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ÓÄÊ 539.3 
 

В. Л. Богданов 
 

ЛІНЕАРИЗОВАНА ЗАДАЧА ПРО РУЙНУВАННЯ 
НАПІВСКІНЧЕННОГО ПРУЖНОГО МАТЕРІАЛУ З ПОТЕНЦІАЛОМ 
ГАРМОНІЧНОГО ТИПУ 
 

Ó ðàìêàõ òðèâèì³ðíî¿ ë³íåàðèçîâàíî¿ ìåõàí³êè äåôîðì³âíîãî òâåðäîãî ò³ëà 
çä³éñíåíî àíàë³ç äâîõ íåêëàñè÷íèõ ìåõàí³çì³â ðóéíóâàííÿ – ðóéíóâàííÿ ìà-
òåð³àëó ïðè ñòèñíåíí³ âçäîâæ òð³ùèíè òà ðóéíóâàííÿ ò³ëà ç ïî÷àòêîâèìè 
íàïðóæåííÿìè – äëÿ âèïàäêó ïðèïîâåðõíåâî¿ êðóãîâî¿ òð³ùèíè â íàï³âñê³í-
÷åííîìó ò³ë³. Äëÿ ìàòåð³àëó ç ïðóæíèì ïîòåíö³àëîì ãàðìîí³÷íîãî òèïó 
îòðèìàíî êðèòè÷í³ ïàðàìåòðè ñòèñêó, ùî â³äïîâ³äàþòü ëîêàëüí³é âòðàò³ 
ñò³éêîñò³ ìàòåð³àëó â îêîë³ òð³ùèíè, à òàêîæ âèðàçè êîåô³ö³ºíò³â ³íòåí-
ñèâíîñò³ íàïðóæåíü äëÿ âèïàäêó òð³ùèíè ðàä³àëüíîãî çñóâó (Mode II) òà 
äîñë³äæåíî ¿õ çàëåæí³ñòü â³ä ïî÷àòêîâèõ íàïðóæåíü.  

 
 1. Âñòóï. ßê â³äîìî, ìåòîäàìè ë³í³éíî¿ ìåõàí³êè ðóéíóâàííÿ íå ìîæíà 
àäåêâàòíî îïèñàòè âïëèâ íà ïàðàìåòðè ðóéíóâàííÿ ñêëàäîâèõ íàâàíòàæåí-
íÿ, ñïðÿìîâàíèõ óçäîâæ ïëîùèí òð³ùèí. Öå ïîâ’ÿçàíî ç òèì, ùî ç ðîçâ’ÿç-
êó â³äïîâ³äíèõ çàäà÷ ë³í³éíî¿ òåîð³¿ ïðóæíîñò³ âèïëèâàº, ùî çàçíà÷åí³ 
ñêëàäîâ³ íàâàíòàæåííÿ íå âõîäÿòü ó âèðàçè äëÿ êîåô³ö³ºíò³â ³íòåíñèâíîñò³ 
íàïðóæåíü ³ âåëè÷èíè ðîçêðèòòÿ òð³ùèí, à òîìó íå âðàõîâóþòüñÿ ó êëà-
ñè÷íèõ êðèòåð³ÿõ ðóéíóâàííÿ òèïó ¥ð³ôô³òñà – ²ðâ³íà ÷è êðèòè÷íîãî ðîç-
êðèòòÿ òð³ùèí. 

Äëÿ äîñë³äæåííÿ çàäà÷ ïðî ñòèñíåííÿ ìàòåð³àë³â çóñèëëÿìè, ùî ä³þòü 
óçäîâæ òð³ùèí, ³ äëÿ âèâ÷åííÿ çàêîíîì³ðíîñòåé âïëèâó ïî÷àòêîâèõ (àáî çà-
ëèøêîâèõ) íàïðóæåíü íà íàïðóæåíî-äåôîðìîâàíèé ñòàí ìàòåð³àë³â ³ç òð³-
ùèíàìè â ðîáîòàõ [2, 3, 6] çàïðîïîíîâàíî ï³äõîäè â ðàìêàõ òðèâèì³ðíî¿ ë³-
íåàðèçîâàíî¿ ìåõàí³êè äåôîðì³âíîãî òâåðäîãî ò³ëà. ²ç âèêîðèñòàííÿì çàçíà-
÷åíèõ ï³äõîä³â îòðèìàíî ðîçâ’ÿçêè îêðåìèõ êëàñ³â ñòàòè÷íèõ ³ äèíàì³÷íèõ 
çàäà÷, ïåðåâàæíî äëÿ ³çîëüîâàíèõ òð³ùèí ó íåñê³í÷åííèõ ò³ëàõ (ñòèñëèé 
îãëÿä çàçíà÷åíèõ ðîá³ò íàâåäåíî â [2–7]). 

Ó ïðîïîíîâàí³é ðîáîò³ äëÿ âèïàäêó ïðèïîâåðõíåâî¿ êðóãîâî¿ òð³ùèíè â 
íàï³âñê³í÷åííîìó ñòèñëèâîìó ïðóæíîìó ò³ë³ çä³éñíåíî ðîçãëÿä äâîõ íåêëà-
ñè÷íèõ ìåõàí³çì³â ðóéíóâàííÿ: ðóéíóâàííÿ ìàòåð³àëó ïðè ñòèñíåíí³ 
âçäîâæ òð³ùèíè òà ðóéíóâàííÿ ò³ëà ç ïî÷àòêîâèìè íàïðóæåííÿìè (ñë³ä çà-
çíà÷èòè, ùî äåòàëüíå îá´ðóíòóâàííÿ äîö³ëüíîñò³ òàêîãî îá’ºäíàíîãî ï³äõîäó 
íàâåäåíî â [1]). Îòðèìàíî êðèòè÷í³ ïàðàìåòðè ñòèñêó, ùî â³äïîâ³äàþòü ëî-
êàëüí³é âòðàò³ ñò³éêîñò³ ìàòåð³àëó â îêîë³ òð³ùèíè, à òàêîæ âèðàçè êîåô³-
ö³ºíò³â ³íòåíñèâíîñò³ íàïðóæåíü äëÿ âèïàäêó òð³ùèíè ðàä³àëüíîãî çñóâó 
(Mode II) òà äîñë³äæåíî ¿õ çàëåæí³ñòü â³ä ïî÷àòêîâèõ íàïðóæåíü. ×èñëîâ³ 
ðåçóëüòàòè íàâåäåíî äëÿ ìàòåð³àëó ç ïðóæíèì ïîòåíö³àëîì ãàðìîí³÷íîãî 
òèïó, ÿêèé øèðîêî âèêîðèñòîâóºòüñÿ ó äîñë³äæåííÿõ ïðè ìîäåëþâàíí³ 
ïðóæíèõ ñòèñëèâèõ ìàòåð³àë³â. 

