÿ êîåô³ö³ºíòà äèñêðåò-
íîãî ðÿäó Ôóð’º, ïîáóäîâàíîãî íà ñê³í÷åíí³é ìíîæèí³ òî÷îê, ç òî÷íèì çíà-
÷åííÿì öüîãî æ òà ³íøèõ êîåô³ö³ºíò³â ðÿäó Ôóð’º äëÿ ò³º¿ æ ôóíêö³¿, ÿêà 
çàäàíà àíàë³òè÷íî [11].  

Íàâåäåìî ðåçóëüòàòè çàñòîñóâàííÿ öüîãî ï³äõîäó. 
Íåõàé ôóíêö³ÿ ( )y x  çàäàíà íà ìíîæèí³ òî÷îê, òîáòî ( )i iy x y=  ïðè 

2 ,  0,1,2, , 1ix i i k
k
π= = − . Ïîáóäóºìî ðÿä Ôóð’º äëÿ ôóíêö³¿ ( )f x , ùî 

çàäàíà íà äèñêðåòí³é ìíîæèí³ òî÷îê ,  0, 1ix i k= − . Öåé ðÿä çàïèøåìî ó 
âèãëÿä³ 

 0
1

( ) ( cos sin ),    /2
n

m m
m

y x a a mx b mx n k
=

= + + ≤∑ , (23) 

äå êîåô³ö³ºíòè 0 , ,m ma a b  âèçíà÷àþòüñÿ çà ôîðìóëàìè 

 
1

0
0

1
k

i
i

a y
k

−

=

= ∑ , (24) 

 
1

0

2 2cos
k

m i
i

ia y m
k k

−

=

π= ∑ , (25) 

 
1

1
1

2 2sin ,          /2
k

m
i

ib y m m k
k k

−

=

π= ≤∑ . (26) 

Âèâåäåìî ñï³ââ³äíîøåííÿ, ÿê³ çâ’ÿçóþòü íàáëèæåí³ çíà÷åííÿ êîåô³-
ö³ºíò³â ðÿäó Ôóð’º ç òî÷íèìè çíà÷åííÿìè êîåô³ö³ºíò³â öüîãî ðÿäó. 

Ðîçãëÿíåìî äâ³÷³ äèôåðåíö³éîâíó ôóíêö³þ ( )y f x= , çàäàíó àíàë³òè÷íî 

íà ³íòåðâàë³ 0,2π[ ] . Òî÷íèé ðÿä Ôóð’º äëÿ ö³º¿ ôóíêö³¿ ìàº âèãëÿä 

 0
1 1

( ) cos sinj j
j j

y x A A jx B jx
∞ ∞

= =

= + +∑ ∑ . 
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Òóò ,  j jA B  – òî÷í³ çíà÷åííÿ êîåô³ö³ºíò³â ðÿäó Ôóð’º. Ïîêëàäàþ÷è 

2 ,  0,1,2, , 1ix i i k
k
π= = − , îá÷èñëþºìî ò³ çíà÷åííÿ ôóíêö³¿ ( )i iy y x= , ÿê³ 

ì³ñòÿòüñÿ ó ôîðìóëàõ (24)–(26). Ï³äñòàâëÿþ÷è ö³ çíà÷åííÿ iy  ó ôîðìóëè 
(24)–(26), ï³ñëÿ äåÿêèõ ïåðåòâîðåíü îäåðæóºìî 

 2m m k m k m k ma A A A A− + −= + + + +  , 

 2 ,      /2m m k m k m k mb B B B B m k− + −= − + − + ≤ . 

Çîêðåìà, ìàºìî 

ïðè 12k = : 

 0 0 12 1 1 11,      a A A a A A= + + = + +  , 

 2 2 10 3 3 9,      a A A a A A= + + = + +  ; 

ïðè 24 :k =  

 0 0 24 1 1 23 2 2 22,      ,      a A A a A A a A A= + + = + + = + +   , 

 3 3 21 4 4 20 5 5 19,      ,      a A A a A A a A A= + + = + + = + +   , 

 6 6 18 7 7 17 8 8 16,      ,      a A A a A A a A A= + + = + + = + +   , ³ ò.ä. 

Ç öèõ ð³âíîñòåé áà÷èìî, ùî ïðè 12k =  ìîæíà âðàõîâóâàòè ò³ëüêè 2-3 
ãàðìîí³êè, à ïðè 24k =  ìîæíà î÷³êóâàòè äîñòàòíþ òî÷í³ñòü óæå äëÿ ïåð-
øèõ 7-8 ãàðìîí³ê. 

Ïðîâåäåìî äîñë³äæåííÿ âïëèâó ê³ëüêîñò³ òî÷îê R , ó ÿêèõ îá÷èñëþþòü-
ñÿ çíà÷åííÿ äîïîâíÿëüíèõ ôóíêö³é, ³ òî÷îê M , ÿê³ âðàõîâóþòüñÿ ïðè ðîç-
â’ÿçóâàíí³ çàäà÷, íà çá³æí³ñòü ðîçâ’ÿçêó çàäà÷³ ïðî çãèí êâàäðàòíî¿ ïëàñòè-
íè, ÿêèé îäåðæàíî çà äîïîìîãîþ ìåòîäó, ùî áàçóºòüñÿ íà àïðîêñèìàö³¿ 
äèñêðåòíèìè ðÿäàìè Ôóð’º, äî òî÷íîãî. 

Çàäà÷ó ðîçâ’ÿçàíî çà òàêèõ óìîâ: 01;  0.3;  0.1;  0.3;  a h R= ν = = α = =  

38,  40,  60,  80,  100;  6,  8,  10,  15M= = . Ó òàáë. 1 íàâåäåíî ðåçóëüòàòè ðîç-

â’ÿçàííÿ çàäà÷³ äëÿ ïðîãèíó w , çãèííîãî ìîìåíòó xM  ³ êóòà ïîâîðîòó xϑ  

ó ïåðåð³ç³ 0.5y =  äëÿ äåÿêèõ çíà÷åíü êîîðäèíàòè x . Îñòàíí³é ðÿäîê ì³ñ-
òèòü òî÷íèé ðîçâ’ÿçîê çàäà÷³, ÿêèé îòðèìàíî ïåðøèì ñïîñîáîì.  
 Таблиця 1  

 

0/wE q  0/xE q− ϑ  2
010 /xM q⋅  

x R  M  

0.1 0.3 0.5 0 0.2 0.4 0.1 0.3 0.5 

38 
40 

  6 
8.327 
8.333 

24.026 
24.039 

31.381 
31.396 

83.167 
83.232 

80.277 
80.308 

38.552 
38.564 

0.365 
0.368 

1.992 
1.992 

2.813 
2.813 

38 
40 

  8 
8.324 
8.330 

24.023 
24.036 

31.386 
31.401 

83.081 
83.148 

80.286 
80.318 

38.657 
38.666 

0.355 
0.359 

1.994 
1.996 

2.815 
2.816 

38 
40 

10 
8.324 
8.330 

24.022 
24.035 

31.384 
31.399 

83.048 
83.116 

80.249 
80.282 

38.637 
38.646 

0.355 
0.359 

1.994 
1.994 

2.812 
2.814 

40 
60 
80 
100 

15 

8.331 
8.345 
8.350 
8.352 

24.035 
24.665 
24.076 
24.081 

31.399 
31.434 
31.446 
31.452 

83.086 
83.251 
83.308 
83.334 

80.283 
80.159 
80.387 
80.399 

38.642 
38.666 
38.674 
38.677 

0.369 
0.378 
0.377 
0.378 

1.994 
1.998 
1.999 
1.999 

2.815 
2.816 
2.816 
2.817 

------ 8.357 24.091 31.463 83.377 80.424 38.687 0.379 2.000 2.817 
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Ç àíàë³çó äàíèõ ó òàáë. 1 áà÷èìî, ÿê ç³ çá³ëüøåííÿì ê³ëüêîñò³ ÷ëåí³â R  
äèñêðåòíîãî ðÿäó ïðè âðàõóâàíí³ M  ÷ëåí³â ðîçâ’ÿçêè çàäà÷³ äëÿ ïðîãèíó 
w , êóòà ïîâîðîòó xϑ  (àíàëîã ïåðøî¿ ïîõ³äíî¿ â³ä w ) ³ çãèííîãî ìîìåíòó 

xM  (àíàëîã äðóãî¿ ïîõ³äíî¿ â³ä w ) çá³ãàþòüñÿ äî òî÷íîãî ðîçâ’ÿçêó. Çîêðå-

ìà, äëÿ w  ïðè 0.5x =  ðîçâ’ÿçîê, îòðèìàíèé ³ç çàñòîñóâàííÿì äèñêðåòíèõ 

ðÿä³â Ôóð’º, â³äð³çíÿºòüñÿ â³ä òî÷íîãî íà 41 10−⋅ . Òàêó æ âåëè÷èíó ïîõèáêè 
ìàºìî äëÿ xϑ  ³ xM . Öå ìîæíà ïîÿñíèòè òèì, ùî çàäà÷à ðîçâ’ÿçóºòüñÿ îä-
íî÷àñíî äëÿ ñèñòåìè ð³âíÿíü, ó ÿêó âõîäÿòü óñ³ ö³ ôóíêö³¿. 

Íàâåäåìî ùå îäèí ïðèêëàä, ó ÿêîìó ìîæíà îòðèìàòè ðîçâ’ÿçîê çàäà÷³ 
äâîìà ñïîñîáàìè, ÿê ³ â ïîïåðåäíüîìó ïðèêëàä³. Ðîçãëÿíåìî çàäà÷ó ïðî íà-
ïðóæåíèé ñòàí êðóãîâî¿ öèë³íäðè÷íî¿ îáîëîíêè çì³ííî¿ òîâùèíè â íàïðÿì-
êó íàïðÿìíî¿. 

