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CONCENTRATED LOADING IN TWO-DIMENSIONAL
NONLOCAL ELASTIC MEDIUM

According to the monlocal elasticity theory, the stress at a reference point in the
body depends mot only on the strains at this point but also on the strains at all
other points of the solid. Using the fundamental solution of the Helmholtz equation
as an appropriate nonlocal modulus (the weight function in the integral relation
between stresses and strains), the stress distribution in a two-dimensional nonlocal
elastic medium has been found under the concentrated loading. The nonlocal stress
does mot contain monphysical singularities, in contrast to the solution obtained
within the frame-work of classical elasticity.

1. Well-developed methods of the classical elasticity break down in a case
of concentrated loading as they lead to nonphysical singularities. Considerable
research efforts has been expended to develop the nonlocal theory of elasti-
city and to solve various problems of continuum mechanics using this theory.
The essentials of the nonlocal theory were established by Pidstryhach [6],
Kunin [2], Kroner [13], Eringen [9], Edelen [8] and others. According to the
nonlocal theory of elasticity, the stress at a reference point x in the body
depends not only on the strains at x but also on the strains at all other points

x'. The nonlocal theory reduces to the classical theory of elasticity in the
long-wavelength limit and to the atomic lattice theory in the short-wave-
length limit. The nonlocal theory is effective in removing nonphysical singu-
larities occurring at dislocations, disclinations, points of applications of singular
forces, cracks, etc.

For a linear isotropic nonlocal elastic solid the basic equations are [9]

V. 0y (x) = - F(x), (1)

oy (%) = Joc(|x' - x|, ¢)o(x)dV(x), (2)
v

o(x') = Ltre(x)I + 2ue(x), (3)

e(x') = Defu(x'). (4)

Here oy, (x) is the nonlocal stress tensor at a reference point x, o(x') is the

classical stress tensor at the running point x' related to the linear strain
tensor e(x') by the classical Hooke law with A and p being Lamé constants,
F is the nonlocal body force vector, u is the displacement vector, I denotes

the unit tensor, V is the gradient operator, Def is the deformator operator.

In a case of vanishing body forces Eringen [11] established conditions
under which the displacement field of the boundary-value problem of
nonlocal elasticity is identical to that of the -classical elasticity theory.
Considering the equilibrium equation of the classical elasticity

V' .o(x) = - f(x),
where f(x') is the local body force vector, the following expression [4, 15]

F(x) = ja(|x' - x|, ¢)f(x)dV(x") ()
v
gives the connection between the body forces causing the same displacement
fields in local and nonlocal elastic media.
The volume integrals in (2) and (5) are over the region V occupied by
the solid. The nonlocal modulus o(|x" - x|, ¢) includes the nonlocal parameter

¢ such as
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lima(|x - x|, ¢)=8(|]x" -x|),
c—>0
where 8(x) is the Dirac delta function.
Eringen [10] has ascertained the properties of the modulus a(|x - x|, ¢)
and found several different forms giving a perfect match with the Born -

Kéarman model of the atomic lattice dynamics and the atomic dispersion cur-
ves. In the present paper we use the two-dimensional nonlocal modulus

al¥ - x| e)= Ko(lx _le (6)

Cc

with K (x) being the modified Bessel function.

As the kernel (6) is the fundamental solution of the two-dimensional
Helmbholtz operator

7‘ p—
o= (8- L)k (1] = 850w, ™
it follows from equations (2), (6) and (7) that
1 1
AGy -5 0y =- 0. (8)
c c

2. Let the concentrated loading act at the origin. Then the body force
density f takes the form [1, 7]:
= DI V) (). (9)
When n =0, we obtain the concentrated force
f = P3(x). (10)
For a case n =1 we have

. 0 0 0 1 0 0
f= l|:— (P11%+P12 ay +P13 azj E(M @_MZ EJ}S(X)"F

. 0 0 0 1 0 0
+][—(P21§+P22@+P23 §j+§(M16__ 3%ﬂ5(x)+

z
0 0 0 1 0 0
+k|: ( 316 P32@+PBBEJ+E(M2%—MI @HS(X), (11)
where

1

1
P, = §(Pi£j +Pl;), M; = el B,
with e, being the Levi — Civita tensor. The components

f= S(X) f=- S(X) f= Py pw S(X)

11 a 22 a
refer to the double forces acting in the corresponding direction.

In a case under consideration the force P has the components
P = Pji+ P,j, while the arm is written as £ = ¢,i+ (,j.

