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ФУНКЦІЇ ҐРІНА ЗАДАЧ СТАТИКИ ДЛЯ ШАРУВАТИХ ТІЛ  
ІЗ ПЛОСКОПАРАЛЕЛЬНИМИ МЕЖАМИ ПОДІЛУ 
 

Ïîáóäîâàíî ç âèä³ëåíèìè îñîáëèâîñòÿìè ôóíêö³¿ ¥ð³íà äâîâèì³ðíèõ îñåñè-
ìåòðè÷íèõ ³ òðèâèì³ðíèõ ñòàòè÷íèõ çàäà÷ ïðóæíîñò³ äëÿ ³çîòðîïíèõ 
øàðóâàòèõ ï³âïðîñòîðó òà øàðó çà ÷îòèðüîõ îñíîâíèõ âàð³àíò³â ãðàíè÷-
íèõ óìîâ ³ øàðóâàòîãî ïðîñòîðó, ÿê³ äëÿ çàçíà÷åíèõ îáëàñòåé äëÿ â³äïîâ³ä-
íèõ çàäà÷ âèçíà÷àþòüñÿ íà îñíîâ³ îäíèõ ³ òèõ ñàìèõ êëþ÷îâèõ ñï³ââ³äíî-
øåíü. Ðåãóëÿðí³ äîäàíêè ïîäàíî ó âèãëÿä³ íåâëàñíèõ ³íòåãðàë³â â³ä åêñïîíåí-
ö³àëüíî ñïàäíèõ ôóíêö³é. 

 
Îäíèì ³ç ìåòîä³â, ÿêèé óñï³øíî çàñòîñîâóþòü ïðè ðîçâ’ÿçóâàíí³, çîêðå-

ìà, çàäà÷ ïðóæíîñò³ òà òåðìîïðóæíîñò³ º, ÿê â³äîìî, ìåòîä ³íòåãðàëüíèõ 
ð³âíÿíü. Ó êëàñè÷íîìó çàñòîñóâàíí³ äî çàäà÷ ñòàòèêè â³í ïåðåäáà÷àº âèêî-
ðèñòàííÿ ôóíäàìåíòàëüíîãî ðîçâ’ÿçêó çàäà÷³ Êåëüâ³íà àáî ôóíêö³¿ ¥ð³íà 
äëÿ áåçìåæíîãî ïðîñòîðó. Î÷åâèäíî, ùî äëÿ ï³äâèùåííÿ åôåêòèâíîñò³ ìå-
òîäó íåîáõ³äíî áóëî á âèêîðèñòîâóâàòè ôóíêö³¿ ¥ð³íà, ÿê³ º íàéá³ëüø 
áëèçüêèìè äî ôóíêö³é ¥ð³íà â³äïîâ³äíèõ êðàéîâèõ çàäà÷. Àëå âèá³ð òóò 
íåâåëèêèé, îñê³ëüêè â òåîð³¿ ïðóæíîñò³ ïåðåë³ê ôóíêö³é ¥ð³íà íàâ³òü äëÿ 
îäíîð³äíèõ ò³ë º äîñèòü îáìåæåíèì. Òîìó âèíèêàº ïîòðåáà ó ïîáóäîâ³ íîâèõ 
ôóíêö³é ¥ð³íà, ùî âèìàãàº ðîçðîáêè íîâèõ ³ âäîñêîíàëåííÿ ³ñíóþ÷èõ ìå-
òîä³â ðîçâ’ÿçóâàííÿ â³äïîâ³äíèõ êðàéîâèõ çàäà÷.  

Ï³äõîäè äî ðîçâ’ÿçàííÿ ñòàòè÷íèõ çàäà÷ ïðóæíîñò³ äëÿ øàðóâàòèõ ò³ë 
³ç äîâ³ëüíîþ ê³ëüê³ñòþ ñêëàäîâèõ, ÿê³ ïåðåáóâàþòü ï³ä ä³ºþ çîñåðåäæåíèõ 
ñèë, âèêëàäåíî â [5, 8] (äèâ. òàêîæ íàâåäåíó òàì á³áë³îãðàô³þ) òà ³í. Ó ïå-
ðåâàæí³é á³ëüøîñò³ ïóáë³êàö³é ðîçãëÿäàþòüñÿ çàäà÷³ äëÿ øàðóâàòèõ ïðî-
ñòîð³â. Ó ïðàöÿõ [4, 6, 7] âêàçàíî øëÿõè ðîçâ’ÿçàííÿ çàäà÷ äëÿ øàðóâàòîãî 
øàðó, îñòàòî÷í³ ðîçâ’ÿçêè, îäíàê, íå íàâåäåíî. 

Ó ö³é ñòàòò³, âèêîðèñòîâóþ÷è ôóíêö³¿ ¥ð³íà â³äïîâ³äíèõ çàäà÷ äëÿ ñèñ-
òåì çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü, ÿê³ îäåðæóºìî â ðåçóëüòàò³ âè-
êëþ÷åííÿ ó âèõ³äíèõ çàäà÷àõ ïðóæíîñò³ çì³ííèõ, çà ÿêèìè ô³çèêî-ìåõàí³÷-
íèõ õàðàêòåðèñòèêè íåïåðåðâí³, ïîáóäîâàíî â ÿâíîìó âèãëÿä³ ôóíêö³¿ ¥ð³íà 
äâîâèì³ðíèõ îñåñèìåòðè÷íèõ ³ òðèâèì³ðíèõ çàäà÷ ñòàòèêè äëÿ øàðóâàòèõ 
ï³âïðîñòîðó òà øàðó çà ÷îòèðüîõ îñíîâíèõ âàð³àíò³â ãðàíè÷íèõ óìîâ ³ äëÿ 
øàðóâàòîãî ïðîñòîðó. Êîëè òî÷êè ïðèêëàäàííÿ çîñåðåäæåíèõ ñèë ³ ñïîñòå-
ðåæåííÿ çíàõîäÿòüñÿ âñåðåäèí³ ï³äîáëàñò³, òî ôóíêö³¿ ¥ð³íà îòðèìóºìî ç 
âèä³ëåíèìè îñîáëèâîñòÿìè áåç ïðîâåäåííÿ ñïåö³àëüíèõ ïåðåòâîðåíü. ßêùî 
æ ö³ òî÷êè âèõîäÿòü íà ïîâåðõíþ ï³äîáëàñò³, òî äëÿ âèä³ëåííÿ äîäàòêîâèõ 
ñèíãóëÿðíèõ äîäàíê³â âèêîðèñòîâóºìî àñèìïòîòè÷íó ïîâåä³íêó ôóíêö³é 
¥ð³íà çàäà÷ äëÿ ñèñòåì çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü. Ò³ êëþ÷îâ³ 
ñï³ââ³äíîøåííÿ, íà îñíîâ³ ÿêèõ âèçíà÷àþòüñÿ â îñåñèìåòðè÷íèõ çàäà÷àõ ðå-
ãóëÿðí³ ñêëàäîâ³, ïðè÷îìó äëÿ òðüîõ çàçíà÷åíèõ îáëàñòåé ö³ ñï³ââ³äíîøåí-
íÿ º îäíèìè é òèìè ñàìèìè, âèêîðèñòîâóºìî äëÿ âèçíà÷åííÿ ðåãóëÿðíèõ 
ñêëàäîâèõ ³ â òðèâèì³ðíèõ çàäà÷àõ.  

 1. Ôóíêö³¿ ¥ð³íà îñåñèìåòðè÷íèõ çàäà÷ 
ñòàòèêè. 