Ñåðåäèííó ïîâåðõíþ â³äíåñåìî äî îðòîãîíàëüíî¿ ñèñòåìè êîîðäèíàò 
,  s θ , äå s  – äîâæèíà äóãè âçäîâæ òâ³ðíî¿, 0 s L≤ ≤ ; θ  – öåíòðàëüíèé êóò 

ó ïîïåðå÷íîìó ïåðåð³ç³, 0 2≤ θ ≤ π . 
Ðîçâ’ÿçóâàëüíà ñèñòåìà äèôåðåíö³àëüíèõ ð³âíÿíü ó ÷àñòèííèõ ïîõ³ä-

íèõ ìàº âèãëÿä [3] 

 
ˆ 2 2 2 2

2 2 2 4 2
1 1s s

s N M

Q M v vN D D
s r r r r

∂ ∂ν ν − ν ∂ − ν ∂ ∂ = − + − + ∂ ∂θ ∂θ ∂θ ∂θ
 

 
2 2 2 2

2 4 2 2
1 1

N M r
wD w D q

r r
− ν − ν ∂ ∂ + + − 

 ∂θ ∂θ
, 

 
ˆ ˆ

3 3 4
0 0 0

2(1 ) 2(1 )1 4 M M Ms s

N

D D DN S uS
s r p D p pr r r

∂ ∂ϑ− ν − ν∂ ∂ ∂ ∂ ∂     = − + + −     ∂ ∂θ ∂θ ∂θ ∂θ ∂θ ∂θ     
, 

 
ˆ 2 2

2 2 4
1 1s s

N M

N MS v vD D
s r r r r

∂ ∂∂ ν ν − ν ∂ ∂ − ν ∂ ∂   = − − − − −   ∂ ∂θ ∂θ ∂θ ∂θ ∂θ ∂θ   
 

 
2 2 2

2 4 2
1 1( )N M

wD w D
r r
− ν ∂ − ν ∂ ∂ − +  ∂θ ∂θ  ∂θ

, 

 ˆ ˆ
2 2 3

0 0 0

2(1 ) 2(1 )4 M M Ms s
s

N

D D DM uQ S
s p D p pr r r

∂ ∂ϑ− ν − ν∂ ∂ ∂ ∂     = − − +     ∂ ∂θ ∂θ ∂θ ∂θ ∂θ     
, 

 1,    s s
N

w u vN w
s s D r r

∂ ∂ ν ∂ ν= − ϑ = − −
∂ ∂ ∂θ

, 

 ˆ
3 2

0 0 0

2 1 1 4 4
1

M M s

N N N

D Dv u uS
s p D r p D p Dr r

∂ϑ∂ ∂ ∂= − + −
∂ − ν ∂θ ∂θ ∂θ

, 

 
2

2 2 2
1 ,       0 ,      0 2s

s
M

w vM s L
s D r r

∂ϑ ν ∂ ν ∂= + − ≤ ≤ ≤ θ ≤ π
∂ ∂θ∂θ

, (27) 

äå r  – ðàä³óñ êðèâèíè ñåðåäèííî¿ ïîâåðõí³; ˆ
sQ , ˆ,  ,  s sN S M  – çóñèëëÿ ³ 

çãèííèé ìîìåíò; , , , sw u v ϑ  – ïåðåì³ùåííÿ ³ êóò ïîâîðîòó; 0 2
41 M

N

D
p

Dr
= + =  

2

2
41
12

h
r

= + , 
2

( )

1
N

E h
D

⋅ θ=
− ν

, 
3

2

( )

12(1 )
M

E h
D

⋅ θ=
− ν

 – òàíãåíö³àëüíà òà çãèííà æîðñò-

ê³ñòü.  
Òîâùèíà îáîëîíêè çì³íþºòüñÿ çà çàêîíîì 

 0 0(1 cos ),      const,       0 1h h h= + β θ = < β ≤ . (28) 
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Îáîëîíêà çíàõîäèòüñÿ ï³ä ä³ºþ íàâàíòàæåííÿ  

 0 0sin / ,        constq q s L qγ = π = , (29) 

ïðè øàðí³ðíîìó çàêð³ïëåíí³ òîðö³â: 
 0s sN M w v= = = =  ïðè 0s =  ³ s L= .  (30) 

Îäèí ³ç ñïîñîá³â ðîçâ’ÿçàííÿ çàäà÷³ ïîëÿãàº ó òîìó, ùî âðàõîâóþ÷è 
(28)–(30) ³ ïîäàþ÷è ðîçâ’ÿçóâàëüí³ ôóíêö³¿ ó âèãëÿä³ ðÿä³â (2), ó ñèñòåì³ 
ð³âíÿíü (27) ìîæíà â³äîêðåìèòè çì³íí³ é îòðèìàòè ñèñòåìó çâè÷àéíèõ äè-
ôåðåíö³àëüíèõ ð³âíÿíü äëÿ êîæíî¿ ãàðìîí³êè ðÿä³â (2) ç â³äïîâ³äíèìè ãðà-
íè÷íèìè óìîâàìè àáî óìîâàìè ïåð³îäè÷íîñò³ çà êîîðäèíàòîþ θ . Îòðèìàíó 
êðàéîâó çàäà÷ó ðîçâ’ÿçóºìî ìåòîäîì äèñêðåòíî¿ îðòîãîíàë³çàö³¿. Ïðè öüîìó 
ðîçâ’ÿçîê ìîæíà ïðèéíÿòè çà òî÷íèé. 

Äðóãèé ñïîñ³á ðîçâ’ÿçàííÿ çàäà÷³ áàçóºòüñÿ íà çàñòîñóâàíí³ äèñêðåòíèõ 
ðÿä³â Ôóð’º. Çà öèì ñïîñîáîì ââîäèìî äîïîâíÿëüí³ ôóíêö³¿, ÿê³ äîçâîëÿòü 
â³äîêðåìèòè çì³íí³ çà êîîðäèíàòîþ θ , ó âèãëÿä³ 

 
2

1 22
, ,           , ,      1,2j j

M N
v w vD D w j

   ∂ ∂ ∂ϕ = ϕ = =   ∂θ ∂θ∂θ   
, 

 ˆ
3 4

0 0

, , ,     1,2,3,       , ,    1,2j jM Ms s

N

D Du uS j j
p D p

∂ϑ ∂ϑ   ∂ ∂ϕ = = ϕ = =   ∂θ ∂θ ∂θ ∂θ   
, 

 ˆ
5 6 7

0

1 1 1,      ,         s s
N N M

N S M
D p D D

ϕ = ϕ = ϕ = . (31) 

Ïîäàìî ðîçâ’ÿçóâàëüí³ òà äîïîâíÿëüí³ ôóíêö³¿ ó âèãëÿä³ ðÿä³â Ôóð’º 

 
0 1

( , ) ( ) cos ,       ( , ) ( ) sin
M M

m m m m
m m

X s X s Y s Y s
= =

θ = λ θ θ = λ θ∑ ∑ , 

 /2 /2m m mλ = π π = , (32) 

äå ˆ ˆ
1 2 5 7 3 4 6, , , , , , , , , , ,     , , , ,j j j j

s s s sX Q N M w u q Y S vγ= ϑ ϕ ϕ ϕ ϕ = ϕ ϕ ϕ{ } { } . 

Ï³ñëÿ ï³äñòàíîâêè ôóíêö³é (31) ³ ðîçâèíåíü (32) ó ð³âíÿííÿ (27) ³ 
ãðàíè÷í³ óìîâè (30) îòðèìóºìî ñèñòåìó çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³â-
íÿíü äëÿ àìïë³òóäíèõ çíà÷åíü ðÿä³â (32) ó âèãëÿä³ 

 
ˆ 2 2 22

, 2 1
, , 2, 1,2 2 4

(1 )1s m m m
s m s m m m

dQ
N M

ds r r r r

νλ − ν λν − ν= + + ϕ − ϕ +  

 
2 2

1 2
2, 1,2 4

(1 ) (1 )n m
m m

r r

− ν λ − ν λ
+ ϕ − ϕ , 

 ˆ, 1 2 1
3, 4, 4,3 3 4

4 2(1 ) 2(1 )s m m m m m
m m m m

dN
S

ds r r r r

λ λ − ν λ − ν λ
= − + ϕ + ϕ − ϕ , 

 
ˆ 2 2

2 1
, , 2, 1,2 2 4

(1 ) (1 )m m m m m
s m s m m m

dS
N M

ds r r r r

νλ νλ − ν λ − ν λ
= + + ϕ + ϕ +  

 
2 2

1 2
2, 1,2 4

(1 ) (1 )m m
m m

r r

− ν λ − ν λ
+ ϕ − ϕ , 

 ˆ, 1 2 1
, 3, 4, 4,2 2 3

4 2(1 ) 2(1 )s m m m m
s m m m m

dM
Q

ds r r r

λ − ν λ − ν λ
= − ϕ − ϕ + ϕ , 

 , 5,,             m m m
s m m m m

dw du
v w

ds ds r r
νλ ν= − ϑ = ϕ − − , 

 2 3
6, 3, 3,3 2

2 4 4
1

m m
m m m m

dv
u

ds r r r

λ
= ϕ + + ϕ − ϕ

− ν
, 

 
2

,
7, 2 2

,            0,s m m m
m m m

d
w v m M

ds r r

ϑ νλ νλ
= ϕ − − = , (33) 
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ç ãðàíè÷íèìè óìîâàìè 

 , , 0s m s m m mN M w v= = = =  ïðè 0s =  ³ s L= . (34) 

Îòðèìàíó êðàéîâó çàäà÷ó (33), (34) ðîçâ’ÿçóºìî ìåòîäîì äèñêðåòíî¿ 
îðòîãîíàë³çàö³¿. Çàäà÷ó ðîçâ’ÿçàíî çà òàêèìè äàíèìè: 0 30;   30r L= = ; 

0 0.25,  0.50;  0.5;  0.3;  12,  16,  24,  36;  3,  5,  8,  12h R M= β = ν = = = . 