2. Ïîñòàíîâêà çàäà÷³. Áóäåìî âèêîðèñòîâóâàòè ëàãðàíæåâ³ êîîðäèíàòè 
,  1,2,3jx j = , ÿê³ â íåäåôîðìîâàíîìó ñòàí³ çá³ãàþòüñÿ ç äåêàðòîâèìè. Âñ³ 

âåëè÷èíè, ùî â³äíîñÿòüñÿ äî ïî÷àòêîâîãî ñòàíó, áóäåìî ïîçíà÷àòè ³íäåêñîì 
«0». Îêð³ì òîãî, áóäåìî âèêîðèñòîâóâàòè òàê³ ïîçíà÷åííÿ: jjS  – êîìïîíåíòè 

ñèìåòðè÷íîãî òåíçîðà íàïðóæåíü, ùî â³äíåñåí³ äî îäèíèö³ ïëîù³ ò³ëà â íå-

äåôîðìîâàíîìó ñòàí³; 0
ju  – êîìïîíåíòè âåêòîðà ïåðåì³ùåíü, ùî â³äïîâ³äà-

þòü ïî÷àòêîâèì íàïðóæåííÿì 0 ;  ij ijS t  – êîìïîíåíòè íåñèìåòðè÷íîãî òåíçî-

ðà íàïðóæåíü Ê³ðõãîôà.  
Òð³ùèíà ðàä³óñà a  ðîçì³ùåíà ó âåðõíüîìó ï³âïðîñòîð³ 3x h≥ −  ó ïëî-

ùèí³ 3 0x =  ç öåíòðîì íà îñ³ 3Ox . Ïî÷àòêîâ³ (çàëèøêîâ³) íàïðóæåííÿ, ùî 
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ä³þòü ó ïëîùèí³ 1 2Ox x , ðåàë³çóþòü îäíîð³äíèé ïî÷àòêîâèé ñòàí âèãëÿäó  

 0 0 0
33 11 220,       constS S S= = = , 

 0
1 2( 1) ,       const,      m jm j j ju x= δ λ − λ = λ = λ , (1) 

äå jλ  – êîåô³ö³ºíòè ïîäîâæåííÿ (ñêîðî÷åííÿ) âçäîâæ îñåé jx . 

Ë³íåàðèçîâàí³ ð³âíÿííÿ ð³âíîâàãè â çáóðåííÿõ äëÿ ñòèñëèâèõ ò³ë ìàþòü 
âèãëÿä [6, 7] 
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Âèðàç äëÿ çáóðåíü íåñèìåòðè÷íîãî òåíçîðà íàïðóæåíü Ê³ðõãîôà º 
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 0(1 )( )ij j ij i ij i j i j ij i ja Sαβ α αβ β α β β α β α ββω = λ λ δ δ + − δ δ δ + δ δ µ + δ δ[ ] , (3) 

äå âåëè÷èíè ,  ij ija µ  çàëåæàòü â³ä ïàðàìåòð³â íàâàíòàæåííÿ ³ â³ä âèçíà-

÷àëüíèõ ð³âíÿíü ìàòåð³àëó [6]. 
 Ãðàíè÷í³ óìîâè íà áåðåãàõ òð³ùèíè ìàþòü âèãëÿä 

– äëÿ çàäà÷³ ïðî ìàòåð³àë ç ïî÷àòêîâèìè íàïðóæåííÿìè: 

 33 3 30,     ( ),       0,     0rt t r x r a= = − τ = ± ≤ < ;  (4) 

– äëÿ çàäà÷³ ïðî ñòèñíåííÿ ìàòåð³àëó âçäîâæ òð³ùèíè: 

 33 3 30,     0,             0,     0rt t x r a= = = ± ≤ < ,   (5) 

äå 3, ,r xθ  – êðóãîâ³ öèë³íäðè÷í³ êîîðäèíàòè, ÿê³ îòðèìóþòüñÿ ç äåêàðòîâèõ. 
Ãðàíèöÿ ï³âïðîñòîðó â³ëüíà â³ä íàïðóæåíü: 

 33 3 30,     0,             ,     0rt t x h r= = = − ≤ < ∞ .   (6) 

2.1. Ïîòåíö³àëüí³ ôóíêö³¿. Ó ðîáîòàõ [2, 3] ïîáóäîâàíî çàãàëüí³ ðîç-
â’ÿçêè äèôåðåíö³àëüíèõ ð³âíÿíü ³ç ÷àñòèííèìè ïîõ³äíèìè (2) ÷åðåç ïîòåí-
ö³àëüí³ ôóíêö³¿, âèãëÿä ÿêèõ çàëåæèòü â³ä êîðåí³â 1n  ³ 2n  â³äïîâ³äíîãî õà-
ðàêòåðèñòè÷íîãî ð³âíÿííÿ. Äëÿ îñåñèìåòðè÷íî¿ çàäà÷³ ïåðåì³ùåííÿ ³ íàïðó-
æåííÿ äëÿ âèïàäêó ð³âíèõ êîðåí³â õàðàêòåðèñòè÷íîãî ð³âíÿííÿ ( 1 2n n= ) 
ìàþòü òàêèé âèãëÿä: 

 1r
Fu z

r r
∂ϕ ∂= − −
∂ ∂

, 

 1/2 1/2 1/2
3 1 1 2 1 1 1 1 1

1
( 1) Fu n m m F m n m n z

z
− − − ∂= − − − Φ −

∂
,  

 
2

33 44 1 1 2 2 1 1 1 1 1 2
1 1 1

( ) F Ft C d l d l d l d l z
z z z

 ∂ ∂Φ ∂= − − − ∂ ∂ ∂ 
, 

 1/2
3 44 1 1 2 1 1 1

1
( )r

Ft C n d d F d d z
r z

−  ∂ ∂= − − Φ − ∂ ∂ 
[ ] , (7) 

äå 1/2
3 ,  1, 2i iz n x i−≡ = . 