1.1. Øàðóâàòèé ï³âïðîñò³ð. Ðîçãëÿ-
íåìî â³äíåñåíèé äî öèë³íäðè÷íî¿ ñèñòåìè êî-
îðäèíàò , ,r zϕ  øàðóâàòèé ï³âïðîñò³ð (ðèñ. 1), 
ÿêèé ïåðåáóâàº ï³ä ä³ºþ íåïåðåðâíî ðîçïîä³-
ëåíî¿ ïî êîëó ðàä³óñà ρ  îäèíè÷íî¿ ñèëè, ÿêà 
íàïðÿìëåíà â ðàä³àëüíîìó àáî îñüîâîìó íà-
ïðÿì³. Êîëî, öåíòð ÿêîãî çíàõîäèòüñÿ íà îñ³ 
Oz  íà â³ääàë³ ζ  â³ä ïî÷àòêó êîîðäèíàò, ðîç-
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Рис. 1 
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ì³ùåíå â ïàðàëåëüí³é äî ïîâåðõîíü ïîä³ëó ïëîùèí³. Ñêëàäîâ³ ³çîòðîïí³ 
÷àñòèíè æîðñòêî ç’ºäíàí³. Çîâí³øíÿ ïîâåðõíÿ â³ëüíà â³ä íàâàíòàæåíü àáî 
çàêð³ïëåíà. Çàêð³ïëåííÿ ìîæå áóòè æîðñòêèì, «ãëàäêèì» àáî òàêèì, ùî 
ïîâåðõíÿ â³ëüíà â³ä îñüîâèõ íàâàíòàæåíü ³ íå çì³ùóºòüñÿ ó ñâî¿é ïëîùèí³. 
Äëÿ âèçíà÷åííÿ ïðÿìóþ÷èõ äî íóëüîâèõ çíà÷åíü íà íåñê³í÷åííîñò³ ðà-

ä³àëüíèõ ( )k
rG  òà îñüîâèõ ïåðåì³ùåíü ( )k

zG , äå ³íäåêñ «k » âêàçóº íàïðÿì ä³¿ 

ñèëè, âèêîðèñòîâóâàòèìåìî ñèñòåìó ð³âíÿíü ³ç óçàãàëüíåíèìè ïîõ³äíèìè 
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1 1,  ;  ,  q q q q q q j j+ +λ = λ − λ µ = µ − µ λ µ   – êîåô³ö³ºíòè Ëÿìå j -¿ ï³äîáëàñò³; 

( )S x  – ôóíêö³ÿ Ãåâ³ñàéäà; ( )xδ  – äåëüòà-ôóíêö³ÿ Ä³ðàêà; ikδ  – ñèìâîë 

Êðîíåêåðà; 

 2 1 ( ) ( ) 1 ( ) ( )
, , , , ,,        k k k k
rr r zz r r r z zr G r G G− −∇ = ∂ + ∂ + ∂ ε = + + , 

 ( ) ( ) ( ) ( )
, ,( ) ( ) ,       , ,k k k k

ij i j j i ijz G G z i j r zτ = µ + + λ ε δ =( ) .  

Çàñòîñóâàâøè äî (1), (2) ³íòåãðàëüíå ïåðåòâîðåííÿ Ãàíêåëÿ, îòðèìàºìî 
â³äíîñíî òðàíñôîðìàíò ïåðåì³ùåíü  
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∞ ∞
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äëÿ ô³êñîâàíîãî k  ÷îòèðè çàäà÷³ äëÿ ñèñòåìè äâîõ çâè÷àéíèõ ÷àñòêîâî âè-
ðîäæåíèõ äèôåðåíö³àëüíèõ ð³âíÿíü äðóãîãî ïîðÿäêó. Ðîçâ’ÿçêè ¿õ çíàéäå-

ìî çà äîïîìîãîþ â³äïîâ³äíèõ ôóíêö³é ¥ð³íà ( )k
s iG  [2]: 
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 ( ) ( ) ( , ),       1,2,5,6kp kp
s ij s ijG G z s= ζ =  . (4) 

Íåõàé ( )k
s iG  – ðîçâ’ÿçîê çàäà÷³, ÿêèé â³äïîâ³äàº s -ìó âàð³àíòó òðàíñ-

ôîðìîâàíèõ ãðàíè÷íèõ óìîâ (2). Òîä³ 

 ( ) ( )( )k k
s i k s iG J G= ξρ  , (5) 

äå 1 0( ) ( ),  ( ) ( )r zJ x J x J x J x= = . 
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Ïåðåéøîâøè â (5) äî îðèã³íàë³â, äëÿ âèçíà÷åííÿ ïåðåì³ùåíü ó òî÷êàõ 
( , )M r z  j -¿ ï³äîáëàñò³, êîëè çîñåðåäæåíà ñèëà ïðèêëàäåíà â òî÷êàõ 

0 ( , )M ρ ζ  p -¿ ï³äîáëàñò³, ä³ñòàíåìî íàñòóïí³ âèðàçè: 

 ( ) ( )
0

0

( , ) ( ) ( )kp kp
s ij s ij k iG M M G J J r d

∞

= ξρ ξ ξ ξ∫  , 

 ( ) ( )
0 0( , ) ( , )ip kj

s s ipkjG M M G M M= . (6) 

ßêùî òî÷êè ( , )M r z  ³ 0 ( , )M ρ ζ  ðîçì³ùåí³ â j -é ï³äîáëàñò³ (1 j n≤ < ), 

òî, âèä³ëèâøè â (6) äîäàíêè, ÿê³ ìàòèìóòü îñîáëèâ³ñòü ëèøå òîä³, êîëè ö³ 
òî÷êè áóäóòü íà ïîâåðõíÿõ ïîä³ëó, ìàòèìåìî 

 ( ) ( ) (0) (1)
0 0 6 4( , ) ( , ) ( ) ( ) ( )ij ij

s ij s ij j j ii i iiG M M G M M k k A z z A z∗= + − ζ − − ζ δ − ζ +[ ]  

 (0) ( 1) (1) (2)
6 0 3 4 1 1 12 ( ) ( ) 2 ( ) (1 )j
j j ii j i j j ii j j j ii j j jk L A p L k p A p z A p P− ∗ ∗ ∗

∗ − − + + δ − ζ − δ +    / /{ }  

 ( 1) (0) ( 1) (1) (2)
6 4 2 4 1( ) ( ) 2 ( )j j
j ii j i j j ii j j j ii j jk R A p R k p A p z A p P∗ + ∗ + ∗ ∗ ∗

+ + − δ − ζ  /{ } , 

 ( ) ( ) (1)
0 0 6 01( , ) ( , ) ( ) ( )zj zj

s rj s rj jG M M G M M k z A z∗= + − ζ − ζ −  

 ( 1) (0) ( 1) (1) (2)
6 4 01 3 4 01 1 1 01 12 ( ) ( ) ( ) 2 ( ) (1 )j j
j j j j j j j j jk L A p L k z A p z A p P− − ∗ ∗ ∗

∗ ∗ − −− + − ζ + ζ − δ +   //{ }[ ]  

 ( 1) (0) ( 1) (1) (2)
6 3 01 2 4 01 01 1( ) ( ) ( ) 2 ( )j j
j j j j j j j jk R A p R k z A p z A p P∗ + ∗ + ∗ ∗ ∗

++ + − ζ − ζ /{ }[ ] . (7) 

Ïðè j p n= =  ôîðìóëè áóäóòü òàêèìè: 

 ( ) ( ) (0) (1)
0 0 6 4( , ) ( , ) ( ) ( ) ( )in in

s in s in n n ii i iiG M M G M M k k A z z A z∗= + − ζ − − ζ δ − ζ +[ ]  

 (0) ( 1) (1) (2)
6 0 3 4 1 12 ( ) ( ) 2 ( )n
n n ii n i n n ii n n n ii n nk L A p L k p A p z A p P− ∗ ∗ ∗

∗ − −+ + δ − ζ +   / /{ }[ ]  