Ðåçóëüòàòè ðîçâ’ÿçàííÿ çàäà÷³ íàâåäåíî â òàáë. 2 äëÿ ïðîãèíó w  ³ çó-
ñèëëÿ Nθ . Â îñòàííüîìó ðÿäêó íàâåäåíî òî÷íèé ðîçâ’ÿçîê çàäà÷³, îòðèìà-

íèé ïåðøèì ñïîñîáîì. 
Таблиця 2 

3
0/10wE q  0/10N qθ  

/ 0.0θ π =  / 1.0θ π =  / 0.0θ π =  / 1.0θ π =  R  M  

0.1s
L

=  0.5s
L

=  0.1s
L

=  0.5s
L

=  0.1s
L

=  0.5s
L

=  0.1s
L

=  0.5s
L

=  

0 0.25h =  

12 
16 
24 
36 

3 
5 
8 
12 

0.654 
0.770 
0.745 
0.749 

2.117 
2.492 
2.411 
2.424 

1.887 
2.098 
2.146 
2.157 

6.108 
6,788 
6.945 
6.982 

0.794 
0.963 
0.917 
0.926 

2.596 
3.115 
2.968 
2.997 

0.794 
0.891 
0.917 
0.926 

2.571 
2.884 
2.969 
2.998 

---- 0.748 2.421 2.157 6.981 0.926 2.996 0.927 3.000 

0 0.5h =  

12 
16 
24 
36 

3 
5 
8 
12 

0.326 
0.385 
0.374 
0.372 

1.055 
1.245 
1.211 
1.206 

0.943 
1.049 
1.073 
1.079 

3.053 
3.393 
3.472 
3.491 

0.791 
0.962 
0.917 
0.925 

2.561 
3.112 
2.966 
2.995 

0.794 
0.891 
0.917 
0.926 

2.570 
2.884 
2.969 
2.997 

---- 0.372 1.205 1.078 3.490 0.922 2.984 0.926 2.998 

Ç àíàë³çó äàíèõ ó òàáë. 2 áà÷èìî, ÿê ç³ çá³ëüøåííÿì ê³ëüêîñò³ R  òà M  
ðîçâ’ÿçîê çàäà÷³ äëÿ w  ³ Nθ , îòðèìàíèé ³ç çàñòîñóâàííÿì äèñêðåòíèõ 

ðÿä³â Ôóð’º, çá³ãàºòüñÿ äî òî÷íîãî ðîçâ’ÿçêó. Íàïðèêëàä, äëÿ 36R = , 12M =  
ñïîñòåð³ãàºòüñÿ çá³ã ðåçóëüòàò³â ó òðåò³é - ÷åòâåðò³é çíà÷óù³é öèôð³. 

4. Ðîçâ’ÿçàííÿ çàäà÷³ ïðî íàïðóæåíèé ñòàí ïîðîæíèñòèõ ³çîòðîïíèõ 
öèë³íäð³â ³ç åë³ïòè÷íèì ïîïåðå÷íèì ïåðåð³çîì. Íàâåäåìî ðåçóëüòàòè 
ðîçâ’ÿçóâàííÿ íà îñíîâ³ öüîãî ï³äõîäó çàäà÷ ïðî íàïðóæåíèé ñòàí íåêðóãî-
âèõ öèë³íäð³â ïðè ïåâíèõ ãðàíè÷íèõ óìîâàõ íà òîðöÿõ ó ïðîñòîðîâ³é ïî-
ñòàíîâö³ [6, 19].  

Ðîçãëÿíåìî çàäà÷ó ïðî íàïðóæåíèé ñòàí ïîðîæíèñòèõ íåêðóãîâèõ 
³çîòðîïíèõ öèë³íäð³â, ùî çíàõîäÿòüñÿ ï³ä ä³ºþ íàâàíòàæåíü, ïðèêëàäåíèõ 
íà á³÷íèõ ïîâåðõíÿõ. Â³äíåñåìî öèë³íäð äî îðòîãîíàëüíî¿ êðèâîë³í³éíî¿ ñèñ-
òåìè êîîðäèíàò , ,s t γ , äå ,s t  – äîâæèíè äóã âçäîâæ òâ³ðíî¿ ³ íàïðÿìíî¿ 

ïîâåðõí³ â³äë³êó 0γ = γ , γ  – êîîðäèíàòà âçäîâæ íîðìàë³ äî ö³º¿ ïîâåðõí³. 

Ïåðøà êâàäðàòè÷íà ôîðìà ó âèáðàí³é ñèñòåì³ êîîðäèíàò áóäå ìàòè âèãëÿä 

 2 2 2 2 2
2 ( , )dS ds H t dt d= + γ + γ , 

äå 2 1 / tH R= + γ  – ïàðàìåòð Ëÿìå; ( )t tR R t=  – ðàä³óñ êðèâèíè ïîâåðõí³ 

â³äë³êó â ïîïåðå÷íîìó ïåðåð³ç³; 0 ,  0 ,  p qs t T≤ ≤ ≤ ≤ γ ≤ γ ≤ γ . 

Çà âèõ³äí³ ïðèéìàºìî îñíîâí³ ð³âíÿííÿ ïðîñòîðîâî¿ òåîð³¿ ïðóæíîñò³ [5, 
10]: ð³âíÿííÿ ð³âíîâàãè, âèðàçè äåôîðìàö³é ÷åðåç ïåðåì³ùåííÿ ³ ñï³ââ³äíî-
øåííÿ çàêîíó Ãóêà äëÿ ³çîòðîïíîãî ò³ëà. 
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Íà á³÷íèõ ïîâåðõíÿõ áóäóòü ìàòè ì³ñöå ãðàíè÷í³ óìîâè 

 ,    ,    s s t tq q q− − −
γ γ γ γσ = τ = τ =  ïðè pγ = γ , 

 ,    ,    s s t tq q q+ + +
γ γ γ γσ = τ = τ =  ïðè qγ = γ . (35) 

Íà òîðöÿõ öèë³íäðà áóäåìî ðîçãëÿäàòè óìîâè ïðîñòîãî îïèðàííÿ 

 0s tu uγσ = = =  ïðè 0,    s s= =  .  (36) 

Çà ðîçâ’ÿçóâàëüí³ ôóíêö³¿ ïðèéìàºìî òðè êîìïîíåíòè íàïðóæåíü 
, ,s tγ γ γσ τ τ  ³ òðè êîìïîíåíòè ïåðåì³ùåíü , ,s tu u uγ . Ï³ñëÿ äåÿêèõ ïåðåòâî-

ðåíü ç îñíîâíèõ ð³âíÿíü òåîð³¿ ïðóæíîñò³ ìîæíà îòðèìàòè ðîçâ’ÿçóâàëüíó 
ñèñòåìó äèôåðåíö³àëüíèõ ð³âíÿíü ó ÷àñòèííèõ ïîõ³äíèõ øîñòîãî ïîðÿäêó ç³ 
çì³ííèìè êîåô³ö³ºíòàìè [14].  

Ãðàíè÷í³ óìîâè (36) äîçâîëÿþòü â³äîêðåìèòè çì³íí³ âçäîâæ òâ³ðíî¿ öè-
ë³íäðà, òîìó ïîäàìî ðîçâ’ÿçóâàëüí³ ôóíêö³¿ ³ êîìïîíåíòè íàâàíòàæåííÿ ó 
âèãëÿä³ ðÿä³â Ôóð’º 

 
1 0

( , , ) ( , ) sin ,      ( , , ) ( , ) cos
N N

n n n n
n n

X s t X t s Y s t Y t s
= =

γ = γ λ γ = γ λ∑ ∑ , (37) 

äå , , , , , ,   , , ,   / ,   0t t t s s s nX u u q q Y u q n sγ γ γ γ γ= σ τ = τ λ = π ≤ ≤ { } { } . 