Ó ð³âíîñòÿõ (7) ïîòåíö³àëüí³ ôóíêö³¿ 1 1
1

( , ),  ,  ( , )r z F r z
z

∂ϕϕ Φ ≡
∂

 º ãàðìî-

í³÷íèìè ôóíêö³ÿìè ñâî¿õ àðãóìåíò³â. Âåëè÷èíè 44 ,  ,  ,  ,  ,  1, 2i i i iC m l n d i = , 
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çàëåæàòü â³ä ïî÷àòêîâèõ íàïðóæåíü ³ ìîäåë³ ìàòåð³àëó; äëÿ ïðóæíîãî 
ïîòåíö³àëó ãàðìîí³÷íîãî òèïó ¿õí³ çíà÷åííÿ íàâåäåíî â ï. 5.  

2.2. Óìîâè íåïåðåðâíîñò³. Ðîçä³ëèìî óìîâíî ò³ëî íà äâ³ îáëàñò³: «1» 
– ï³âïðîñò³ð 3 0x ≥  òà «2» – øàð 0h x− ≤ ≤ . Íà ãðàíèö³ öèõ îáëàñòåé ïîçà 
òð³ùèíîþ ïåðåì³ùåííÿ ³ íàïðóæåííÿ ìàþòü áóòè íåïåðåðâíèìè, òîáòî 

 (1) (2) (1) (2)
3 3 2 2 3,      ,        0,      u u u u x r a= = = > , 

 (1) (2) (1) (2)
33 33 3 3 3,       ,          0,      r rt t t t x r a= = = > . (8) 

Òîä³ ç ãðàíè÷íèõ óìîâ (4)–(6) òà óìîâ íåïåðåðâíîñò³ (8) îòðèìóºìî 
ôîðìóëþâàííÿ çàäà÷³ ó âèãëÿä³ (äëÿ çàäà÷³ ïðî ìàòåð³àë ç ïî÷àòêîâèìè 
íàïðóæåííÿìè): 

 (1) (2) (1) (2)
3 3 2 2 3,      ,       0,      u u u u x r a= = = > ,  (9) 

 (1) (2) (1) (2)
33 33 3 3 3,       ,         0,      0r rt t t t x r= = = ≤ ≤ ∞ ,  (10) 

 (2) (2)
33 3 3        0,         0,    ,    0rt t x h r= = = − ≤ < ∞ ,  (11) 

 (2) (2)
33 3 3  0,         ( ),    0,       0rt t r x r a= = − τ = ≤ ≤ .  (12) 

Äëÿ çàäà÷³ ïðî ñòèñê ìàòåð³àëó âçäîâæ òð³ùèíè çàì³ñòü (12) ìàºìî óìîâó 

 (2) (2)
33 3 30,         0,            0,       0rt t x r a= = = ≤ ≤ .  (13) 

3. Îòðèìàííÿ ³íòåãðàëüíèõ ð³âíÿíü Ôðåäãîëüìà äðóãîãî ðîäó. Äàë³ 
çâåäåìî çàäà÷ó äî ñèñòåìè ïàðíèõ ³íòåãðàëüíèõ ð³âíÿíü, à ïîò³ì – äî ñèñ-
òåìè ³íòåãðàëüíèõ ð³âíÿíü Ôðåäãîëüìà äðóãîãî ðîäó. Äåòàëüí³ âèêëàäêè áó-
äåìî âèêîíóâàòè äëÿ çàäà÷³ ïðî ðóéíóâàííÿ ìàòåð³àëó ç ïî÷àòêîâèìè íà-
ïðóæåííÿìè, ùî â³äïîâ³äàþòü òð³ùèí³ ðàä³àëüíîãî çñóâó; äëÿ ïåðåõîäó äî 
â³äïîâ³äíèõ ñï³ââ³äíîøåíü äëÿ çàäà÷³ ïðî ñòèñíåííÿ ò³ëà âçäîâæ òð³ùèíè 
äîñòàòíüî áóäå ïîêëàñòè ( ) 0rτ ≡ . 

Âèðàçèìî ãàðìîí³÷í³ ôóíêö³¿, ùî ô³ãóðóþòü ó çîáðàæåííÿõ çàãàëüíèõ 
ðîçâ’ÿçê³â (7), ó êîæí³é ³ç îáëàñòåé «1» òà «2» ó âèãëÿä³ ³íòåãðàëüíèõ 
ðîçêëàä³â Ãàíêåëÿ íóëüîâîãî ïîðÿäêó çà êîîðäèíàòîþ r : 

 1(1)
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∞

−λ λϕ = − λ λ
λ∫  , 
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−λ= λ λ λ∫ , 
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 (2)
1 1 1 1 2 1 1 0
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( , ) ( ) ch ( ) ( ) sh ( ) ( )
sh

F r z C z h C z h J r
h

∞
∂λ= λ λ + + λ λ + λ
λ∫ [ ] , 

 (2)
1 1 1 1 2 1 1 0

10

( , ) ( ) ch ( ) ( ) sh ( ) ( )
sh

r z D z h D z h J r
h

∞
∂λΦ = λ λ + + λ λ + λ
λ∫ [ ] , (14) 

äå 1/2 ,  1, 2i ih hn i−= = . 