 ( ) (0) ( ) (1) (2)
6 4 2 4( ) ( ) 2 ( )n n
n s ii n s i n n ii n n n ii nk R A p R k p A p z A p∗ ∗+ − δ − ζ +{ [ ]  

 ( ) (1) (0)
42 ( ) ( )nn

s n ii n i n ii n snH p A p k A p+ − + δ /}[ ] æ , 

 ( ) ( ) (1)
0 0 6 01( , ) ( , ) ( ) ( )zn zn

s rn s rn nG M M G M M k z A z∗= + − ζ − ζ −  

 ( 1) (0) ( 1) (1) (2)
6 4 01 3 4 01 1 1 012 ( ) ( ) ( ) 2 ( )n n
n n n n n n n nk L A p L k z A p z A p P− − ∗ ∗ ∗

∗ ∗ − −− + − ζ + ζ +  / /{ }[ ]  

 ( ) (0) ( ) (1) (2)
3 01 2 4 01 01( ) ( ) ( ) 2 ( )n n

s n s n n n n nR A p R k z A p z A p∗ ∗+ + − ζ − ζ +{ [ ]  

 ( ) (1)
012 ( )nn

n s n snp H A p+  /} æ . (8) 

Ó ñï³ââ³äíîøåííÿõ (7), (8), êð³ì ïîçíà÷åíü, íàâåäåíèõ âèùå òà â [2], âè-
êîðèñòàíî òàê³: 

 ( ) ( )
0 6

0

( , ) 2 ( ) ( ) ,        1kj kj
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 (21) (01) (01)
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 (21) (01) (01)
6 6 2( , ) ( , )s rz s snz P z P∗ω = Ω ζ − Ω ζ/ / ; 
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 ( ) (1 ) (2 ) (3 )j jp pij j j j
s ij s ii s ii s ii snG e e P

−ξ −ξ∗ = ω + ω + ω
 / , 

 ( ) (1 ) (2 ) (3 ) ,    1j jp pzj j j j
s rj s rz s rz s rz snG e e P j n
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 (0 ) ( 1) 2 ( 1)
3 2 4 4( , ) 2j j j
i i j j j jz R k p z R∗ + ∗ ∗ ∗ +Ω ζ = −δ ξ + ξ ζ + ( ) , 

 (0 ) ( 1) ( 1) 2
6 3 2 4( , ) 2 ,      1j j j

j j jz R R k y z j n∗ + ∗ + ∗ ∗Ω ζ = + ξ − ξ ζ < < ( ) , 
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 (2 ) (0 ) 1
6 1( , ) (2 )n n

s rz s n sn snz L P+ −
−ω = Ω ζ −[ / ]æ ; 

 (0 ) ( 1) 2
4 3 4 1 1 0( , ) 2j j
i i j j j j jz L k p z L− ∗ ∗

∗ − −Ω ζ = δ ξ − ξ ζ +  /( ) , 

 (0 ) ( 1) 2 ( 1)
7 3 4 1 1 4( , ) 2j j j

j j jz L k y z L− ∗ ∗ −
∗ − − ∗Ω ζ = − ξ + ξ ζ − /( ) , 
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j s sL z e R z e j n
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 ; 

 1 2 4 3 4 1 5 61,    ,    ,    2j j j j j j j jk k= = = − = = =æ æ æ æ æ æ , 

 2
1 3 4 1 4, 1 1 1 1, 1 71,     2 4j j j j j j j j jP P K k K k k K k K∗ ∗

− −= = + + +( ) , 

 ( 1) ( 1) 2 ( 1) ( 1)
2 3, 1 1, 1 4, 1 1, 1 3 4 2 41 1 ,     j j j j

j j j j jR K K k K R k R R∗ + ∗ + ∗ + ∗ +
+ + + += − + = −( )( ) , 

 ( 1) 2 2
4 3, 1 4, 1 1, 1 4 1 4 1, 1 1, 12j

j j j j j j j j jR K k K k k k k K∗ + ∗
+ + + + += ν − −( ) , 

 2 ( 1) ( 1) ( 1) 2
0 4 3 4 3 3 1 4, 1 1 1, 12 ,        2j j j
j j j j j j jL k L L L K K k K k− − −

∗ ∗ ∗ − −= − − = − +( )/ , 

 ( 1)
0 4 1 4, 1 4 1 1, 1 18 ,   2 ,    2j
j j j j j j j j j jk L k k k K k p z z p z z−

∗ − − −= − = + ζ − = − − ζ , 

 11 00( ) ( ),    ( ) ( )rr zzA x A x A x A xα α α α= = . 

Íåâëàñí³ ³íòåãðàëè 
0

( ) ( ) ( )pA p e J J r d
∞

α α − ξ
µν µ ν= ξ ξρ ξ ξ∫  îá÷èñëþºìî çà òàêè-

ìè ôîðìóëàìè [1]: 

 
3

(0) (1)
00 00 3/2 2

1

( ) ( ),      ( ) ( )
4 ( )

pkkA p k A p k
r r k

= =
π ρ π ρ

K E , 

 
2 2 2 2 23

(2)
00 3/2 2 2

1 1

2 (2 )
( ) 4 ( ) ( )

16 ( )

k p k p kkA p k k
rr k k r

−  = − −   ρπ ρ ρ  
E K , 
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(0)
01 3 1/2

1( ) ( ) ( , ) ( )
2 ( )

pk r
A p k k k S r

r rr
∗− ρ = − + + − ρ + ρ π ρ

K Ï , 

3 2 2 2
(1)
01 5/2 3/2 2 3/2 1/2

1

( )
( ) ( ) ( )

8 2

k r p kA p k k
r k r

− ρ −= +
π ρ π ρ

E K , 

3 4 2 2 2 2 2 2 2
(2) 4
01 5/2 3/2 2 2 2 2

1 1

( ) ( )
( ) 3 ( ) ( )

48 4

pk r p k r p
A p k k k

rr k r k

− ρ + − ρ −  = + −   ρπ ρ ρ  
E K , 

2
(0) (1) 2 2
11 11 13/2

(2 ) ( ) 2 ( ) 1( ) ,     ( ) 1 ( ) ( )
22 ( )

pkk k k
A p A p k k k k

k r r
−− −   = = − −   π ρ π ρ  

K E
E K , 

2 2 22
(2) 4 2 2 2 2
11 13/2 2 2

1 1

(2 )
( ) ( ) 1 ( )

2 ( ) 4 8

p k kk kA p k p k r k k
r r k k r

− −  = − − ρ + −  π ρ ρ ρ  
E K( ) , 

2 2 2
12 2 2

4 4
,   1 ,   ;   ( ),  ( )

( ) ( )

r r
k k k k x x

r p r
∗ρ ρ

= = − =
+ ρ + + ρ

K E  ³ ( , )x yÏ  – ïîâí³ 

åë³ïòè÷í³ ³íòåãðàëè ïåðøîãî, äðóãîãî ³ òðåòüîãî ðîäó.  
Êîëè òî÷êè ( , )M r z  ³ 0 ( , )M ρ ζ  ðîçì³ùåí³ â³äïîâ³äíî â j -é òà ( 1j + )-é 

ï³äîáëàñòÿõ, òî, âèä³ëèâøè â (6) îñîáëèâ³ñòü, ÿêà âèíèêíå ïðè âèõîä³ öèõ 
òî÷îê íà ïîâåðõíþ ïîä³ëó, îäåðæèìî 