Ï³ñëÿ ï³äñòàíîâêè (37) ó ðîçâ’ÿçóâàëüíó ñèñòåìó ð³âíÿíü ³ ãðàíè÷í³ 
óìîâè (35) ³ â³äîêðåìëåííÿ çì³ííèõ îäåðæóºìî äâîâèì³ðíó êðàéîâó çàäà÷ó, 

ÿêà äëÿ êîæíîãî íîìåðà ,  0,n n N= , îïèñóºòüñÿ ñèñòåìîþ äèôåðåíö³àëüíèõ 
ð³âíÿíü ó ÷àñòèííèõ ïîõ³äíèõ ó âèãëÿä³ 

 , ,
, ,

1 1
(1 / ) 1 /

n t n
n n s n

t t tR R R t
γ γ

γ γ

∂σ ∂τ
= − σ + λ τ − +

∂γ + γ + γ ∂
 

 ,
, , ,2 2

1 1 1
(1 / ) 1 1 /1 1

t n
n s n n n

t t t t

uE Eu u
R R R t Rγ γ

∂ ν ν  + − λ + σ + +  + γ − ν + γ ∂ − ν − ν 
, 

 , 2
, ,2 2

1 1
(1 / ) 1 /1 1

s n
s n n s n n

t t t

EE u
R R R

γ
γ

∂τ γ
= − τ + λ − λ ×

∂γ + γ + γ− ν − ν
 

 , ,
, , ,

1 1 1
1 1 / 2(1 ) 1 /

t n s n
n n n n t n

t t t

u uEu u
t R R t R tγ γ

∂ ∂ ν ∂   × + − λ σ − + λ    ∂ − ν + γ ∂ + ν + γ ∂    
, 

 ,
, ,2 2

2 1 1
(1 / ) 1 / 1 /1 1

t n
t n n s n

t t t t

E Eu
R R R t R

γ
γ

∂τ ∂ ν= − τ − − λ + ×∂γ + γ + γ ∂ + γ− ν − ν
 

 , , 2
, , ,

1
1 2(1 ) 1 / 2(1 )

t n s nn
n n n t n

t t

u uE Eu u
t R R tγ γ

∂ ∂λν × + + σ + + λ  ∂ − ν + ν + γ ∂ + ν  
, 

 
2

, ,
, , ,

1 21 1
1 1 1 / (1 )

n t n
n s n n n

t t

u u
u u

R t R E
γ

γ γ

∂ ∂ − ν − νν ν  = λ − + + σ ∂γ − ν − ν + γ ∂ − ν 
, 

 ,
, ,

2(1 )s n
s n n n

u
u

E γ γ

∂ + ν= τ − λ
∂γ

,  

 ,,
, ,

2(1 ) 1 1
1 / (1 / )

nt n
t n t n

t t t

uu
u

E R t R R
γ

γ

∂∂ + ν= τ − +
∂γ + γ ∂ + γ

 (38) 

ç ãðàíè÷íèìè óìîâàìè 

 , , , , , ,,     ,     n n s n s n t n t nq q q− − −
γ γ γ γσ = τ = τ =  ïðè pγ = γ , 

 , , , , , ,,     ,     n n s n s n t n t nq q q+ + +
γ γ γ γσ = τ = τ =  ïðè qγ = γ . (39) 
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Äëÿ ðîçâ’ÿçàííÿ îòðèìàíî¿ çàäà÷³ çàñòîñóºìî ìåòîä, ùî áàçóºòüñÿ íà 
àïðîêñèìàö³¿ ðîçâ’ÿçêó äèñêðåòíèìè ðÿäàìè Ôóð’º. Îñê³ëüêè â êîåô³ö³ºíòè 
ñèñòåìè äèôåðåíö³àëüíèõ ð³âíÿíü (38) âõîäèòü ðàä³óñ êðèâèíè tR , ÿêèé ó 
âèïàäêó öèë³íäð³â ç íåêðóãîâèì ïîïåðå÷íèì ïåðåð³çîì çàëåæèòü â³ä êîîð-
äèíàòè t , òî äëÿ â³äîêðåìëåííÿ çì³ííèõ ó íàïðÿìêó íàïðÿìíî¿ çàì³íèìî â 
ðîçâ’ÿçóâàëüí³é ñèñòåì³ ð³âíÿíü (38) äîïîâíÿëüíèìè ôóíêö³ÿìè ÷ëåíè, ÿê³ 
ì³ñòÿòü äîáóòêè öèõ êîåô³ö³ºíò³â íà ðîçâ’ÿçóâàëüí³ ôóíêö³¿ ÷è ¿õí³ ïîõ³äí³. 
Òàêèì ÷èíîì, îäåðæèìî ñèñòåìó ð³âíÿíü (³íäåêñ n  ó ïîçíà÷åííÿõ ðîçâ’ÿ-
çóâàëüíèõ ³ äîïîâíÿëüíèõ ôóíêö³é îïóñòèìî): 

 1 1 4 3 5
1 4 1 4 12 2

1
1 1 1

n s n
E Eγ

γ

∂σ ν ν = λ τ + − ϕ − ϕ − λ ϕ + ϕ + ϕ ∂γ − ν  − ν − ν
( ) , 

 2 2 2 3
1 4 1 62 21 1 2(1 )1 1

s
n n s n n

E E E Euγ
γ

∂τ ν ν= − λ σ + λ − ϕ − λ ϕ − λ ϕ − ϕ
∂γ − ν − ν + ν− ν − ν

, 

 2 1 3 1
2 3 7 5 32

2 ( )
2(1 ) 2(1 ) 11

t
n t n

E E Euγ∂τ ν= λ − ϕ + λ ϕ − ϕ + ϕ − ϕ
∂γ + ν − ν − ν− ν

, 

 
2

2 3
4 1

1 2
(1 ) 1 n s

u
u

E
γ

γ

∂ − ν − ν ν= σ + λ − ϕ − ϕ
∂γ − ν − ν

( ) , 

 2 2
3 2

2(1 ) 2(1 )
,          s t

s n t

u u
u

E Eγ γ γ
∂ ∂+ ν + ν= τ − λ = τ − ϕ + ϕ
∂γ ∂γ

 (40) 

ç ãðàíè÷íèìè óìîâàìè (39). Òóò ââåäåíî òàê³ äîïîâíÿëüí³ ôóíêö³¿: 

 1
1 1 , , , ,        1, 4

(1 / )
j

s s
t t

u u j
R R γ γ γϕ = σ τ =

+ γ
{ } , 

 
2

5
1 2

1 1 1 1,         , ,      1,2
1 / 1 /

j
t t

t t t t
u u j

R R R Rγ γ
 ϕ = ϕ = τ = + γ + γ 

{ } , 

 3
1 , , ,       1,3

1 /
j s

t

u u
j

R t t t
γ γ∂σ ∂ ∂ ϕ = = + γ ∂ ∂ ∂ 

, 

 3
4 5 1

1 1 1, , ,    1,3,       
1 / 1 /

tj t t

t t t

u u
j

R t t R t R t
γ∂τ ∂ ∂  ∂ϕ = = ϕ = ϕ + γ ∂ ∂ ∂ + γ ∂ 

, 

 3 2
6 3 7 4

1 1,           
1 / 1 /t tR t R t

∂ ∂ϕ = ϕ ϕ = ϕ
+ γ ∂ + γ ∂

. (41) 

Òåïåð êîåô³ö³ºíòè ñèñòåìè ð³âíÿíü (40) íå çàëåæàòü â³ä êîîðäèíàòè t , 
õî÷à ñàì³ äîïîâíÿëüí³ ôóíêö³¿ çàëåæàòü. Ïîäàìî âñ³ ôóíêö³¿, ùî âõîäÿòü äî 
ñèñòåìè ð³âíÿíü (40), ³ êîìïîíåíòè íàâàíòàæåííÿ ó âèãëÿä³ ðîçâèíåíü ó 
ðÿäè Ôóð’º âçäîâæ íàïðÿìíî¿ öèë³íäðà 

 
0 1

( , ) ( ) cos ,       ( , ) ( ) sin
M M

m m k m
m m

X t X t Y t Y t
= =

γ = γ λ γ = γ λ∑ ∑    , (42) 

äå 1 4 6, , , , , , , ,j j
s s sX u u q qγ γ γ γ= σ τ ϕ ϕ ϕ { } , 

 2 3 5 7, , , , , , , 2 /     j j
t t t mY u q m Tγ= τ ϕ ϕ ϕ ϕ λ = π { } . 

Ï³ñëÿ ï³äñòàíîâêè (42) ó ñèñòåìó ð³âíÿíü (40), ãðàíè÷í³ óìîâè (39) ³ 
â³äîêðåìëåííÿ çì³ííèõ îòðèìóºìî ñèñòåìó çâè÷àéíèõ äèôåðåíö³àëüíèõ 
ð³âíÿíü â³äíîñíî àìïë³òóäíèõ çíà÷åíü ðÿä³â (42): 
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 , 1 1 4
, 1, 4, 1,2

1
1 1

m
n s m m m n m

d E
d

γ
γ

σ ν ν = λ τ + − ϕ − ϕ − λ ϕ + γ − ν  − ν
 

 3 5
4, 1,21

m m
E+ ϕ + ϕ

− ν
( ) , 

 , 2 2 2
, , 1, 4,21 11

s m
n m n s m m n m

d E Eu
d

γ
γ

τ ν= − λ σ + λ − ϕ − λ ϕ −
γ − ν − ν− ν

 

 3
1, 6,2 2(1 )1

n m m
E Eν− λ ϕ − ϕ

+ ν− ν
, 

 , 2 1 3
, 2, 3,2

2(1 ) 2(1 )
t m

n t m m n m

d E Eu
d

γτ
= λ − ϕ + λ ϕ −

γ + ν − ν
 

 1
7, 5, 3,2 11

m m m
E ν− ϕ + ϕ − ϕ

− ν− ν
( ) , 

 
2

, 2 3
, , 4, 1,

1 2
(1 ) 1

m
m n s m m m

du
u

d E
γ

γ
− ν − ν ν= σ + λ − ϕ − ϕ

γ − ν − ν
( ) , 

 ,
, ,

2(1 )s m
s m n m

du
u

d E γ γ
+ ν= τ − λ

γ
, 

 , 2 2
, 3, 2,

2(1 )
,        0,t m

t m m m

du
m M

d E γ
+ ν= τ − ϕ + ϕ =

γ
, (43) 

ç ãðàíè÷íèìè óìîâàìè 

 , , , , , ,,     ,     m m s m s m t m t mq q q− − −
γ γ γ γσ = τ = τ =  ïðè pγ = γ , 

 , , , , , ,,     ,     m m s m s m t m t mq q q+ + +
γ γ γ γσ = τ = τ =  ïðè qγ = γ . (44) 