Óìîâè (10), (11), çàäàí³ íà âñ³é îáëàñò³ 3 constx = , äîçâîëÿþòü âèðàçè-

òè íåâ³äîì³ ( ),  ( ),  ( )jA B Dλ λ λ  ÷åðåç ôóíêö³¿ ( ),  1,2jC jλ = . ²ç óìîâ (9), (12) 
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îòðèìóºìî ñèñòåìó ïàðíèõ ³íòåãðàëüíèõ ð³âíÿíü: 

 1 1 1 1 2 0
0

( cth ) ( ) ( ) ( ) 0,      k C C J r d r a
∞

− µ µ λ − µ λ λ λ λ = <∫ [ ] , 

 ( )1 1 1 2 1 1/2
0 44 1 1

( )
( cth ) ( ) ( ) ,    

r
C k C J r d r a

C n d

∞

−
τµ λ + + µ λ λ λ λ = − <∫ [ ] , 

 1 0 2 1
0 0

( ) 0,     ,           ( ) 0,     X J r d r a X J r d r a
∞ ∞

λ λ = > λ λ = >∫ ∫ , (15) 

äå 1 1
1 1 2 11 ( ) ( ) (1 cth )X C C

k k
µ µ  ≡ − λ − λ + µ    

, 

 1 1
2 1 2 1( ) 1 ( ) (1 cth )X C C

k k
µ µ  ≡ λ + + λ + µ    

, 

 2 1 2
1 1

1 1

( )
,      

d l l
h k

d l
−

µ = λ = .  (16) 

Âèáåðåìî ðîçâ’ÿçîê ïàðíèõ ³íòåãðàëüíèõ ð³âíÿíü (15) ó ôîðì³ 

 1 2 3/2
0 0

( ) sin ,              ( ) ( )
2

a a

X t t dt X t t J t dtπλ= ϕ λ = ψ λ∫ ∫ , (17) 

äå ( ),  ( )t tϕ ψ  – íåâ³äîì³ ôóíêö³¿, íåïåðåðâí³ ðàçîì ç ¿õí³ìè ïîõ³äíèìè íà 

³íòåðâàë³ 0,a[ ] . Ïðè öüîìó òðåòº ³ ÷åòâåðòå ç ð³âíÿíü (15) òîòîæíî çàäî-
âîëüíÿþòüñÿ, à ç ïåðøîãî òà äðóãîãî ï³ñëÿ äåÿêèõ ïåðåòâîðåíü (äåòàëüí³øå 
äèâ. ó [9]) îòðèìóºìî äâà ³íòåãðàëüí³ ð³âíÿííÿ Ôðåäãîëüìà äðóãîãî ðîäó, 
ÿê³ ï³ñëÿ ââåäåííÿ áåçðîçì³ðíèõ çì³ííèõ ³ ôóíêö³é ìàþòü òàêèé âèãëÿä:  

 
1 1

11 12
0 0

4 4( ) ( ) ( , ) ( ) ( , ) 0f f d g d
k k

ξ + η ξ η η − η ξ η η =
π π∫ ∫K K , 

 
/21 1

21 22
0 0 0

4 4 4( ) ( ) ( , ) ( ) ( , ) ( sin )g f d g d q d
k k k

π

′ξ + η ξ η η − η ξ η η = − ξ ξ θ θ
π π π∫ ∫ ∫K K , (18) 

äå  

 1 1
   

1/2
44 1

( )
( ) ( ),    ( ) ( ) ,    ( ) ,    ( ) ( )

pdf a a g a a q p a
d C n d

− −
−

ξ ξξ ≡ ϕ ξ ξ ≡ ξψ ξ ξ ≡ ξ ≡ τ ξ
ξ
[ ] . 

ßäðà ³íòåãðàëüíèõ ð³âíÿíü (18) ìàþòü âèãëÿä 

 
2
1

11 1 1 1 2 1 3 1( , ) (2 , ) (2 , ) (2 , )
2
k I I I

k
β ξ η = − β η + β β η + β η  

K , 

 
2 2

11 1
12 2 1 2 1 21 4 1( , ) (2 , ) (2 ,1) ,       ( , ) (2 , )I I I

k k
−β β

ξ η = η β η − β ξ η = − ξ β ηK K[ ] , 

 1 1
22 1 1 1 1 1 2 1 2 1( , ) (2 , ) (2 ,1) (2 , ) (2 ,1)

2
k I I I I− −ξ η = ξ η β η − β − β η β η − β +


K [ ] [ ]  

 
2

11
3 1 3 2(2 , ) (2 ,1)I I

k
−β + η β η − β 


[ ] . (19) 

 Ó âèðàçàõ äëÿ ÿäåð (19) ââåäåíî òàê³ ïîçíà÷åííÿ: 

 1 2 1 12
1( , ) ,         ( , ) ( , ) 4 ( , )

2 ( 1)
I I I I

β  β η = β η = β η ζ β η −  βξη ζ −
, 
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 2 2
3 1 1

3
( , ) 4 ( , ) 2(3 1) ( , )I I I

ζ β η = β η ζ + β η − β 
, 

 2 2 2 2
4 1 1 1 2

4( , ) 12 ( , ) 16 ( 1) ( , ) (3 1) ( , )I I I I
ζ β η = β η ζ ζ + β η − ζ + β η + β β

, 

äå 
2 2 2

1/21
1 1,  ,  

2
ha n−−β + ξ + ηζ = β = β = β

ξη
. 

 Ó âèïàäêó çàäà÷³ ïðî ñòèñíåííÿ ìàòåð³àëó âçäîâæ òð³ùèíè ðîçâ’ÿçó-
âàëüíà ñèñòåìà ³íòåãðàëüíèõ ð³âíÿíü Ôðåäãîëüìà äðóãîãî ðîäó ìàº âèãëÿä 

 
1 1

11 12
0 0

4 4( ) ( ) ( , ) ( ) ( , ) 0f f d g d
k k

ξ + η ξ η η − η ξ η η =
π π∫ ∫K K , 

 
1 1

21 22
0 0

4 4( ) ( ) ( , ) ( ) ( , ) 0g f d g d
k k

ξ + η ξ η η − η ξ η η =
π π∫ ∫K K , (20) 

äå ÿäðà âèçíà÷àþòüñÿ çà ôîðìóëàìè (19). 
 Òàêèì ÷èíîì, ïî÷àòêîâà ë³íåàðèçîâàíà çàäà÷à ïðî ñòèñíåííÿ íàï³âñê³í-
÷åííîãî ò³ëà âçäîâæ êðóãîâî¿ òð³ùèíè çâîäèòüñÿ äî çàäà÷³ íà âëàñí³ çíà-
÷åííÿ â³äíîñíî ïàðàìåòðà ïî÷àòêîâîãî ñêîðî÷åííÿ 1 1λ <  äëÿ ñèñòåìè îäíî-