 ( , 1) ( , 1) (0) (1)
0 0 7, 1 8 11 0 11( , ) ( , ) 2 ( ) ( , ) ( )r j r j

s rj s rj j j jG M M G M M k k A z z A z+ ∗ +
+= + ζ − + ϕ ζ ζ −[ ], 

 ( , 1) ( , 1) (0) (1)
0 0 7, 1 11, 10 0 10( , ) ( , ) ( ) ( , ) ( )r j r j

s zj s zj j j jG M M G M M k k A z z A z+ ∗ +
+= + ζ − − ϕ ζ ζ −[ ], 

 ( , 1) ( , 1) (0) (1)
0 0 7, 1 11, 01 0 01( , ) ( , ) ( ) ( , ) ( )z j z j

s rj s rj j j jG M M G M M k k A z z A z+ ∗ +
+= + ζ − + ϕ ζ ζ −[ ], 

 ( , 1) ( , 1) (0) (1)
0 0 7, 1 8 00 0 00( , ) ( , ) 2 ( ) ( , ) ( )z j z j

s zj s zj j j jG M M G M M k k A z z A z+ ∗ +
+= + ζ − − ϕ ζ ζ −[ ],  

 1 j n≤ < , (9) 
äå 

 ( , 1) ( , 1)
0

0

( , ) ( ) ( )k j k j
s ij s ij k iG M M G J J r d

∞
∗ + ∗ += ξρ ξ ξ ξ∫ , 

 ( , 1) ( , 1) 1 ( 1) ( )
7, 1 ( , , )k j k j j z

s ij s ij j ikG G k z e∗ + + − + −ξ ζ −
+= − ξ ϕ ξ ζ , 

 ( 1) ( 1)
8 0 11, 0( , , ) 2 ( , ),     ( , , ) ( , )j j

rr j j zr j jz k z z k z+ +ϕ ξ ζ = + ξϕ ζ ϕ ξ ζ = − ξϕ ζ , 

 ( 1) ( 1)
11, 0 8 0( , , ) ( , ),    ( , , ) 2 ( , )j j

rz j j zz j jz k z z k z+ +ϕ ξ ζ = + ξϕ ζ ϕ ξ ζ = − ξϕ ζ , 

 2 1
0 9, 1 10, 7, 1 1 0, 1 1( , ) ( ) ( ),      (32 )j j j j j j j j jz k z z k z k k P∗ −

+ + + + +ϕ ζ = − − ζ − = µ , 

 8 4 0, 1 4, 1 0 1, 1 9, 1 4, 1 1, 1,    1j j j j j j j j jk k k k k K k k K+ + + + + += + = + , 

 10, 1 4 1, 1 11, 4, 1 1 1, 1 4 1, 1,       j j j j j j j j jk k K k k k K k k+ + + + += + = − . 

1.2. Øàðóâàòèé ïðîñò³ð. ßêùî â (6), (7), (9) çíåõòóâàòè äîäàíêàìè, 
ùî ì³ñòÿòü nz  (ñïðÿìóâàòè nz  äî íåñê³í÷åííîñò³), òî îäåðæèìî â³äïîâ³äí³ 

ñï³ââ³äíîøåííÿ äëÿ åëåìåíò³â ìàòðèöü ôóíêö³é ¥ð³íà äëÿ øàðóâàòîãî ïðîñ-
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òîðó, â ÿêèõ òåïåð ïðè ,j p n≠ , à òàêîæ ïðè j n≠ , p n=  íåîáõ³äíî 

çàì³íèòè ( )np
siH  íà ( )np

iH∗ , snP  íà nP∗∗ , äå 

 ( ) ( 1, ) ( 1, ) ( 1, )
5 4 1 3 2 6 1 42np n p n p n p

i n n i n i n n iH K k H K H K k H∗ − − −= + − +  

 ( 1, ) ( 1, )
7 5 6

n p n p
n i iK H H− −+ +( ) , 

 5 4 1, 1 3 2, 1 6 1 4, 1 7 5, 1 6, 12n n n n n n n n n n n nP K k P K P K k P K P P∗∗
− − − − −= + − + +( ) . (10) 

Ïðè j p n= =  ôîðìóëè áóäóòü òàêèìè: 

 1 ( ) (1 ) (0)
6 0 4

0

( , ) 2 ( ) ( ) ( )npin n
n in ii i i n iik G M M e J J r d k A z

∞
−ξ− = ω ξρ ξ ξ + − ζ −∫   

 (1) (0)
0( ) ( ) 2 ( )i ii n ii nz A z L A p− − ζ δ − ζ + +{  

 ( 1) (1) (2)
3 4 1 1( ) 2 ( )n

i n n ii n n n ii n nL k p A p z A p P− ∗ ∗ ∗
∗ − −+ δ − ζ   }[ / ] / , 

 1 ( ) (1 ) (1)
6 0 0 1 01

0

( , ) 2 ( ) ( ) ( ) ( )npzn n
n rn rzk G M M e J J r d z A z

∞
−ξ− = ω ξρ ξ ξ + − ζ − ζ −∫   

 ( 1) (0) ( 1) (1) (2)
4 01 3 4 01 1 1 012 ( ) ( ) ( ) 2 ( )n n

n n n n n n nL A p L k z A p z A p P− − ∗ ∗ ∗
∗ ∗ − −− + − ζ + ζ  / /{ }[ ] , 

äå 

 
(0 ) (0 ) (0 ) (0 )

(1 ) (1 )4 4 7 7( , ) ( , ) ( , ) ( , )
,            

n n n n
n ni i

ii rz
n n n n

z z z z

P P P P∗∗ ∗ ∗∗ ∗

Ω ζ Ω ζ Ω ζ Ω ζ
ω = − ω = −

 
. 

Íåîáõ³äíî â³äì³òèòè, ùî îòðèìàí³ ñï³ââ³äíîøåííÿ äëÿ øàðóâàòîãî 
ïðîñòîðó íå çàëåæàòü â³ä ³íäåêñó « s », òîáòî, ÿê ³ òðåáà áóëî ñïîä³âàòèñÿ, 
â³ä ãðàíè÷íèõ óìîâ (2). 

1.3. Øàðóâàòèé øàð. Âñòàíîâëåíî, ùî ç ôóíêö³é ¥ð³íà äëÿ øàðóâà-

òîãî ï³âïðîñòîðó, ìîæíà îòðèìàòè ôóíêö³¿ ¥ð³íà ( )
0( , ),  1, 2, 5,6m k

s iG M M m = , 

äëÿ øàðóâàòîãî øàðó ç òàêèìè æ âàð³àíòàìè ãðàíè÷íèõ óìîâ, àëå ç ê³ëü-
ê³ñòþ ñêëàäîâèõ ÷àñòèí, íà îäèíèöþ ìåíøîþ, í³æ ó ï³âïðîñòîð³. Äëÿ öüîãî 
ïîòð³áíî âèëó÷èòè ç ðîçãëÿäó (ðèñ. 1) ï³äîáëàñòü ç íîìåðîì «1» ³ çàëåæíî 
â³ä âàð³àíòó ãðàíè÷íèõ óìîâ íà íîâîóòâîðåí³é çîâí³øí³é ãðàíèö³ 1 0z z= =  

íàäàòè â ðåêóðåíòíèõ ñï³ââ³äíîøåííÿõ äëÿ âèçíà÷åííÿ snP  òàêèõ ïî÷àòêî-

âèõ çíà÷åíü: 

11 31 41 51 61 21 410,  P P P P P P k= = = = = =   äëÿ ( ) ( ) 0k k
s zz s rzτ = τ =  ( 1)m = , 

21 31 41 51 61 110,  1P P P P P P= = = = = =   äëÿ ( ) ( ) 0k k
s r s zG G= =   ( 2)m = , 

11 21 31 41 51 610,  2P P P P P P= = = = = =   äëÿ ( ) ( )0,  0k k
s z s rzG = τ =  ( 5)m = , 

11 21 31 41 61 510,  2P P P P P P= = = = = =   äëÿ  ( ) ( )0,  0k k
s r s zzG = τ =   ( 6)m = . (11) 

