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CONCENTRATED LOADING IN TWO-DIMENSIONAL  
NONLOCAL ELASTIC MEDIUM 
 

According to the nonlocal elasticity theory, the stress at a reference point in the 
body depends not only on the strains at this point but also on the strains at all 
other points of the solid. Using the fundamental solution of the Helmholtz equation 
as an appropriate nonlocal modulus (the weight function in the integral relation 
between stresses and strains), the stress distribution in a two-dimensional nonlocal 
elastic medium has been found under the concentrated loading. The nonlocal stress 
does not contain nonphysical singularities, in contrast to the solution obtained 
within the frame-work of classical elasticity. 

 
1. Well-developed methods of the classical elasticity break down in a case 

of concentrated loading as they lead to nonphysical singularities. Considerable 
research efforts has been expended to develop the nonlocal theory of elasti-
city and to solve various problems of continuum mechanics using this theory. 
The essentials of the nonlocal theory were established by Pidstryhach [6], 
Kunin [2], Kröner [13], Eringen [9], Edelen [8] and others. According to the 
nonlocal theory of elasticity, the stress at a reference point x  in the body 
depends not only on the strains at x  but also on the strains at all other points 

′x . The nonlocal theory reduces to the classical theory of elasticity in the 
long-wavelength limit and to the atomic lattice theory in the short-wave-
length limit. The nonlocal theory is effective in removing nonphysical singu-
larities occurring at dislocations, disclinations, points of applications of singular 
forces, cracks, etc. 
 For a linear isotropic nonlocal elastic solid the basic equations are [9] 
 Nl ( ) ( )⋅ = −x F x  , (1) 

 Nl ( ) , ( ) ( )
V

dV′ ′ ′= α −∫x x x c x x( )  ,  (2) 

 ( ) tr ( ) 2 ( )′ ′ ′= λ + µx e x I e x , (3) 

 ( ) Def ( )′ ′=e x u x . (4) 

Here Nl ( )x  is the nonlocal stress tensor at a reference point ,  ( )′x x  is the 

classical stress tensor at the running point ′x  related to the linear strain 
tensor ( )′e x  by the classical Hooke law with λ  and µ  being Lamé constants, 

F  is the nonlocal body force vector, u  is the displacement vector, I  denotes 
the unit tensor,   is the gradient operator, Def is the deformator operator. 

In a case of vanishing body forces Eringen [11] established conditions 
under which the displacement field of the boundary-value problem of 
nonlocal elasticity is identical to that of the classical elasticity theory. 
Considering the equilibrium equation of the classical elasticity 

 ( ) ( )′ ′ ′⋅ = −x f x  , 

where ( )′f x  is the local body force vector, the following expression [4, 15] 

 ( ) , ( ) ( )
V

dV′ ′ ′= α −∫F x x x c x xf( )  (5) 

gives the connection between the body forces causing the same displacement 
fields in local and nonlocal elastic media. 

The volume integrals in (2) and (5) are over the region V  occupied by 
the solid. The nonlocal modulus ,′α −x x c( )  includes the nonlocal parameter 
c  such as 
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0

lim ,
c→

′ ′α − = δ −x x c x x( ) ( ) , 

where ( )δ x  is the Dirac delta function.  

Eringen [10] has ascertained the properties of the modulus ,′α −x x c( )  
and found several different forms giving a perfect match with the Born –
Kármán model of the atomic lattice dynamics and the atomic dispersion cur-
ves. In the present paper we use the two-dimensional nonlocal modulus 

 02
1,

2
K

cc

′ − ′α − =  
 π

x x
x x c( )  (6) 

with 0 ( )K x  being the modified Bessel function. 