ð³äíèõ ³íòåãðàëüíèõ ð³âíÿíü (20) (ïðè öüîìó ïàðàìåòð 1λ  ñêëàäíèì íåë³-
í³éíèì ÷èíîì âõîäèòü ó ÿäðà ³íòåãðàëüíèõ ð³âíÿíü). Öÿ çàäà÷à íà âëàñí³ 
çíà÷åííÿ äîñë³äæóºòüñÿ ÷èñåëüíî ìåòîäîì Áóáíîâà – Ãàëüîðê³íà (äèâ. ï. 5). 
 Ñë³ä çàçíà÷èòè, ùî ÿäðà ³íòåãðàëüíèõ ð³âíÿíü (19) íåïåðåðâí³ âñþäè, 
çà âèíÿòêîì çíà÷åíü 1λ , ùî çàäîâîëüíÿþòü óìîâó  

 1( ) 0k λ = , (21) 

äå k âèçíà÷àºòüñÿ ç (16). Â³äîìî [3], ùî ñï³ââ³äíîøåííÿ (21) âèçíà÷àº êðè-

òè÷í³ çíà÷åííÿ 1
∗λ  â îñåñèìåòðè÷í³é çàäà÷³ ïðî ñòèñíåííÿ íåñê³í÷åííîãî ò³-

ëà ç òð³ùèíîþ. Ç ô³çè÷íèõ ì³ðêóâàíü âèïëèâàº, ùî êðèòè÷í³ çíà÷åííÿ ïà-
ðàìåòð³â íàâàíòàæåííÿ äëÿ ï³âïðîñòîðó ç ïðèïîâåðõíåâîþ òð³ùèíîþ ìà-
þòü áóòè ìåíøèìè â³ä â³äïîâ³äíèõ âåëè÷èí äëÿ ïðîñòîðó ç òð³ùèíîþ. Òîìó 

êðèòè÷í³ çíà÷åííÿ 1λ  òðåáà øóêàòè â ìåæàõ 1 1 1∗λ < λ < , äå ÿäðà ³íòåã-
ðàëüíèõ ð³âíÿíü º íåïåðåðâíèìè. 
 4. Êîåô³ö³ºíòè ³íòåíñèâíîñò³ íàïðóæåíü. Àíàëîã³÷íî äî òîãî, ÿê ïðè-
éíÿòî â ë³í³éí³é ìåõàí³ö³ ðóéíóâàííÿ, êîåô³ö³ºíòè ³íòåíñèâíîñò³ íàïðóæåíü 
ó ë³íåàðèçîâàí³é çàäà÷³ ïðî ðóéíóâàííÿ ò³ëà ç ïî÷àòêîâèìè íàïðóæåííÿìè 
áóäåìî âèçíà÷àòè ÿê êîåô³ö³ºíòè ïðè îñîáëèâîñòÿõ ó êîìïîíåíòàõ íàïðó-
æåíü á³ëÿ êðàþ òð³ùèíè, òîáòî  

 
1/2

33lim 2 ( ) ( ,0)I
r a

K r a t r
−

→+
= π −[ ] ,  

 
1/2

3lim 2 ( ) ( ,0)II r
r a

K r a t r
−

→+
= π −[ ] . (22) 

 Âèçíà÷èâøè ç ðîçâ’ÿçêó ³íòåãðàëüíèõ ð³âíÿíü (18) ôóíêö³¿ ( )f ξ  òà ( )g ξ  

(³ â³äïîâ³äíî ( )xϕ  òà ( )xψ ), ç (17), (15), (14) ³ (7) îòðèìàºìî âèðàçè äëÿ íà-
ïðóæåíü ³ ïåðåì³ùåíü ó çàäà÷³ ïðî ðóéíóâàííÿ ìàòåð³àëó ç ïî÷àòêîâèìè 
íàïðóæåííÿìè, ï³äñòàâèâøè ÿê³ â (22), îòðèìóºìî âèðàçè äëÿ êîåô³ö³ºíò³â 
³íòåíñèâíîñò³ íàïðóæåíü 

 
1

1/2
44 1 1 44 1 1

0

(1),     ( )
2 2I II
k kK C d l a f K C n d a g d−= − π = − π ξ ξ∫ .  (23) 

 ßê áà÷èìî, íàÿâí³ñòü â³ëüíî¿ ïîâåðõí³ ïðèçâîäèòü äî íåíóëüîâîãî çíà-
÷åííÿ IK  ó çàäà÷³ ïðî òð³ùèíó ðàä³àëüíîãî çñóâó. Êð³ì òîãî, îáèäâà 
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êîåô³ö³ºíòè ³íòåíñèâíîñò³ íàïðóæåíü IK  ³ IIK  çàëåæàòü â³ä ïî÷àòêîâèõ 

íàïðóæåíü 0 0
11 22S S=  (àáî ïîäîâæåíü 1 2λ = λ ) ³ â³äñòàí³ ì³æ òð³ùèíîþ òà 

ãðàíèöåþ ï³âïðîñòîðó h (àáî β ), îñê³ëüêè ðîçâ’ÿçêè ( )f ξ  ³ ( )g ξ  ð³âíÿíü (18) 
çàëåæàòü â³ä çàçíà÷åíèõ ïàðàìåòð³â. 
 Ïîêàæåìî, ùî â ãðàíè÷íîìó âèïàäêó ðîçì³ùåííÿ òð³ùèíè â ò³ë³, êîëè 
â³äñòàíü â³ä òð³ùèíè äî â³ëüíî¿ ïîâåðõí³ ïðÿìóº äî íåñê³í÷åííîñò³, îòðèìà-
í³ âèðàçè äëÿ êîåô³ö³ºíò³â ³íòåíñèâíîñò³ íàïðóæåíü (23) òî÷íî ïåðåõîäÿòü 
ó â³äïîâ³äí³ âèðàçè äëÿ IK  ³ IIK , ÿê³ áóëî îòðèìàíî â çàäà÷³ ïðî òð³ùèíó 
ðàä³àëüíîãî çñóâó â íåñê³í÷åííîìó ìàòåð³àë³ [2]. 
 Ç âèðàç³â (19) äëÿ ÿäåð âèïëèâàº, ùî ïðè h → ∞  (β → ∞ ) âñ³ ÿäðà 
ïðÿìóþòü äî íóëÿ: 

 lim ( , ) 0,      , 1,2ij i j
β→∞

ξ η = =K . 