Çàóâàæèìî, ùî ôóíêö³¿ 1 ( )
0( , )k

s iG M M  òà 2 ( )
0( , )k

s iG M M  çá³ãàþòüñÿ ç 

ôóíêö³ÿìè, ÿê³ îòðèìàºìî, ñïðÿìóâàâøè ó ( )
0( , )k

s iG M M  ìîäóëü çñóâó 1µ  

â³äïîâ³äíî äî íóëÿ àáî íåñê³í÷åííîñò³. 
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2. Òðèâèì³ðí³ ôóíêö³¿ ¥ð³íà.  
2.1. Øàðóâàòèé ï³âïðîñò³ð. Ðîçãëÿíåìî â³äíåñåíèé äî äåêàðòîâî¿ 

ñèñòåìè êîîðäèíàò 1 2 3, ,x x x  øàðóâàòèé ï³â-
ïðîñò³ð (ðèñ. 2), ñêëàäîâ³ ³çîòðîïí³ ÷àñòèíè 
ÿêîãî æîðñòêî ç’ºäíàí³. Íåõàé ó äîâ³ëüí³é 
òî÷ö³ 0 1 2 3( , , )Q ξ ξ ξ  ïðèêëàäåíî îäèíè÷íó ñè-

ëó, ÿêà ä³º ó íàïðÿì³ îäí³º¿ ç îñåé êîîðäè-
íàò. Çîâí³øíÿ ïîâåðõíÿ â³ëüíà â³ä íàâàíòà-
æåíü àáî çàêð³ïëåíà îäíèì ³ç òèõ ñïîñîá³â, 
ùî é â îñåñèìåòðè÷íîìó âèïàäêó. Äëÿ âèç-
íà÷åííÿ ïðÿìóþ÷èõ äî íóëüîâèõ çíà÷åíü íà 
íåñê³í÷åííîñò³ êîìïîíåíò âåêòîðà ïåðåì³-

ùåíü ( )k
iG , äå ³íäåêñ «k » âêàçóº íàïðÿì ä³¿ 

ñèëè, âèêîðèñòîâóºìî ñèñòåìó ð³âíÿíü ç óçàãàëüíåíèìè ïîõ³äíèìè  

 ( ) ( )
, ,( )k k

i jj iGµ + λ + µ ε +  

 
3 3

1
( ) ( ) ( )
,3 3, 3 0 3 3

1

( ) ( )
q

n
k k k

q i i i q x x q
q

G G x x
−

= −
=

+ µ + + δ λ ε δ − =∑ [ ]  

 1 2 3( ) ( ) ( ),         , , 1,2, 3ik y y y i j k= − δ δ δ δ = , (12) 

³ òàê³ âàð³àíòè ãðàíè÷íèõ óìîâ ïðè 3 3nx x= : 

 1°.  ( )
3 0,  1,2,3k
i iτ = = ; 2°.  ( ) 0,  1,2,3k

iG i= = ; 

 5°.  ( ) ( )
3 30,  0,  1,2k k

iG i= τ = = ; 6°.  ( ) ( )
330,  1,2,  0k k

iG i= = τ = . (13) 

Òóò ( ) ( ) ( ) ( ) ( ) ( )
, 3 , , 3 3 3;  ;  ( )( ) ( ) ;  ( ),  ( )k k k k k k

i i i i j ij i j j i ijy x G x G G x x x= − ξ ε = τ = µ + + λ ε δ λ µ  

– êîåô³ö³ºíòè Ëÿìå, ÿê³ ìàþòü âèãëÿä (3). 
Ðîçâ’ÿçîê ñèñòåìè ð³âíÿíü (12) çà ãðàíè÷íèõ óìîâ (13) øóêàòèìåìî ó 

âèãëÿä³ [5], â³äïîâ³äíîìó äî çîáðàæåííÿ ³íòåãðàëàìè Ôóð’º äîáóòêó δ - 
ôóíêö³é: 

 1 2 1 1 2 2 1 22
0 0

1( ) ( ) cos cosy y y y d d
∞ ∞

δ δ = η η η η
π ∫ ∫ . 

ßê íàñë³äîê äëÿ ô³êñîâàíîãî k  îòðèìàºìî ÷îòèðè çàäà÷³ äëÿ ñèñòåìè 
òðüîõ çâè÷àéíèõ ÷àñòêîâî âèðîäæåíèõ äèôåðåíö³àëüíèõ ð³âíÿíü äðóãîãî 
ïîðÿäêó, ðîçâ’ÿçêè ÿêèõ íàâåäåíî â [3]. Ç óðàõóâàííÿì öèõ ðîçâ’ÿçê³â ïåðå-
ì³ùåííÿ ó øàðóâàòîìó ï³âïðîñòîð³ â òî÷ö³ 1 2 3( , , )Q x x x  j -¿ ï³äîáëàñò³, êîëè 

çîñåðåäæåíà ñèëà ïðèêëàäåíà â òî÷ö³ 0 1 2 3( , , )Q ξ ξ ξ  p -¿ ï³äîáëàñò³, äëÿ s -ãî 

âàð³àíòó ãðàíè÷íèõ óìîâ (13) âèçíà÷àòèìóòüñÿ çà ôîðìóëàìè 

 ( ) ( )
1 1 2 2 1 22

0 0

1 cos cos ,   1,2,3ip ip
s ij s ijG G y y d d i

∞ ∞

= η η η η =
π ∫ ∫ , 

 ( ) ( )
1 1 2 2 1 22

0 0

1 sin sin ,   , 1,2,  kp kp
s ij s ijG G y y d d i k i k

∞ ∞

= η η η η = ≠
π ∫ ∫ , 

 ( ) ( )
1 1 2 2 1 22

0 0

( 1)
cos sin ,   , 2,3,  

k
kp kp

s ij s ijG G y y d d i k i k
∞ ∞

−= η η η η = ≠
π ∫ ∫ , 

 ( ) ( )3 1
1 1 2 2 1 22

0 0

sin cos ,   , 1,3,  kp kpk k
s ij s ijG G y y d d i k i k

∞ ∞δ − δ
= η η η η = ≠

π ∫ ∫ , (14) 

äå ( )kp
s ijG  çá³ãàþòüñÿ ç ( )

3 3( , )k
s iG x ξ  [3] ïðè 3, 1 3 3 3, 1 3 3,  j j p px x x x x− −< < < ξ < . 
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Рис. 2 
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ßêùî òî÷êè 1 2 3( , , )Q x x x  ³ 0 1 2 3( , , )Q ξ ξ ξ  ðîçì³ùåí³ â j -é ï³äîáëàñò³, 

1 j n≤ < , òî, âèä³ëèâøè â (14) äîäàíêè, ÿê³ ìàòèìóòü îñîáëèâ³ñòü ëèøå òî-
ä³, êîëè ö³ òî÷êè º íà ïîâåðõíÿõ ïîä³ëó, îòðèìàºìî  

2
6 4( )

0 3
3 3

( , )
2 ( ) ( )

j jij i
s ij

k k y
G Q Q

R y R y

 = + + π  
 

 ( 3) ( 3)
3 ,3 1 1 3 ,3

1 ( )(1 ) ( )
4 j i i j j j i i j

j
D p D p− −

− − + − −+ υ − δ − υ +
πµ

[ ]  

 6 ( 3) ( 1) ( 2) ( 1)
0 3 4 1 1 1( ) ( ) 2 ( ) (1 )j j
j ii j j j ii j j j ii j j

j

k
L D p L k p D p z D p

P
− − − ∗ ∗ −

∗ − −∗+ + − ζ − δ +
π

   /{ [ ]}  

 6 ( 1) ( 3) ( 1) ( 2) ( 1) ( )
4 2 4

1

( ) ( ) 2 ( )
2

j j j ij
ii j j j ii j j j ii j s ij

j

k
R D p R k p D p z D p G

P
∗ + − ∗ + − ∗ ∗ − ∗

∗
+

+ − − ζ +
π

{ [ ]} , 

6(3 ) ( 1)
0 3 3 3( , ) ( )