 As the kernel (6) is the fundamental solution of the two-dimensional 
Helmholtz operator 

 02
1 1 ( ) ( )
2

rK x y
cc

   ∆ − = δ δ   π    
, (7) 

it follows from equations (2), (6) and (7) that 

 Nl Nl2 2
1 1
c c

∆ − = −   .  (8) 

 2. Let the concentrated loading act at the origin. Then the body force 
density f  takes the form [1, 7]: 

 ( 1) ( ) ( )
!

n n

n
= − ⋅ δPf I x .  (9) 

When 0n = , we obtain the concentrated force 

 ( )= δf P x .  (10) 

For a case 1n =  we have 

 11 12 13 3 2
1 ( )
2

P P P M M
x y z y z

 ∂ ∂ ∂ ∂ ∂   = − + + + − δ +    ∂ ∂ ∂ ∂ ∂    
f i x  

 21 22 23 1 3
1 ( )
2

P P P M M
x y z z x

 ∂ ∂ ∂ ∂ ∂   + − + + + − δ +    ∂ ∂ ∂ ∂ ∂    
j x  

 31 32 33 2 1
1 ( )
2

P P P M M
x y z x y

 ∂ ∂ ∂ ∂ ∂   + − + + + − δ    ∂ ∂ ∂ ∂ ∂    
k x , (11) 

where 

 1 ( ),           
2ij i j j i i ijk i kP P P M e P= + =    

with ijke  being the Levi – Civita tensor. The components 

 11 22 33( ),      ( ),      ( )P P P
x y z
∂ ∂ ∂= − δ = − δ = − δ

∂ ∂ ∂
f i x f j x f k x  

refer to the double forces acting in the corresponding direction. 
In a case under consideration the force P  has the components 

1 2P P= +P i j , while the arm is written as 1 2= +i j  . 
For the concentrated force (10) the classical solution of the problem is 

well-known and reads [3] 

 1 2 1 2
1 1(5 4 ) cos (1 4 ) sin cos 3 sin 3xx A A A A
r r

σ = − − ν θ + − ν θ − θ + θ[ ] [ ] , 

 1 2 1 2
1 1(1 4 ) cos (5 4 ) sin cos 3 sin 3yy A A A A
r r

σ = − ν θ − − ν θ + θ + θ[ ] [ ] , 

 1 2 1 2
1 1(3 4 ) sin cos sin 3 cos 3xy A A A A
r r

σ = − − ν θ + θ + − θ + θ[ ] [ ] ,  (12) 

where ,  1,2;  
8 (1 )

i
i

P
A i= = ν

π − ν
 is the Poisson ratio. 
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 Inserting the components of the classical stress tensor (12) into (8) and 
solving the obtained nonhomogeneous Helmholtz equation we arrive at the 
regular nonlocal solution 

 Nl
1 2 1

1(5 4 ) cos (1 4 ) sinxx
rA A k

c c
 σ = − ν θ − − ν θ − 
 

[ ]  

 1 2 3
1cos 3 sin 3 rA A k
c c

 − θ + θ  
 

[ ] , 

 Nl
1 2 1

1(1 4 ) cos (5 4 ) sinyy
rA A k

c c
 σ = − − ν θ − − ν θ + 
 

[ ]  

 1 2 3
1cos 3 sin 3 rA A k
c c

 + θ + θ  
 

[ ] , 

 Nl
1 2 1

1(3 4 ) sin cosxy
rA A k

c c
 σ = − ν θ + θ + 
 

[ ]  

 1 2 3
1cos 3 sin 3 rA A k
c c

 + − θ + θ  
 

[ ] . (13) 

In this paper the following notation is used for the «regular parts» of the 
modified Bessel functions: 

 1 1 2 2 2
1 2( ) ( ) ,             ( ) ( )k x K x k x K x
x x

= − = − , 

 3 3 4 43 2 4
1 8 4 48( ) ( ) ,      ( ) ( )k x K x k x K x
x x x x

= + − = + − . 

We also present the solution for double force in the y -direction 

 Nl
2 2 2 42 2

cos 2 cos 42
2

xx
r rA k A k
c cc c

θ θ   σ = − ν +   
   

, 

 Nl
2 2 2 42 2

cos 2 cos 42(1 )
2

yy
r rA k A k
c cc c

θ θ   σ = − − ν −   
   

, 

 Nl
2 2 2 42 2

sin 2 sin 4(1 2 )
2

xy
r rA k A k
c cc c

θ θ   σ = − ν +   
   

  (14) 

and for two-dimensional center of dilatation ( 1 2A A A= = ) 

 Nl Nl
22

2(1 2 )rr
A rk

cc
θθ

 σ = − σ = − ν  
 

.  (15) 

 The nondimensional stress component 
2

(1 2 )rr rr
c

A
σ = σ

− ν
 is shown in fig. 1. The 

curve 1 corresponds to the classical result 
which has nonphysical singularity at the 
origin, the curve 2 represents the nonlocal 
solution for two-dimensional center of dila-
tation calculated from equation (15). 