Òîä³ ç (18) ìàºìî ãðàíè÷í³ çíà÷åííÿ äëÿ ôóíêö³é f  ³ g : 

 
0

4( ) 0,         ( ) ( sin )f g q d
k

π
∞ ∞ ′ξ = ξ = − ξ ξ θ θ

π ∫ . (24) 

Âðàõîâóþ÷è, ùî 

 
/2

2 2
0 0

( )
( sin )

qdq d d
d

π ξ η η′ξ ξ θ θ = η
ξ ξ − η

∫ ∫ , 

ç (24) ³ (23) îòðèìóºìî 

 
1 2 2

2 2 2
0 0

( ) ( )20,       2
1

a

I II
p t taK K d dt

a a a t

∞ ∞ η η τ= = η =
π π− η −

∫ ∫ , (25) 

ùî ïîâí³ñòþ çá³ãàºòüñÿ (ïðè ïðèéíÿòèõ ïîçíà÷åííÿõ) ç³ çíà÷åííÿìè êîåô³-
ö³ºíò³â ³íòåíñèâíîñò³ íàïðóæåíü, îòðèìàíèìè â çàäà÷³ ïðî òð³ùèíó ðàä³-
àëüíîãî çñóâó â íåñê³í÷åííîìó ìàòåð³àë³ [2]. 
 Çîêðåìà, äëÿ âèïàäêó ð³âíîì³ðíîãî çñóâíîãî íàâàíòàæåííÿ íà áåðåãàõ 

òð³ùèíè ( ) constr pτ = =  ç (25) îòðèìóºìî, ùî 
2II
p

K a∞ = π . 

 5. ×èñëîâ³ ðåçóëüòàòè. Ðîçãëÿíåìî ÿê ïðèêëàä ñòèñëèâèé ìàòåð³àë, ùî 
ìîäåëþºòüñÿ ïðóæíèì ïîòåíö³àëîì ãàðìîí³÷íîãî òèïó [8]. Öåé ïîòåíö³àë 
õàðàêòåðèçóºòüñÿ äâîìà ñòàëèìè λ  ³ µ  (àáî E  òà ν  çà àíàëîã³ºþ ç 
êëàñè÷íîþ ë³í³éíîþ òåîð³ºþ ïðóæíîñò³): 

 2 2
1 2 1 2

1
2 2(1 ) 1 2

Es s s sν Φ = λ + µ = + + ν − ν 
, 

äå 
3

1

( 1)ii n
n

s
=

= λ −∑ , ³ â³äïîâ³äàº âèïàäêó ð³âíèõ êîðåí³â õàðàêòåðèñòè÷íîãî 

ð³âíÿííÿ. Ïàðàìåòðè, ùî âõîäÿòü äî âèðàç³â (7), (16), äëÿ çàçíà÷åíîãî ïî-
òåíö³àëó âèçíà÷àþòüñÿ íàñòóïíèì ÷èíîì: 

 1
3 1 1 2 11 2 (1 ) ( 1),         1,         1n n m−λ = − ν − ν λ − = = = , 

 
1

2 1 1 3 11 2(1 2 ) (1 ) ,         1m l
−

= − − ν λ νλ + − ν λ =[ ] , 

 1 1 1
2 1 3 1 1 1 3

1 (3 2) (1 ) ,             1
2

l d− − −= λ ν − + λ − ν ν λ = + λ λ[ ] , 

 
11 0 1

2 1 3 1 1 3 11 1 3 12 2(1 2 ) (1 ) ,    ( )
1

Ed S
−− −= λ λ − − ν λ νλ + − ν λ = λ − λ λ

+ ν
[ ] , 
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11

44 3 1 3 1 3 1 3( ) ,    (2 ) (1 ) (1 )
1

EC k
−−= λ λ + λ = − ν λ − − ν λ νλ + − ν λ

+ ν
[ ][ ] , 

 1
1 1,        (1 )(2 )∗ −β = β λ = + ν + ν . 

Äëÿ ÷èñëîâîãî äîñë³äæåííÿ ñèñòåì ³íòåãðàëüíèõ ð³âíÿíü Ôðåäãîëüìà 
äðóãîãî ðîäó (18), (20) çàñòîñîâóºìî ìåòîä Áóáíîâà – Ãàëüîðê³íà, ÷èñëîâå 
³íòåãðóâàííÿ çä³éñíþºìî çà êâàäðàòóðíèìè ôîðìóëàìè ¥àóññà. ßê ïî÷àò-
êîâå íàïðóæåííÿ ðîçãëÿíóòî ð³âíîì³ðíå çñóâíå íàâàíòàæåííÿ ( ) constrτ = .  

Ó òàáë. 1 íàâåäåíî çíà÷åííÿ êðèòè÷íèõ ïàðàìåòð³â ñêîðî÷åííÿ 1λ  äëÿ 
ð³çíèõ çíà÷åíü áåçðîçì³ðíî¿ â³äñòàí³ ì³æ òð³ùèíîþ ³ ãðàíèöåþ ï³âïðîñòîðó 
β  ³ êîåô³ö³ºíòà Ïóàññîíà ν , ùî õàðàêòåðèçóº ñòèñëèâ³ñòü ìàòåð³àëó. Ïðè 

äîñòàòíüî âåëèêèõ çíà÷åííÿõ β  îòðèìóºìî çíà÷åííÿ 1λ , ùî çá³ãàþòüñÿ ç 

êðèòè÷íèìè çíà÷åííÿìè 1
1 (1 )(2 )∗ −λ = + ν + ν , îòðèìàíèìè â îñåñèìåòðè÷í³é 

çàäà÷³ ïðî òð³ùèíó â íåñê³í÷åííîìó ìàòåð³àë³ [3]. 
 Таблиця 1 

β  
ν  

0.125 0.25 0.5 0.75 1.0 1.25 1.5 2.0 3.0 10.0 ∞  

0.1 0.985 0.951 0.864 0.787 0.728 0.686 0.655 0.615 0.576 0.533 0.524 
0.2 0.986 0.955 0.874 0.801 0.745 0.704 0.674 0.635 0.597 0.554 0.545 
0.3 0.987 0.958 0.882 0.813 0.760 0.721 0.692 0.654 0.616 0.574 0.565 
0.4 0.988 0.961 0.890 0.824 0.773 0.735 0.707 0.670 0.634 0.584 0.583 
0.5 0.989 0.963 0.896 0.834 0.785 0.749 0.721 0.685 0.649 0.609 0.600 