2
jj

s ij i

k
G Q Q y D y−= −

π
 

 6 ( 1) ( 2) ( 1) ( 1) (0)
4 3 3 4 3 3 3 1( ) ( ) 2 ( ) (1 )j j j

i j j i j j j i j j
j

k
L D p L k y D p z D p

P
− − − − ∗ ∗

∗ ∗∗− + + ζ − δ +
π

  /{ [ ]}  

 6 ( 1) ( 2) ( 1) ( 1) (0) (3 )
3 3 2 4 3 3 3

1

( ) ( ) 2 ( )
2

j j j j
i j j i j j j i j s ij

j

k
R D p R k y D p z D p G

P
∗ + − ∗ + − ∗ ∗ ∗

∗
+

+ + − ζ +
π

{ }[ ] , 

 1, 2i = , 

6(2 ) ( 3) ( 3)1 2
1 0 12 1 1 123

3

1( , ) ( )(1 ) ( )
2 4( )

jj
s j j j j j j

j

k y y
G Q Q D p D p

R y
− −

+= − − υ − δ + υ −
π πµ

[ ]  

 6 ( 3) ( 1) ( 2) ( 1)
0 12 3 4 12 1 1 12 1( ) ( ) 2 ( ) (1 )j j
j j j j j j j j j

j

k
L D p L k p D p z D p

P
− − − ∗ ∗ −

∗ − −∗
 − + − ζ − δ − π

   /{ }  

 6 ( 1) ( 3) ( 1) ( 2) ( 1) (2 )
4 12 2 4 12 12 1

1

( ) ( ) 2 ( )
2

j j j j
j j j j j j j s j

j

k
R D p R k p D p z D p G

P
∗ + − ∗ + − ∗ ∗ − ∗

∗
+

− − − ζ +
π

{ }[ ] , 

6(3 ) ( 1) ( 1)
3 0 4 33 3 3 33 3( , ) ( ) ( )

2
jj

s j j

k
G Q Q k D y y D y− −= + +

π
[ ]  

 6 ( 1) ( 1) (0) (1)
0 33 3 4 33 1 1 33 1( ) ( ) 2 ( ) (1 )j j
j j j j j j j j j

j

k
L D p L k p D p z D p

P
− − ∗ ∗

∗ − −∗+ − + ζ − δ +
π

   /{ }[ ]  

 6 ( 1) ( 1) ( 1) (0) (1) (3 )
4 33 2 4 33 33 3

1

( ) ( ) 2 ( )
2

j j j j
j j j j j j j s j

j

k
R D p R k p D p z D p G

P
∗ + − ∗ + ∗ ∗ ∗

∗
+

+ + + ζ +
π

{ }[ ] . 

  (15) 
Ïðè j p n= =  ôîðìóëè áóäóòü òàêèìè: 

2
( ) ( 3) ( 3)6 4

0 3 ,3 1 3 ,33
3 3

1( , ) ( ) ( )
2 ( ) 4( )

in n n i
s in n i i n n i i n

n

k k y
G Q Q D p D p

R y R y
− −
− − + − −

 
= + + υ − υ + π πµ 

[ ]  

 ( 3) ( 1) ( 2) ( 1)6
0 3 4 1 1( ) ( ) 2 ( )nn
n ii n n n ii n n n ii n

n

k
L D p L k p D p z D p

P
− − − ∗ ∗ −

∗ − −∗+ + − ζ +
π

   /{ }[ ]  

 ( ) ( 3) ( ) ( 2) ( 1)6
4 2 4( ) ( ) 2 ( )

2
n nn

s ii n s n n ii n n n ii n
sn

k
R D p R k p D p z D p− − ∗ ∗ −+ − − ζ +

π
{ [ ]

æ
 

 ( ) ( 2) ( 3) ( )
42 ( ) ( ) ,      1,2nn in

s n ii n n ii n s inH p D p k D p G i∗ − − ∗+ − + + = }[ ] , 
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(3 ) ( 1)6
0 3 3 3( , ) ( )

2
n n

s in i

k
G Q Q y D y−= −

π
 

 ( 1) ( 2) ( 1) ( 1) (0)6
4 3 3 4 3 3 1 1 3( ) ( ) 2 ( )n nn

i n n i n n n i n
n

k
L D p L k y D p z D p

P
− − − − ∗ ∗

∗ ∗ − −∗− + + ζ +
π

  /{ }[ ]  

 ( ) ( 2) ( ) ( 1) (0) (3 )6
3 3 2 4 3 3 3( ) ( ) 2 ( )

2
n n nn

s i n s n i n n n i n s in
sn

k
R D p R k y D p z D p G− − ∗ ∗ ∗+ + − ζ +

π
{ }[ ]

æ
, 

 1, 2i = , 

(2 ) ( 3) ( 3)6 1 2
1 0 12 1 123

3

1( , ) ( ) ( )
2 4( )

n n
s n n n n n

n

k y y
G Q Q D p D p

R y
− −

+= + υ − υ −
π πµ

[ ]  

 ( 3) ( 1) ( 2) ( 1)6
0 12 3 4 12 1 1 12( ) ( ) 2 ( )nn
n n n n n n n n

n

k
L D p L k p D p z D p

P
− − − ∗ ∗ −

∗ − −∗− + − ζ −
π

   /{ }[ ]  

 ( ) ( 3) ( ) ( 2) ( 1)6
4 12 2 4 12 12( ) ( ) 2 ( )

2
n nn

s n s n n n n n n
sn

k
R D p R k p D p z D p− − ∗ ∗ −− − − ζ +

π
{ [ ]

æ
 

 ( ) ( 2) ( 3) (2 )
12 4 12 12 ( ) ( )nn n

s n n n n s nH p D p k D p G− − ∗+ − + + }[ ] , 

(3 ) ( 1) ( 1)6
3 0 4 33 3 3 33 3( , ) ( ) ( )

2
n n

s n n

k
G Q Q k D y y D y− −= + +

π
[ ]  

 ( 1) ( 1) (0) (1)6
0 33 3 4 33 1 1 33( ) ( ) 2 ( )nn
n n n n n n n n

n

k
L D p L k p D p z D p

P
− − ∗ ∗

∗ − −∗+ − + ζ +
π

   /{ }[ ]  

 ( ) ( 1) ( ) (0) (1)6
4 33 2 4 33 33( ) ( ) 2 ( )

2
n nn

s n s n n n n n n
sn

k
R D p R k p D p z D p− ∗ ∗+ + + ζ −

π
{ [ ]

æ
 

 ( ) (0) (1) (3 )
33 4 33 32 ( ) ( )nn n

s n n n n s nH p D p k D p G∗− + + }[ ] . (16) 

Êîëè òî÷êè 1 2 3( , , )Q x x x  ³ 0 1 2 3( , , )Q ξ ξ ξ  ðîçì³ùåí³ â³äïîâ³äíî â j -é ³ 

( 1j + )-é ï³äîáëàñòÿõ, òî, âèä³ëèâøè â (14) îñîáëèâ³ñòü, ÿêà âèíèêíå ïðè âè-
õîä³ öèõ òî÷îê íà ïîâåðõíþ ïîä³ëó, îäåðæèìî  

( , 1) ( , 1)
0( , )i j i j

s ij s ijG Q Q G+ ∗ += +  

 
3

( 3) ( 3) ( 2)
6, 1 3 3 7, 1 8 3 0 3 3( ) 2 ( ) ( , ) ( ) (2 )j i j j ii j iik D y k k D y x D y∗ − − −

+ − ++ − + − + ϕ ξ − π/[ ] , 

(2, 1) (2, 1)
1 0 1( , )j j

s j s jG Q Q G+ ∗ += +  

 ( 3) ( 3) ( 2)
6, 1 12 3 7, 1 8 12 3 0 3 3 12 3( ) 2 ( ) ( , ) ( ) (2 )j j j jk D y k k D y x D y∗ − − −