In a similar manner we can interpret 
other terms in equation (9) which corres-
pond to point loading of higher order. 
 It was pointed out in the paper [5] that 
the nonhomogeneous Helmholtz equation for the stress tensor with another 
structure constant c  was obtained in the gauge theory of defects [14]; the 
«dual» nonhomogeneous Helmholtz equation in terms of strains arised in the 
gradient theory of elasticity [12]. From mathematical point of view the 
solution obtained in this paper can be also used in both these theories with 
corresponding changes in physical interpretation of the results. 
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ЗОСЕРЕДЖЕНЕ НАВАНТАЖЕННЯ У ДВОВИМІРНОМУ  
НЕЛОКАЛЬНО ПРУЖНОМУ СЕРЕДОВИЩІ  
 
Ó íåëîêàëüí³é òåîð³¿ ïðóæíîñò³ íàïðóæåííÿ ó â³äë³êîâ³é òî÷ö³ ò³ëà çàëåæàòü íå 
ò³ëüêè â³ä äåôîðìàö³¿ ó ö³é òî÷ö³, àëå òàêîæ â³ä äåôîðìàö³¿ ó âñ³õ ³íøèõ òî÷êàõ 
òâåðäîãî ò³ëà. Âèêîðèñòîâóþ÷è ôóíäàìåíòàëüíèé ðîçâ’ÿçîê ð³âíÿííÿ Ãåëüìãîëü-
öà ÿê â³äïîâ³äíèé ìîäóëü íåëîêàëüíîñò³ (âàãîâó ôóíêö³þ â ³íòåãðàëüíîìó ñï³ââ³ä-
íîøåíí³ ì³æ íàïðóæåííÿìè òà äåôîðìàö³ÿìè), âèçíà÷åíî ðîçïîä³ë íàïðóæåíü ó 
äâîâèì³ðíîìó íåëîêàëüíî ïðóæíîìó ñåðåäîâèù³ ï³ä ä³ºþ çîñåðåäæåíîãî íàâàíòà-
æåííÿ. Íåëîêàëüí³ íàïðóæåííÿ íå ì³ñòÿòü íåô³çè÷íèõ ñèíãóëÿðíîñòåé, íà â³äì³-
íó â³ä ðîçâ’ÿçê³â, îòðèìàíèõ ó ðàìêàõ êëàñè÷íî¿ òåîð³¿ ïðóæíîñò³. 
 
СОСРЕДОТОЧЕННАЯ НАГРУЗКА В ДВУМЕРНОЙ НЕЛОКАЛЬНО УПРУГОЙ СРЕДЕ 
 
Â íåëîêàëüíîé òåîðèè óïðóãîñòè íàïðÿæåíèÿ â îòñ÷åòíîé òî÷êå òåëà çàâèñÿò 
íå òîëüêî îò äåôîðìàöèè â ýòîé òî÷êå, íî òàêæå îò äåôîðìàöèè âî âñåõ 
îñòàëüíûõ òî÷êàõ òâåðäîãî òåëà. Èñïîëüçóÿ ôóíäàìåíòàëüíîå ðåøåíèå óðàâíå-
íèÿ Ãåëüìãîëüöà â êà÷åñòâå ñîîòâåòñòâóþùåãî ìîäóëÿ íåëîêàëüíîñòè (âåñîâîé 
ôóíêöèè â èíòåãðàëüíîì ñîîòíîøåíèè ìåæäó íàïðÿæåíèÿìè è äåôîðìàöèÿìè), 
îïðåäåëåíî ðàñïðåäåëåíèå íàïðÿæåíèé â äâóìåðíîé íåëîêàëüíî óïðóãîé ñðåäå ïîä 
äåéñòâèåì ñîñðåäîòî÷åííîé íàãðóçêè. Íåëîêàëüíûå íàïðÿæåíèÿ íå ñîäåðæàò 
íåôèçè÷åñêèõ ñèíãóëÿðíîñòåé, â îòëè÷èå îò ðåøåíèé, ïîëó÷åííûõ â ðàìêàõ 
êëàññè÷åñêîé òåîðèè óïðóãîñòè. 
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