 Таблиця 2 
β  

ν  1λ  
0.25 0.5 0.75 1.0 1.25 1.5 2.0 3.0 10.0 

0.85 - - 1.304 1.098 1.044 1.022 1.007 1.001 1.000 
0.90 - 1.657 1.148 1.061 1.029 1.015 1.005 1.001 1.000 
1.00 1.342 1.134 1.061 1.030 1.015 1.008 1.003 1.001 1.000 
1.05 1.172 1.088 1.044 1.023 1.012 1.006 1.002 1.000 1.000 
1.50 - 1.024 1.010 1.022 1.003 1.001 1.000 1.000 1.000 

0.1 

2.00 - 1.023 1.008 1.003 1.001 1.001 1.000 1.000 1.000 
0.85 - - 1.504 1.129 1.054 1.027 1.008 1.001 1.000 
0.90 - 2.246 1.180 1.070 1.033 1.017 1.005 1.001 1.000 
1.00 1.342 1.134 1.061 1.030 1.015 1.008 1.003 1.001 1.000 
1.05 1.158 1.083 1.042 1.021 1.011 1.006 1.002 1.000 1.000 
1.50 - 1.023 1.009 1.004 1.002 1.000 1.000 1.000 1.000 

0.3 

2.00 - - 1.008 1.003 1.000 1.000 1.000 1.000 1.000 
0.85 - - 2.132 1.174 1.068 1.032 1.010 1.002 1.000 
0.90 - 6.770 1.224 1.081 1.037 1.019 1.006 1.001 1.000 
1.00 1.342 1.134 1.061 1.030 1.015 1.008 1.003 1.001 1.000 
1.05 1.147 1.077 1.040 1.020 1.011 1.006 1.002 1.000 1.000 
1.50 - - - - 1.002 1.001 1.000 1.000 1.000 

0.5 

2.00 - - - - 1.001 1.000 1.000 1.000 1.000 

Ó òàáë. 2 ³ 3 â³äïîâ³äíî íàâåäåíî çíà÷åííÿ ñï³ââ³äíîøåíü êîåô³ö³ºíò³â 

³íòåíñèâíîñò³ íàïðóæåíü /II IIK K∞  ³ /I IIK K∞ . Êð³ì òîãî, äëÿ çíà÷åíü β =  

0.5,  0.75, 1.0, 1.25=  ³ âåëè÷èíè 0.3ν =  íà ðèñ. 1 ³ 2 â³äïîâ³äíî íàâåäåíî çà-

ëåæíîñò³ ñï³ââ³äíîøåíü êîåô³ö³ºíò³â ³íòåíñèâíîñò³ íàïðóæåíü /II IIK K∞  ³ 

/I IIK K∞  â³ä ïàðàìåòðà ïî÷àòêîâîãî ïîäîâæåííÿ (ñêîðî÷åííÿ) 1λ  ( 1 1λ >  –

äëÿ ðîçòÿãó, 1 1λ <  – äëÿ ñòèñíåííÿ). ßê âèäíî ç ðèñóíê³â, êðèâ³ ìàþòü 
âåðòèêàëüí³ àñèìïòîòè, ùî â³äïîâ³äàþòü çíà÷åííÿì êðèòè÷íèõ ïàðàìåòð³â 
ñêîðî÷åííÿ, ÿê³ îòðèìóþòüñÿ â çàäà÷³ ïðî ñòèñíåííÿ ìàòåð³àëó ç òð³ùèíîþ 
(äèâ. òàáë. 1).  
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 Таблиця 3 
β  ν  1λ  

0.25 0.5 0.75 1.0 1.25 1.5 2.0 3.0 10.0 
0.85 - - 0.393 0.445 0.074 0.043 0.017 0.004 0.000 
0.90 - 0.749 0.186 0.090 0.051 0.030 0.013 0.003 0.000 
1.00 0.261 0.133 0.077 0.046 0.028 0.018 0.008 0.002 0.000 
1.05 0.080 0.074 0.056 0.035 0.022 0.014 0.006 0.001 0.000 
1.50 - 0.018 0.011 0.006 0.005 0.003 0.002 0.001 0.000 

0.1 

2.00 - 0.003 0.003 0.003 0.002 0.001 0.000 0.000 0.000 
0.85 - - 0.665 0.190 0.0092 0.052 0.021 0.005 0.000 
0.90 - 1.465 0.228 0.103 0.057 0.034 0.014 0.003 0.000 
1.00 0.261 0.133 0.0077 0.046 0.028 0.018 0.008 0.002 0.000 
1.05 0.066 - 0.053 0.034 0.021 0.013 0.006 0.002 0.000 
1.50 - 0.007 0.007 0.006 0.004 0.003 0.001 0.000 0.000 

0.3 

2.00 - 0.002 0.002 0.002 0.001 0.001 0.000 0.000 0.000 
0.85 - - 1.537 0.259 0.115 0.063 0.024 0.006 0.000 
0.90 - 7.018 0.285 0.119 0.064 0.038 0.015 0.004 0.000 
1.00 0.261 0.133 0.077 0.046 0.028 0.018 0.008 0.002 0.000 
1.05 0.055 - 0.050 0.032 0.020 0.013 0.006 0.001 0.000 
1.50 - - - - 0.003 0.002 0.001 0.000 0.000 

0.5 

2.00 - - - - 0.000 0.000 0.000 0.000 0.000 
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 Рис. 1 Рис. 2 

6. Âèñíîâêè. Âèêîíàíèé ó ö³é ðîáîò³ àíàë³ç äâîõ íåêëàñè÷íèõ ìåõàí³ç-
ì³â ðóéíóâàííÿ (ðóéíóâàííÿ ìàòåð³àëó ïðè ñòèñíåíí³ òà ðóéíóâàííÿ ò³ëà ç 
ïî÷àòêîâèìè (àáî çàëèøêîâèìè) íàïðóæåííÿìè) äëÿ âèïàäêó çàäà÷³ ïðî 
ïðèïîâåðõíåâó êðóãîâó òð³ùèíó â ñòèñëèâîìó ïðóæíîìó ìàòåð³àë³ äîçâî-
ëÿº çðîáèòè íàñòóïí³ âèñíîâêè: 