+ ++ − − − + ϕ ξ − π/[ ] , 

(3, 1) (3, 1)
0( , )j j

s ij s ijG Q Q G+ ∗ += +  

 ( 2) ( 1)
7, 1 11, 3 3 0 3 3 3 3( ) ( , ) ( ) (2 )j j i j ik k D y x D y− −

++ − + ϕ ξ − π/[ ] , 

(3, 1) (3, 1)
3 0 3( , )j j

s j s jG Q Q G+ ∗ += +  

 ( 1) (0)
7, 1 8 33 3 0 3 3 33 32 ( ) ( , ) ( ) (2 )j j jk k D y x D y−

++ − − ϕ ξ − π/[ ] . (17) 

Ó ñï³ââ³äíîøåííÿõ (15)–(17) ( )kp
s ijG∗  âèçíà÷àþòüñÿ çà ôîðìóëàìè (14), ó 

ÿêèõ ïîòð³áíî çàì³íèòè ( )kp
s ijG  íà ( )kp

s ijG∗ , à â ïîçíà÷åííÿõ, âèêîðèñòàíèõ ç 

îñåñèìåòðè÷íî¿ çàäà÷³, – â³äïîâ³äíî ,  ,  ,  jz zξ ζ  íà 3 3 3,  ,  ,  jx xβ ξ , ïðè÷îìó 
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 1( 1) 3 2 (2) 2 (21)
1 3 11 1 61(2 ) pi

s i i s i s rrG k e−β∗ −
−= β − η ω µ + η ω/[ ] , 

 1(31) 2 (21)
1 61

p
s i i s rzG k e−β∗ −= η β ω , 

 1(21) 3 (2) (21)
11 1 2 11 1 61(2 ) p

s s s rrG k e−β∗ −= − η η β ω µ + ω/[ ] , 

 1(31) 1 (21) (2)
31 61 11 1 2,         p

s s zz nG k e L M−β∗ − −= β ω ω = − υ/ ; 

 ( ) 3 2 2 ( )
3 0 6(2 ) 2ij rj

s ij i s j j j i s rjG U k G∗ − ∗ ∗
−= β − η µ + η/[ ], 

 (2 ) 3 ( )
1 1 2 0 6(2 ) 2j rj

s j s j j j s rjG U k G∗ − ∗ ∗= − η η β µ +/[ ] ,  

 3 3(2 ) (2 )( 1) 1 (1) (2)
0 2 1 1

j j j jh y h y p pj
s j nj s j s jU M L M e e e e

−β + −β − −β −β∗ − − −= + − ω + ω
[ ] , 

 (3 ) 2 (1 ) (2 ) (3 )
62 ,    1,2j jp pj j j j

s ij j i s rz s rz s rz snG k e e P i
−β −β∗ −= η β ω + ω + ω =

 /[ ] , 

 (3 ) 1 (1 ) (2 ) (3 )
3 62 j jp pj j j j

s j j s zz s zz s zz snG k e e P
−β −β∗ −= β ω + ω + ω

 /[ ], 

 1(1) ( 1) 1 (2) ( 1) 1
1 2 1 1 1

1
,    ,    j jj j

s j nj j s j nj j j
j j

M L M M L M −− + − − − −
+

−

µ − µ
ω = − υ ω = − υ υ =

µ + µ
, 

 2 j n≤ ≤ ; 

 ( , 1) 2 ( , 1) 2 ( , 1)
3 1

i j i j r j
s ij i s j i s rjG U G∗ + − ∗ + ∗ +

−= β η + η[ ], 

 (2, 1) 2 (2, 1) ( , 1)
1 2 1 1

j j r j
s j s j s rjG U G∗ + − ∗ + ∗ += η β − η[ ] , 

 3( , 1) ( ) 1 1
1 1 , 1 6, 1 3 6, 1 1,      ( )yi j i

s j s j j j i j j jU U k e kβ∗ + ∗ − ∗ −
+ + − + += − η β = µ + µ , 

 (3, 1) 1 ( , 1) (3, 1) ( , 1)
3,    ,    1,2,   1j z j j z j

s ij i s rj s j s zjG G G G i j n∗ + − ∗ + ∗ + ∗ += η β = = ≤ <  ; 

 ( 3)
1 2

1, 1, 5,
  ( ) ( 1)

( )1, 2, 6 ; ( )[ ( )]
i kik i k

n ik

s s y y
D p

p R ps s R p p R p
− +

+

− = = δ
υ = = − − += = +

, 

 ( 2)
3 2

2 ( )
( ) ( 1)

( ) ( ) ( ) ( )
i kik

ik i k
p R p

D p y y
R p p R p R p p R p

− +δ +
= − −

+ +[ ] [ ]
, 

 ( 1) ( 2)
33 5

3
( ) ( 1) ,    , 1,2;    ( )

( ) ( )( ) ( )
i kik i k k

ik k

y y y
D p i k D p

R p p R pR p R p
− + −δ

= − − = =
+[ ]

, 

 ( 1) (0) 2 2 2 2 2 2
3 3 1 23 5

3
( ) ,    ( ) ,    ( ) ,    

( ) ( )
k k

k k

y y
D p D p p R p d p d y y

R p R p
− = = = + = + , 

 
2 2

( 1) (0) (1)
33 33 333 5

21( ) ,    ( ) ,    ( )
( ) ( ) ( )

p d p
D p D p D p

R p R p R p
− −= = = − . 

2.2. Øàðóâàòèé ïðîñò³ð. Ôóíêö³¿ ¥ð³íà äëÿ øàðóâàòîãî ïðîñòîðó, 
ÿê ³ â îñåñèìåòðè÷íîìó âèïàäêó, îòðèìàºìî øëÿõîì ãðàíè÷íîãî ïåðåõîäó, 
ñïðÿìóâàâøè 3nx  äî íåñê³í÷åííîñò³. Ïðè ,j p n≠ , à òàêîæ ïðè j n≠ , 

p n=  åëåìåíòè ìàòðèöü ôóíêö³é ¥ð³íà âèçíà÷àòèìóòüñÿ òàêîæ çà ôîðìó-
ëàìè (14), (15), (17), àëå òåïåð âîíè íå çàëåæàòèìóòü â³ä ³íäåêñó « s » ³ â íèõ 
íåîáõ³äíî âðàõóâàòè ñï³ââ³äíîøåííÿ (10) òà çíåõòóâàòè äîäàíêàìè, ùî ì³ñ-
òÿòü 3nx . 

Ïðè j p n= =  ôîðìóëè áóäóòü òàêèìè: 

 
2

( ) ( 3)6 4
0 3 ,33

3 3

1( , ) ( )
2 ( ) 4( )

in n n i
in n i i n

n

k k y
G Q Q D p

R y R y
−
− −

 = + + υ + π πµ 
  

 ( 3) ( 1) ( 2)6
0 3 4( ) ( ) 2nn
n ii n i n n ii n

n

k
L D p L k p D p

P
− − −

∗∗+ + δ −
π

   /{ [  
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 ( 1) ( )
1 1 ( ) in

n n ii n inz D p G∗ ∗ − ∗
− −− ζ + }] , 

 (2 ) ( 3)6 1 2
1 0 123

3

1( , ) ( )
2 4( )

n n
n n n

n

k y y
G Q Q D p

R y
−= + υ +

π πµ
  

 ( 3) ( 1) ( 2)6
0 12 3 4 12( ) ( ) 2nn
n n i n n n

n

k
L D p L k p D p

P
− − −

∗∗
+ + δ −

π
   /{ [  

 ( 1) (2 )
1 1 12 1( ) n

n n n nz D p G∗ ∗ − ∗
− −− ζ + }] , 

 (3 ) ( 1) ( 1) ( 2)6 6
0 3 3 3 *4 3( , ) ( ) ( )