Îòðèìàíó êðàéîâó çàäà÷ó (43), (44) ðîçâ’ÿçóºìî ñò³éêèì ÷èñåëüíèì ìå-
òîäîì äèñêðåòíî¿ îðòîãîíàë³çàö³¿ îäíîðàçîâî äëÿ âñ³õ ãàðìîí³ê. Ó ïðîöåñ³ 
³íòåãðóâàííÿ íà êîæíîìó êðîö³ çàñòîñóâàííÿ ÷èñåëüíîãî ìåòîäó áóäåìî 
îá÷èñëþâàòè àìïë³òóäí³ çíà÷åííÿ äîïîâíÿëüíèõ ôóíêö³é. Ïðè öüîìó äëÿ 
êîæíîãî ô³êñîâàíîãî çíà÷åííÿ kγ  â³äð³çêà ,p qγ γ[ ]  îá÷èñëþºìî â ðÿä³ òî÷îê 

íàïðÿìíî¿ ,  1,it i R= , âåëè÷èíè 

 1 2
1 1,         

1 / ( )1 / ( ) ( )
i i

t it i t i

h h
R tR t R t

= =
+ γ+ γ( )

, 

 1, 1 , , , ,
0

, , , cos ,       1, 4
M

j i
i m s m m s m m i

m

h u u t jγ γ γ
=

ϕ = σ τ λ =∑ { } , 

 5 2
1, 1 ,

0

cos
M

i
i m m i

m

h u tγ
=

ϕ = λ∑( ) , 

 2, 1 , ,
0

, sin ,        1,2
M

j i
i t m t m m i

m

h u t jγ
=

ϕ = τ λ =∑ { } , 

 3, 2 , , ,
0

, , sin ,      1,3
M

j i
i m m m s m m i

m

h u u t jγ γ
=

ϕ = − λ σ λ =∑ { } , 

 4, 2 , ,
0

, cos ,      1,2
M

j i
i m t m t m m i

m

h u t jγ
=

ϕ = λ τ λ =∑ { } , 

 3
4, 1 2 ,

0

cos
M

i i
i m t m m i

m

h h u t
=

ϕ = λ λ∑ . (45) 
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Âèêîðèñòîâóþ÷è ñòàíäàðòíó ïðîöåäóðó îá÷èñëåííÿ êîåô³ö³ºíò³â Ôóð’º 
äëÿ ôóíêö³¿, ÿêó çàäàíî òàáëèöåþ, çíàõîäèìî ö³ êîåô³ö³ºíòè äëÿ ôóíêö³é 

(45). Çíà÷åííÿ 3 3 2
1, 3, 4,, , ,  0,m m m m Mϕ ϕ ϕ = , âèêîðèñòîâóºìî äëÿ îá÷èñëåííÿ 

òàáëè÷íèõ çíà÷åíü ôóíêö³é 

 3
5, 2 1,

0

sin
M

i
i m m m i

m

h t
=

ϕ = − λ ϕ λ∑ , 

 3
6, 2 3,

0

cos
M

i
i m m m i

m

h t
=

ϕ = λ ϕ λ∑ , 

 2
7, 2 4,

0

sin
M

i
i m m m i

m

h t
=

ϕ = − λ ϕ λ∑ . (46) 

Îá÷èñëþºìî êîåô³ö³ºíòè Ôóð’º äëÿ ôóíêö³é (46). Çíàéäåí³ êîåô³ö³ºíòè 
äëÿ ôóíêö³é (45), (46) ï³äñòàâëÿºìî â ðîçâ’ÿçóâàëüíó ñèñòåìó äèôåðåíö³-
àëüíèõ ð³âíÿíü (43) ³ âèêîíóºìî íàñòóïíèé êðîê ³íòåãðóâàííÿ, ïåðåõîäÿ÷è 
â³ä òî÷êè kγ  äî òî÷êè 1k+γ . Íà ê³íöÿõ ³íòåðâàëó ,p qγ γ[ ]  çàäîâîëüíÿºìî 

ãðàíè÷í³ óìîâè (44). 
Íà îñíîâ³ âèêëàäåíîãî ìåòîäó ïðîâåäåìî äîñë³äæåííÿ âïëèâó íà ðîç-

â’ÿçîê çàäà÷³ ê³ëüêîñò³ òî÷îê R , ó ÿêèõ îá÷èñëþþòüñÿ òàáëè÷í³ çíà÷åííÿ 
äîïîâíÿëüíèõ ôóíêö³é (45), (46), ³ ê³ëüêîñò³ ÷ëåí³â M  ó ðÿäàõ Ôóð’º (42). 
Äëÿ öüîãî ðîçãëÿíåìî ïîðîæíèñò³ öèë³íäðè ç åë³ïòè÷íèì ïîïåðå÷íèì ïåðå-
ð³çîì ï³ä ä³ºþ âíóòð³øíüîãî òèñêó 0 sin ( / )q q s= π  , 0 constq = . Íàïðÿìíó 

ñåðåäèííî¿ ïîâåðõí³ çàäàìî ïàðàìåòðè÷íî ó âèãëÿä³ 

 cos ,     sin ,         0 2x b z a= θ = θ ≤ θ ≤ π , 

äå ,a b  – ï³âîñ³ åë³ïñà, b a> . Áóäåìî ðîçãëÿäàòè öèë³íäðè, ó ÿêèõ ïåðè-
ìåòð ïîïåðå÷íîãî ïåðåð³çó ñåðåäèííî¿ ïîâåðõí³ äîð³âíþº äîâæèí³ êîëà ç 
ðàä³óñîì r , òîáòî áóäå ìàòè ì³ñöå ð³âí³ñòü 

 
2 4 6 1( ) 2 ,      1 ,       

4 64 256 1
aa b f r f
b

∆ ∆ ∆ − ∆π + = π = + + + =
+ ∆

. 

Âðàõîâóþ÷è, ùî b a
b a

−∆ =
+

, ìàºìî 

 (1 ),        (1 )r ra b
f f

= − ∆ = + ∆ . 

Îñê³ëüêè ³íôîðìàö³ÿ ïðî ôîðìó ñåðåäèííî¿ ïîâåðõí³ çàäàíà çà äîïî-
ìîãîþ ïàðàìåòðà θ , ÿêèé â³äð³çíÿºòüñÿ â³ä t , òî ïðè îá÷èñëåíí³ çíà÷åíü 
äîïîâíÿëüíèõ ôóíêö³é (41) íåîáõ³äíî âðàõîâóâàòè, ùî  

 1,     
( )

V V dt V V
t d t

∂ ∂ ∂ ∂= =
∂θ ∂ θ ∂ ∂θ ω θ

, 

 
2 2

( )dt x z
d

∂ ∂   = + = ω θ   θ ∂θ ∂θ   
. (47) 

Çàäà÷ó ðîçâ’ÿçàíî çà òàêèõ óìîâ: 0.2;  10,  5;  40;  60;  H r R∆ = = = = =  

16,  32,  40;  6,  9,  13M= = . Ðåçóëüòàòè ðîçâ’ÿçàííÿ çàäà÷³ ïîäàíî â òàáë. 3 

äëÿ ïåðåì³ùåíü uγ  ³ íàïðóæåíü θσ  ó ñåðåäíüîìó ïåðåð³ç³ ïî äîâæèí³ öè-

ë³íäðà 0.5s =  . 
Ç íàâåäåíèõ ó òàáë. 3 äàíèõ áà÷èìî, ÿê âïëèâàº ê³ëüê³ñòü ÷ëåí³â äèñê-

ðåòíèõ ðÿä³â R  ³ ê³ëüê³ñòü ÷ëåí³â M , ùî âðàõîâóþòüñÿ ïðè ðîçâ’ÿçàíí³ çà-
äà÷³, íà çá³æí³ñòü ðîçâ’ÿçê³â âèõ³äíî¿ çàäà÷³. 
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 Таблиця 3 
10H =  5H =  

0θ =  /2θ = π  0θ =  /2θ = π  

/Hγ  
R  M  

-1/2 1/2 -1/2 1/2 -1/2 1/2 -1/2 1/2 
      0/u E qγ  

16 
32 
40 

6 
-6.47 
-6.56 
-6.56 

-14.06 
-14.15 
-14.15 

363.88 
363.84 
363.84 

346.56 
346.52 
346.52 

-198.80 
-200.26 
-200.26 

-201.76 
-203.19 
-203.20 

1208.5 
1207.3 
1207.3 

1186.1 
1184.9 
1184.9 

16 
32 
40 

9 
-6.64 
-6.53 
-6.53 

-13.56 
-14.01 
-14.01 

362.84 
362.97 
362.97 

345.56 
345.57 
345.56 

-204.46 
-206.57 
-206.57 

-207.14 
-209.33 
-209.33 

1199.8 
1197.8 
1197.8 

1177.4 
1175.4 
1175.4 

16 
32 
40 

13 
-6.63 
-6.63 
-6.53 

-13.95 
-14.01 
-14.01 

362.84 
362.97 
362.97 

345.56 
345.55 
345.55 

-204.09 
-206.60 
-206.60 

-206.75 
-209.35 
-209.35 

1199.8 
1197.8 
1197.8 

1177.4 
1175.4 
1175.4 

      0/qθσ  

16 
32 
40 

6 
7.483 
7.487 
7.487 

-0.433 
-0.439 
-0.439 

0.396 
0.397 
0.399 

6.659 
6.656 
6.656 

12.134 
12.169 
12.169 

-1.789 
-1.857 
-1.857 

4.779 
4.814 
4.814 

17.251 
17.223 
17.223 

16 
32 
40 

9 
7.634 
7.658 
7.658 

-0.299 
-0.284 
-0.284 

0.339 
0.353 
0.353 

6.518 
6.540 
6.540 

13.063 
13.067 
13.067 

-1.543 
-1.539 
-1.539 

4.697 
4.720 
4.720 

16.677 
16.711 
16.711 

16 
32 
40 

13 
7.634 
7.663 
7.663 

-0.299 
-0.279 
-0.279 

0.339 
0.351 
0.351 

6.518 
6.536 
6.536 

13.067 
13.095 
13.095 

-1.546 
-1.521 
-1.521 

4.697 
4.711 
4.711 

16.677 
16.697 
16.697 

Äëÿ åë³ïòè÷íèõ ³çîòðîïíèõ ïîðîæíèñòèõ öèë³íäð³â, ùî çíàõîäÿòüñÿ ï³ä 
ä³ºþ íàâàíòàæåííÿ, ïðèêëàäåíîãî íà çîâí³øí³é ïîâåðõí³ çà óìîâ ïðîñòîãî 
îïèðàííÿ òîðö³â, ïðîâåäåìî äîñë³äæåííÿ âïëèâó ñòóïåíÿ åë³ïòè÷íîñò³ ∆  ³ 
òîâùèíè H  öèë³íäðà íà ðîçïîä³ë ïîë³â ïåðåì³ùåíü uγ  ³ íàïðóæåíü θσ .  