– íàÿâí³ñòü â³ëüíî¿ ãðàíèö³ â ò³ë³ ç ïî÷àòêîâèìè íàïðóæåííÿìè, ÿê³ 
â³äïîâ³äàþòü òð³ùèí³ ðàä³àëüíîãî çñóâó (Mode II), ïðèçâîäèòü äî íåíóëüî-
âèõ çíà÷åíü êîåô³ö³ºíòà ³íòåíñèâíîñò³ íàïðóæåíü IK ; ó çàäà÷³ ïðî ñòèñ-
íåííÿ óçäîâæ òð³ùèíè âåëè÷èíà â³äñòàí³ ì³æ òð³ùèíîþ ³ ãðàíèöåþ ï³âïðî-
ñòîðó ñóòòºâî âïëèâàº íà çíà÷åííÿ êðèòè÷íèõ ïàðàìåòð³â íàâàíòàæåííÿ. 
Ïðè öüîìó ïðè ïðÿìóâàíí³ âåëè÷èíè â³äíîñíî¿ â³äñòàí³ ì³æ òð³ùèíîþ ³ ãðà-
íèöåþ ï³âïðîñòîðó β  äî íåñê³í÷åííîñò³ êîåô³ö³ºíòè ³íòåíñèâíîñò³ íàïðó-
æåíü (ó çàäà÷³ ïðî ðóéíóâàííÿ ò³ëà ç ïî÷àòêîâèìè íàïðóæåííÿìè) òà êðè-
òè÷í³ ïàðàìåòðè ñêîðî÷åííÿ (ó çàäà÷³ ïðî ñòèñíåííÿ ìàòåð³àëó) ïðÿìóþòü 
äî â³äïîâ³äíèõ çíà÷åíü, îòðèìàíèõ äëÿ âèïàäêó ³çîëüîâàíî¿ òð³ùèíè â íå-
ñê³í÷åííîìó ìàòåð³àë³; 

– ñòèñëèâ³ñòü ìàòåð³àëó, ùî õàðàêòåðèçóºòüñÿ êîåô³ö³ºíòîì Ïóàññîíà 
ν , äîñèòü ñóòòºâî âïëèâàº ÿê íà êðèòè÷í³ çíà÷åííÿ ïàðàìåòðà ñêîðî÷åííÿ 

1λ  (ó çàäà÷³ ïðî ñòèñíåííÿ ò³ëà ç òð³ùèíîþ), òàê ³ íà êîåô³ö³ºíòè ³íòåíñèâ-
íîñò³ íàïðóæåíü (ó çàäà÷³ ïðî ðóéíóâàííÿ ò³ëà ç ïî÷àòêîâèìè íàïðóæåí-
íÿìè); 

– ïðè íàáëèæåíí³ âåëè÷èí ïî÷àòêîâèõ íàïðóæåíü (ó çàäà÷³ ïðî ðóéíó-
âàííÿ ìàòåð³àëó ç ïî÷àòêîâèìè íàïðóæåííÿìè) äî çíà÷åíü, ùî â³äïîâ³äà-
þòü ëîêàëüí³é âòðàò³ ñò³éêîñò³ ìàòåð³àëó â çàäà÷³ ïðî ñòèñíåííÿ ï³âïðîñòî-
ðó ç òð³ùèíîþ, ñïîñòåð³ãàºòüñÿ åôåêò ð³çêîãî «ðåçîíàíñíîãî» çðîñòàííÿ 
çíà÷åíü êîåô³ö³ºíò³â ³íòåíñèâíîñò³ íàïðóæåíü. 
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ЛИНЕАРИЗОВАННАЯ ЗАДАЧА О РАЗРУШЕНИИ ПОЛУБЕСКОНЕЧНОГО УПРУГОГО 
МАТЕРИАЛА С ПОТЕНЦИАЛОМ ГАРМОНИЧЕСКОГО ТИПА 
 
Â ðàìêàõ òðåõìåðíîé ëèíåàðèçèðîâàííîé ìåõàíèêè äåôîðìèðóåìîãî òâåðäîãî 
òåëà âûïîëíåí àíàëèç äâóõ íåêëàññè÷åñêèõ ìåõàíèçìîâ ðàçðóøåíèÿ – ðàçðóøåíèÿ 
ìàòåðèàëà ïðè ñæàòèè âäîëü òðåùèíû è ðàçðóøåíèÿ òåëà ñ íà÷àëüíûìè íàïðÿ-
æåíèÿìè – äëÿ ñëó÷àÿ ïðèïîâåðõíîñòíîé êðóãîâîé òðåùèíû â ïîëóáåñêîíå÷íîì 
òåëå. Äëÿ ìàòåðèàëà ñ óïðóãèì ïîòåíöèàëîì ãàðìîíè÷åñêîãî òèïà ïîëó÷åíû 
êðèòè÷åñêèå ïàðàìåòðû ñæàòèÿ, ñîîòâåòñòâóþùèå ëîêàëüíîé ïîòåðå óñòîé÷è-
âîñòè ìàòåðèàëà â îêðåñòíîñòè òðåùèíû, à òàêæå âûðàæåíèÿ êîýôôèöèåíòîâ 
èíòåíñèâíîñòè íàïðÿæåíèé äëÿ ñëó÷àÿ òðåùèíû ðàäèàëüíîãî ñäâèãà (Mode II) è 
èññëåäîâàíà èõ çàâèñèìîñòü îò íà÷àëüíûõ íàïðÿæåíèé.  
 
LINEARIZED PROBLEM ON FRACTURE OF SEMI-INFINITE 
ELASTIC MATERIAL WITH HARMONIC-TYPE POTENTIAL 
 
In this paper, the problem for a near-the-surface circular crack in a semi-infinite elas-
tic solid is considered within the framework of the three-dimensional linearized mecha-
nics of deformable bodies. The analysis involves two non-classical mechanisms of frac-
ture, namely, fracture of materials under compression along the cracks and fracture of 
solids with initial stresses. The critical parameters of compression corresponding to the 
local stability loss are obtained for material with harmonic-type elastic potential. For a 
crack under radial shear (Mode II) the representations of the stress intensity factors are 
obtained. The dependences of these stress intensity factors on the initial stresses are 
investigated.  
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