2
n nn n

in i i n
n

k k
G Q Q y D y L D p

P
− − −

∗
= − +

π π
{  

 ( 1) ( 1) (0) (3 )
3 4 3 3 1 1 3( ) 2 ( ) ,    1,2n n

n i n n n i n inL k y D p z D p G i− − ∗ ∗ ∗
∗ − −+ + ζ + = / }[ ] , 

 (3 ) ( 1) ( 1) ( 1)6 6
3 4 33 3 3 33 3 0 33( ) ( ) ( )

2
n n n

n n n n
n

k k
G k D y y D y L D p

P
− − −

∗= + + −
π π

{[ ]  

 ( 1) (0) (1) (3 )
3 4 33 1 1 33 3( ) 2 ( )n n

n n n n n n nL k p D p z D p G− ∗ ∗ ∗
∗ − −− + ζ +  / }[ ] , 

äå ( )kn
inG∗  âèçíà÷àþòüñÿ çà ôîðìóëàìè, àíàëîã³÷íèìè äî (14), ó ÿêèõ 

 ( ) 3 2 (1) 2 (1 )
3 1 6(2 ) 2 npin n

in i n n n i rrG k e−β∗ −
−= β η ω µ + η ω /[ ] , 

 (3 ) 2 (1 )
62 npn n

in n i rzG k e−β∗ −= η β ω  , 

 (2 ) 3 (1) (1 )
1 1 2 1 6(2 ) 2 npn n
n n n n rrG k e−β∗ −= β η η ω µ − ω /[ ] , 

 (3 ) 1 (1 )
3 62 npn n
n n zzG k e−β∗ −= β ω  . 

2.3. Øàðóâàòèé øàð. Ùîá îòðèìàòè òðèâèì³ðí³ ôóíêö³¿ ¥ð³íà 
( )

0( , ),  1,2,5,6m k
s iG Q Q m = , äëÿ øàðóâàòîãî øàðó ç òàêèìè ñàìèìè âàð³àíòà-

ìè ãðàíè÷íèõ óìîâ, ÿê äëÿ øàðóâàòîãî ï³âïðîñòîðó, àëå íà îäèíèöþ ìåí-
øîþ ê³ëüê³ñòþ ñêëàäîâèõ ÷àñòèí, âèëó÷àºìî ç ðîçãëÿäó (ðèñ. 2) ï³äîáëàñòü 
ç íîìåðîì «1», íàäàºìî çàëåæíî â³ä âàð³àíòó ãðàíè÷íèõ óìîâ íà íîâîóòâî-
ðåí³é çîâí³øí³é ãðàíèö³ 3 31 0x x= =  òèõ ñàìèõ äëÿ â³äïîâ³äíèõ m  ïî÷àò-

êîâèõ çíà÷åíü 1,  1,6P =  , ùî é â (11), à (1)
1M , (1)

2M , ÿê³ º ïî÷àòêîâèìè çíà-

÷åííÿìè ðåêóðåíòíèõ ñï³ââ³äíîøåíü, ÿêèìè âèçíà÷àþòüñÿ ( 1)
1
jM − , ( 1)

2
jM − , 

òàêèõ çíà÷åíü: 

 (1) (1)
1 2 1M M= =   äëÿ ( ) ( ) ( )

33 32 31 0k k k
s s sτ = τ = τ =  ( 1)m = , 

 (1)
1 1M =  , (1)

2 1M = −   äëÿ ( ) ( ) ( )
1 2 3 0k k k

s s sG G G= = =   ( 2)m = , 

 (1) (1)
1 2 1M M= =  äëÿ ( ) ( ) ( )

3 32 310,   0k k k
s s sG = τ = τ =  ( 5)m = , 

 (1)
1 1M =  , (1)

2 1M = −   äëÿ ( ) ( ) ( )
1 2 330,   0k k k

s s sG G= = τ =   ( 6)m = . 

3. Âèñíîâêè. Îòðèìàí³ ñï³ââ³äíîøåííÿ äëÿ ôóíêö³é ¥ð³íà äàþòü ìîæ-
ëèâ³ñòü äëÿ øàðóâàòèõ ò³ë ç ïëîñêîïàðàëåëüíèìè ìåæàìè ïîä³ëó, çîêðåìà, 
çàïèñàòè â êâàäðàòóðàõ ðîçâ’ÿçêè øèðîêîãî êëàñó ñòàòè÷íèõ çàäà÷ ïðóæ-
íîñò³ òà ñòàòè÷íèõ ³ êâàç³ñòàòè÷íèõ çàäà÷ òåðìîïðóæíîñò³, ÿê³ ìàþòü ñàìî-
ñò³éíå çíà÷åííÿ àáî º ïî÷àòêîâèìè íàáëèæåííÿìè ïðè ðîçâ’ÿçàíí³ ³òåðàö³é-
íèìè ìåòîäàìè çàäà÷ ç íåë³í³éíîñòÿìè, çàäà÷ äëÿ òåðìî÷óòëèâèõ ò³ë òà ³í.; 
çâåñòè ðîçâ’ÿçàííÿ çàäà÷ ç íåîäíîð³äíîñòÿìè òèïó âêëþ÷åíü, ïîðîæíèí äî 
ãðàíè÷íèõ ³íòåãðàëüíèõ ð³âíÿíü, ùî ðîçãëÿäàþòüñÿ ëèøå íà ïîâåðõíÿõ öèõ 
íåîäíîð³äíîñòåé. 
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ФУНКЦИИ ГРИНА ЗАДАЧ СТАТИКИ ДЛЯ СЛОИСТЫХ ТЕЛ 
С ПЛОСКОПАРАЛЛЕЛЬНЫМИ ГРАНИЦАМИ РАЗДЕЛА 
 
Ïîñòðîåíû ñ âûäåëåííûìè îñîáåííîñòÿìè ôóíêöèè Ãðèíà äâóõìåðíûõ îñåñèì-
ìåòðè÷íûõ è òðåõìåðíûõ ñòàòè÷åñêèõ çàäà÷ óïðóãîñòè äëÿ èçîòðîïíûõ ñëîèñ-
òûõ ïîëóïðîñòðàíñòâà è ñëîÿ ïðè ÷åòûðåõ îñíîâíûõ âàðèàíòàõ ãðàíè÷íûõ 
óñëîâèé è ñëîèñòîãî ïðîñòðàíñòâà, êîòîðûå äëÿ óêàçàííûõ îáëàñòåé äëÿ ñîîò-
âåòñòâóþùèõ çàäà÷ îïðåäåëÿþòñÿ íà îñíîâàíèè îäíèõ è òåõ æå êëþ÷åâûõ ñîîò-
íîøåíèé. Ðåãóëÿðíûå ñëàãàåìûå ïðåäñòàâëåíû â âèäå íåñîáñòâåííûõ èíòåãðàëîâ 
îò ýêñïîíåíöèàëüíî óáûâàþùèõ ôóíêöèé.  
 
GREEN’S FUNCTIONS OF PROBLEMS OF STATICS FOR LAYERED 
BODIES WITH PLANE-PARALLEL INTERFACES  
 
Green’s functions – with marked properties – for 2D axisymmetric and 3D static 
elasticity problems are constructed for an isotropic layered half-space and a layer under 
four main versions of boundary conditions and for a layered space, which (for the 
given regions of the corresponding problems) are defined on the basis of the same key 
relations. The regular summands are presented in the form of improper integrals from 
the exponentially decaying functions. 
 
²í-ò ïðèêë. ïðîáëåì ìåõàí³êè ³ ìàòåìàòèêè Îäåðæàíî 
³ì. ß. Ñ. Ï³äñòðèãà÷à ÍÀÍ Óêðà¿íè, Ëüâ³â 01.11.04 
 