Çàäà÷ó ðîçâ’ÿçàíî çà òàêèõ óìîâ: 
    0, 0.05, 0.1, 0.15, 0.2;  40;  60r∆ = = = ; 

5,  10,  15H = . Ðåçóëüòàòè ðîçâ’ÿçàííÿ 
çàäà÷³ íàâåäåíî íà ðèñ. 1–3 â ñåðåäíüîìó 
ïåðåð³ç³ ïî äîâæèí³ öèë³íäðà. Íà ðèñ. 1 
íàâåäåíî ãðàô³êè çì³íè ïåðåì³ùåíü uγ  

äëÿ ñåðåäèííî¿ ïîâåðõí³ öèë³íäðà, íà 
ðèñ. 2 – ãðàô³êè çì³íè íàïðóæåíü θσ  äëÿ 

âíóòð³øíüî¿ ïîâåðõí³, à íà ðèñ. 3 – ãðàô³-
êè çì³íè íàïðóæåíü θσ  äëÿ çîâí³øíüî¿ 

ïîâåðõí³. 

σθ/q0

∆
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∆
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 Рис. 2 Рис. 3 
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Рис. 1 
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Ç àíàë³çó íàâåäåíèõ íà ðèñ. 1 ãðàô³ê³â âèïëèâàº, ùî, íà â³äì³íó â³ä 
êðóãîâèõ öèë³íäð³â, äëÿ öèë³íäð³â ç åë³ïòè÷íèì ïîïåðå÷íèì ïåðåð³çîì ó 
çîí³ á³ëüøî¿ æîðñòêîñò³ ( 0)θ =  öèë³íäð ïðîãèíàºòüñÿ â íàïðÿìêó, 
ïðîòèëåæíîìó ä³¿ ïðèêëàäåíîãî íàâàíòàæåííÿ, ³ ïðîãèí ç³ çá³ëüøåííÿì 
ñòóïåíÿ åë³ïòè÷íîñò³ òà òîâùèíè çðîñòàº. Ó çîí³ ìåíøî¿ æîðñòêîñò³ 
( / 2)θ = π  ïðîãèí öèë³íäðà â äåê³ëüêà ðàç³â á³ëüøèé ³ öèë³íäð ïðîãèíàºòüñÿ 

ó íàïðÿìêó ä³¿ íàâàíòàæåííÿ. Íàïðóæåííÿ θσ  íà âíóòð³øí³é ïîâåðõí³ 

öèë³íäðà (ðèñ. 2) çá³ëüøóºòüñÿ çà âåëè÷èíîþ ç ðîñòîì ñòóïåíÿ åë³ïòè÷íîñò³ 
òà òîâùèíè, ïðè öüîìó â çîí³ ìåíøî¿ æîðñòêîñò³ ( / 2)θ = π  ìàºìî ñòèñê, à â 
çîí³ á³ëüøî¿ æîðñòêîñò³ ( 0)θ =  – ðîçòÿã. Íà çîâí³øí³é ïîâåðõí³ öèë³íäðà (ðèñ. 3) 
íàâïàêè, ïðè /2θ = π  – ðîçòÿã, à ïðè 0θ =  – ñòèñê. 

5. Ðîçâ’ÿçàííÿ çàäà÷ ïðî íàïðóæåíèé ñòàí ãîôðîâàíèõ êðóãîâèõ òà 
åë³ïòè÷íèõ öèë³íäð³â. Äàë³ ðîçãëÿíåìî çàäà÷ó ïðî íàïðóæåíèé ñòàí 
êðóãîâèõ òà åë³ïòè÷íèõ öèë³íäð³â ç ãîôðàìè â ïîïåðå÷íîìó ïåðåð³ç³ ï³ä 
ä³ºþ âíóòð³øíüîãî òèñêó [15–17]. Íà òîðöÿõ öèë³íäð³â ìàþòü ì³ñöå ãðàíè÷í³ 
óìîâè (36).  

Íàïðÿìíó ïîâåðõí³ â³äë³êó çàäàºìî â ïîëÿðí³é ñèñòåì³ êîîðäèíàò ó 
âèãëÿä³ 

 
2 2 1/2

( ) cos ,      0 2
(1 cos )

a m
e

ρ ψ = + α ψ ≤ ψ ≤ π
− ψ

, 

 21 ( / ) 2 (1 ),        ( )/( )e a b b a b a= − = ∆ + ∆ ∆ = − +/ , 

äå α  – àìïë³òóäà, m  – ÷àñòîòà ãîôðóâàííÿ, e  – åêñöåíòðèñèòåò åë³ïñà, 
b a> , ψ  – ïîëÿðíèé êóò ó ïîïåðå÷íîìó ïåðåð³ç³. ßêùî a b= , ìàºìî 
êðóãîâèé ãîôðîâàíèé öèë³íäð. Íà ðèñ. 4à ïîêàçàíî ïîïåðå÷íèé ïåðåð³ç 
êðóãîâîãî ãîôðîâàíîãî öèë³íäðà ( 3,  0m = ∆ = ), à íà ðèñ. 4á – åë³ïòè÷íîãî 
ãîôðîâàíîãî öèë³íäðà ( 3,  0.2m = ∆ = ). 

 θ = 0  ∆ = 0 

)a  
   

 θ = 0 ∆ = 0.2 

)á  
 

Рис. 4 
Ðàä³óñ êðèâèíè ïîâåðõí³ â³äë³êó â ïîëÿðí³é ñèñòåì³ êîîðäèíàò ,ρ ψ  

çàïèøåìî ó âèãëÿä³ 

 
3/22 2

2 2

( )
( )

2( )
R Rψ

′ρ + ρ
= ψ =

′ ′′ρ + ρ − ρρ

[ ]
, 

äå ρ  – ïîëÿðíèé ðàä³óñ, 

 
2

2 2 3/2

sin 2
sin

2(1 cos )

ae
m m

e

ψ ′ρ = − + α ψ − ψ 
, 

 
2 22

2
2 2 3/2 2 2 5/2

cos 2 3 sin 2
cos

2 (1 cos ) 2(1 cos )

eae m m
e e

ψ ψ  ′′ρ = − − + α ψ  − ψ − ψ  
. 

Ïðè ïåðåõîä³ â³ä êîîðäèíàòè t  äî êîîðäèíàòè ψ  òðåáà âðàõîâóâàòè 
ìíîæíèê ïåðåõîäó (47), ÿêèé ó ðîçãëÿäóâàíîìó âèïàäêó ìàº âèãëÿä 

1/22 2( ) ( )′ω ψ = ρ + ρ[ ] . 
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Çàäà÷ó ðîçâ’ÿçàíî çà òàêèõ óìîâ: 40;  60;  4;  5;  3r h m= = = α = = ; 
0,  0.1,  0.2;  120;  17R M∆ = = = . Íà ðèñ. 5, 6 ïîêàçàíî ðåçóëüòàòè ðîçâ’ÿçó-

âàííÿ äëÿ ïåðåì³ùåíü ³ íàïðóæåíü íà âíóòð³øí³é ïîâåðõí³ â ñåðåäíüîìó 
ïåðåð³ç³ öèë³íäðà ïðè 0.5s =  . 