For the concentrated force (10) the classical solution of the problem is
well-known and reads [3]

Corp = [— (5—-4v)A, cosO+(1-4v)A, sin 9] [A cos 30 + A, sin 39]%
= [(1 —4v)A, cos 0 - (5 - 4v)A, sin 9] [A cos 30 + A, sin 39]%
Gpy == (3= 4v)[A4, 5in 0+ 4, cos 0] +[- A, sin36 + 4, cos30]1, (12)

where A. = : =1,2; v is the Poisson ratio.

i T 8ni-v) '
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Inserting the components of the classical stress tensor (12) into (8) and
solving the obtained nonhomogeneous Helmholtz equation we arrive at the
regular nonlocal solution

0Nt =[5~ 4v)4, cos 0 — (1 - 4v)4, sin 0] 1 K, (%) -
~[A, cos 30 + A, sin 36] % ke (%) ,

oy == [(1-4v)4, cos 0 — (5 - 4v)4, sin 0] 1 (%) +
+[A, cos 30 + A, sin 39]%]63 (gj ,

GE; =(3—-4v) [Al sin @ + A, cos 6]%k1 (%) +

+[- A, cos30 + A, sin39]%lc3 (%) (13)

In this paper the following notation is used for the «regular parts» of the
modified Bessel functions:

1 2
kl(l‘)ZKl(l‘)—E, k2(l‘)=K2(l‘)——2,
x
1 8 4 48
k =K - - — k =K —_ =
3(x) 3(x)+x x3 , 4(x) 4(x)+x2 x4
We also present the solution for double force in the y -direction
N1 cos 20 T cos 40 T
G:C;c = — 2VA2 C—2k2 (Ej + AZ 2C2 k4 (E) ,
N1 cos 20 T cos 40 T
=-2(1-v)A k|1—]|-A k,|—
wy (1=v)4, c? Z(C) 2 9¢? 4(C)’
N1 sin 20 T sin 40 r
=(1-2v)A k,|—-|+A k,|— 14
Oy ( V)4, c? Z(Cj+ 2 9c2 4(Cj (14)

and for two-dimensional center of dilatation (4, = A, = A)

N = oM =201- 2v)cé2k2 (%) (15)

T

The nondimensional stress component 5

P "

G, = GWOCT)A is shown in fig. 1. The g
curve 1 corresponds to the classical result 06 I
which has nonphysical singularity at the

origin, the curve 2 represents the nonlocal 04

solution for two-dimensional center of dila-
tation calculated from equation (15).

In a similar manner we can interpret
other terms in equation (9) which corres-
pond to point loading of higher order. Fig. 1

It was pointed out in the paper [5] that
the nonhomogeneous Helmholtz equation for the stress tensor with another
structure constant ¢ was obtained in the gauge theory of defects [14]; the
«dual» nonhomogeneous Helmholtz equation in terms of strains arised in the
gradient theory of elasticity [12]. From mathematical point of view the
solution obtained in this paper can be also used in both these theories with
corresponding changes in physical interpretation of the results.
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30CEPEOXEHE HABAHTAXEHHA Y 1BOBUMIPHOMY
HEJTOKAJIbHO MNPY>XHOMY CEPELQOBMWLLI

V neaoxanvnill meopii nPpyHcHOCTT HANPYNHCEHHA Y 610ATKOBIIL MOUYL Mina 3arexams He
minvku 610 Jegpopmayli y yith mouyi, ase maxodc 6i0 Oepopmayii Yy 8Cix THUWUX MOUKAX
meepdozo miaa. Bukopucmosyrouu pynoamenmarvHuli po3s’a3ox pieHaHH [eavbmeons-
ya ax 8i0nosi0Hull modyasb HeaoxarvbHocmi (8a208Yy PYHKUIIO 8 THMEZPALLHOMY CNissi0-
HOWEHHT MIHC HANPYICeHHAMU ma Oedopmayiamu), 6U3HAUEHO PO3N00IL HANPYHCEHb Y
0808UMIPHOMY HEAOKALBHO NPYAHCHOMY cepedosuwyi ni0 0ieo 3ocepedicenozo HasaHmMa-
Jcenns. Heaokanvti HANpYyHceHHs He micmamd HedIi3udHUX cuneyaipHocmel, Ha 810mi-
HY 810 P036’A3Ki8, OMPUMAHUX Y PAMKAL KAACUYHOT MeoPli NPYHCHOCMA.

COCPEJOTOYEHHAS! HATPY3KA B IBYMEPHOW HENOKAIbHO YMNPYIrOW CPEQE

B Hea0oKaabHOU Mmeopuu Ynpyzocmu HANPANEHUS 8 OMCUeMHOU mouKe mead 3a8UCAM
He moavko om Oeopmayuu 8 Imoil mouke, HO maxdxie om OePopmayuu 60 ecex
0CMAABHBLE MOoUKax meepdozo meaa. Vcnoavays Pynoamenmanrvroe pewerue ypasHe-
Hus leavmezoavya 6 Kauecmse cCOOMBEMCMBYOULLL0 MOOYAS HeaoKarvbHocmu (8ecosot
PYHKYUU 8 UHMEZPALLHOM COOMHOWEHUU MeHc0Y HanpaxceHuamu u Oefopmayuimu),
onpedeneno pacnpedesenue HaANpsKiceHU 8 08YMePHOU HeA0KAAbHO Yynpyzoli cpede nod
Odeticmeuem cocpedomouennoti Hazpydku. HeaoxaavHvie HanpaicenHus He codepicam
HePUUUECKUX CUHRYAAPHOCTEU, 8 OMmauuuUe OM PeweHUl, NMOAYUEHHBLL 8 PAMKAX
KAACCUUECKOU MeoPUU YNPY20Cmu.
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