Íà ãðàô³êàõ, íàâåäåíèõ íà ðèñ. 5, áà÷èìî, ùî äëÿ êðóãîâîãî ãîôðîâàíî-
ãî öèë³íäðà ( 0∆ = ) ìàºìî ñèìåòðè÷íå ðîçïîä³ëåííÿ ïðîãèíó âçäîâæ íà-
ïðÿìíî¿ ç ïåð³îäîì 2 /3π . Ïðè öüîìó â çîí³ á³ëüøî¿ æîðñòêîñò³ ( 0)ψ =  öè-
ë³íäð ïðîãèíàºòüñÿ â íàïðÿìêó, ïðîòèëåæíîìó ïðèêëàäåíîìó íàâàíòàæåí-
íþ, à â çîí³ ìåíøî¿ æîðñòêîñò³ ( /3)ψ = π  – íàâïàêè. Äëÿ åë³ïòè÷íèõ ãîô-

ðîâàíèõ öèë³íäð³â ó çîí³ á³ëüøî¿ æîðñòêîñò³ ( 0)ψ =  ïðîãèí ìàéæå íå â³ä-
ð³çíÿºòüñÿ â³ä ïðîãèíó êðóãîâîãî ãîôðîâàíîãî öèë³íäðà, à â çîí³ ìåíøî¿ 
æîðñòêîñò³ ( / 3)ψ = π  – çá³ëüøóºòüñÿ ç ðîñòîì ∆ , çîêðåìà, ïðè 0,2∆ =  – 

ìàéæå íà 50%. Ïðè ψ = π  ïðîãèí çíà÷íî ñïàäàº ç³ çá³ëüøåííÿì ∆ . 

uγE/q0

0
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0           π/4       π/2      3π/4       ψ

0.2
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∆ = 0

γ/H = −1/2

   

σψ/q0

-40

-20

0

20

0           π/4       π/2      3π/4       ψ

0.2 0.1
∆ = 0

γ/H = −1/2

 

 Рис.5 Рис.6 
Íà ðèñ. 6 íàâåäåíî ãðàô³êè äëÿ ψσ , äå ñïîñòåð³ãàºòüñÿ òàêà êàðòèíà. Ó 

çîí³ á³ëüøî¿ æîðñòêîñò³ ( 0)ψ =  ìàºìî ìàêñèìàëüí³ çíà÷åííÿ íàïðóæåíü, à 

â çîí³ ìåíøî¿ æîðñòêîñò³ ( /3)ψ = π  – ì³í³ìàëüí³. Ïðè ψ = π  ³ 0∆ ≠  âåëè-
÷èíà íàïðóæåííÿ íàáëèæàºòüñÿ äî íóëÿ. 

6. Ðîçâ’ÿçàííÿ çàäà÷ ïðî íàïðóæåíèé ñòàí åë³ïòè÷íèõ øàðóâàòèõ 
öèë³íäð³â. Äàë³ ðîçãëÿíåìî çàäà÷ó ïðî íàïðóæåíèé ñòàí åë³ïòè÷íèõ øàðó-
âàòèõ öèë³íäð³â ï³ä ä³ºþ âíóòð³øíüîãî òèñêó. Öèë³íäðè ñêëàäåíî ç øàð³â, 
ÿê³ æîðñòêî çâ’ÿçàí³ ì³æ ñîáîþ, òîìó ìàþòü ì³ñöå óìîâè ñïðÿæåííÿ øàð³â  

 1 1 1,     ,     i i i i i i
s s t t

+ + +
γ γ γ γ γ γσ = σ τ = τ τ = τ , 

 1 1 1,     ,     i i i i i i
s s t tu u u u u u+ + +

γ γ= = = . 

Øàðè ìîæóòü áóòè ÿê ³çîòðîïíèìè íåîäíîð³äíèìè [9], òàê ³ îðòîòðîï-
íèìè [8, 18]. Çàêîí Ãóêà äëÿ îðòîòðîïíèõ øàð³â çàïèøåìî ó âèãëÿä³ 

 11 12 13 44,           s s t t te a a a e aγ γ γ= σ + σ + σ = τ , 

 12 22 23 55,           t s t s se a a a e aγ γ γ= σ + σ + σ = τ , 

 13 23 33 66,           s t st ste a a a e aγ γ= σ + σ + σ = τ , 

äå  

 11 12 13 22
1 1,    ,    ,    s sst ts

s t s s t
a a a a

E E E E E E
γ γ

γ

ν νν ν
= = − = − = − = − = , 

                 23 33 44 55 66
1 1 1 1, , , ,t t

t t s ts
a a a a a

E E E G G G
γ γ

γ γ γ γ

ν ν
= − = − = = = = , 

, ,s tE E Eγ  – ìîäóë³ ïðóæíîñò³ â íàïðÿìêó êîîðäèíàòíèõ îñåé; , ,t s stG G Gγ γ  

– ìîäóë³ çñóâó; , ,t s stγ γν ν ν , , ,t s tsγ γν ν ν  – â³äïîâ³äí³ êîåô³ö³ºíòè Ïóàññîíà. 
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Äëÿ ³çîòðîïíèõ øàð³â ìîäóë³ ïðóæíîñò³, ìîäóë³ çñóâó òà êîåô³ö³ºíòè 
Ïóàññîíà ð³âí³ ì³æ ñîáîþ. Äëÿ íåîäíîð³äíèõ çà òîâùèíîþ öèë³íäð³â ìîäóë³ 
ïðóæíîñò³ â³äïîâ³äíèõ øàð³â ïîâ’ÿçàí³ ì³æ ñîáîþ ð³âí³ñòþ 0iE dE= . 

Ìåòîäèêà ðîçâ’ÿçóâàííÿ òàêîãî êëàñó çàäà÷ àíàëîã³÷íà ìåòîäèö³, ÿêó 
áóëî ðîçãëÿíóòî âèùå. Ï³ñëÿ â³äîêðåìëåííÿ çì³ííèõ ó íàïðÿìêó òâ³ðíî¿ 
öèë³íäðà, ââåäåííÿ äîïîâíÿëüíèõ ôóíêö³é ³ â³äîêðåìëåííÿ çì³ííèõ ó íà-
ïðÿìêó íàïðÿìíî¿ îòðèìóºìî ñèñòåìó çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü 
ó âèãëÿä³ 

 , 1 1 5 4 3
2 1, , 4, 22 1, 12 1, 22 4,( 1)k

k n st k k k n k k

d
c b b b

d
γσ

= − ϕ + λ τ − ϕ + ϕ + λ ϕ + ϕ
γ

, 

 , 2 3 2 2
1 , 1, 12 1, 11 , 66 6, 12 66 4,( )s k

n k k n k n s k k n k

d
c b b u b b b

d
γ

γ

τ
= − λ σ − ϕ − λ ϕ + λ − ϕ − + λ ϕ

γ
, 

 , 1 1 3 2
2 3, 2, 22 5, 12 66 3, 22 7, 66 ,2 ( )t k

k k k n k k n t k

d
c b b b b b u

d
γτ

= − ϕ − ϕ − ϕ − + λ ϕ − ϕ + λ
γ

, 

 , 2 3
4 , 2 4, 1 , 2 1,

k
k k n s k k

du
c c c u c

d
γ

γ= σ − ϕ + λ − ϕ
γ

, 

 , , 2 2
55 , , 44 , 3, 2,,       ,      0,s k t k

s k n k t k k k

du du
a u a k K

d dγ γ γ= τ − λ = τ − ϕ + ϕ =
γ γ

, 

äå 

 11 22 66 12 12 66 22 11 66/ ,         / ,         /b a a b a a b a a= Ω = − Ω = Ω , 

 2 2
66 11 22 12 11 22 12 66/ ,         b a a a a a a a= − Ω Ω = −( ) ( ) , 

   1 11 13 12 23 2 12 13 22 23 4 33 1 13 2 23( ),    ( ),    c b a b a c b a b a c a c a c a= − + = − + = + + . 

 Ðîçãëÿíåìî òðèøàðóâàò³ öèë³íäðè ç åë³ïòè÷íèì ïîïåðå÷íèì ïåðåð³çîì 
ñèìåòðè÷íî¿ áóäîâè â³äíîñíî ñåðåäèííî¿ ïîâåðõí³. Âíóòð³øí³é ³ çîâí³øí³é 
øàðè – ³çîòðîïí³, êîæíèé ìàº òîâùèíó h , ìîäóëü ïðóæíîñò³ 0E E=  òà êî-

åô³ö³ºíò Ïóàññîíà ν . Ñåðåäí³é øàð, òîâùèíà ÿêîãî H , ìîæå áóòè ³çîòðîï-
íèì ç ìîäóëåì ïðóæíîñò³ 0E dE=  àáî îðòîòðîïíèì ç òàêèìè ïàðàìåòðàìè 

[8]: 03.68sE E= , 02.68tE E= , 01.1E Eγ = ; 0.105stν = , 0.405sγν = , 0.431tγν = ; 

00.5stG E= , 00.45sG Eγ = , 00.41tG Eγ = .  

Çàäà÷ó ðîçâ’ÿçàíî çà òàêèõ óìîâ: 2;  4;  40;  60h H r= = = = ; 1d = , 
   0.1;  0,  0.1,  0.2;  40;  13R M∆ = = = . Ðåçóëüòàòè ðîçâ’ÿçóâàííÿ íàâåäåíî â 

òàáë. 4 ³ íà ðèñ. 7–9 ó ñåðåäíüîìó ïåðåð³ç³ öèë³íäðà äëÿ 0.5s =  . 
Ó òàáë. 4 íàâåäåíî çíà÷åííÿ ïåðåì³ùåíü uγ  ó çîíàõ á³ëüøî¿ ³ ìåíøî¿ 

æîðñòêîñò³ öèë³íäðà äëÿ äåÿêèõ çíà÷åíü âçäîâæ òîâùèíè. Âàð³àíò ² â³ä-
ïîâ³äàº âèïàäêó íåîäíîð³äíîãî ñåðåäíüîãî øàðó, âàð³àíò ²² – êîëè ñåðåäí³é 
øàð îðòîòðîïíèé.  

Íà ðèñ. 7 íàâåäåíî ãðàô³êè ðîçïîä³ëó íàïðóæåíü θσ  óçäîâæ òîâùèíè 

öèë³íäðà â çîí³ á³ëüøî¿ æîðñòêîñò³ öèë³íäðà, à íà ðèñ. 8 – ó çîí³ ìåíøî¿ 
æîðñòêîñò³ öèë³íäðà äëÿ âèïàäêó íåîäíîð³äíîãî ñåðåäíüîãî øàðó. Íà ðèñ. 9 
íàâåäåíî ãðàô³êè ðîçïîä³ëó íàïðóæåíü θσ  äëÿ âèïàäêó îðòîòðîïíîãî 

ñåðåäíüîãî øàðó.  
Ç íàâåäåíèõ ó òàáë. 4 äàíèõ âèäíî âïëèâ íåîäíîð³äíîñò³ òà îðòîòðîï³¿ 

íà çíà÷åííÿ ïåðåì³ùåíü uγ . Òàê, äëÿ êðóãîâèõ öèë³íäð³â ( 0)∆ =  íàâ³òü 

óæå ïðè 0.1d = , òîáòî çà ðàõóíîê ñëàáêîãî ñåðåäíüîãî øàðó ïðîãèí öè-
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ë³íäðà çíà÷íî çá³ëüøóºòüñÿ, à ó âèïàäêó îðòîòðîïíîãî ñåðåäíüîãî øàðó – 
çìåíøóºòüñÿ ìàéæå â 2 ðàçè ïîð³âíÿíî ç îäíîð³äíèì öèë³íäðîì. 

 Таблиця 4 

0/u E qγ  

0∆ =  0.1∆ =  0.2∆ =  
V  d  /Hγ  

0θ =  /2θ = π  0θ =  /2θ = π  0θ =  /2θ = π  

1 

-1/2 
-1/4 

0 
1/4 
1/2 

180.60 
177.37 
174.03 
170.56 
166.89 

180.60 
177.37 
174.03 
170.56 
166.89 

45.89 
41.68 
38.81 
36.91 
35.80 

349.02 
346.92 
343.34 
338.45 
332.26 

-59.24 
-64.39 
-66.48 
-66.53 
-65.01 

554.65 
553.96 
550.39 
544.24 
535.51 

² 

0.1 

-1/2 
-1/4 

0 
1/4 
1/2 

328.03 
322.85 
311.06 
300.02 
294.01 

328.03 
322.85 
311.06 
300.02 
294.01 

89.28 
83.53 
75.30 
67.82 
65.19 

615.23 
611.32 
597.41 
583.80 
574.47 

-105.96 
-111.90 
-114.17 
-116.55 
-115.74 

954.77 
952.02 
936.98 
921.50 
908.94 

²² - 

-1/2 
-1/4 

0 
1/4 
1/2 

106.26 
103.29 
98.53 
92.81 
90.44 

106.26 
103.29 
98.53 
92.81 
90.44 

-0.37 
-4.13 
-8.45 
-10.96 
-11.46 

238.83 
236.82 
232.01 
223.25 
218.98 

-84.77 
-89.29 
-92.81 
-91.84 
-90.39 

401.48 
400.61 
396.23 
384.53 
378.32 

Äëÿ åë³ïòè÷íèõ öèë³íäð³â ( 0∆ ≠ ) ïðè 0θ = ïðîãèí çíà÷íî çìåíøóºòüñÿ 
³ íàâ³òü çì³íþº çíàê, à ïðè /2θ = π  – çá³ëüøóºòüñÿ ó 2-3 ðàçè. Òîáòî óæå 
íåâåëèêå â³äõèëåííÿ ôîðìè öèë³íäðà â³ä êðóãîâî¿ çíà÷íî âïëèâàº íà äå-
ôîðìóâàííÿ öèë³íäðà. Òàêîæ çíà÷íèé âïëèâ íà ïðîãèí ìàº íåîäíîð³äí³ñòü 
öèë³íäðà çà òîâùèíîþ ³ ùå á³ëüøå – íàÿâí³ñòü îðòîòðîïíîãî øàðó. 

σθ/q0

γ
-4

0

4

8

12

-4 -2 0 2

∆ = 0.2
∆ = 0.1

1 d = 0.1

∆ = 0.0

θ = 0

   

σθ/q0

γ
0

4

8

12

-4 -2 0 2

∆ = 0.2
∆ = 0.1

1
d = 0.1

∆ = 0.0

θ = π/2

 
 Рис.7 Рис.8 

Íà ðèñ. 7, 8 íàâåäåíî ãðàô³êè ðîç-
ïîä³ëó íàïðóæåíü θσ  ïî òîâùèí³ â íå-

îäíîð³äíèõ öèë³íäðàõ â³äïîâ³äíî äëÿ 
0θ =  ³ /2θ = π . Íà ãðàô³êàõ áà÷èìî, ÿê 

âïëèâàº íåîäíîð³äí³ñòü ó çîí³ á³ëüøî¿ 
( 0θ = ) ³ ìåíøî¿ ( /2θ = π ) æîðñòêîñò³ íà 

ðîçïîä³ë íàïðóæåíü θσ  ç óðàõóâàííÿì 

ñòóïåíÿ åë³ïòè÷íîñò³.  
Íà ðèñ. 9 íàâåäåíî ãðàô³êè ðîçïî-

ä³ëó íàïðóæåíü θσ  ïðè 0θ =  ³ /2θ = π  

äëÿ øàðóâàòîãî öèë³íäðà ç îðòîòðîïíèì ñåðåäí³ì øàðîì äëÿ ð³çíèõ çíà-
÷åíü ñòóïåíÿ åë³ïòè÷íîñò³. 

σθ/q0

γ
-3

0

3

6

9

-4 -2 0 2

0.1

∆ = 0.2

0
0.1
0.2

θ = π/2
θ = 0

Рис. 9 
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Îòæå, íà îñíîâ³ öüîãî ï³äõîäó ìîæíà ðîçâ’ÿçóâàòè çàäà÷³, ÿê³ äîçâîëÿ-
þòü âàð³þâàòè ãåîìåòðè÷íèìè òà ìåõàí³÷íèìè ïàðàìåòðàìè ïðè âèçíà÷åíí³ 
ïîë³â ïåðåì³ùåíü ³ íàïðóæåíü ó íåêðóãîâèõ, íåîäíîð³äíèõ, îðòîòðîïíèõ 
öèë³íäðàõ ç ìåòîþ îòðèìàííÿ ðàö³îíàëüíîãî íàïðóæåíîãî ñòàíó. 
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ПРИМЕНЕНИЕ ДИСКРЕТНЫХ РЯДОВ ФУРЬЕ К РЕШЕНИЮ ЗАДАЧ 
СТАТИКИ УПРУГИХ ТЕЛ НЕКАНОНИЧЕСКОЙ ФОРМЫ 
 
Äëÿ ðåøåíèÿ äâóìåðíûõ êðàåâûõ çàäà÷ î íàïðÿæåííîì ñîñòîÿíèè ïëàñòèí, îáî-
ëî÷åê è ïðîñòðàíñòâåííûõ òåë ïðåäëîæåí íåòðàäèöèîííûé ïîäõîä, îñíîâàííûé 
íà ñâåäåíèè äâóìåðíûõ çàäà÷ ê îäíîìåðíûì ñ ïðèìåíåíèåì äèñêðåòíûõ ðÿäîâ 
Ôóðüå. Äâóìåðíàÿ êðàåâàÿ çàäà÷à ñîäåðæèò â êà÷åñòâå ìíîæèòåëåé ïðè ðàçðåøà-
þùèõ ôóíêöèÿõ ãåîìåòðè÷åñêèå è ìåõàíè÷åñêèå ïàðàìåòðû, êîòîðûå íå ïîçâîëÿ-
þò ðàçäåëèòü ïåðåìåííûå. Ââåäåíèå äîïîëíèòåëüíûõ ôóíêöèé, êîòîðûå âêëþ÷à-
þò â ñåáÿ ðàçðåøàþùèå ôóíêöèè è èõ ïðîèçâîäíûå âìåñòå ñ óêàçàííûìè ìíîæè-
òåëÿìè, ïîçâîëÿåò ïóòåì ðàçëîæåíèÿ âñåõ ôóíêöèé â ðÿäû Ôóðüå â îäíîì êîîð-
äèíàòíîì íàïðàâëåíèè ñâåñòè çàäà÷ó ê îäíîìåðíîé. Ïðè èíòåãðèðîâàíèè îäíî-
ìåðíîé êðàåâîé çàäà÷è àìïëèòóäíûå çíà÷åíèÿ äîïîëíèòåëüíûõ ôóíêöèé îïðåäå-
ëÿþòñÿ ñ ïîìîùüþ ðÿäîâ Ôóðüå äëÿ ôóíêöèé, êîòîðûå çàäàíû íà äèñêðåòíîì 
ìíîæåñòâå òî÷åê. Îäíîìåðíóþ êðàåâóþ çàäà÷ó ðåøàåì óñòîé÷èâûì ÷èñëåííûì 
ìåòîäîì äèñêðåòíîé îðòîãîíàëèçàöèè. Ïðèâåäåíû ðåçóëüòàòû ðåøåíèÿ çàäà÷ â 
âèäå ãðàôèêîâ è òàáëèö. 
 
APPLICATION OF DISCRETE FOURIER SERIES TO SOLVING BOUNDARY-VALUE 
STATIC PROBLEMS FOR ELASTIC BODIES OF NON-CANONICAL FORM 
 
The paper presents a nontraditional approach to solving two-dimensional boundary-
value problems on the stress state of plates, shells, and spatial bodies. The approach is 
based on the reduction of two-dimensional problem to one-dimensional one using the 
discrete Fourier series. The two-dimensional problem contains the geometric and 
mechanical parameters as the multipliers on solving functions what makes it impossible 
to separate the variables. Introduction of additional functions, which include resolving 
functions, and their derivatives together with indicated multipliers, allows us to reduce 
the problem to one-dimensional one through expansion of all the functions into the 
Fourier series in one coordinate direction. At integrating the one-dimensional boundary-
value problem, the amplitude values of additional functions are determined through the 
Fourier series of functions which are specified at the discrete set of points. The one-
dimensional boundary-value problem is solved by the stable numerical method of 
discrete orthogonalization. The results obtained are presented in the form of plots and 
tables. 
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